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ABSTRACT: The F-theory background of four D7 branes in a type I’ orientifold was con-
jectured to be described by the Seiberg-Witten curve for the superconformal SU(2) gauge
theory with four flavors. This relation was explained by considering in this background
a probe D3 brane, which supports this theory with SU(2) realized as Sp(1). Here we ex-
plicitly compute the non-perturbative corrections to the D7/D3 system in type I’ due to
D-instantons. This computation provides both the quartic effective action on the D7 branes
and the quadratic effective action on the D3 brane; the latter agrees with the F-theoretic
prediction. The action obtained in this way is related to the one derived from the usual
instanton calculus & la Nekrasov (or from its AGT realization in terms of Liouville confor-
mal blocks) by means of a non-perturbative redefinition of the coupling constant. We also
point out an intriguing relation between the four-dimensional theory on the probe D3 brane
with SO(8) flavor symmetry and the eight-dimensional dynamics on the D7 branes. On
the latter, SO(8) represents a gauge group and the flavor masses correspond to the vacuum
expectation values of an adjoint scalar field m: what we find is that the exact effective
coupling in four dimensions is obtained from its perturbative part by taking into account
in its mass dependence the full quantum dynamics of the field m in eight dimensions.
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1 Introduction and motivations

Phenomenologically viable string models based on consistent D-brane configurations have
attracted a lot of attention in the last years [1]-[3]. In such constructions it is necessary to
take into account possible non-perturbative corrections due D-instantons and (wrapped)
euclidean branes; for a review see, for example, [4]. Some of these instantonic branes
reproduce gauge instantons [5]-[8], other provide inherently stringy (or “exotic”) instanton
effects; these latter can be responsible of important terms in the effective action which would
be perturbatively forbidden [9]-[11]. Recently there has been much progress in the explicit
computation of such contributions, both ordinary and exotic, at least in supersymmetric
cases (again, see [4] and references therein).

Another framework where phenomenological models with highly desirable features can
be set up, and where in particular Grand Unified Theories occur naturally and consis-
tently [12]-[14], is represented by F-theory compactifications [15] (for reviews see, for
instance, [16, 17]). F-theory gives a non-perturbative geometric description of type IIB
backgrounds containing D7 branes and orientifold planes; it somehow resums the non-
perturbative corrections arising from certain instantonic branes. Understanding in detail
how this resummation takes place would improve our knowledge of the relation between
the two descriptions. This could be useful for a better comprehension of further non-
perturbative effects in F-theory through a lift of their type IIB counterparts, a subject
that is recently! receiving quite some attention [19]-[24].

In this paper we work out a simple, yet non-trivial, example where we are able to
compute the D-instanton effects in the IIB description and show that they reconstruct
the F-theory curve. This example was considered by A. Sen in [25], and is given by the
compactification of F-theory on the orbifold limit of an elliptically fibered K3 surface, for
which the complex structure modulus 7 of the fiber is constant. This background was
shown to correspond to the so-called type I’ theory, which is T-dual to type I theory
compactified on a 2-torus 75, and thus possesses one O7 plane at each of the four fixed
points of Ty with four D7 branes on top of it. Focusing on the vicinity of one orientifold
fixed-plane, and allowing the four D7 branes to move out of it, Sen conjectured that
the corresponding F-theory background should be described by the Seiberg-Witten (SW)
curve [26] for the N/ = 2 superconformal Yang-Mills theory with gauge group SU(2) and
Ny = 4 flavors [27]. This relation was later explained by T. Banks, M. Douglas and
N. Seiberg [28] by considering a D3 brane in this background, which indeed supports such
a four-dimensional gauge theory on its world-volume, with SU(2) realized as Sp(1). The
SO(8) flavor symmetry of the Ny = 4 theory is nothing else but the gauge group on the
D7 branes.

Here we explicitly compute the non-perturbative corrections to the D7/D3 system
in type I’ due to D-instantons. This requires to identify the spectrum of moduli, i.e. of
excitations of the strings with at least one end-point on the D-instantons, and the moduli
action that arises from disks with at least part of their boundary on a D-instanton, which
was already discussed in [29]. To obtain the non-perturbative effects it is necessary to

'For an earlier discussion in an NV = 2 context see [18].



integrate over the moduli; we explicitly perform this integration by applying the by-now
standard techniques based on the BRST structure of the moduli spectrum and action and
its deformation by means of suitable RR backgrounds [30]-[34]. This induces a complete
localization of the integral, similarly to what happens in supersymmetric instanton calculus
in field theory [35]-[40]. These techniques have been recently applied to similar brane set-
ups, such as the D7 system in type I’ [31, 33], and the D7/D3 system on T%/Z [34].

D-instanton effects induce corrections to both the quartic effective action on the D7
branes and the quadratic effective action on the D3 brane. We use the prescription proposed
in [34] to disentangle the two contributions. The non-perturbative action on the D7’s turns
out to be exactly the same of the D7 system in type I’ theory considered in [31]. The non-
perturbative effective coupling on the D3 brane agrees with the one extracted from the SW
curve, that is with the F-theoretic prediction.

One interesting question is the precise relation between the eight-dimensional quartic
effective action on the D7 branes and the F-theory curve. This problem was already
addressed in the past using the duality of certain F-theory compactifications, including
the one corresponding to type I’ theory, to heterotic models. Despite some interesting
results [41, 42], this relation is not yet totally clear. Since in our case the F-theory curve is
nothing else but the SW curve encoding the effective theory on the D3 probe, another way
to state the above question is: what is the relation between the non-perturbative effective
actions on the D7 branes and on the D3 brane? More generally, how are the quantum
dynamics on the D7’s and that on the D3 related to each other?

We do not have a full answer to this question, but we uncover an intriguing relation
that goes as follows. On the D7’s, the SO(8) flavor symmetry represents a gauge group
and the flavor masses m; correspond to the vacuum expectation values of an adjoint scalar
field m(X): we find that the ezact effective four-dimensional coupling is obtained from
its perturbative part by taking into account in its mass dependence the eight-dimensional
quantum dynamics of the field m, and in particular the so-called “chiral ring” formed by
the correlators (Trm?). In this way the F-theory geometry is related explicitly to these
eight-dimensional quantities. It would be very interesting to investigate whether such sort
of perturbative propagation of the full quantum dynamics on a brane stack (in our case,
the D7’s) to another one (in our case the D3 probe) takes place also in other systems.?

The theory that, in our example, lives on the D3 brane is a four-dimensional conformal
N = 2 theory. This class of theories have recently attracted much attention in relation to
the so-called AGT conjecture put forward by L. F. Alday, D. Gaiotto and Y. Tachikawa [44].
This conjecture relates the effective actions obtained from usual instanton calculus a la
Nekrasov [35] to suitable correlators of the Liouville theory in two dimensions [45] (see
also [46]-[48]). In particular, the non-perturbative action for the SU(2) theory with Ny = 4
can be extracted from the 4-point functions on the sphere. It is interesting to compare these
results to what we get in the D7/D3 system in type I', where the conformal theory is realized
as an Sp(1) gauge theory. It turns out that the effective action derived from the Nekrasov’s

?Recently, D3 probes in F-theory have been considered in [20, 43]. In particular in [43] it is pointed out
that the interplay between the eight-dimensional theory on the D7 and the four-dimensional theory on the
probe, and the interpretation of parameters in the latter as adjoint fields on the former, plays a crucial role.



prescription for the SU(2), Ny = 4 case or, more efficiently, from its AGT realization in
terms of Liouville conformal blocks does not coincide, at first sight, with our results, nor
with the SW curve proposed in [27]. There is a discrepancy already at the massless level: in
this case from the SW curve (and from our microscopic computation) we see that the tree-
level coupling receives no corrections. When computed following Nekrasov’s prescription
for SU(2), or by the AGT method, instead, the coupling gets non-perturbatively modified.?
This suggests that a redefinition of the coupling constant is needed in order to compare
the two approaches; after such a redefinition is performed, remarkably the two methods
are reconciled and the two results agree completely also in the massive case.

The paper is subdivided into several sections as we now describe. In section 2 we
introduce the model and its F-theory description through the SW curve; from this curve
we extract the instanton expansion of the effective coupling. In section 3 we describe
the microscopic computation of D-instanton contributions in our model. The resulting
effective action on the D7 branes is discussed in section 4, while in section 5 we write the
D-instanton induced effective action on the D3 brane, which is in full agreement with the
F-theoretic description. In section 6 we put forward our conjecture about the exact effective
coupling on the D3 being determined by its perturbative part plus the eight-dimensional
dynamics of the mass parameters. Finally, in section 7 we discuss how our results compare
to Nekrasov instanton calculus (or its AGT realization) for the SU(2) theory with Ny = 4,
and in section 8 we present our conclusions. In the appendices some technical details and
the extension of some results to asymptotically free cases with N; < 4 are given.

2 F-theory and the D7/D3 system in type I’

In F-theory compactifications over an elliptically fibered manifold [15], the complex struc-
ture modulus 7 of the fiber corresponds to the varying axio-dilaton profile of a suitable type
IIB compactification on the base manifold. In [25] A. Sen studied F-theory on an elliptically
fibered K3 surface, which is conjectured to be dual to heterotic string compactified on a
two-dimensional torus. He considered the particular case in which the K3 is at the orbifold
limit in moduli space where it is described by the following curve in Weierstrass form

)= b leGg(z)x - iag(z) . (2.1)

Here z is the coordinate on the base of the fibration and

4
Ga(2) x Q*(2), G3(2) x Q%(2), Q(2)=][G-r), (2.2)
I=1
with fr constants. The absolute modular invariant of this curve
G3
J = 2 2.3
G- 27 23)

3A discrepancy in this sense was already noticed at the two-instanton level in [49, 50], where the direct
integration over the moduli was performed without resorting to localization techniques.



is z-independent, and so is its complex structure modulus 7 which can be determined from
J by inverting the relation

8(r 8(r 8()\ 3
L (%( >+2;9:,7§3 ()T )+794< >> 2.4)

where the 9J,’s are the Jacobi theta-functions and 7 is the Dedekind function. By studying
the metric on the base space, it can be seen that the latter has the geometry of a torus
orbifold of the type Ty /Zo, with Zs acting as parity reflection along T5, in which the f;’s
appearing in (2.2) correspond to the points of T5 that are fixed under the Zs action.

This specific F-theory background can be identified with the so-called type I’ theory,
namely type IIB compactified on a torus T5 and modded out by

Q=w(-1)r, (2.5)

where w is the world-sheet parity reversal, F7, is the left-moving space-time fermion number
and I5 the inversion on T5. This is the T-dual version of type I theory compactified on 75,
and possesses four O7 orientifold planes located at the points of 75 that are fixed under
I, (see figure la). Each orientifold plane carries (—4) units of 7-brane charge, which need
to be neutralized by putting 16 D7 branes transverse to 75. If we place them in groups of
4 over each orientifold plane, the tadpole cancellation becomes local and the axio-dilaton
is constant over T5. From now on we take a local perspective and focus on one of the
orientifold fixed planes (say, the one at z = f1) and its associated stack of 4 D7 branes.

