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1 Introduction

An ambitious goal in theoretical physics is to obtain exact results that are valid for all

values of parameters and couplings. This goal, however, is still out of reach for realistic

quantum field theories describing the elementary particles in our world. It is therefore

natural to study models obeying stronger symmetry constraints, such as supersymmetric

and/or conformal theories. Moreover, some progress can be achieved by considering special

regimes, like for instance the large- NV limit in SU(N) gauge theories, or by restricting to

some specific sectors of observables. The hope is that the methods developed and the

results obtained in this way could improve our understanding of more realistic situations.



A paradigmatic case, which sits at the crossroad of many approaches, is represented
by the BPS Wilson loops of the N' = 4 Super-Yang-Mills (SYM) theory in four dimen-
sions. This theory has the maximum possible amount of supersymmetry allowed for
non-gravitational models; it is exactly conformal also at the quantum level, and many
sub-sectors of its observables are integrable. Moreover, it admits a holographic dual de-
scription [1] as Type IIB superstring theory on AdSs x S®. In this theory, it is possible
to construct BPS Wilson loops which preserve part of the supersymmetry. In particu-
lar, a 1/2 BPS straight Wilson loop vanishes identically, but a circular one is non-trivial.
Its vacuum expectation value was computed in the planar limit in [2] by resumming the
rainbow diagrams that contribute to it. The result has a holographic interpretation as
the area of the surface bordered by the loop in the AdSs x S° background [3]. This
computation was extended to finite N in [4] where it was observed that the perturbative
expansion is captured by a Gaussian matrix model. Many extensions and generaliza-
tions have been studied in the N' = 4 context with either field-theoretic or holographic
methods or through relations to integrability [5-20]. Wilson loops that preserve a sub-
group of the superconformal symmetry of the N' = 4 theory are also instances [21] of a
defect conformal field theory [22-24] and have been investigated also from this point of
view [25-27].

The matrix model description of the 1/2 BPS circular Wilson loop has been derived
in [28] from the localization approach. Actually, the localization methods are valid not only
for the N' = 4 SYM theory, but for any N' = 2 SYM theory, in which case the resulting
matrix model is not Gaussian any longer but contains interaction terms. This has been
very useful in the study of the AdS/CFT duality in the N' = 2 setting [29-32], since the
interacting matrix model allows one to study the large-/N limit in an efficient way, also in
the strong coupling regime.

In this context, the localization is realized on a spherical space manifold S*, but when
the theory is conformal it also reproduces the results in flat space. In fact, it has been shown
to provide information about correlators of chiral operators [33-41] and about one-point
functions of chiral operators in presence of a Wilson loop [42]. In non-conformal cases,
one expects a conformal anomaly in relating the localization results obtained on S* to flat
space quantities; there are however strong indications [43] that this anomaly, at least for
correlators of chiral operators, is rather mild and that the interacting matrix model still
contains a lot of information about perturbation theory in flat space. Localization also
provides exact results for important observables related to the Wilson loop, such as the
Bremsstrahlung function and the cusp anomalous dimension [44-51].

For N' = 2 superconformal theories, the first check of the agreement between matrix
model predictions from localization in S* and explicit calculations using Feynman diagrams
in R* has been presented in [52]. Here the authors considered N' = 2 SQCD with gauge
group SU(N) and 2N flavors, and explicitly showed that the terms proportional to g% ((3) in
the vacuum expectation value of a circular BPS Wilson loop predicted by the Pestun matrix
model exactly matched the g% ((3)-terms arising from Feynman diagrams in flat space at
three loops. In particular they performed their check by considering the difference between
the Wilson loop computed in N' =4 SYM and in /' = 2 SU(N) SQCD, finding in this way



an enormous reduction in the number of Feynman diagrams to be evaluated. Focusing on
the “difference theory”, namely computing only the diagrammatic difference with respect
to N'=4 SYM, is highly convenient and indeed this method has been extensively used in
many subsequent developments in this context (see for example [41-43, 47, 48, 51, 53, 54]).

In this paper we present an extension of the work of [52] in two respects. Firstly,
we consider the vacuum expectation value of the fundamental 1/2 BPS circular loop in
conformal N/ = 2 SU(N) theories that are more general than SQCD, namely in theories
with matter transforming in a generic SU(NV) representation subject only to the requirement
that the p-function vanishes. Secondly, we perform our calculations at one loop-order
higher than in [52], i.e. we compute the terms proportional to g% ((5) at four loops. Our
motivations are several.

First of all, by considering theories with a generic matter content we can gain a bet-
ter understanding of how the matrix model diagrams are packaged color-wise. Indeed, we
show that the interaction terms in the matrix model can be expressed as the trace of the
logarithm of the fluctuation operator around the fixed points selected in the localization
computation. The color structure of such operator is that of multiple insertions of adjoint
generators in a loop where the hypermultiplets run — the matter ones contributing with
a positive sign and the adjoint ones, which would be present in the A/ = 4 theory, with
a negative sign. This fact indicates that the matrix model itself naturally organizes its
outcomes in terms of the “difference theory”, thus suggesting to organize in the same fash-
ion also the Feynman diagrams arising in the corresponding field-theoretic computations.
Furthermore, the matrix model also suggests that the lowest-order contributions to the
vacuum expectation value of the circular Wilson loop proportional to a given Riemann
(-value, namely the terms of the type ¢?"2((2n — 1), are entirely due to the n-th loop
correction to a single propagator inserted in the Wilson loop in all possible ways. This is
indeed what we find up to n = 3, thus extending the result at n = 2 of [52].

By working at one loop-order higher than in [52] we can put the agreement between
the matrix model predictions and the field-theory results on a more solid ground. Indeed,
at order g° all the numerous diagrams computed in [52] using the component formalism,
actually collapse to just two superdiagrams if one uses the N/ = 1 superfield formalism
in the Fermi-Feynman gauge. One of these two superdiagrams trivially vanishes since it
is proportional to the A-function coefficient, and thus the check with the matrix model
predictions reduces to the comparison of a single coefficient. On the contrary, at order
g% even in the N = 1 superfield formalism one finds many different non-vanishing contri-
butions corresponding to superdiagrams with different topologies, different combinatorial
coefficients and different color structures. Therefore, obtaining an agreement with the
matrix model results in this case is much more challenging and not at all obvious since
many independent factors have to conspire in the right way. Moreover, differently from
what happens at three loops, at order ¢® the color factors in the matrix model expressions
have a different trace structure as compared to the Feynman diagrams at four loops, and
the agreement between the two can be obtained only by using group-theoretic identities.
Dealing with a matter content in a generic representation allows us to have full control on
the color and combinatorial factors, thus avoiding accidental simplifications.



A further motivation for our work is that being able to treat conformal N' = 2 theories
with a generic matter content allows us to select special cases that exhibit a particular
behavior in the large-N limit. For instance, we consider theories in which the matter
content consists of N hypermultiplets in the fundamental, Ng in the rank-two symmetric

and N4 in the rank-two anti-symmetric representations of SU(N).!

By requiring the
vanishing of the [-function coefficient one obtains five classes of theories that exist for
arbitrary N [55], one of which is the N' = 2 SQCD. For two other classes we show that
the difference of the Wilson loop vacuum expectation value with respect to the N = 4
case is sub-leading in the large-N limit and thus vanishes in the planar approximation. In
fact, these two classes of theories were shown to have a holographic dual [56] of the type
AdSs5 x S°/Z for an appropriate discrete group Z, which is a simple modification of the
AdSs x S5 geometry corresponding to the A” = 4 SYM theory. Since the circular Wilson
loop only sees the Anti-de Sitter factor, one should expect no deviations from the N' = 4
case, and this is indeed what our results indicate.

We hope that our analysis might be useful also to study the vacuum expectation
value of a Wilson loop in a generic representation and its behavior in the limit where the
dimension of such a representation is large, along the lines recently discussed for example
in [57-59].