2.1 The local case

The action of the orientifold projection €2 is such that each group of 4 D7 branes supports
an eight-dimensional theory with gauge group SO(8). Indeed, the massless degrees of
freedom of the 7/7 open strings build up an eight-dimensional chiral superfield in the
adjoint representation of SO(8), whose first few terms are

M(X,0) = m(X) + 20 (X) + ; 07N farn(X) + ... (2.6)

where fysn is the field-strength, o is the gaugino, m is a complex scalar, and (X, ©) are
the eight-dimensional super-coordinates.

If the D7 branes are moved away from the orientifold plane, i.e. if we give a diagonal
vacuum expectation value to the scalar field m, the charges no longer cancel locally, and
correspondingly the solution of the equation of motion for 7 displays logarithmic singu-
larities at the orientifold and D7 brane locations. Let us parametrize the region near the
orientifold fixed point with a coordinate? w and let the D7 branes and their images be
located at w = imi/\/Z with ¢ = 1,...,4 (see figure 1b). This corresponds to choose the
following vacuum expectation values®

(m) = diag (ml/\/Q,...,m4/\/2,—m1/\/2,...—m4/\/2) . (2.7)

*With respect to the global coordinate z used above, w o (z — f1).
®Notice that m is a complex field in the adjoint of SO(8), i.e. it is a complex antisymmetric matrix. If
m were real, its eigenvalues m; would be imaginary.
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Figure 1. a) The initial set-up: 4 D7 branes (denoted by the red circles) are placed in the
transverse torus T3 at each of the O7 fixed planes (denoted by the green crosses). b) In the local
limit near one of the fixed planes, the D7 brane displacements with respect to the original position
are given by m;/+/2 (the image branes, denoted by dashed circles, sit at —m;/v/2). A D3 brane
probe (depicted as a blue dot) is placed in @ (its image being in —a).

With this choice the axio-dilaton becomes

4

2mi7(w) = 2miTo + {Z [ln (w-— ml/\/Q) +In (w —i—m,/\/Q)] — 8lnw} (2.8)
i=1

where 7y is the “bare” coupling. This solution does not make sense everywhere, since

Im 7 (proportional to the inverse string coupling) becomes negative close to the orientifold

location (w = 0). As is well known, this problem is cured by non-perturbative corrections.

2.2 F-theoretic description and D3 brane probes

In [25] A. Sen proposed an F-theoretic interpretation of the local set-up introduced above
in which the exact axio-dilaton profile is given by the complex structure modulus 7 of
the auxiliary Seiberg-Witten (SW) curve that describes the quantum moduli space of the
N =2 SYM theory in four dimensions with gauge group SU(2) and Ny = 4 fundamental
flavors [27]. The appearance of this seemingly unrelated four-dimensional gauge theory was
explained in [28] by considering D3 brane probes in the orientifold background described in
the previous section. As is well known, the orientifold projection that leads to an orthogonal
gauge group on the D7 branes gives rise to a symplectic gauge group on the D3’s. A single
D3 and its image at an orientifold fixed point support a Sp(1) ~ SU(2) gauge group. The
degrees of freedom of the 3/3 strings fill up a four-dimensional N’ = 2 chiral multiplet in
the adjoint representation of Sp(1), namely

B(x,0) = d(z) + V20 Az) + ; 070 Fyop(z) + ... | (2.9)

where we denoted the four-dimensional super-coordinates as (x,6). Notice that in this
orientifold background the 3/3 spectrum contains also a neutral hypermultiplet.

SWith N D3 branes, this hypermultiplet transforms in the antisymmetric representation of Sp(N).



The open strings stretching between the D3’s and the D7’s contain precisely the degrees
of freedom of four fundamental hypermultiplets. From the D3 point of view, the SO(8)
Chan-Paton group on the D7 branes represents the global flavor symmetry group, while
the D7 brane positions m; appear as masses for the hypers, since the 3/7 strings become
stretched. It turns out that the neutral hypermultiplet from the 3/3 sector is also com-
pletely decoupled from the flavored matter, and thus it will be ignored in our subsequent
analysis.

Moving the probe D3 brane away from the orientifold fixed point corresponds to explore
the Coulomb moduli space of its world-volume theory. In the D3 brane action the effective
coupling in front of the quadratic gauge Lagrangian for the chiral multiplet in the Cartan
direction is exactly given by the axio-dilaton field, that is, we have the identification

0 8
="M 0T (2.10)
™ Iym

where Oy is the theta-angle and gy the gauge coupling. This coupling receives pertur-
bative corrections at the one-loop level only, and for Ny flavors it takes the form”

Ny
—mi/V2 V2
27TiTpert:27TiTo+{Z|:lna TXZ/\/ +1na+TXZ/\/ —81nX—21n16}, (2.11)
i=1

where a parametrizes the vacuum expectation value of the adjoint Sp(1) scalar field, namely

(¢) = diag (a, —a) . (2.12)

For Ny = 4 this expression is in agreement (a part from the finite renormalization term
2In16 on which we will come back later) with eq. (2.8), obtained by solving the field
equations for the axio-dilaton sourced by the D7 branes and O7 planes. In this comparison
we see that a represents the position of the probe D3 brane and hence corresponds to the
coordinate w. For large a, the following expansion holds

a 21, m
27TiTpeI‘t:27TiT0+ (2Nf—8)1n _21n16_z i i
=1

A 201 a2
N (2.13)
. a 1 Tr(m)
:27717'0—|—{(QNf—S)lnA—21n16—lzl2l 2 },

where in the second line we used eq. (2.7). This expansion will turn out to be extremely
useful in the following.

As is well known, from this field theory point of view it is possible to go beyond the
perturbative results and derive the exact effective coupling on the moduli space of the D3
gauge theory from the appropriate SW curve. This coupling is then the exact axio-dilaton
configuration for our set-up, i.e. it represents the F-theoretic solution.

"In the N = 4 case, the scale A cancels out.



2.2.1 The SW curve for the D3 gauge theory

The SW curve for the SU(2) SYM theory with Ny = 4 massive fundamental flavors was
proposed in [27] to be given by a torus described by the equation

y? = Py(x), (2.14)
where the cubic polynomial Ps(z) is
Py(z) = Wi WaWs + A[WlTl(eg ~e3) + WaTh(es —e1) + WaTy(er —ea)| — A2N . (2.15)
Here, for £ =1, 2,3, we have introduced
Wy=x—eti—el R, (2.16)

while R, Ty and N are invariants of the flavor group SO(8) that are, respectively, quadratic,
quartic and sextic in the masses m; (see appendix B for details). The three quartic in-
variants Ty satisfy the relation T} 4+ 75 + T3 = 0, and hence we can use as independent
quantities 77 and the Pfaffian

Pim = mimamsmy , (2.17)

since

1 1
L=-, (T1 n me) L Ty=—, <T1 - me> . (2.18)
The quantities ey and A are functions of the “bare” coupling 7y, namely

o) = 03(70) + 94(10) o —05(70) — V3(70) o5 — 05(10) — V5 (10)

= 2.19
3 5 2 3 B 3 ) ( )
and
A= (e; —ez)(ea —e3)(ez3 —e1) = 160 (1) . (2.20)
Notice that all these functions can be expanded in power series with respect to
q=¢"m, (2.21)

which represents the weight of a gauge instanton configuration. Finally, the parameter «
appearing in (2.16) is given by
1
U=u-— 2elR, (2.22)

with u being the SU(2) invariant
u = (Tr ¢?) (2.23)

that parametrizes the Coulomb moduli space. In the semiclassical regime, i.e. when wu is

large, we have
u=Tr(¢)? = 2a2, (2.24)

where the second equality follows from (2.12).
Notice that in the massless case (m; = 0) the SW curve (2.14) reduces to the equation
of a torus with
T=10. (2.25)



In the massive case, instead, the complex structure 7 associated to the curve (2.14) differs
from the “bare” coupling 7y. It represents the exact coupling in the low-energy effective
theory on the D3 probe and hence the exact axio-dilaton background associated to the D7
brane configuration. We shall now extract from the SW curve the instanton expansion of
7 in the region of large a.

By a suitable shift in x, the SW curve (2.14) can be put in Weierstrass form

2 392 93
_.3_92 2.26
yo=at =T = (2.26)
where the coefficients g and g3 can be determined explicitly in terms of u, of the mass

invariants and of q. The absolute modular invariant of the curve

9

2.27
gg’ — 27g§ ( )

j =
has then an explicit expression in terms of the same parameters. This expression is such
that j diverges as ¢ — 0; indeed

1 ut

o O(a7Y) . 2.28
T T 17982 [T,(u —m?) +0(d) (2.28)
The modular invariant j is related to the complex structure modulus of the torus by the

expression given in (2.4), which we rewrite here for convenience:

95(r) + 95(r) +95(r)
24n3(7)
Inverting this relation yields the effective coupling as a function of j, namely
1 1 311 13157 1
2riT =1 el 2.30
T n<1728 j) 725 " gooaa 2 T (2:30)
Then, using the expansion of j given in (2.28), we can organize the effective coupling as a
series in ¢
2miT = 2mwiTy + Z fre(m,u) ¢* (2.31)
k

in which each coefficient f; can in turn be expanded for large wu.

The instanton expansion is then obtained by rewriting, in the semi-classical regime, the
modulus u in terms of the vacuum expectation value a. To this end, let us recall that the
periods of the holomorphic form dz/y on the Weierstrass torus have an explicit expression
in terms of j. In the region where j is large, one period has the following closed-form
expression

1 1 5 1
= (48 ¢g9) 4 F 1; 2.32
w1 ( g?) 4 <127127 7j>7 ( )
in terms of the hypergeometric function F', and is related to the period a of the SW
meromorphic form by

Oa

8u = w1 . (233)



Indeed, it is possible to expand w1, and hence a, as a double series in ¢ and in 1/u, obtaining

a(u):\/;<1—4pi;nq+...>. (2.34)

Inverting this expansion, one gets the expression of u(a) as a sum of instanton contributions,
valid for large a, namely

Pt
u(a) = 242 + 4 a;"q +0(¢?) (2.35)

in which the leading term is in agreement with the classical result (2.24). Inserting this
expansion into eq. (2.31), we obtain®

R 1 [-R*+6T
2miT = 2mitg — , + [ Z_ ! + 12Pfmq + 6(R? + 6T}) ¢> + 48 Pfm qg—i—..}
a’?  a

1 [—=6N — R® + 15RT
6 [ 1; ! —60(2N+RT1)q2—320meRq3+..}
a
1 [2(Pfm)2 — 16 NR — R* + 28R?Ty — 3672 105
\ ( ) 1 1 + (me)Z q2
a 32 2
+280me(R2+6T1)q3+...] + ... (2.36)

Using the relations (B.3) and (B.7) given in appendix B, we can rewrite this expression as
follows

2miT = 27wiTy —

Zm —|—12meq—{—62m m2 > +48Pfm¢> +.

1<j

1Zm+ [

a?

a16[ 24Zm —30 Z mmmkq —160mezm2q3_|_

1<j<k )

_|_

a8[ 64Zm + 10 (Ptm)? 2 + 280 Ptm S omimi 4|+ .. (237)

1<j

The effective coupling 7 encoded in the SW curve contains a perturbative part in perfect
agreement® with eq. (2.13) for N ¢ = 4 plus a series of non-perturbative corrections d;, and
thus takes the form

[o@)
1T 2y
omiT = 2rimy — > y r<m>21 o (2.38)
a
=1

8The expansions are rather cumbersome, so we limit ourselves to order ¢* and to order 1/a®. This
already provides a very strong check against the result of the explicit instanton computations presented in
the following sections.

9A part from the finite renormalization constant 21n 16.

,10,



where the explicit expressions for §; can be deduced from eq. (2.37). In particular, the first
few corrections are

0 =0,
09 = —48 Pfm ¢q — 24Zm22m? @ —192Pfm ¢+ ...,
i<j
03 = 180 Z mfm?mz ¢ + 960 Pfm Zm? e (2.39)
i<j<k i
8y = —420 (Pfm)* ¢* — 2240Pfm Y mim} ¢* + ... .

1<j

In the following we will provide a microscopic derivation of this result by introducing stacks
of D-instantons in our orientifold model.

3 D-instanton corrections

We now discuss the non-perturbative effects obtained by adding k D-instantons to the
D3/D7 brane system described so far.! The D(-1)’s describe ordinary gauge instantons
in the four-dimensional N' = 2 Sp(1) gauge theory with Ny = 4 realized on the world-
volume of the D3 branes, while they represent exotic instantons with respect to the eight-
dimensional N' = 2 SO(8) gauge theory realized on the D7 branes, as discussed in [31,
33, 51]. In the following we describe the moduli spectrum and its BRST structure and
compute the D-instanton partition function using localization methods.

3.1 Instanton moduli spectrum

The open strings with at least one end-point on the D(—1)’s account for the instanton
collective coordinates (or moduli) and can be distinguished into three classes corresponding
to open strings with both end-points on the D-instantons (the (—1)/(-1) sector), and to
open strings with one end-point on the D-instantons and the other either on the D3 branes
or on the D7 branes (the (—1)/3 sector and the (—1)/7 sector respectively). This system
has already been considered and described in [29], but for completeness we now briefly
recall its main features, taking advantage of the analysis presented in [34] for a very similar
set-up.

(-1)/(-1) sector. The string excitations in this sector carry Chan-Paton (CP) factors
that are (k x k) matrices in a definite representation of SO(k) selected by the orientifold
projection 2. They also organize in representations of the Lorentz group which in our
case is

SO(4) x SO(4) x SO(2) ~ SU(2); x SU(2)_ x SU(2)4 x SU(2)_ x U(1) (3.1)

as dictated by the presence of the D7 and D3 branes.

10 According to the terminology used in the previous section this actually corresponds to adding k half-
D(~1) branes plus their orientifold images.
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In the NS sector the two bosonic moduli along the D7 transverse directions, with
ADHM dimension of (length)~!, are odd under €2 and thus transform in the anti-symmetric
representation of SO(k). They can be organized in complex conjugate moduli y and y that
are singlets of the four SU(2)’s in (3.1) and carry charge +1 and —1 under the U(1) factor.
The eight bosonic moduli along the D7 longitudinal directions, with ADHM dimension of
(length) ™1, are instead even under 2 and hence transform in the symmetric representation
of SO(k). They form two vectors for each of the two SO(4) factors in (3.1) that we denote,
respectively, a* (u = 0,...,3) and a™ (m = 4,...,7). The diagonal components Tra*
define the (center of mass) position of the D-instantons in the four-dimensional space that
is longitudinal to both the D7’s and the D3’s, and thus they can be identified with the
four-dimensional space-time coordinates z*. The other four diagonal components Tra™
represent the position in the remaining four longitudinal directions of the D7 branes, and
together with the z’s they can be identified with the eight-dimensional coordinates X used
in the previous section.

A similar analysis can be performed in the Ramond sector of the (—1)/(-1) strings. Here
we have sixteen fermionic moduli which we can group into four sets M, M N2 and
N4 with «, ¢, a and a labelling the spinor representations of the four SU(2)’s in (3.1). We
have denoted by M’s and N’s the components with positive and negative SO(2) chiralities,
respectively, that correspond to eigenvalues +1 and —1 under €2 so that the M’s, with
ADHM dimension of (length)™'/2, are in the symmetric representation of SO(k), while the

—3/2

N’s, with dimension of (length)™%/ are in the anti-symmetric representation of SO(k).

(-1)/3 sector. The CP factors of the open strings connecting the D-instantons with the
D3 brane and its orientifold image are (k x 2) matrices transforming in the fundamen-
tal representation of both SO(k) and Sp(1). The open strings with opposite orientation,
stretching between the D3’s and the D(-1)’s, carry CP factors that are (2 x k) matrices
but they should not be counted as independent because of the identification enforced by
the orientifold projection.

The first four directions of the (—1)/3 strings have mixed Dirichlet-Neumann boundary
conditions. In the NS sector we therefore find two bosonic moduli, with ADHM dimension
of (length)!, in the spinor representation of SU(2), which we denote by w,. However, if we
want to exhibit also the SO(k) and Sp(1) indices, we should write wory (with R=1,...,k
and U = 1,2). For the opposite string orientation the bosonic excitations are w*V*, but
the following orientifold identification holds [29]:

wOUR — B UV sRS wWasY - (3.2)
In the R sector we find four fermionic moduli, with dimension of (length)!/2, which we
denote as u, and pg since they are space-time scalars but spinors of the internal Lorentz
group. The fermionic moduli i% and fi% arising from open strings with opposite orientation
are subject to orientifold identifications similar to that displayed in (3.2).

(=1)/7 sector. In this sector the open string excitations carry CP factors that are (k x 8)
matrices transforming in the fundamental representation of both SO(k) and SO(8). Again
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the orientifold projection enforces identifications with the excitations of open strings with
opposite orientations, which therefore should not be counted as independent. Since the
(-1)/7 strings have eight directions with mixed Dirichlet-Neumann boundary conditions,
the physical states are only in the R sector where we find one fermionic modulus ' with
ADHM dimension of (length)*t'/2. To exhibit also the SO(k) and SO(8) indices we should
write pp, (with R = 1,...,k and I = 1,...,8). The physical excitations of the 7/(-1)
strings, whose CP factors are (8 x k) matrices, correspond to the modulus i’ which is
subject to the following orientifold identification

The absence of physical bosonic moduli in this sector is typical of exotic instanton config-
urations.

3.2 BRST structure of moduli space

The moduli space we have described above admits a BRST structure that will play a crucial
role for the localization of the integral over the D-instantons.

The BRST charge () can be obtained by choosing any component of the supersymmetry
charges preserved on the brane system. The supersymmetry charges are invariant under
SO(k), Sp(1) and SO(8), but transform as a spinor of the SO(4) x S/(\)(4) subgroup of
the Lorentz group (3.1), so that the choice of @ breaks it to the SU(2)? subgroup which

preserves this spinor. In our case we take
SU(2)1 x SU(2)s x SU(2); = SU(2)_ x SU(2)_ x diag [SU(z)+ «SU@).|,  (34)

which corresponds to identify the spinor indices o and a of the first and third SU(2)’s
in (3.1). After this identification is made, the fermionic moduli M%* and M%® can be
renamed as M#=%* and M™=% and paired with a* and @™ into BRST doublets such that
Qa* = M" and Qa™ = M™. Similarly, in the fermionic sector of the (-1)/(~1) strings
the singlet component N = €,, N has the right transformation properties to qualify as
BRST partner of y, i.e. @y = N. Likewise, in the (—1)/3 sector the fermionic moduli pq—q
can be paired with the bosons w, and form another BRST doublet such that Qu, = pq.

The remaining fields N¢ = (7¢)4q N (7€ being the three Pauli matrices), N4, 1, and
i/ are unpaired, and should be supplemented with auxiliary fields having identical trans-
formation properties. Denoting such fields D¢, D h; and R/, respectively, we therefore
have QN¢ = D¢, QN%* = D% and so on.

In the usual instanton theory the auxiliary fields collect the D- and F-terms of the
gauge theory on the D(—1)’s, and the corresponding D- and F-flatness conditions are the
ADHM constraints on the instanton moduli space (see for example [8, 37, 40] for details).
In our case we have an extension of this construction to a sort of generalized “exotic”
instanton moduli space. More precisely, the seven auxiliary moduli D¢ and D%, of scaling
dimension (length)~?2 linearize the quartic interactions among the a*’s and the a™’s, and
in the explicit string realization correspond to vertex operators that are bi-linear in the
fermionic string coordinates [8, 31]. In particular, the triplet D¢ disentangles the quartic

,13,



sector (U, Uy) SO(k) x Sp(1) x SO(8)  SU(2)3

D(-1)/D(-1)  (a*, M*) ( ,1,1) (2,1,2)
(a™, M™) ( ,1,1) (1,2,2)

(NG, D) (,1,1) (2,2,1)

(N¢, D) (,1,1) (1,1,3)

(X,m) (.11) (1,1,1)

% (,1,1) (1,1,1)

D(-1)/D3 (Wa, fha) (, .1) (1,1,2)
(Has ha) (,.1) (1,2,1)

D(-1)/D7T (', H) (.1 ) (1,1,1)

Table 1. Spectrum of moduli for the D7/D3/D(-1) system in type I’, arranged in BRST doublets
(Up, ¥q) such that Q¥y = ¥y. The last column displays the representations of the various moduli
under the three SU(2)’s defined in (3.4).

interactions of the a*’s and the a™’s among themselves, while the quartet D*® decouples
the quartic interactions between the a*’s and the a""’s. Finally, the dimensionless auxiliary
moduli h; disentangle the quartic interactions between a™ and w,, while h’ completes the
BRST multiplet in the (-1)/7 sector. In the end only one modulus, namely x, remains
unpaired and therefore Qx = 0. All this is summarized in table 1.

Since the scaling dimension of the BRST charge is (length)_l/Q, the dimensions of the
components (¥g, ¥;) of any BRST doublet are of the form (length)® and (length)*~1/2,
Thus, recalling that a fermionic variable and its differential have opposite dimensions, the
measure on the instanton moduli space

dM=dx J[ d¥od¥, (3.5)
(Wo,¥1)
has the total dimension
(length) ~2Fk=D+am—gns (3.6)

Here, the first term in the exponent accounts for the unpaired modulus x in the anti-
symmetric representation of SO(k), while ny (ny) denotes the number of BRST multiplets
whose lowest components ¥ are bosonic (fermionic). From table 1 it is not difficult to

verify that
17

ny = ZkQ + 125/<: and njy = ;kQ + 5 k. (3.7)

Hence, eq. (3.6) implies that the full measure d My, is dimensionless, in agreement with the
conformality of the theories on both the D3’s and the D7’s.