This paper is organized as follows. In section 2 we review the matrix model obtained
in [28] via localization, and formulate it for an N/ = 2 theory with gauge group SU(N)
and a generic matter content. In section 3 we first compute the quantum correction to
the “propagator” of the interacting matrix model up to three loops, and then use it to
obtain the leading terms of the vacuum expectation value of the 1/2 BPS circular Wilson
loop in the fundamental representation. We also derive the exact expressions in g and
N for the corrections proportional to ¢(3) and ¢(5) in this vacuum expectation value, and
exploit them to study the large-V limit. In section 4 we perform a perturbative field-theory
computation in the N = 2 superconformal theories at order ¢® using the A" = 1 superfield
formalism. By computing (super) Feynman diagrams in the “difference theory”, we show
the perfect agreement with the matrix model results. Finally in section 5 we briefly present
our conclusions.

A lot of technical material is contained in the appendices. In particular, appendix A
contains our group theory notations and conventions for SU(NN), while appendix B describes
our notations and conventions regarding the spinor algebra and Grassmann variables. Ap-
pendix C describes a method to carry out the Grassmann integrations appearing in ' = 1
superdiagrams with chiral/anti-chiral multiplet and vector multiplet lines. We have found
this method, which follows a different route from the use of the D-algebra proposed long
ago in [60], quite efficient in dealing with the type of diagrams involved in our computation.
Finally, in appendix D we give the details on the various three-loop diagrams contributing
at order g®((5) to the adjoint scalar propagator.

"We thank J. Russo for suggesting to us to study the case with Np =0 and Ng = N4 = 1, from which
we started our investigation.



2 The matrix model for N/ = 2 SYM theories

Localization techniques have been exploited to compute exactly certain observables in
N = 2 SYM theories, such as the partition function on a 4-sphere S* or the vacuum
expectation value of BPS Wilson loops [28]. Here we consider N' = 2 SYM theories with
gauge group SU(N) and matter hypermultiplets transforming in a generic representation R.

2.1 The S* partition function

The partition function on a 4-sphere S* with unit radius,? computed via localization, can

be expressed as follows:

N N
Zgs = / H da,, A(a) |Z(ia,g)|25(2au) (2.1)
u=1

u=1
where a is a Hermitean N x N matrix with (real) eigenvalues a,, (v = 1,...,N), A is the
Vandermonde determinant
N
A(a) = H (au - a’u)za (2.2)
u<v=1

and Z(ia, g) is the partition function for a gauge theory with coupling g defined on R* with a
parametrizing the Coulomb branch. Note that in non-conformal theories the gauge coupling
g has to be interpreted as the renormalized coupling at a scale inversely proportional to
radius of the 4-sphere.

Before considering Z(ia, g) in more detail, let us remark that the integration over the
eigenvalues a,, in (2.1) can be rewritten simply as the integral over all components of the
Hermitean traceless matrix a, namely

Zga = /da ‘Z(ia,g)‘2 (2.3)
The matrix a can be decomposed over a basis of generators t, of su(N):
a=dat, b=1,...,N>—1; (2.4)

we will normalize these generators so that the index of the fundamental representation

equals 1/2:

1
tr tatb = 5 (Sab- (2.5)

In appendix A we collect our group theory conventions and other useful formulas. The
integration measure is then simply proportional to [, da.
The R* partition function Z(ia, g) can be written as

Z = Ztree Zlfloop Zinst . (26)

2The dependence on the radius R can be trivially recovered by replacing a with Ra.



In perturbation theory, we can neglect the instanton contributions and put Zi,st = 1. The

tree-level term is given by
gn2 . o
‘2 —=5tra

‘Ztree =e 9 , (2.7)

providing a free matrix model with a Gaussian term. The 1-loop part contains interaction
terms, which we write as follows:

|21 100p|* = 5. (2.8)

The matrix model corresponding to the N' = 4 SYM theory has S (a) = 0 and is purely
Gaussian. For N' = 2 SYM theories, instead, there are interaction terms. In general,
let us denote by a the N-dimensional vector of components a,,, and by W(R) the set of
the weights w of the representation R and by W (adj) is the set of weights of the adjoint

representation. Then,
HweW(adj) H(IW ’ a)

2
Zy-1 = . ), (2.9)
| 00P| HweW(R) H(iw - a)
where
H(z)=G(14+2)G(1—x) (2.10)
and G is the Barnes G-function.
2.2 The interaction action
Let us now consider the interaction action S(a). From (2.8) it follows that
S(a)= > logH(iw-a) — > logH(iw-a)
weW (R) weW (adj)
= Trg log H (ia) — Traqj log H (ia) = Tt log H (ia) (2.11)
where in the last step we introduced the notation
Trlz @ = Trg e — Tragj@. (2.12)

This indeed vanishes for the ' = 4 SYM theory, where the representation R of the

hypermultiplets is the adjoint. For N = 2 models, this combination of traces is non-

vanishing and precisely accounts for the matter content of the “difference theory” which is

often used in field theory computations [52], where one removes from the N' = 4 result the

diagrams with the adjoint hypermultiplets running in internal lines and replaces them with

the corresponding diagrams involving the matter hypermultiplets in the representation R.
Using the properties of the Barnes G-function, one can prove that

oo
C2n+1) onto
log H(x) = —(1+ z? — R AL 2.13
g H) =~ =30 O (2.13)
where ((n) are the Riemann (-values. Then, we can rewrite (2.11) as follows
o0

~ 2n —1
S(a) = (14 ~g) ;2a2+2(—1)n4( n )Trgza?”. (2.14)

o n—1



With the rescaling

92

a — @CL,

(2.15)

we bring the partition function on S* to the form

2 T2
Zg1 = <897T2> / da e~ @ =5(@) (2.16)

where

. | g
S(a):TréglogH<1 @a>

9 2\ 2 2\ 3
3 5
= e Moo = () 4 et () S Rt 2

The overall g-dependent pre-factor in (2.16) is irrelevant in computing matrix model corre-
lators, and thus can be discarded. Using the expansion (2.4), the traces appearing in S(a)
can be expressed as

Tl a?F = CEblmbk) abt .. a% (2.18)
where
Chy oy = TR Thy - T, - (2.19)
These tensors are cyclic by definition. In particular, we have
P . L )
Chrby, = (IR = tadj) Obyby = (iR — N) Opyp, = ) by by (2.20)

where ¢ is the index of the representation R and [y the one-loop coefficient of the
B-function of the corresponding N' = 2 gauge theory. In superconformal models, one
has By = 0. This implies that Ty a? = 0 so that the interaction action S(a) starts at order

g%, i.e. at two loops.

2.3 Expectation values in the interacting matrix model

Other observables of the A/ = 2 gauge theory, beside its partition function on S%, can
be evaluated via localization and mapped to suitable expectation values in this matrix
model. For any observable represented by a function f(a) in the matrix model, its vacuum
expectation value is

Jda IO f0) (s )

0

(f(a)) = /daetra25<a> T (2.21)

0

where the subscript 0 in the right-hand-side indicates that the vacuum expectation value
is evaluated in the free Gaussian model describing the N/ = 4 theory. These free vacuum



expectation values can be computed in a straightforward way via Wick’s theorem in terms
of the propagator®
(a’ac), = 8. (2.22)

As discussed in [41-43], using the basic contraction (2.22) and the so-called fusion/fission
relations for traces in the fundamental representation of SU(N), it is possible to recursively
evaluate the quantities

thy ko, = (tra® tra®..) (2.23)

0

and obtain explicit expressions for generic values of k1, ko, . . ..

To compute perturbatively the vacuum expectation value < f (a)> in the interacting the-
ory, one starts from the right-hand-side of (2.21) and expands the action S(a) as in (2.17).
Proceeding in this way, for conformal theories where the g?-term vanishes, one gets

2\ 2 2\ 3
<f(a)> = <f(a)>0 + <89772> C(j) <f(a) Trly a4>0’c — <897r2) C(;) <f(a) Trl, a6>07c

..., (2.24)

where the notation ( )¢ stands for the connected part of a free correlator, namely

(f(a)g(a)), . = (f(a) g(a)), — (f(a)), (g(a)),- (2.25)

)

We may regard (2.24) as an expansion in “trascendentality”, in the sense that each term
in the sum has a given power of Riemann (-values since it comes from the expansion of the
exponential of the interaction action (2.17). For example the second term is the only one
proportional to {(3), the third term is the only one proportional to ¢(5), while the ellipses
stand for terms proportional to ¢(7), ¢(3)? and so on.