For all the moduli we have listed above, including the auxiliary ones, it is possible

to write vertex operators of conformal dimension one and use them to obtain the moduli

action S(My,) by computing disk amplitudes along the lines discussed in [7, 8, 30, 31]. The
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result is the moduli action derived in [29] (see in particular eq. (3.3) of that paper). A first
generalization that will be necessary in the following is the introduction of the interaction
terms between the moduli and the Sp(1) adjoint scalar ¢ of the 3/3 sector or the SO(8)
adjoint scalar m of the 7/7 sector. As explained for example in [30], such interaction terms
can be derived from mixed disk amplitudes with a portion of the boundary on the D3’s or
the D7’s where a scalar field ¢ or m can be emitted. The result of these computations is
the action S(My; @, m). It turns out that this can be obtained from S(My) with a simple
effective rule corresponding to a shift of the xy moduli. More precisely, we have to make
the following replacements'!

6UV XRS N EUV XRS + ¢UV 5RS,
ST\ RS, §1T\ RS |yl 6RS (3.8)
Furthermore, one can prove that this action is BRST exact, namely
S(Mp; ,m) = QE (3.9)

for a suitably defined fermion = and that () is nilpotent up to infinitesimal transformations
of SO(k), Sp(1) and SO(8) parameterized respectively by x, ¢ and im. This means that
on any modulus we have

Q% e = [Tso( (X) + Tep(1)(9) + Tsos)(im)] e, (3.10)

where the T7’s act in the specific SO(k), Sp(1) and SO(8) representations given in table 1.
For our later purposes it is enough to consider the Cartan directions of the various
groups. We label the Cartan components of the SO(k) parameters of @ by ¥ = {x,} with
r=1,...,rank SO(k), those of Sp(1) by ¢ = {a}, and those of SO(8) by m = {m;//2} with
i =1,...,4. The latter two choices are in agreement with the choices and normalizations
used in the previous section, see in particular egs. (2.12) and (2.7). Using these ingredients,
one can easily see that Q2 in (3.10) corresponds to infinitesimal Cartan actions which
can be diagonalized in any representation by going to the basis provided by the weights.
Indeed, denoting respectively by 7, & and § the weights of the SO(k), Sp(1) and SO(8)
representations under which a given modulus transforms, we can rewrite (3.10) as

Q*e =[x -T+ig-G+im-jle . (3.11)

To fully localize the integral over moduli space it is necessary to use a BRST charge that is
equivariant with respect to all symmetries of the model. In our case these include also the
residual Lorentz symmetry SU(2)3 defined in (3.4), besides the SO(k), Sp(1) and SO(8)
symmetries considered so far.

3.3 Moduli integration via localization and instanton partition function

As explained for example in [35]-[40], the fully equivariant cohomology can be obtained by
deforming the moduli action with parameters associated to “rotations” along the Cartan

' As noted in footnote 5, in our conventions it is the field im which is in the adjoint of SO(8).
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directions of the residual Lorentz group. For our model, these rotations can be paramete-
rized by €= {ea} with A =1,...,4, subject to the constraint

€1+e+es+e,=0. (3.12)

Although only three out of the €’s are independent variables, in all calculations it is conve-
nient to use all four of them and impose the relation (3.12) only at the very end. From the
string point of view the e-deformation can be obtained by switching on a RR background
on the D7 brane world-volume corresponding to graviphoton field strengths of the type

0 +e€1 0 0 0 +e3 0 0
1 0 0 0 5 0 0 0

v 0 0 0 +e| ™ mn 0 0 0 ey (3.13)
0 0 —e 0 0 0 —e4 0

This RR background induces new e-dependent terms in the moduli action (3.9) which then
gets replaced by a deformed action S(My; ¢, m, €). The e-dependent terms can be explicitly
derived by computing mixed open/closed string amplitudes on disks with insertions of the
moduli vertex operators on the boundary and of the vertex operators representing the
graviphoton field strengths F in the interior, as shown in [30]-[32] for similar systems.
The net result of these computations amounts to replace the old BRST charge @ with a
deformed charge @ satisfying the following relation

Q*e=[Y T+ig-G+im f+& F]e, (3.14)

which is a direct generalization of (3.11). Here we have taken the deformation parameters
€4 to be of dimensions (length) ™! and have denoted by 7 the weights of the representation
of the residual Lorentz group (3.4) under which a given modulus transforms. Using the
rules explained in [34], one can show that

€- 57 = (61 — 62)’)’1 + (63 — 64)’)’2 + (61 + 62)73 ) (3'15)

where ~y, are the weights of the three SU(2)’s, namely 7, = 0 for a modulus in the 1,
Yo = :I:; for a modulus in the 2 and so on. The explicit values of €4 for all BRST doublets
of moduli are collected in table 2.
The e-deformed moduli action is still BRST exact (with respect to the new BRST
charge @), namely
S(My;¢,m,€) = QE (3.16)

—_

for a suitable fermion Z. This deformed BRST structure allows to perform rescalings of
various moduli and show that the k-instanton partition function

Z, = Nk/d./\/(k e~ SMiidmie) (3.17)

(with A a normalization factor) can be computed exactly in the semiclassical approxima-
tion. Indeed, the complete localization of the integral over moduli space around isolated
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sector (Up, Uy) €9

D(1)/D(-1)  (a®, MM te, tep
(@™, M™) te3, Ley
(N9 D) +(ep + €3), (1 + €3)
(N, D) 0, 4o+ )
(X;m) 0
D(-1)/D3 (wa, o) +5(e1 4 €2)
(ks ha) +5(e3 — €4)
D(-1)/D7 (W', 1) 0

Table 2. The last column displays the values of €- 7 for the various BRST doublets.

fixed points implies that Zj is given by the (super)-determinant of éQ evaluated at the
fixed points of Q [35]-[40]. As we already mentioned, the moduli x and Y appear very
asymmetrically in the BRST formalism: y parametrizes the SO(k) rotations, while y falls
into one of the BRST doublets. Moreover, the contribution of the (y,7n) multiplet to the
super-determinant cancels against an identical contribution coming from the neutral com-
ponent in (N¢, D) with identical transformation properties and opposite statistics. Taking
this into account, the super-determinant of @2 takes a simple product form in terms of
the Q2-cigenvalues given in (3.14) and the k-instanton partition function (3.17) can be

expressed by the localization formula

rank SO(k

Z. ZNk/ H
r=1

Here A(x) is the Vandermonde determinant representing the Jacobian factor for the di-

)
(55) 200 5 () P (- (318)

27

agonalization of the integration variables x. The factor P () arises from the integration

over the BRST doublets containing N¢ and N%¢ which transform in the representation

of SO(k). It is given by
.3
P (x) = (—s15283) H { H [()Z 7?)2 — 3%] } , (3.19)

where we have introduced the following combinations
81 =€y + €3, 8o =€ +€3, 8S3=¢€ + €2, (3.20)

and denoted by r the number of null weights in the anti-symmetric representation of

SO(k) (namely, the rank of the group) and by " the set of its positive weights.
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The factor P (x) in the denominator of (3.18) arises from the integration over the
BRST doublets containing a* and o™, and is given by

4
P () = (aeasa) ] { 11 [(Y'ﬁ)Z - 6,24] } ; (3:21)
21 e

= +
where again r  is the number of null weights in the symmetric representation of SO(k)
and T is the set of its positive weights.

Finally, the last factor P (x) in (3.18) collects the contributions from the integration
over the BRST doublets containing the moduli with only one end-point on the D-instantons,
namely the p’s from the (-1)/7 sector, and the w,’s and p;’s from the (-1)/3 sector.
It reads

Pfm a2+ (9;%)2)" -
P (x) = L2
( 4 a2+( 112L 2)2 H -

e T L7

[ 77 = (la+ 9] [(® 7 = (1la - 3)°]

[(%‘ﬁ)g . (ia+ 51-552)2} [(%ﬁ:)Q _ (ia— e1—5e2)2}

~

(3.22)

[T

Bl

)

where 7 is the number of null weights in the fundamental representation of SO(k) and
T the set of its positive weights.
More explicit expressions for A(x), P (x), P (x)and P (x) are given in appendix C.

Here we just remark that the integrand in (3.18) is a rational function and that the integrals
over x, have to be computed according to the prescription of [52] as contour integrals after
giving the deformation parameters €4’s a positive imaginary part such that

€4

Im61>1m62>--->1m64>1m€21>--->Im2. (3.23)

In this way the calculation of the D-instanton partition function Zj is reduced to the sum
of the residues of a rational function with simple poles.

3.4 Non-perturbative prepotentials

In order to derive the non-perturbative contributions to the world-volume effective actions
of the space-filling branes we have to sum over all instanton numbers and consider the
“grand-canonical” instanton partition function

[e.9]
72=% 24", (3.24)
k=0

where we have conventionally set Zy = 1. Then, we have to switch off the e-deformations.
However, in doing this we have to pay attention to a couple of points. In fact, as is clear
from (3.17), the integrals appearing in Z; run over all moduli, including also the “center
of mass” super-coordinates X and ©. In presence of the e-deformations it is rather easy
to see that the integration over this eight-dimensional super-space yields a volume factor
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growing as 1/(ejegeseq) in the limit of small €4’s. Therefore, to obtain the integral over
the centered moduli and hence the contributions to the brane effective actions, this volume
factor has to be removed before turning off the e-deformations. In addition, we have to take
into account the fact that the k-th order in the g-expansion receives contributions not only
from genuine k-instanton configurations but also from disconnected ones, corresponding to
copies of instantons of lower numbers k; such that ) ,k, = k. To isolate the connected
components we have to take the logarithm of Z.

The singularity structure of log Z with respect to the e-deformations turns out to be
the following:
1

€1€2

1 -
log Z = .7:1(1?). +
€1€2€3€4

(4
Fu- (3.25)

Here, .7?1(183 and fr(14;)) are expressions which are regular when the deformations are switched
off; the subscript refers to the non-perturbative nature of these quantities, while the su-
perscripts signal their eight-dimensional, respectively four-dimensional, nature. Since the
€4’s have dimension of (length)*l, .7?1(183) must have mass-dimension four, while .7?1(143 must
have mass-dimension two. Indeed, .7?1(183 is a quartic expression in m,; and €4, without any
dependence on a. Therefore we can conclude that .7?1(183 represents the non-perturbative
quartic prepotential for the D7 brane world-volume theory. On the other hand, .7?1(143 is
quadratic in €4, a and m;; since 1/(e1€2) represents the regulated (super)volume in the first
four directions, we can conclude that fr(14;)) is the non-perturbative quadratic prepotential

for the D3 brane world-volume theory.!?

The prepotentials ]?r(lgr)) and fr(14;)) contain “gravitational” corrections encoded in the
deformation parameters €4 which, as we have described in section 3.3, arise from the RR
closed string sector. In this paper we are not interested in this dependence, and we limit
ourselves to the prepotentials

O~ m £ FO 70

p. €A—0 n.p. > p. €A—0 n.p. (326)
which depend on the gauge theory parameters only.

It should not be a surprise that the D-instanton partition function Z in presence of
D7 and D3 branes contains both an eight-dimensional and a four-dimensional information.
Indeed, depending on the point of view, the D(—1)’s can be considered alternatively either as
(exotic) instantons for the eight-dimensional theory on the D7’s or as (ordinary) instantons
for the four-dimensional theory on the D3’s. In the following sections we will consider in
detail the non-perturbative prepotentials (3.26), give their explicit expressions for the first
instanton numbers (up to k = 5), analyze their properties and discuss their relations with
the F-theory perspective and the SW curve we discussed in the previous section.

2Note that terms in .7?.(,‘81))‘ of the form eses f could in principle be interpreted also as terms in fr(f;))
proportional to f. We fix this kind of ambiguity by requiring that all terms assigned to .7?[(,82, have the
structure and symmetry properties that are appropriate for a correct eight-dimensional interpretation as a
prepotential.
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4 Eight-dimensional effective prepotential and chiral ring

The non-perturbative prepotential for the eight-dimensional gauge theory on the D7 branes
can be computed using formulae (3.25) and (3.26). Up to instanton order k = 5, we find

4 6
(&) — _2Ppf 3 Sy
Fip. m q+3q +5q +

4.1)

1 2 9 o 1 4 2.2\ 4 (

— sziqu 3 ZmZ +4Zmimj qg+....
i<j i i<j

This prepotential is independent on the vacuum expectation value a of the D3 adjoint

multiplet, and coincides exactly'® with the result found in [31] for the D7/D(-1) system in

type I'. Using the quadratic and quartic SO(8) invariants defined in appendix B, we can
rewrite the prepotential (4.1) as follows

3 4 3 6
‘FI(I.SI)).Zle (q—2q2+3q3—4q4+5q5+...>

(4.2)
4 6 1 3
AT 3 Sp ) =R ).
+ 2<q+3q+5q+ ) R<2q+4q+
This non-perturbative part has to be added to the tree-level prepotential
8 TiTH 4 1 1
‘7:t(re)e = 4 Trm™ = ~4 T, Ing + 04 R%?Ing, (4.3)

and to the perturbative 1-loop contribution which, up to terms that depend on the complex
structure U of the torus transverse to the D7 branes and that we do not write for brevity,
is given by [51]

(8) o 1 ImTQ 22 1 ImTQ 2
F1 oop = 39 ln< 5 ) (Trm*)” = 3 In 5 R~ . (4.4)

As shown in [31], the above results up to order & = 5 are consistent with heterotic/type
I’ duality [29, 41, 53, 54] and may be extended to all orders in ¢. Indeed, the complete
prepotential may be written as

FO = Fie+ Fvop + L3
1 k(q) 1 1, Immy 4 (4.5)
_—4T11n<16)—4T21n(1—/<(q))+8R1n 5 n*(m0) |,
where ()
70
Rla)= G\ (4.6)
93(70)

3Notice that our conventions are changed with respect to [31] in that we now have ¢ = exp(wirg) to
agree with the conventions of [26], while there we wrote ¢ = exp(2wit). Moreover, we choose the overall
normalization of the instanton partition function in a way which corresponds to sending ¢ — —gq, i.e. to
changing the sign in front of the Pfaffian terms. Finally, the field m we use here corresponds to the field
¢ of [31]; however, because of our conventions in eq. (2.7), the eigenvalues ¢; of the latter correspond to

—im; /V/2.
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Expanding the 1¥-functions and the Dedekind function in powers of g, one can easily check
the agreement with the perturbative and non-perturbative expressions reported above. Up
to mp-independent terms that can be presumably absorbed by a (finite) renormalization of
the 1-loop contribution (4.4) which was not considered in [31], we can further rewrite the
eight-dimensional prepotential as follows

1 1 1
F® = ~ Ty In (r(q)) — 4 Tp In (1 — k(q)) + 3 R*In (Im 79 *(70)) - (4.7)
Notice that the single-trace quartic structure present in 77, whose tree-level coupling is
miTy (see eq. (4.3)), has an effective coupling given by

48
5q5+.... (4.8)

Ink(q) =Ing+1Inl6 — 8¢ + 12¢* — 332q3 + 6¢* —
This single-trace structure is conformal at the perturbative level but from (4.8) we see
that it receives both a finite 1-loop renormalization (the In16 term above) and a series
of instanton contributions. In section 7 we will find again this same non-perturbative
redefinition (or more precisely its inverse) in the four-dimensional SU(2) SYM theory living
on the D3 branes.

From the prepotential F® we obtain the eight-dimensional SO(8) effective action
on the D7 branes by promoting the diagonal vacuum expectation values m; to the full
chiral superfield M (X, ©) given in (2.6) and integrating over the eight-dimensional chiral
superspace, namely

S® = (271)4 / BX d*e FO (M) + cec. . (4.9)
Among various other terms, this effective action contains quartic couplings of the type
Tr (tg f4) with tg being the totally anti-symmetric eight-index tensor appearing in various
string amplitudes [55] and f being the field strength, that under the heterotic/type T’
duality exactly match the heterotic results [31].

As we discussed in section 2.2, the mathematical description of the non-perturbative
effects in the eight-dimensional type I’ theory should be identical to the non-perturbative
description of the four-dimensional N' = 2 SYM theory with gauge group SU(2) and Ny = 4
(massive) flavors. For such a theory, which possesses a global SO(8) flavor symmetry, it was
argued in [26] that the full symmetry of the effective action is SL(2,7Z) whose generators
act as standard modular transformations on the tree-level gauge coupling accompanied
by triality transformations on the flavor SO(8) representations. Therefore, following the
arguments of [25], we expect that such SL(2,Z) be a symmetry of the eight-dimensional
effective action (4.9), in which now SO(8) is the gauge group. We now show that this is
indeed the case. For simplicity we assume that the background axionic value be vanishing,
i.e. we take Re1g = 0.

Let us first consider the transformation S defined as
1

S: m—— T e—Ty. (4.10)
T0
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This is the combination of the § modular transformation on the coupling constant 7y with
the SO(8) triality transformation that exchanges the vector representation (associated to
Ty) with one of the spinorial representations (associated to Th) leaving fixed the other
(associated to T3 = —T; — Ty) as well as the quadratic invariant R. Using the modular
properties of the Jacobi ¥-functions (see eq. (A.5)), it is easy to see that

k(q) — 1 —k(q), (4.11)

and hence that the first two terms of the prepotential (4.7) are invariant under S. Fur-
thermore, for the case at hand we have

70
Im 7 774(7'0) — —77_0 Im 7 n4(7'0) =Immy 774(7'0) , (4.12)

so that also the R2 term in (4.7) is invariant under S.
Now let us consider the transformation 7 defined as

T: m—mn+tl, HesTi=-T1-T. (4.13)

This is the combination of the 7 transformation acting on 79 with the triality transfor-
mation that exchanges the two spinor representations of SO(8), leaving fixed the vector
representation (and the quadratic invariant R). From the modular properties under 7°
given in (A.6), it is easy to check that

K(q) 1

, 1—k(q) — , Im70n4 70 —>e7§iImTOn4 T0), (4.14
S @ =1 () (), (4.14)

/<;(q) N e7ri

and hence that the prepotential (4.7) transforms under T as follows
FO L F®) _ T1 +, R2 FO 4 Z: Trm? . (4.15)

Even if the prepotential is not invariant, the change produced in the effective action is
unobservable because

55®) = (21)4 / X d*0 §FS) (M) + c.c.
Y
:4'(72” y /dSXdSG [TrM‘*—TrM4 = 2micy,
LT

(4.16)

where in the last step ¢4 is the topological index of order four which is an integer number.
Since the effective action shifts by an integer multiple of 27i, we can conclude!® that the
theory is invariant also under T. Thus, the symmetry group of the quantum SO(8) gauge
theory living on the D7 branes is the one generated by S and ’T which, as shown in
appendix B.1, is isomorphic to SL(2,Z) in agreement with our expectations.

“This is the same argument used to show that the classical tree-level action following from (4.3) is
invariant under ¢ — 70 + 1.

— 22 —



Besides the non-perturbative effective action and its symmetry properties, another
useful set of information on the eight-dimensional theory is provided by the quantum
vacuum expectation values of the composite operators Tr m?, forming the so-called “chiral
ring” of the model. These have been computed in [33] via localization techniques with
suitable insertions in the instanton partition function for a generic number of D7 branes.
When this number is four, i.e. for our SO(8) gauge theory, the results for the first few

values of [ arel®

(Trm*) = Tr (m)* — 48 Pfm ¢ — 24Zm?m? @ —192Pfm ¢ + ...,

1<j
(TrmS) = Tr (m)® + 180 Z m?m?m% ¢* + 960 Pfm Zm? i (4.17)
1<j<k i
(Trm®) = Tr (m)® — 420 (Pfm)? ¢* — 2240 Pfm Zm?mi e

1<j

It is interesting to observe that the non-perturbative part of these expressions exactly
coincides with the non-perturbative corrections for the coupling constant of the four-
dimensional SU(2) gauge theory with Ny = 4 as reported in eq. (2.39). We will elaborate
more on this relation in section 6.

5 Four-dimensional effective prepotential
The non-perturbative prepotential for the four-dimensional Sp(1) gauge theory on the D3
branes can be computed by extracting the sub-leading 1/(e1€2) divergence in the deformed

D-instanton partition function using formulae (3.25) and (3.26). The result of these calcu-
lations, which are technically similar to those reported in [34], can be written as follows

F =Y Fud", (5.1)
k

where the first five instanton contributions are explicitly given by

2Pftm
Fi= 2 (5.2)
Fy — 5(Pfm)? 32 icjck m?m?mi Dici m?m? 5 3
27 4e8 2a* * a? ' (5:3)
F3 = Pfm 3 (Pfm)? -~ 14 Z@-<j<k m?mimi n 20 z@'<j mfm? _ 8y, m? . 8 (5.4)
al® 3ad 3ab at 2\

15With respect to [33], our present conventions are such that their Tr ¢ is mapped to (—1)'2' Trm?" and
their g goes into our (—q).
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1469(Pfm)* 715(Pfm)? Zi<j<k m?mgmi
128 q14 32 al?
15332, ;o migmjmy, + 1332(Pfm)? 3
* 32 al?
_6335m mF Y s Mymy + 588 (PIm)? 37, m7
8ad
+521<jm +1002 Zjd#zm ‘m? + 960 (Pfm)>
8ab
322#]m m; +3622<]<km2m ‘my Y, m] +4ZZ<]m m?
4 + 2 ’
2a 2a
4471 (PEm)* 525 (Ptm)* o, ;o mimimy
80 al® 4 al6
W31 Y, o mimmy + 5980 (Pfm)? Y2, . m3m3
20 alt
1215, m? Z]<k;«ézm mj + 660 (Pfm)? >, m?
B al2
207 Y0, mim? + 12605, md S,y m2m? + T020(Ptm)’
5a10

84N mim + 50437, mimimy N 283, mi +160Y, ., mim;

Fy=

22
i<j MM

Fs = me{

_l’_

_l’_

al ab
483" . m?2 12

a* a?
To the above non-perturbative prepotential we must add the tree-level term

f(4) 7T1'TO

tree — 2 TI‘¢2 a2 IHQ7 (57)

where in the last step we replaced the adjoint field ¢ with its vacuum expectation value
according to (2.12), and the perturbative 1-loop contribution given by (see for example [56])