Often f(a) is a “gauge-invariant” quantity, expressed in terms of traces of powers of

2k are traces of this type. As shown

a in some representations. Also the quantities Tréa a
in appendix A, relying on the Frobenius theorem it is possible to express such traces in
terms of traces in the fundamental representation. At this point, the vacuum expectation
value (2.24) is reduced to a combinations of the quantities t, , . introduced in (2.23).

This is the computational strategy we adopt in the following sections.

2.4 A class of conformal A/ = 2 theories

Let us consider a class of theories with Ngp matter hypermultiplets transforming in the
fundamental representation, Ng in the symmetric and N4 in the anti-symmetric represen-
tation of order 2. This corresponds to taking

R=NpO®NgTI®NaH. (2.26)

The traces Trly a®* appearing in the interaction action S(a) can be re-expressed in terms
of traces in the fundamental representation, as discussed in appendix A.

*We normalize the flat measure as da = [, (dab/\/27r)7 so that [dae” ra® — 1 In this way the
contraction (2.22) immediately follows.



theory Np Ng | Ny
A 2N 0 0
B N -2 1 0
C N+2 0 1
D 4 0 2
E 0 1 1

Table 1. The five families of A" = 2 superconformal theories with SU(/N) gauge group and matter
in fundamental, symmetric and anti-symmetric representations.

For example, for £ = 1 one has
Trlg a® = 2 (ig — iaq)) tra® = =By tra?, (2.27)

with
fo=2N — Np — Ng(N +2) — Ny(N —2). (2.28)

Superconformal theories must have Sy = 0. It is easy to see that imposing this condition
leads to five families of NV = 2 superconformal field theories with gauge group SU(N), and
matter in the fundamental, symmetric or anti-symmetric representations. They were iden-
tified long ago in [55] and recently reconsidered in [32, 61]. They are displayed in table 1.

Theory A is the N’ = 2 conformal SQCD which is often considered as the prototypical
example of a A/ = 2 superconformal theory. On the other hand, theories D and E are
quite interesting: for these superconformal models a holographic dual of the form AdSs x
S®/Z with an appropriate discrete group Z has been identified [56]. We will discuss some
properties of these theories in the following.

For higher traces with k£ > 1, one finds (see again appendix A for details)

2k—2
Trf ok = 1 Z 2k Ns 4+ Na —2(=1)") tra® tra?*=*
R 2 g ) s oA
(=2

+ ((Qk_l —2) (Ng = Na) - ﬂo) tra® . (2.29)

Inserting this into the expansion (2.17) we can express the interaction action in terms of
traces in the fundamental representation. For the superconformal theories of table 1 we
find the results displayed in table 2.

Notice that for theory E the quartic term vanishes and thus in this case the effects of the
interactions appear for the first time at order ¢°, i.e. at three loops, and are proportional to
¢(5). This feature, which has been recently pointed out also in [61], is a simple consequence
of the properties of the quartic trace in a representation R formed by one symmetric and
one anti-symmetric representation. Altogether, the matter hypermultiplets fill a generic
N x N matrix; this is to be compared with the N’ = 4 case in the hypermultiplets are in
the adjoint representation, which is equivalent to N x N minus one singlet. The strong
similarity of the two representations explains why theory E is the N/ = 2 model which is
more closely related to the N' = 4 SYM theory. For theory D, instead, the quartic term is a



theory T, a* Tr’, a®
A 6 (tra2)” 10 [2 (tra®)? — 3trattr aQ}
B | 3[(ra®)’ —2tra*| | 15 [2(tra®)* — trattra® + 2traf|
c |3 [(tra2)2—|—2tra4] 15 [2(tra3)2 — trat tra? —2tra6}
D 12 tr g 20 [2(tra®)” - 3traf|
E 0 40 (tra®)?

Table 2. The quartic and sextic interaction terms in the action S(a) for the five families of
conformal theories defined in table 1.

single fundamental trace and thus is simpler than in the other theories. In the following we
will see that these features of theories D and E have a bearing on their large-N behavior.

3 Propagator and Wilson loops in superconformal matrix models

We now discuss in detail two specific applications of the formula (2.24): first the “propa-
gator” (aba®) and later the 1/2 BPS circular Wilson loops W(a) in the fundamental rep-

resentation.

3.1 The propagator
If in (2.24) we take f(a) = a®a®, we get

2\ 2
Cc C g C 3 C
(a"a®) = (a’a)y + < > ) CEd1d2d3d4)<aba a® a® a® a)g

8n2) 2
.92 ’ C(5) / b _c d1 d2 d3 d4 d5 dﬁ
~(52 Tc(d1d2d3d4d5d6)<a a®a®™ a®a®®a™a™a")g.+ ..., (3.1)

where inside each connected correlator we cannot contract a® with a®. Doing all legitimate

contractions we obtain

2\ 2 2\ 3
C C g g
(aba > = 6b —+ <87‘(2) C(?)) X GCEbcdd) — (87‘[‘2> C(5) x 30 CEbcddee) 4+ ... (32)
The above contracted tensors are proportional to §°¢, and thus if define
we can rewrite (3.2) as
<ab a®) = % (1 +10) (3.4)
with
2\ 2\’
/ !/
= (L) wei- (&) g+ (35)

~10 -



theory C) Cé
A “3(N?2+1) _ 15(N2+;3\(]2N2—1)
B . 3(N+1)(J2V];2)(N—3) . 15(N—2)(2N4;]SJ2V3—15N2+15)
C _ 3(N—1)(12V]—\i/-2)(N+3) _ 15(N+2)(2N4LSJ2V3—15N2+15)
D __6(2N2%-3) _ 15(5N*—2N3—15N248N+15)
N N2
30(N2—4)
E 0 —N

Table 3. The coefficients Cj and Cg for the five families of conformal theories defined in table 1.

Using the expressions of the tensors C’ for the five families of superconformal SU(N) theories
that can be obtained from the formulee in appendix A with the help of Form Tracer [62],

one finds
6C7 N2 2 _

’ (cedd) _ +1 _ 2N 3
C4_7N2—1 —3[(N5+NA 2) + (Ng NA)iN )
C/—%—lf) (Ng+ N _2)2N4+5N2_17 (3.6)
6T TN2Z-1 s AN

5(N* —3N2+3) 2(N?2-4)

Ng — N .

These coefficients are tabulated in table 3.

For the comparison with perturbative field theory calculations presented in section 4,
it is useful to make explicit the symmetrization of the C’-tensors appearing in (3.2). For
the 4-index tensor, we have

6 Cébcdd) = 2 (Cheda + Chaca + Chaac) - (3.7)

Indeed, due to the cyclic property and the fact that two indices are identified, a subgroup
Z4 x Lo of permutations leaves Cj_,;, invariant and one has to average only over the 4!/8 =3
permutations in the coset with respect to this stability subgroup. In a similar way, for the
6-index tensor we have

30 CEbcddee) =2 (Cl,)cddee + Cl/)cdede + Clgcdeed + Cl/)dcdee + Cllvdcede
+ Cl/)dceed + Cl/)ddcee + C(/)decde + Cll)deced + Clladdece
+ Cl/)dedce + Clgdeecd + Cl/)ddeec + CIIJdedec + Cl/)deedc) . (38)

In this case, the stability subgroup is Zg x Zg X Zg X Zg and the coset has 6!/48 = 15
elements.

We would like to remark that even if we have considered theories with SU(N) gauge
group and matter in the fundamental, symmetric and anti-symmetric representations, the
color tensors Cy , in (2.19) and the corresponding coefficients C;, can be defined also

- 11 -



for other representations of SU(N) (or U(NN)) using the Frobenius theorem, as indicated
in appendix A.1, and also for other gauge groups. Thus, the structure of the propagator
corrections in (3.4) is very general.

3.2 Wilson loops

As a second example, we consider the 1/2 BPS circular Wilson loop in the fundamental
representation. If this operator is inserted on the equator of Sy, in the matrix model we
can represent it by the operator [2§]

W(a) = 1 trexp

N <% a) TN 2K 9k (3.9)

Its vacuum expectation value is computed starting from (2.24), following the strategy

outlined in section 2.3. We write

AW = (W(a)) — (W(a)), =X+ X5+ ..., (3.10)
where
2\ 2
Xy = <897T2> <(23)<W(a) Rao. (3.11)
2\ 3
Xy = — <897r2> 4(35) (W(a) T a®), . (3.12)

and so on. From these expressions it is easy to realize that for each Riemann (-value (or
product thereof) the term with the lowest power of g in AW arises from the quadratic
term in the expansion of the Wilson loop operator. Indeed, we have

2
X3 = <92> SON <tr a® Trly a4>07c + 0(g®)

872 2 4N
6 2
g°C(3) N —1
= 512;4) N Cfl—l—O(gg) (3.13)

where C} is the coefficient of the two-loop correction of the “propagator” of the matrix
model defined in (3.6). This result is valid for any superconformal theory, and in particular
for the five families introduced in section 2.4. Clearly, for theory E the correction is zero;
actually the whole X3 vanishes in this case. In a similar way we find

3
Xy = — < 92 > C(5) 92 <t1"(12 Tl“;z a6>0’c + 0(910)

§w2) 3 4N
8 2
$5) N2 -1
= ~Joo6ns N Co O (3:-14)

where Cf is the three-loop correction of the matrix model “propagator”. Combining (3.13)
and (3.14) we see that at the lowest orders in g the difference of the vacuum expectation
value of the Wilson loop with respect to the N' = 4 expression is given by

N2-1 ,

AW = m+... 3.15
14% sy 9 I+ (3.15)
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where II is the quantum correction to the “propagator” given in (3.5). In the following
sections we will prove that these results are in perfect agreement with perturbative field
theory calculations using ordinary (super) Feynman diagrams.

Actually, as explained in [42], within the matrix model it is possible to evaluate X3,
X5 and so on, without making any expansion in g. To obtain these exact results, one

2k in terms of the traces in the fundamental representation

has to write the traces Tr'; a
by means of (2.29). In this way everything is reduced to combinations of the quantities
thy ks,.. defined in (2.23), which in turn can be evaluated in an algorithmic way using the
fusion/fission identities [41]. In the end, this procedure allows one to express the result
in terms of the exact vacuum expectation value of the Wilson loop in the A/ = 4 theory

given by
Wi(g) = Z 5 5 k- (3.16)
k=0 22
This expression can be resummed to obtain [2, 4]:

W(g) = %L}V_l <—g42> exp [982 <1 - zlv)] , (3.17)

where L"(z) is the generalized Laguerre polynomial of degree n. Applying this procedure
to the five families of superconformal theories introduced in section 2.4, we find

2 2
v (L) Lo s+ a - N (@57 4 1) 50, )+ 030 ()

+ (Ng — Na) ((N2 — 1) > W(g) + (> + 8N® — 12N) g 9,W (9)
— 4Ng? 92W (g) + 16N? g 83W(g))} . (3.18)
Expanding in g, it is easy to check the validity of (3.13). The case of theory A, namely
Ng = N4 = 0, was already described in [42]. For theory E, as we have already remarked,

X3 = 0 since Tr/, a* = 0. Therefore, in this case the first correction with respect to the
N = 4 result for the Wilson loop is X5, which turns out to be

2\ 3
g 5¢(5) [/ nra 2 2
Xle=—| == N N*—
5‘E <87r2> 12N?2 ( +95 6)9 W(g)

+ (2¢>°N? + 69> — 8N® — 48N) g 9,W (g)

+ (9> — 8N® — 48N) g* 02W (g)

— 8N (g° — 10N) g 05W (g) + 16N* g* ;W (g) | - (3.19)
Similar formulee can be easily obtained for the other families of superconformal theories.
We have derived them but we do not report their explicit expressions since for theories

A, B, C, and D the leading term in the difference with respect to the AN/ = 4 result is
given by Xjs.
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We stress once more that this procedure allows one to obtain in an algorithmic way the
eract expression in ¢ and N of any term of the vacuum expectation value of the circular
Wilson loop with a fixed structure of Riemann (-values. This fact will now be used to
study the behavior of the matrix model in the large-N limit.

3.3 The large-IN limit

The large-N limit is defined by taking N — oo and keeping the 't Hooft coupling
A=¢*N (3.20)
fixed. In this limit the perturbative correction II to the “propagator” given in (3.5) becomes

3C(3) N2 15¢(5) A3
n:<N5+NA_2>( §§8l4 - 1354;6 +o(A4))

2 3
+(N5NA)<343(23734)\ 7%;2? +O()\4)>;] (3.21)

3C(3) N2 75C(5) N3 15¢ (5) A3 1 1
+[(NS+NA_2)< 55824 a 284(18;6 >_ 2C5(67)rﬁ +O(A4)] o <N3>

From this expression we easily see that in the planar limit IT is non-zero for theories A, B
and C, whereas it vanishes for theories D and E:

lim M|, 5=0. (3.22)

In particular for theory D the correction to the “propagator” goes like 1/N, whereas for
theory E it goes like 1/N?:

3C(3) A2 75¢(5) A3 1 1
H‘D:_< C1(67)r4 N §1(27)r6 +O(A4)> N+O<N2> ’ (328)
/\3
H‘E:_ <B2C5§716+0(A4)> J\;+O<zéi’>> ’ (3.24)

Therefore, in the planar limit, the “propagator” of the matrix model for these two families
is identical to that of the free matrix model describing the N/ =4 SYM theory.

Let us now consider the vacuum expectation value of the circular Wilson loop. Taking
the large-V limit in the A/ = 4 expression (3.17) one obtains [2]

Jim W(\/A/N) = \2511(\5) (3.25)

where I, is the modified Bessel function of the first kind.
Using this result in the ((3)-correction (3.18), we get

Xy = (Ng + Ni—2) % L(VA)+0 (%) . (3.26)
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This is a generalization of the formula obtained in [42] for the SQCD theory. With the
same procedure we have also derived the planar limit of the {(5)- correction, finding

Xs = — (N + Ni—2) m (35 (VA) + 1 (VX)) + 0 G]) . (3.27)

These results indicate that for theories A, B and C the vacuum expectation value of the
circular Wilson loop in the planar limit is different from the one of the N' =4 SYM theory.
On the other hand, for theories D and E this difference vanishes, namely

lim AW|,  5=0 (3.28)

N—oo

in analogy with the “propagator” result (3.22). Working out the details at the next-to-
leading order for theory D, we find

3274

_15¢(5) N
25676

AW |, = - [3“3) \ (25(&) + 14(\5)) (3.29)

1 1
(512(\5) + 41, (V) + 16(\5\)> +.. } ~ T O(W)
where the ellipses stand for terms with higher Riemann (-values (or product thereof).
Similarly, at the next-to-next-to-leading order for theory E, we find

)\7/2
AW]E:<%I1(\5\)+...);2+O(A1]3). (3.30)