‘7:1(4)100p ;Z[(a+mi/\/2)2ln <G+Tjr§i/\/2> + (a—mi/V2)*In (a — sz/\/2>]

(%),
(5.8)

Note that for Ny = 4 the only dependence on the UV cut-off A is in terms proportional to
>, m?log(a/A) which, however, do not contribute to the effective action.
The total prepotential
FO = g3 L @

tree 1— loop

+FY (5.9)

determines the effective coupling 7 of the four-dimensional gauge theory on the D3 branes
according to the relation

2 7(4)
2T = 68];2 . (5.10)
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If we organize the resulting expression as an expansion in inverse powers of a, we obtain
, 1y,m? 1| 1
2miT = 2Ing — 5 Z(:Q b a4[_ g me + 12Pfmyq —|—6Zm?m§ ¢ +48Pfm¢® + ...
7

i<j

L : 6 2 2 92 9 5 3
+a6 [_ 24 Zm, —30 Z m;m;my q — 160 Pfm Zmz G+
i i<j<k -

1| 1 105
+a8[— 64Zm§+ (Pfm)® ¢* +280Pfm > mim3 ¢*+... | + ... . (5.11)
i

2 —
1<]

This completely agrees with the effective coupling reported in eq. (2.37) and derived from
the SW curve for the SU(2) Ny = 4 theory [26]. Thus, we can conclude that the non-
perturbative features predicted by the SW curve for this theory can be interpreted as
D-instanton effects in the D7/D3 system of type I'. Furthermore, this agreement puts on
a very solid ground the prescription described in eq. (3.25), which, as a matter of fact, was
successfully tested already in [34] in a different context by exploiting the heterotic/type T’
duality.

6 An intriguing relation

By comparing the non-perturbative terms of the effective coupling (5.11) with the vacuum
expectation values (4.17) of the operators Trm?' forming the chiral ring of the eight-
dimensional theory living on the D7 branes, we find that (up to the available orders in ¢

and in 1/a) our results take the following very intriguing and suggestive form

o0

2miT = 27Ty — Z
=1

1 (Trm?)

o] g2 (6.1)

In other words, the non-perturbative corrections to the effective coupling on the D3’s are
obtained from its perturbative expression (2.13) after promoting the mass parameters m;,
which classically correspond to the vacuum expectation values of the SO(8) adjoint field
m on the D7 branes according to eq. (2.7), to a bona-fide quantum field of which the
appropriate expectation values have to be taken. We conjecture'S that this relation actually
extends to all orders in ¢ and in 1/a?, and in figure 2 we give a graphical representation of it.
The effective gauge coupling 7 on the probe D3 brane (the blue dot) receives perturbative
contributions. They arise from loops of open string states suspended between the D3 and
the D7 branes (red circles), their images (dotted red circles) and the orientifold (green
cross). These diagrams have a dual interpretation as tree-level closed string exchanges
which are depicted as straight lines (the lines to the image D7 branes are not shown to
avoid clutter). If we take into account the full quantum dynamics, including the non-
perturbative effects, of the D7 fields whose eigenvalues correspond to the D7 positions
(this procedure is graphically indicated by the circular red-shaded area including the D7

5The authors of [33] have pushed their computations up to (Trm'®) and to instanton number k = 5,
finding that the agreement with the effective four-dimensional coupling 7 persists [57].
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Figure 2. An ideographic representation of the relation we discuss in this section (see the main
text for a discussion of its content).

branes) and we still communicate this information to the probe D3 brane in a perturbative
fashion, we get the exact effective coupling, i.e.

Tpert — T it Tr(m)? — (Trm?) . (6.2)

With simple formal manipulations we can rewrite the relation (6.1) as follows:

a 0 (2miT) = <Tr m* >, (6.3)

da a? —m?
from which, after using (5.10) in the left-hand side, we obtain

2

a?( 0 f(4>_2f<4)>:<Tr m > (6.4)

a
0a?2 \ Oa a? —m?2

Note that (a 0, FW — 2F (4)) is the same combination that appears in the Matone rela-
tion [58] for the pure SU(2) SYM theory, and hence we can regard eq. (6.4) as a sort of
generalization of this relation to the SU(2) theory with four massive flavors.

In conclusion, it can be said that knowing the chiral ring in the eight-dimensional
theory is equivalent to knowing the four-dimensional prepotential. Conversely the eight-
dimensional prepotential can be read off directly from the four-dimensional one by means of

1 0 1
fr(14) - _CL2 <q aqfn.8p.> + O<a4> . (65)

This equation is a consequence of the particular relation 41! (Tr m4> =q gq .7-"1(12_ explained

in [33], and of egs. (6.1) and (5.10).

7 Comparison with the SU(2) instanton calculus

In this last section we pursue the comparison of our results with the outcome of the standard
supersymmetric instanton calculus for the SU(2) theory with Ny flavors.
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7.1 Instanton calculus

The computation of instanton effects in field theories with N' = 2 supersymmetry, SU(N)
gauge group and Ny fundamental hypermultiplets was performed by N. Nekrasov exploit-
ing localization techniques [35, 38]. In fact, it is very easy to extract from his work explicit
expressions for the prepotential, at least up to three instantons; for instance, the result
for the SU(2) gauge theory with Ny = 3 is reported here in appendix E (see in particular
eq. (E.3)). This result fully agrees, up to irrelevant constant rescalings of the mass pa-
rameters and of the dynamical scale, with the limit in which we decouple one flavor from
the four-dimensional prepotential (5.9) obtained for the D3/D7 system in type I'. This
agreement represents another very reassuring check of our procedure.

Although originally proposed for asymptotically free theories, and thus limited to Ny <
4 in the case of the SU(2) gauge theory, Nekrasov’s prescription can formally be extended
without any problem also to the conformal theory with Ny = 4. We will describe the
outcome of Nekrasov’s prescription and elaborate on its relation with our results (and the
SW approach) in the next subsection by pushing our analysis up to five instantons. To
do so we resort, as a very efficient computational tool, to the recently discovered AGT
connection that allows to obtain the instanton partition function a la Nekrasov for the
SU(2) Ny = 4 gauge theory from the conformal blocks of a two-dimensional Liouville
conformal field theory [44].

Before giving some details on this relation, let us anticipate the key points of our
findings. Denoting by 7,y the tree-level coupling in this approach, and by

x = e (7.1)

the corresponding instanton expansion parameter, one finds that in the massless case the
effective coupling 7 receives instanton corrections and takes the form
13 5 23 5 2701 , 5057 o

ﬂirzlnx—ln16+2x+ T

2
64 1927 T 32768 T T 81920 * (7:2)

This is to be contrasted with what happens in our treatment and in the SW description,
where for zero masses the effective coupling coincides with the tree-level coupling g, i.e.

miT =Ing (7.3)

as is clear from eq. (5.11) when m; = 0. If one assumes that the quantity that should
agree in any description of the same quantum field theory is the effective coupling, then
egs. (7.2) and (7.3) imply

13 5 23 5 2701 , 5057

1
lnqzlnm—ln16+2x+ 7+

4
64 1027 T 30768 F T 81920 * (7:4)

One can check that this is the inverse of the expansion given in (4.8), so that we are led to
identify = with x(q) and write

(7.5)
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which coincides with the closed-form expression proposed in [44] (see also [46]-[48], and [59]
where that expression was first proposed). As a pure matter-of-fact remark, it is interesting
to notice that the tree-level coupling Inzx utilized in Nekrasov’s approach corresponds to
the effective coupling In k(q) that appears in front of the SO(8) invariant structure 7} in
the eight-dimensional action on the D7 branes (see eqs. (4.6) and (4.7)). This is another
signal of a non-trivial interplay between quantum effects in four dimensions on the D3’s
and in eight dimensions on the D7’s, in addition to the one described in section 6.
Turning to the massive case, one finds that the Nekrasov/AGT prepotential for the
SU(2) Ny = 4 theory contains, at each order in its instanton expansion, several terms which
do not appear in our findings. However, if we start from our complete prepotential (5.9)
and substitute our expansion parameter ¢ in terms of x according to eq. (7.4), namely
x 1 21 31 6257
q:16<1+2x+64x2+128x3+32768x4+”'>’ (7.6)
we obtain an exact matching with the Nekrasov/AGT prepotential (up to constant terms
which do not contribute to the effective action). Let us now show this in some more detail.

7.2 The Nekrasov prepotential from the AGT realization

In [44] a remarkable relation between the deformed instanton partition function for N' = 2

SU(2) gauge theories in four dimensions and the correlation functions of the Liouville

theory in two dimensions has been discovered. In this correspondence the central charge ¢

of the Liouville theory and the deformation parameters e; and e, of the instanton partition

functions are related as follows

(€1 + €2)?
€1€2

c=146Q*=1+6 (7.7)

while the logarithm of the conformal block of four Liouville operators [45] is related to

the non-perturbative prepotential F,, of the N' = 2 SU(2) theory with four massive

hypermultiplets as computed in Nekrasov’s approach [35]-[39]. More precisely we have
ang_ = — lim {6162 In {(1 — x)Z’““?’ BﬁlAQ;A3A4(x)}} . (7.8)

€1,62—0

Here Bﬁl Ag:Asa, (T) is the conformal block of four Liouville primary fields with conformal
dimensions A;, located at oo, 1,  and 0, and factorized in the channel (A; — Ag) ~
(Ag — Ay) with an intermediate state of conformal dimension A. These dimensions can be
parameterized as follows

Q2 a? Q2 2

A= — A; = — U3 7.9
4 €1€2 ’ ! 4 His ( )

where a is the vacuum expectation value of the SU(2) adjoint scalar field, and the p;’s are

related to the masses m; of the fundamental hypermultiplets according to

m m
M1+M2+Q= ! ) Ml—M2+Q = 2 )
2 \/26162 2 \/26162 (7 10)
ot Q_ m . Q _ my ’
Hat it g = oo MBTHIT o = o
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The dressing factor (1 — )?#1#3 has been inserted to decouple a U(1) factor [44] and get
the instantonic partition function for SU(2) and not for U(2). Note that in the literature
there are different expressions for such a factor, containing also terms that depend on the
background charge Q. However, these terms are not relevant in the limit €;,e5 — 0 we are
considering here.!”

Using the expression of the conformal blocks [45] (see also [46]-[48]) and expanding in

powers of x, we have

F&) =Y Fpa*, (7.11)
k
where the first few coefficients are
Pfm 25:i<: *77li77lj (12
Fi = ’ 7.12
17 gq2 + 4 2’ ( )
P — 5(Pfm)? -~ 3Zi<j<k mfm?m% ZK]» mfm? + 16 Pfm
>7 102448 512 a 956 a2
> m? + 16 sz mim; 13 a2
* 128 64 (7.13)
P — 3(Pfm)3 B 7Pfm Zi<j<k m?mgmi N 5Pfm Zi<j mfm? + 15(Pfm)?
4096 10 6144 a® 3072 ab
-~ 3Zi<j<k m?mimi + Pfm ZZ ml2 ZKJ- m?m? + 11 Pfm
512a* 256 a2
n 3 mz2 + 32 z@'<j mim; n 23 a2 (714)
384 192 ° .