Our findings have been obtained with a weak-coupling analysis at small A\. They are,
however, in agreement with the strong-coupling results at large A presented in [32], in the
sense that also at strong coupling the vacuum expectation value of the circular Wilson
loop in the planar limit is different from that of the N' = 4 SYM theory for theories A,
B and C, while it is the same for theories D and E. This observation suggests that also
the interpolating function between weak and strong coupling shares the same features for
the various theories. The fact that for theories D and E the vacuum expectation value
of the circular Wilson loop is identical to that of the N' = 4 SYM theory in the planar
limit is also in agreement with the fact that the holographic dual of theories D and E is
of the form AdSs x S°/7Z with an appropriate discrete group Z [56]. Indeed, for the 1/2
BPS circular Wilson loop, the relevant part of the geometry is the Anti-de Sitter factor
AdSs, which is the same one that appears in the famous AdSs x S° holographic dual of
the N’ =4 SYM theory [1]. It would be interesting to identify other observables that have
this property in the planar limit and check the holographic correspondence, and also to
find which observables of the theories D and E instead feel the difference with the N' = 4
SYM theory in the planar limit. Investigating which sectors of our N’ = 2 theories are
planar equivalent to those of the N' =4 SYM theory would be useful to better clarify the
relations among the various models and also to understand to which extent the arguments
discussed for example in [63] in the so-called orientifold models can be applied to our case.
We leave however this issue for future work.
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We conclude by observing that the coefficients (N s+N4 —2) and (N s—N A) appearing
in the planar limit results (see, for example, (3.21), (3.26) and (3.27)) have an interest-
ing meaning in terms of the central charges of the N' = 2 superconformal gauge theories
corresponding to the matrix model. Indeed, taking into account the matter content corre-
sponding to the representation (2.26) and using the formule for the ¢ and a central charges
derived in [64], we find

c= —2714((1\15 + Na— 8)N? +3(Ng — Na) N +4) ,

1 (3.31)
a =5 ((Ns+ Na = 14)N? + 3(Ns — Na)N +10) ,
implying that
48(a — c) 3(Ng—Na) 2
—yz = WNs+Na-2)+ ———— -+ (3.32)

Using this, we can rewrite our results for the Wilson loop in the following way

a—c 2 3
AW =— {%b(ﬁ)_%\(312(\5\)+I4(\f)\))+...]+O(]1[>. (3.33)

It would be nice to have an interpretation of this formula, and in particular of its prefactor,
based on general principles.

4 Field theory checks

In this section we consider the field-theoretic counterpart of the computations we performed
in section 3 using the matrix model.

4.1 Action and Feynman rules

We compute Feynman superdiagrams, working in A/ = 1 superspace formalism and con-
sidering the diagrammatic difference of the A/ = 2 SYM theory with respect to the N' = 4
theory. We now briefly review these techniques; this serves also to explain our conventions.

Our N = 2 theory contains both gauge fields, organized in an N’ = 2 vector multiplet,
and matter fields, organized in hypermultiplets. In terms of N' = 1 superfields the ' = 2
vector multiplet contains a vector superfield V' and a chiral superfield @, both in the adjoint
representation of SU(N). The adjoint complex scalar ¢ of the N' = 2 gauge multiplet is
the lowest component of the chiral superfield ®, while the gauge field A, is the (éo“@)—
component of V' (we refer to appendix B for our conventions on spinors, Pauli matrices
and Grassmann variables).

In the Fermi-Feynman gauge the part of the action which only involves these adjoint
fields is

Segauge = / d*z d?0 420 ( —vegve + efeepe + ig fee [D*(D*V*)] VP (DV)
1 _
o g ggfabefeCd Va(Davb)(D2vc)(Davd)

+2 igfabc @Taqu)c _ 292fabefecd q)TaVbVCq)d 4. ) (41)
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Figure 1. Feynman rules for the gauge part of the N' = 2 theory that are relevant for our
calculations.

where the dots stand for higher order vertices of the schematic form g ®'V*® with k > 3.
Here f are the structure constants of SU(N) (see appendix A for our group-theory
conventions). The Feynman rules following from this action are displayed in figure 1.

An N = 2 hypermultiplet in a representation R contains two A/ = 1 chiral multiplets,
@ transforming in the representation R and @ transforming in the conjugate representation
R; we denote by Q,, v =1,...dr and @“ their components.? The action for these matter
fields, again in the Fermi-Feynman gauge, is

Stmatter = / d'e d?0d*0 (Q1"Qu + 29 QTV (T Qu + 202 QMY V(T T 1 Q,
+Q" QL —29Q V(T QL + 20 QV V(T T) QL + -
V2 Q B (T7)1Q, 0% — V2 QT (1) QL e%)  (42)

where by T we denote the SU(NN) generators in the representation R. The Feynman rules
that are derived from this action are illustrated in figure 2.
Therefore, the total action for the AN/ = 2 theory is simply

S = Sgauge + Smatter . (43)

The N = 4 SYM theory can be seen as a particular N/ = 2 theory containing a vector
multiplet and an hypermultiplet, both in the adjoint representation of the gauge group.

4This is a compact notation which encompasses also the cases in which R is reducible, and in particular
the cases in which it contains several copies of a given irreducible representation. For instance, if R is the
direct sum of Np fundamental representations, we use here an index v = 1,... Nrp N, instead of a double
index, m, 7 with m = 1,...n for the color and ¢ = 1,... N for the flavor.
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Figure 2. Feynman rules involving the matter superfields that are relevant for our calculations.

So it corresponds simply to the case in which R is the adjoint representation. In terms of
N = 1 superfields, beside V and ®, it contains also two adjoint chiral multiplets that we
call H and H (note that the adjoint representation is self-conjugate). Their components
are denoted as H,, H,, with a = 1,... N2 — 1, and their action Sy has the same structure
as Spatter With Q, and Q" replaced by H, and H, and the generator components (T,) Y
by the structure constants if,;.. Thus we can write

Sn=1 = Sgange + S - (4.4)

Doing the same substitutions on the Feynman rules of figure 2 yields the Feynman rules
for the H and H superfields.
From (4.3) and (4.4) it is easy to realize that the total action of our N/ = 2 theory can
be written as
S = Sn=4 — SH + Smatter - (4.5)

Actually, given any observable A of the A/ = 2 theory, which also exists in the N' = 4
theory, we can write

AA=A—- -AN:4 = Amatter — Am - (4'6)

Thus, if we just compute the difference with respect to the N = 4 result, we have to
consider only diagrams where the hypermultiplet fields, either of the @, @) type or of the
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H, H type, propagate in the internal lines, and then consider the difference between the
(Q, @) and the (H, H ) diagrams. This procedure, which was originally used in [52], reduces
in a significant way the number of diagrams to be computed. Moreover, as we remarked
in section 2.2, it is suggested by the structure of the matrix model.

We will apply this method to explicitly evaluate by means of Feynman superdiagrams
two quantities: the propagator of the scalar ¢ and the vacuum expectation value of the
1/2 BPS circular Wilson loop. From now on we assume that our theory is conformal at
the quantum level, namely that the S-function coefficient By vanishes. This amounts to
ask that the index of the representation R be equal to N, see (2.20).

4.2 The scalar propagator

The tree level propagator for the adjoint scalar field ¢ of the vector multiplet can be
extracted from the propagator of the superfield ® given in the first line of figure 2 by
imposing #; = 63 = 0:
be 6bc

A(O)(q) = 7z (4.7)
Since we consider conformal A/ = 2 theories, the quantum corrected propagator will depend
on the momentum only through the factor 1/¢?, and by gauge symmetry it can only be
proportional to §*¢. So we will have

be 6bc
A™(q) = — (1+1) (4.8)

e
where II is a g-dependent constant describing the effect of the perturbative corrections.
This constant should be captured by the matrix model and thus should be the same as the
quantity IT defined in (3.4). We will now check explicitly that this is indeed the case, up
to the three-loop order corrections proportional to {(5).

One loop. At order g2 the first diagram we have to consider is

Q
/’tk\
b {/ \\ C =92¢°xT (TbTC)x/ k1 ! Z(k,q)
: =2g" xTr .q) -
I N ECEE " (2m)? () K2 (k — q)2
b
Q

(4.9)
Here, and in all following diagrams, we adopt the notation explained in detail in appendix D
(see in particular (D.1) and the following sentences): we write the diagram as the product
of a normalization factor, 2¢° in this case, which takes into account the combinatoric factor
and the strength of the vertices, a color factor, and an integral over the internal momenta.
The factor Z(k,q) is the result of the integration over the Grassmann variables at each
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Figure 3. One-loop correction to ® propagator in the difference theory.

internal vertex® and, according to the rules in figures 1 and 2 reads
Z(hq) = [ 62 %0, (62° 1) exp (~ 20000:) = ~¢°. (410)

The momentum integral in (4.9) is divergent for d — 4; however in the difference theory
we have to subtract an identical diagram in which the adjoint superfields H and H run in
the loop instead of () and @ This diagram has the same expression except for the color
factor which is now given by Tradj(TbTC). The difference of the two diagrams is therefore
proportional to

Trr(TPT¢) — Tragj(T°T¢) = Tr'k (T°T°) = Cj,.. (4.11)

From now on, we will use the graphical notation introduced in figure 3, according to which a
hypermultiplet loop stands for the difference between the (@, @) and the (H, H ) diagrams,
with a color factor that is directly given by a primed trace.