In appendix D we report also the explicit expressions for Fy and Fj (see eqgs. (D.5)
and (D.6)), as well as some other technical details on this approach.
To this non-perturbative prepotential we must add the tree-level contribution

)

tree

=a’lnz, (7.15)

and the z-independent 1-loop part

F1(4_)100p: ;Z[(a—i—mi/\ﬂ)zln <a+77:'/\/2> + (a — mi/\/2)21n <a—ﬂzi/\/2>}

1

2a
— 44’1
(7.16)

which coincides with (5.8) except for a small difference in the last term where the effect of
a finite renormalization pointed out in [50] has been taken into account.

The total prepotential
@

1—loop

A — F(4)

tree

4
+F% (7.17)

" These Q-dependent pieces are relevant instead if also gravitational corrections to the gauge theory are
considered, i.e. if the deformations parameters ¢; and €2 are not switched off.

,29,



does not agree, at first sight, with the prepotential F®* we have found in section 5 (see
egs. (5.1)-(5.9)). Indeed, one can easily see that in the massless case (m; = 0) the non-
perturbative part fr(f_lp, is vanishing while Frgfg. is not, and that the numerical coefficients
as well as the various structures are different in the two expressions. However, one can
explicitly check that all a-dependent structures of F @ and FW are exactly mapped into
each other if ¢ and = are related as in (7.6) (or equivalently as in (7.4)). Let us show this
in some cases. Consider for example the terms in F') that are proportional to a2, namely

1 13 23
2 2 3
\ In16 + + + +... ). 1
a <nx n 16 9Tt 64Tt 199 ® > (7.18)

Upon using (7.4), they simply become a® Ingq, that is exactly the a? term of F@ given
in (5.7). Now consider the terms in F® that are proportional to 1 /a?, namely

[

3
A
s Tog Tt 956 T+ 956 x°+ }(7 9)

where the first z-independent contribution arises from F’ 1(4_)100p. If we use the relation (7.6),

1 { Zim‘l Pfm Zi<j m%m?—kl(ijm ) Zi<jm?m?—|—11me
L4
a

we can rewrite (7.19) as

N

2 s H2@m)g+ (Zm$m§> @ +8(Ptm)g> + ... } , (7.20)

1<j

which exactly coincides with the part of F 4) proportional to 1 /a? obtained in section 5.
Likewise one can check that the agreement persists in all other a-dependent terms, and up
to five instantons using the expressions reported in appendix D.

The only mismatch is in the constant a-independent part, which however does not con-
tribute to the four-dimensional effective action obtained from the prepotential by promoting
a to the full-fledged chiral superfield ® and integrating over the chiral four-dimensional su-
perspace. Thus, this mismatch is irrelevant. We also note that while the non-perturbative
prepotential F,,, obtained from the D7/D3/D(-1) system is fully invariant under the
SO(8) flavor symmetry acting on the massive multiplets, the prepotential F},,, derived

above contains the structure ), _.m;m; which is not an SO(8) invariant. Since this struc-

i<j
ture appears only in the a—indepeildent part, it does not contribute to the effective action,
which indeed is SO(8) invariant. It is interesting also to notice that all terms proportional
to Y .. ; mimy could be removed from the prepotential by changing the dressing factor in
the AGT relation (7.8), and using (1 — x)_é(“%_“§+“§_“421) in place of (1 — x)%#1#3, Finally,
the a-independent terms proportional to ZZ mf that were absent in ¥, . could be reab-
sorbed with a suitable redefinition of the UV cut-off appearing in the 1-loop part of the
prepotential. As we have already remarked, all these ambiguities in the constant piece are

not significant and do not influence the effective action of the four-dimensional gauge fields.

8 Summary and conclusions

We have considered the local system composed of four D7 branes and a D3 brane near one
OT fixed plane in type I’ theory on a T torus. We have computed by means of localization
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techniques the non-perturbative corrections due to D-instantons to the effective actions on
the D7 branes (for which they correspond to exotic instantons) and on the D3 brane. On
the D3, which supports a Sp(1), Ny = 4 theory, they represent gauge instantons. The
effective coupling on the D3 coincides with the exact axio-dilaton field, and indeed we find
that it agrees with the F-theoretic prediction put forward long ago by Sen [25]. We thus
show by an explicit microscopic computation how F-theory resums D-instanton effects.
Our results are consistent with the outcome of usual instanton calculus a la Nekrasov [35]
for the SU(2), Ny = 4 conformal theory, or with its AGT reformulation in terms of 2d
Liouville blocks [44], upon a non-perturbative redefinition of the tree-level coupling.

We point out a very interesting relation between the effective coupling 7 on the D3
(that is, the modular parameter of the F-theory curve) and the eight-dimensional dynamics
on the D7-branes, and specifically the “chiral ring” correlators (Trm?), where m(X) is
the eight-dimensional field in the adjoint of SO(8) whose eigenvalues m; appear as mass
parameters on the D3. Indeed, we find that the exact expression for 7 is obtained from
its perturbative part replacing the occurrences of the masses with the corresponding chiral

ring correlators in eight dimensions.
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A Notations and theta-function conventions
Couplings. We use the following names for the various quadratic gauge couplings:

e 79 is the tree-level coupling in the D3/D7 system in type I, i.e. the asymptotic value
of the axio-dilaton field. In this set-up the gauge theory on the D3 is realized as a
Sp(1) theory with four flavors.

e Tyy is the tree-level coupling in the usual field-theoretical description of the SU(2)
theory with Ny = 4 flavors.

e 7 is the exact effective coupling, which depends on the tree-level coupling, the vacuum
expectation value a of the adjoint scalar parametrizing the Coulomb moduli space
and on the mass parameters. This coupling must agree in the two descriptions.

Theta-functions. We adopt the following definition for the Jacobi ¥-functions:
dff](vlr) = 3 e M), (A1)
neL
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and the usual naming conventions
01(r) = 9[)(07),  Da(r) = 9 (07),  Fs(7) = 9[R)07), alr) =9[)(0]7) . (A.2)

The Dedekind n-function is defined as

n(r) = e H (1- e?mTny (A.3)
n=1
The following properties are relevant for us:
I3(m) = 04(r) = 95(7) = 0, D2(7) I5(7) Da(7) = 227°(7) . (A4)
We will also use the transformation properties under the modular group generators,
which are ‘ )
W (v/7| —1/7 :\/—iTegl(“b'FQi )79b_a v|7T),
g Bl(v/m| = 1/7) al(vl7) (A5)
n(=1/7) = V=irn(r) |
and

I (v]r +1) = e~ 5@ DY[2 ) (u]7)

T: i
n(t+1) =ewn(r) .

B Flavor invariants

The parameters m; correspond to the components along the Cartan directions of Spin(8)
of the vacuum expectation values of the D7/D7 scalar field m(z) introduced in eq. (2.7).
In a given representation R, the element m’H; of the algebra is diagonal in the basis of
weights Wq (A=1,...dimR), with eigenvalues m - 4.

Spin(8) has an S5 group of external automorphisms (“triality”) that permutes its three
8-dimensional representations: the vector (v), chiral spinor (s) and antichiral spinor (c),
remapping the weights of each of these representations in those of another one. This S3
can be generated by any two exchanges, say

gi: sec, g2 vecC. (B.1)

Given the form of the weights of these representations, we can view these triality operations

as acting on the Cartan parameters m;, as follows:
g1 {mi, ma, m3, my} — {m, ma, mz, —my},
go: {m1, mo, ms, my} — ;{m1 + ma + mg — myg, My +mg —m3 + my, (B.2)
my —mg +ma +my, —mi+mg+mz+my} .

The SW curve for the SU(2) theory with Ny = 4 flavors, described in section 2.2.1, is
written in terms of SO(8)-invariant expressions of order 2, 4 and 6 in the masses m; [27].
The quadratic invariant is

1 1
R = QZm?: 2Tler, (B.3)
7
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where the second equality follows from (2.7). This expression is also invariant under triality,
as one can see by applying to it the generators (B.2).
The three independent quartic SO(8) invariants can be chosen to be R? and

_ 2 1 4
12;mm]—242m Trm) —6Trm,
: 1 2 1 1 (B4)
- 2,2 4 _ 2 4
T = o4 ;mimj + 48 ;ml — 2me =8 (Trm ) + 12 Trm™ — 2me .
The triality generators act on the invariants T as follows:
g1 T2 — T3 = —T1 - T2 and go T1 — T2 . (B5)

In other words, the triality group S5 permutes the T, invariants.
The four sextic SO(8) invariants can be chosen to be R?, RT, and

m? m mi m? m + m¢ (B.6)
~ 16 <]2<k k96 Z 96 Z

which is invariant also under triality.

The following combinations are relevant for us:

R2—|—6T1 Zm m

z<]
R~ 6T = Zm
_ 2 2 2
2N+ RTy = 9 Z m;mimi (B.7)
1<j<k

1
6N+ R>—15RT) = Qme,

7

1
2(Pfm)? —16 RN — R* + 28 R T} — 36 T2 = —2Zm§

B.1 Triality extension of SL(2,Z)

Consider an SL(2,7Z) group generated by S and 7 subject to the relations
S*=1, (ST)P=1. (B.8)

In our case this group is the modular group acting on the bare coupling 79. Now consider
also the permutation group S3 generated by g7 and g2, subject to the relations

gi=1, g=1, (gqn)’=1. (B.9)

In our case this group is the triality group of SO(8), we have described above.
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Let us then construct the semi-direct product of SL(2,7Z) and Ss, which is generated
by the following combined actions:

~ -~

T = (Ta gl)? S = (87 92) : (BlO)

These two generators obey
S?’=1, (ST)P=1; (B.11)

therefore this group is again isomorphic to SL(2,7Z).

C Details on the D-instanton computation

The expressions of the factors P (x), P (x) and P (x) appearing in the integrand

of the formula (3.18) for the instanton partition function are given respectively in
egs. (3.19), (3.21) and (3.22) in terms of the weights of the relevant representations of
the SO(k) instantonic symmetry group. Let us recall the form of these weight vectors.

Weight sets of SO(2n + 1). This group has rank n. If we denote by €é; the versors in
the R™ weight space, then

e the set of the 2n + 1 weights 7 of the vector representation is given by

+¢, 0 with multiplicity 1 ; (C.1)

e the set of n(2n + 1) weights p’ of the adjoint representation (corresponding to the
two-index antisymmetric tensor) is the following:

te; e (1 <)), *é, 0 with multiplicity n ; (C.2)
e the (n +1)(2n + 1) weights of the two-index symmetric tensor'® are
+é+¢ (i<j), =+&, +2¢, 0 with multiplicity n+1 . (C.3)

Weight sets of SO(2n). This group has rank n. If we denote by €; the versors in the
R™ weight space, then

e the set of the 2n weights 7 of the vector representation is given by

+ & ; (C.4)

e the set of n(2n — 1) weights g of the adjoint representation (corresponding to the
two-index antisymmetric tensor) is the following:

te;+ée (1 <)), 0 with multiplicity n ; (C.5)

81n fact, this is not an irreducible representation: it decomposes into the (n 4 1)(2n + 1) — 1 traceless
symmetric tensor plus a singlet. One of the 0 weights corresponds to the singlet.
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e the n(2n + 1) weights of the two-index symmetric tensor'® are

+é+¢ (i<j), +2&, 0 with multiplicity n . (C.6)

Inserting these expressions into eq. (3.19) we have

( 3 n
—515953 "H H X[—XJ)Q—SZQ] [(X[+XJ)2—Sl2:| for k = 2n,
1=11>J=1
3 n
P o= (=sisa83)" [ TI [Oxr = x0)” = 7] [(xr + x0)* = s7] (C.7)
I=11>J=1
n
XHXK_SI fork=2n+1.
K=1

From eq. (3.21) we get instead

4 n
(€1€2€3€4)" H H [((xr —x0)? — 4] [(x1 + x0)* — €]

A=1T>J=1
n
X H(4X%(_€§1) for k =2n,
K=1
P = . (C.8)
(e1€2€3€4)™" i H H (x1 — XJ - 631] [(XI + XJ)2 - 6?4]
A=1T>J=1

n
X H(4X%(—531)(X%<_€?4) fork=2n+1.
\ K=1

From eq. (3.22) we find

for k =2n, (C.9)

- ﬁﬁ ( ) m§> X = (ia+23)°| [} — (la— =5%)"]
Tim V2 [ et o) [ - o 94%)’]
while for £ odd we get simply an extra null-vector contribution:
_ Pfm a? — (63564)2

4 a2 — (614562)2

P xr.hs. ofeq. (C.9) fork=2n+1. (C.10)

Finally, the Vandermonde determinant A(x) is explicitly given by

n

I &7 -3 for k = 2n,

A — I>i 1 . (C.11)
H XI_XJ2HX for k=2n+1.
I>J=1 K=1

19 Again, this is not an irreducible representation, since it contains a singlet.



D Details on the AGT correspondence

The four-point conformal block Bﬁl As:AsA, (T) appearing in the AGT relation (7.8) can be
written [45] as a formal series according to

BﬁlAQ;A3A4(x) = Z x|Y‘ rVAlAzA(Y) QZI(Y’ YI) 7A3A4A(YI) . (Dl)
[Y]=[Y"]

Here Y = {n; > ny > --- > n; > 0} is a partition, |Y| = ny + ng + -+ + ny is its order,
QA (Y,Y") is the correlator of two descendants of a primary state of dimension A, namely

Qa(Y,Y") = (A Ly £_yi|A), (D.2)
where
L_y ‘A> =L nLpn, Ly, ‘A> (D'3)
with L, being the Virasoro generators, and finally ya,a,A(Y') is given by
ya8.0(Y) =] <A + A=A+ m) : (D.4)
l r<l

For further details, see for example [46].

The explicit evaluation of QA (Y,Y”’) and its inverse is a straightforward but tedious
task. To perform the algebra we used the open-source program REDUCE and, exploiting
the AGT relation (7.8), were able to compute?® the non-perturbative prepotential Féég.
up to the fifth order in x. The first three coefficients Fy, F» and F3 were reported in the
main text in egs. (7.12), (7.13) and (7.14) respectively. Here we give the expressions for
the fourth and fifth coefficients. We have

1469(Pfm)t  TI5(PEm)® X, mimimy,

47 8388608 a4 2097152 a'2
153 i ick mf‘m?mi +1332(Pfm)? 3
2097152 a0
63>, m? D i<kt m?mé + 588 (Pfm)? >, m? + 896 Pfm dicj<k mfm?mi
524288 a8
53 i mimy + 10030, mi 37 m3my + 3280 (Pfm)? 4 1280 Pfm 3
* 524288 ab
3 it mf‘m? + 732 ik mZQmJQm% + 384 Pfm >, m?
B 131072 a*
N Sy + 46837, mim? 4 4352 Pfm
131072 a?
233, m; + 20487, s mim; 2701 a2
* 32768 32768

20We found convenient to compute the conformal blocks in the particular case €1 + €2 = 0, i.e. for Q =0

i< m?m? + 2304(Pfm)3

m2m?

1<j 7

(D.5)

and ¢ = 1; this has no implications on the result, since according to eq. (7.8) in the computation of Fég
only the limit in which the €12 parameters vanish matter. Here we would like comment that, despite the
fact that the only unitary ¢ = 1 conformal theory is the free one, the conformal block we computed is not
the one associated with the free theory. This happens because the conformal block is derived using the
Virasoro algebra only, and thus the conformal dimension of the intermediate state is arbitrary, which would
not happen in the free theory.
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and
471(PEm)®  525(Ptm)3 Y2, i mPmim}

5 7 83886080 al8 4194304 al6
N 131Pfm 32y, mim? mk + 5980(Pfm)3 Y,

20971520 a4
121mez Z]<k;£z mi mk + 715(Pfm)? Dici<k m?m?m% + 660(Pfm)3>", m?
1048576 a2

765 Z m?m?mi—i—lQGOmeme Z m?mi

i<j<k i J<k#i

i< m? m + 7345(Pfm)*

+

5242880 a0

+207Pfm > mfmi + 6660(Pfm)* > mIm? + 13680(Pfm)?®

i<J i<j
1 4. 4
~ g6a144qs | 0322 ME D mymi+ 64PIm Y | mimim;
i j<k#i i<j<k
+21Pfm Y mim? + 588(Pfm) Zm ]
7]
1 4,4
+ 96914446 5Zm m] —|—1002m S m? mk+7pfmzm
i< i j<k#i
+780Pfm > mim? + 2000 (me)2]
1<J
3Ymi Y md 4 348 Y mimimE 4 225 Pim Y, m?
65536 a*
| X + 2125, mim + 1787 Pfm
65536 a2
52537 mi +4096 32,5 mim; 5057 o
! (D.6)
81920 81920

E Decoupling limits to Ny = 3,2,1,0

From the prepotential we derived in egs. (5.2)—(5.6) for the Ny = 4 case, it is possible
to deduce the prepotential for the asymptotically free theories with Ny = 3,2,1,0 by
decoupling in turn the massive fundamental hypermultiplets. We will now compare the
results obtained in this way with those following from Nekrasov’s prescriptions for the
instanton calculus, which were originally given just for these asymptotically free cases. We
will find full agreement in all terms contributing to the effective action. This enhances
our confidence in our results, and shows that the difference with Nekrasov’s formulas (or,
equivalently, with the AGT methods) discussed in section 7 only occurs in the conformal
case Ny = 4.
Let us start decoupling one flavor and get the Ny = 3 theory by taking the limit

my — oo with A =qgmy fixed . (E.1)
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From egs. (5.2)—(5.4) we find

3
g _ Zmamams AL {5(m1m2m3)2 3= mimi S m?
4

1
J A2 E.2
n-p- a? 4 a5 2a* * a? * } (E.2)

3 2.2 3 2
3(m1m2m3)2 14Z< i—1 M m; 2022 m; 8
+mimams { 410 - ’ 3]&8 o+ 3Za61 b — o A3+ O(AY) .

On the other hand, from Nekrasov’s paper [38], using eq. (3.16) and the relevant definitions
given in the previous pages therein, we can extract the following expression of the SU(2)
prepotential for Ny = 3 flavors with masses M;:

o M1M2M3 + a2(M1 + M2 + Mg) ~

Fop. = 042 A
BMPMZM3 — 30 307 ) MPM? +a* Y0 M? +aS
+ A (E.3)
64 ab
OM2M2M2 —7a253 . M2M?2 +5a* 53 . M2 — 345 .
+M1M2M3 1424743 Zz<]71 1] szl ) A3 + O(A4) )

192 al0

The two expressions (E.2) and (E.3) match after taking into account a different normal-
ization of the masses and of the dynamical scale, namely

A
m; = V2 M;, A_WQ. (E.4)
The only difference is the constant term proportional to (M + My + Ms3) in the first line
of (E.3), which however does not contribute to the effective action upon integration over
the chiral superspace, and thus is irrelevant.
The agreement persists for lower values of Ny, upon taking further decoupling limits.
For instance, the pure SU(2) case (Ny = 0) can be reached from our Ny = 4 results in
egs. (5.2)—(5.4) by sending

mi234 — 00, Wwith A = ¢Pfm fixed . (E.5)

The resulting prepotential reads

A* BAS A2 1469 A6 4471 A
f:2a2+4a6+3a10+ 128 a14+ 80 a18+”' (E-6)
and coincides with Nekrasov’s result if we set A* = A% /4. The above results are perfectly
consistent also with the instanton expansion of the effective coupling derived from the SW
curves [26, 27] for SU(2) gauge theories with Ny =0,1,2,3.

Also the relation (6.1) between the exact gauge coupling 7 on the D3 branes and the
eight-dimensional chiral ring for the conformal Ny = 4 case can be extended to the non-
conformal cases with lower Ny. We can check this by exploiting the results of [33], where
2l

)

the first chiral ring expectation values (Trm®) have been given in the generic case of Ny

D7-branes supporting an SO(2Ny) group. Therefore we can compare these expressions to
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the effective coupling derived from the quadratic prepotentials we just described. Let us
consider as an example the Ny = 3 case. Deriving the prepotential (E.2) with respect to
a or, equivalently, taking the limit (E.1) on the non-perturbative effective coupling (5.11),
we find

3
1
2Ty p, = » <12m1m2m3/\+62m?1\2 —i—)
i—1

3
1
— <30 Z m?m? A% + 160 mymams A3 + .. ) (E.7)

ab L
1<j=1

3

1 /105

+ a8< 5 (m1m2m3)2A2 + 280 mymams Elm?A3+...> + ...
1=

On the other hand, from [33] we can deduce, in our conventions, the following results for
Ny =3

(Trm?) = Tr (m)?,

3
(Trm*) = Tr (m)* — 48 mymoms A — 242”%2 A+
i=1

3
E.8
(TrmS) = Tr (m)® + 180 Z m?m? A% +960mymams A3 + ..., (E:8)

1<j=1
3
(Trm®) = Tr (m)® — 420 (mymams)® A? — 2240 mymaoms Z miAS ..
i=1
We therefore see that also in this asymptotically free case the lowest orders in A and in
1/a are compatible with the relation
> 1 (Tr m21>‘n.p_

21 a?! ’
=1

2MiThp = —

(E.9)

from which eq. (6.1) easily follows. The full effective coupling 7 can thus be obtained from
its perturbative expression (2.13) upon taking into account the eight-dimensional quantum
dynamics of the mass parameters m;.

The chiral ring is mathematically defined for any number N; of D7 branes but, as
emphasized in [33], only for Ny > 4 (resp. Ny = 4 ) it can be associated to an eight-
dimensional SO(2Ny) gauge theory with negative (resp. vanishing) § function for which a
weak coupling analysis is reliable. Our analysis in the cases Ny = 4 and Ny < 4 shows that
the chiral ring for those values of Ny can be given a sensible meaning in the four-dimensional
theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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