As already stated in (2.20), the color factor (4.11) for the one-loop correction, being
proportional to the By coefficient, vanishes for conformal theories. Thus the constant II
in (4.8) starts at order g* and all diagrams including the one-loop correction to the ®
propagator as a sub-diagram vanish.

Building blocks for higher order diagrams. Let us now consider higher order dia-
grams in the difference theory. Similarly to what happens at one-loop as shown in figure 3,
the contributions of the (Q,@) and (H, H ) hypermultiplets always have a color factor
that contains a “primed” trace of generators, i.e. they contain the tensor Cllal...bn defined
in (2.19). We will use the symbol C’En) to denote such a tensor when we do not need to
specify explicitly its n indices. Notice that, according to the Feynman rules, each insertion
of a generator on the hypermultiplet loop carries a factor of g, so that the color factor C’En)
is always accompanied by a factor of g".

In the difference theory all diagrams up to order ¢® can be formed using the building
blocks depicted in figure 4, and suitably contracting the adjoint lines, corresponding to V
or & propagators, inserted in the loops.

As a matter of fact, we can also have quartic vertices with two gluon lines inserted in the
same point along the hypermultiplet loop, each of which comes with a factor of g2 and two

5The Grassmann variables in the external points 1 and 2 are set to zero to pick up the lowest component
¢ of the superfield, namely we have #; = 2 = 0. Note that if we do not do this and consider the propagator
of the full superfield ® the color factor remains the same.
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Figure 4. Each building block is accompanied by its color coefficient of the type C’én). Here we
used a generic dashed lines for hypermultiplets loops. In reality some part of the loop should be
dashed and some dotted, in accordance with the Feynman rules. The wiggled/straight line stands
for V or ® propagators, as explained in the second row of the figure.

Figure 5. The one-loop correction to hypermultiplet propagator vanishes.

generators. However, for the purpose of identifying the color factors, these contributions
do not substantially differ from those produced by two separate insertions. Therefore, the
possible color structures that occur up to the order g% can all be derived from the diagrams
in figure 4. Organizing the Feynman diagrams according to their color coefficients C(n) in
the way we have outlined facilitates the comparison with the matrix model.

In constructing higher order diagrams we exploit a further simplification: in N = 2
theories the one-loop correction to any hypermultiplet propagator vanishes. This is illus-
trated in figure 5. Such one-loop corrections cannot therefore appear as sub-diagrams of

higher loop diagrams.

Two loops. At order g there are two classes of diagrams that may contribute, whose
color coefficients are proportional to C(S) or to C’E 1) The diagrams proportional to g3 CZS)
always contain also an adjoint vertex proportional to g with which they are contracted.
This is the case represented on the left in figure 6. However, due the symmetry properties
of the tensor 023) (see (A.17)), they vanish and one is left only with the diagrams with
four adjoint insertions in the hypermultiplet loop.

Let us now consider these diagrams. As remarked before, a building block with four
adjoint lines inserted on the hypermultiplet loop is proportional to g* CE 4)> 5O at this order
we cannot add any other vertices to it. Moreover, there is a unique contraction allowed,
since each hypermultiplet field has a vanishing one-loop propagator. Thus, the only diagram
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Figure 6. Two-loop diagrams and their color factors.

at this order is the one represented on the right in figure 6. This has already been computed
in [52] (see also [41]). Performing the Grassmann algebra and the momentum integral, we
obtain a finite result proportional to ((3), which explicitly reads
# A
b / \ c

SO S SN

q? \ 872

<f>zmxmaw (112)

Using the properties of the C’-tensors — see in particular (A.19) and (A.20) — we have
6 Chaca = 6 CEbcdd) =C) o (4.13)

Since this is the only correction to the propagator at this order, from (4.8) we find

2\ 2
= (L) i+ o), (1.14)
in perfect agreement with the matrix model result reported in (3.3) and (3.5). This is an
extension to a generic N' = 2 SYM theory of the check originally performed in [52] for
conformal SQCD.

Three loops. At order ¢® many diagrams survive also in the difference theory. Moreover,
some of them can be divergent in d = 4. However, since we are dealing with conformal field
theories, all divergences cancel when one sums all contributing diagrams. Therefore, we can
concentrate on extracting the finite part, which the matrix model result (3.2) suggests to
be proportional to ((5). Thus we only look for diagrams which provide {(5) contributions,
and we check that their sum reproduces exactly the matrix model result.

To scan all the possible ((5)-contributions we use the same approach we applied above.
We start from the building blocks in figure 4 and contract their adjoint lines in all the
possible ways, introducing new vertices when necessary. It is quite simple to realize that
many of the diagrams that are created in this way have a vanishing color factor. For
example, the diagrams proportional to Cég) vanish for the same reason we discussed before.
As far as the diagrams with C’E g are concerned, we can discard those containing as a sub-
diagram the two-loop contribution on the right of figure 6 since this latter is proportional
to ¢(3), and no ((5)-contribution can arise from this kind of diagrams. All other possible
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diagrams that one can construct using as building block a sub-diagram with Cf4) vanish
by manipulations of their color factors.

We are left with diagrams whose color factor is proportional either to CES) or to C’E6).
In the first case, the building block is proportional to ¢° and thus we have insert a further
cubic vertex to obtain the desired power of g; in the second case, instead, the building block
is already of order g%, and so we can only contract its adjoint lines among themselves. We
have made a systematic search of all diagrams that can be obtained in this way. Many of
them vanish either because of their color factor or because of the #-algebra, while in other
cases the momentum integral does not produce any ((5)-contribution. In the following we
list all of the diagrams that do yield a ((5)-term. There are seven such diagrams, named
Wb(g)(q) with I = 1,...7, which are explicitly computed in appendix D. Here we simply
report the result in a schematic way, writing each of them in the form

1 (¢ 3
Wl = (L) ¢ x a7 (4.15)

where 72(61) is the color factor, which is in fact proportional to &y, and () is a numerical
coefficient determined by the explicit evaluation of the integrals over the loop momenta.
In detail, we have

Wh(g) = s 2D T =200 egea (4.16)

...............

WISS)(Q) = : - - x(Q) 7?)(3) =-20 CIIJdeced —20 Cllydecde ) (4'17)

WIS)(Q) - *)—l \—% - fL‘<3) 7?)(c3) =10 Cllydecdea (4'18)

...............

- SL'(4) 7;)(4) =20 Cl/)dcede +20 Clljedecd ’ (419)

C

— $(5) 7;)(05) = —40 ifcefcl/,defd —40 ifbefcvédefd )

(4.20)
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= 2O T = 2201f.04C ape + 201 fucaChepap

— 201 fyeaClrgre + 20ifreaCleras
(4.21)

— (M 7;(07) = 10ifaefChreca + 101 faefCofend -

(4.22)

Since each color factor is proportional to 6°¢, we can identify terms that are equal up to
an exchange of b and c. In this way we get

7

I . . .
Z ZL‘([) 7;>c ) = —80 lfCEdCl/)fdfe + 80 lfcedcl/;fdef —10 Clgdecde +40 Cll)dcede +20 lfdefcl,)fecd .
I=1
(4.23)

Using the relation (A.14), it is easy to see that the first two terms actually cancel, and that
the remaining ones can be written as follows:

7
Z D 7?7(!) = 30 Cpgeede — 10ifeedChrape + 201 faefChfecd - (4.24)
I=1

This expression is apparently different from the color tensor in the gS-term of the matrix
model result (3.2). In fact, the latter contains the totally symmetric combination SOCgb deede)
and does not contain any C’ with five indices. However, using again (A.14) and the
properties of the C’ tensors described in appendix A, it is possible to show that the last
two terms in (4.24) precisely symmetrize the first term. The total three-loop contribution
is therefore

7 0 1 gg 3
E W' (q) = 2 <87r2> €(5) % 30 Clygeede
=1
1 92 ’ /

where in the last step we used (3.3). Altogether, adding the two-loop term (4.14), the
quantum corrections of the scalar propagator proportional to g4 (3) and g% ((5) are

8 82

7\ Y
=) (£;) -0 (&) o). (4.26)
This result fully agrees with the matrix model prediction given in (3.5).

As already mentioned at the end of section 3.1, we observe that the color tensors
Cy, .., and the coefficients C;, can be defined for any representation of SU(N) (or U(N)).
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Moreover, the steps that we performed above to show the agreement with the matrix
model predictions only rely on the symmetry/anti-symmetry properties of these tensors
and their group-theory properties, and not on their specific expressions for the SU(N)
theories with matter in the fundamental, symmetric or anti-symmetric representations.
For this reason we believe that the same match could be proved and realized also in more
general superconformal theories with other gauge groups and matter representations.

4.3 Supersymmetric Wilson loop

We now consider the perturbative computation of the vacuum expectation value of a 1/2
BPS circular Wilson loop in the fundamental representation. This composite operator,
placed on a circle C of radius R, is defined as

wW(C) = %tr P exp {gﬂidT [i Ay(z)a* () + 2(@(@ + gb(:n))] } (4.27)

where P denotes the path-ordering. We parametrize the loop as:
2*(1) = R (cosT,sinT,0,0) (4.28)

with 7 € [0, 27 ].

We compute (W(C')) in perturbation theory using the diagrammatic difference (4.6).
This perturbative computation has been already performed up order g°® in [52], where the
term proportional to ((3) coming from the matrix model was reproduced using Feynman
diagrams for the conformal SQCD case, namely for theory A of table 1. Here we briefly
review this result, generalizing it to a generic superconformal theory, and extend it to an
order higher, reconstructing the full ¢(5)-coefficient at order g®.

Let us recall first some remarkable properties of this observable that simplify the
perturbative analysis. The tree-level propagators of the gauge field and of the adjoint
scalar in configuration space are

5ab

b
B 0"
4m2z3,’

tree 4772:1;%2 :

(@ (1) 2" (2)) 00 (A5 (z1) A (2)) (4.29)
They are identical, a part from the different space-time indices. We will denote the sum
of a scalar and a gluon propagator with the straight/wiggly line already introduced in
figure 4. Expanding (4.27) at order g2, one gets an integral over C of the sum of the
tree-level propagators of the gluon and of the scalar fields between the points z(71) and
x(72). This contribution is represented in figure 7.

Using (4.29), one finds

+0O(gh). (4.30)

g*(N? - 1) 7{ dridry R? — () - @(71)

(W(0)) =1+ AN 42 |z(1) — z(12))?

Exploiting the parametrization (4.28), one can easily show that the integrand is

T-independent; indeed
2 4 . . 1

R x(ﬁ) .1‘(7'1) - (4‘31)

A2 |x(m) — ()2 2
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Figure 7. The graphical representation of the g?-correction to (W (C)).

Figure 8. The graphical representation of the contribution to <W(C)> arising from the n-loop
correction of the gluon and scalar propagators.

Inserting this (4.30), one finally obtains

_ L g1
(W(C)) =1+ N

At this order, this calculation is of course the same in N’ = 2 and A/ = 4, and thus there

+0(gh). (4.32)

is no g2- contribution to the vacuum expectation value of W(C) in the difference theory.
Also at order g* there are no contributions in the difference, since the only possible sources
for such contributions are the one-loop corrections to the scalar and gluon propagators,
which however vanish for superconformal theories in the Fermi-Feynman gauge [60, 65],
see figure 3. One begins to see a difference between the N' = 4 and the conformal N = 2
results at order ¢%. Indeed, as we have seen in the previous section, in a generic conformal
N = 2 theory the propagator of the adjoint scalar gets corrected by loop effect starting at
order ¢g*. Due to supersymmetry, also the gluon propagator in the Fermi-Feynman gauge
gets corrected in the same way and thus (4.29) can be replaced by

(P @)t @) = —(1T0), (AR b)) = S0 (1, (433)
Am2y2 ’ pAT AT Am2y2 ’ ’
12 12

where II is the quantity introduced in (4.8).

Exploiting this fact, and repeating the same steps as before, we can easily compute
the contribution to the vacuum expectation value of W (C') corresponding to the diagram
in figure 8, which yields a term proportional to g?"*2((2n — 1).

Using (4.26), for n = 2 this calculation yields

2/ AT2 2\ 2
g(N"-1) (g
o (L) @ (434)
while for n = 3 it gives
g*(N? - 1)

2\ 3
S T <897T2> C(5)C. (4.35)
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Figure 9. The vertex correction to <W(C)> in the A" = 4 theory at order g*.

Comparing with (3.13) and (3.14), we find a perfect agreement with the matrix model
predictions for the lowest order terms in the g-expansion of X3 and X5. The precise match
with the matrix model results suggests that in the vacuum expectation value of W (C') the
terms proportional to a given Riemann (-value with the lowest power of g, namely the
terms proportional to g?"*+2 ((2n — 1), are entirely captured by the n-th loop correction of
a single gluon or scalar propagator inserted in the Wilson loop. Moreover, the agreement
with the matrix model also suggests that all diagrams contributing to <W(C)> have an
even number of legs attached to the Wilson loop. We shall now check that this is indeed
true, at the first relevant orders.

Absence of other contributions. Let us consider diagrams with three insertions on the
Wilson loop contour. In the N = 4 theory there is such a diagram already at order g* which
is shown in figure 9. Here the internal vertex can be with three gluons or with two scalars
and one gluon. In both cases it carries a color factor proportional to fu;.. This contribution
has been proven to vanish long ago [2, 15]. The cancellation is justified by symmetry
properties of the (finite) integral over the insertion points along the circular loop.%

In the difference theory, instead, the first three-leg diagram appears at order g% and
is depicted in figure 10. This contribution, however, has a vanishing color factor (see
also [51]). This is due to the different roles of the @) or H superfields, transforming in the
representation R, and of the C~2 or H ones, transforming in the representation R. This
implies that the color factor is

Trly T°T°T° + Trly T*T°T° = Cly, — C, (4.36)

abc ach

which is automatically zero due to the complete symmetry of C€3) as shown in (A.17).

At order ¢® there are several possible three-leg diagrams. Again, if we classify them in
terms of their color factor, we can distinguish three classes, represented in figure 11. The
first two have again a color factor proportional to the combination (4.36) which vanishes,
while the last type has a color factor proportional to fu.. We have not performed a
detailed calculation of this class of diagrams, but it is natural to expect that they cancel
by a mechanism analogous to the one at work in the g* diagrams of the N’ = 4 theory
represented in figure 9, since they have the same color structure and symmetry properties.
This concludes our analysis on the check of the agreement between the matrix model
prediction and the field theory results of <W(C’)> at order g®.

5We thank L. Griguolo for a discussion on this point.
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Figure 10.
vanishing.

/

C(I,(’,b) =0 S (Cnb(f -

/! /

C

a

/
X (C{I,b(’, - (,])) =0

Figure 11. Possible two-loop vertex corrections contributing to <W(C)> at order g% together with
their color factors.

5 Summary and conclusions

We have considered the perturbative part of the matrix model, derived from localization,
which describes a generic conformal N' = 2 SYM theory with group SU(N). We have
described the color structure of the interactions in this matrix model in terms of the
difference between the N = 2 theory and the A/ = 4 theory corresponding to a free Gaussian
model. In this set-up we have computed the matrix model counterpart of the propagator
of the scalar field in the N/ = 2 vector multiplet and of the vacuum expectation value of
a 1/2 BPS circular Wilson loop, organizing the resulting expressions according to their
Riemann zeta-value structures. Having at our disposal generic expressions, we could focus
on a class of conformal theories containing fundamental, symmetric and anti-symmetric
matter multiplets and we singled out two classes of theories for which the Wilson loop in
the large-N limit approaches the N = 4 value. Then, we have performed an explicit check
of these matrix model results against their field-theoretic perturbative evaluation by means
of superdiagrams in the N/ = 1 superfield formalism. We have done this up to order g% —
three loops — for the propagator, which has allowed us to determine the four-loop terms of
order ¢® proportional to ¢(5) in the Wilson loop vacuum expectation value. This is in itself
a significant progress with respect to the checks previously available, namely those of order
g%¢(3) for the Wilson loop in the case of the conformal SQCD only. We think however
that the relevance of this computation stays also in the fact that we have shown how the
perturbative computations are made more efficient and tractable by organizing them in the
way suggested by the matrix model, namely by focusing on the color factors corresponding
to traces of adjoint generators inserted on a loop of hypermultiplets. We think that such
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an organization is potentially useful also for different theories, for example non conformal
ones or, maybe, even theories with less supersymmetry for which localization techniques
are not presently available. Beside the circular Wilson loop, it would be interesting also to
study other observables in the various families of N' = 2 superconformal theories described
in this paper and analyze their behavior in the large- N limit to gain some insight on their
holographic dual counterparts.
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A Useful group theory formulae for SU(NV)

We denote by T, with a = 1,...,N? — 1, a set of Hermitean generators satisfying the
su(N) Lie algebra

[Taa Tb] = ifape It - (Al)

We indicate by t, the representative of T, in the fundamental representation; they are
Hermitean, traceless N x N matrices that we normalize by setting

tr toty = %(50&,. (AQ)

In the conjugate fundamental representation the generators are

ta=—tTL. (A.3)

The generators t* are such that the following fusion/fission identities hold

1 1
tr (taMltaMg) = 5 tr My tr My — ﬁ tr (MlMg) , (A4)
1 1
tr (taMl) tr (taMQ) = 5 tr (MlMQ) - ﬁ tr My tr Ms, (A5)

for arbitrary (N x N) matrices M; and M.
In the enveloping matrix algebra, we have

111 , .
ta tb - 5 N 5ab 1+ (dabc + 1fabc) t ’ (Aﬁ)
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where d? is the totally symmetric d-symbol of su(N). Using (A.2) and (A.6), we obtain

1 .
tr ({ la s tb}tc) = idabC7 tr([taa tb] tc) = %fabca (A7)

from which it follows that dgee. = 0. We can write the d- and f-symbols as (N2—1)x (N2—1)
matrices
ifabc — (Fwa)bc7 dabc — (Da)bc (AS)

and derive the following useful identities:

TrF*=TrD*=Tr F°D* =0,

Tr FOF® = N§*, Tr D*Db = M5Gb7
Ty FOFb pe — %mea7 Ty DOFPFe — gdab07 (4.9)
T Fepb e pd — %( dade fbee _ fade jheey
where Tr denotes the trace in the adjoint representation.
Traces of generators. In any representation R we have
Trr ToTy = iR Oap , (A.10)

where i is the index of R, and is fixed once the generators have been normalized in the fun-
damental representation (see (A.2)). The quadratic Casimir operator in the representation
R is defined by

ToTo=cr1. (A.11)

By tracing this equation and comparing to (A.10), we have

N2 -1
CR = iR , (A.12)
dr

with dg being the dimension of the representation R.
The traces of products of generators define a set of cyclic tensors

Caytw =TrrT,, ... Ty, (A.13)

whose contractions are higher order invariants characterizing the representation R. Let
us note that we can switch the order of any two consecutive indices using the Lie algebra
relation (A.1); indeed:

C..,ab... = C...ba.., + ifabcc c

(A.14)

In our computations we encounter the particular combination of traces introduced
in (2.19), namely

!
Ca1 el

— Tty Tay - Ta, = Trr Tay .. Ta, — Tragj Tay - Ty, - (A.15)

These are of course also cyclic, and the relation (A.14) applies to them as well.
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If R is the representation in which the matter hypermultiplets of a superconformal
theory transform, one can prove that

c,=0, (A.16)

since C?, is proportional to the one-loop f-function coefficient. Therefore, using this prop-
erty and the relation (A.14) one can easily show that for conformal theories

(/zbc = Ct/zcb + ifabecéc = z/zcb (A17)

which, together with cyclicity, implies that the tensor C?, is totally symmetric. Thus, it
is proportional to dg,.. Finally, one can prove that

Cabee = Clabec) - (A.18)

abce

Indeed, if we exchange the two free indices we have
(/zbcc = Cl/)acc + ifabecfécc - Cl/;acc ) (Alg)
where the last step follows from the fact that C”

' cc = 0 since dec = 0. If instead we switch

the position of a free and a contracted index, we have

!/

abce — (lzcbc + ifbcecclbec = Zchc ) (A2O)
where have used the fact that C’

hec, being symmetric, vanishes when contracted with fp.

Some particular representations. The generators in the direct product representation
R =0 ® 0 are given by
T, =t,.Q101Q¢t,. (A.21)

This representation is reducible into its symmetric and anti-symmetric parts:
ODeO=rmaeH. (A.22)
In the symmetric representation one has
1
Trm(X®Y):§<trX trY+tr(XY)), (A.23)

while in the anti-symmetric representation one has
1
TrH(X@Y):Q(trX trY—ﬁ(XY)). (A.24)

The adjoint representation is contained in the direct product of a fundamental and an
anti-fundamental:
[ ® [ = singlet & adj . (A.25)
The generators in the adjoint can thus represented simply” by

Th=t,®14+1®%,. (A.26)

Using these relations it is easy to obtain the well-known results collected in table 4.

"They should be thought of as acting on the N? — 1-dimensional subspace orthogonal to the invariant
vector Y. e; ®&;, where e; and &;, for i = 1,... N, are basis vectors in the carrier spaces of the fundamental
and anti-fundamental representations. This however makes no difference for the computation of the traces
we are interested in.
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R dR iR

0 N :
N(N+1) N42
M| =5 | 5°
A N(N-1) | N2

2 2

adj | N°—1| N

Table 4. Dimensions and indices of the fundamental, symmetric, anti-symmetric and adjoint
representations of SU(XV).

If we consider a representation R made of Np fundamental, Ng symmetric and N4
anti-symmetric representations, namely

R=NpO®NsTO®NaH (A.27)
as in (2.26), we immediately see that
Tty T°T" = (Np + Ng(N +2) + No(N — 2) — 2N) trt*" = —fy tr ¢t (A.28)

where ) is the one-loop S-function coefficient of the N'=2 SYM theory (see (2.28)).
With a bit more work, but in a straightforward manner, one can compute traces of
more generators. In particular, one can evaluate

Tr%za":NF tra”™ + Ng Trr— (a®1+1®a)n+NA TrH (a®1+1®a)n
— Trygj (a®1+1® (—a’))", (A.29)
with the result

T) a” = [(NF +2" 1 (Ng — Na) + N(Ng+ Ny — (1+ (—1)”))} tr a”

n nz_:l (") <NS;NA - (—1)”‘1’) tra? tra™ P, (A.30)

p=1 \P
In particular, when n = 2k, this expression can be rewritten as in (2.29) of the main text.

A.1 Traces in a generic representation

A representation R is associated to a Young diagram Ypg; let r be the number of boxes
in the tableau. Traces in the representation R can be evaluated in terms of traces in the
fundamental representation using the Frobenius theorem. For any group element U in
SU(N), this theorem states that

TirU =Y |J\14| YROM) (tr U)™ (teU2)™ . (te UT)™ . (A.31)
M
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We denote by M a conjugacy class® of S, containing permutations made of m; cycles of
length j, with j = 1,...7; the number of elements in the class is ! /| M|, with

M| =[] m;! 5™ (A.32)
=1

With x®(M) we denote the character of the conjugacy class M in the representation R
of the group S, associated to the tableau Yg. If we write U = e%, with a € su(N),
equation (A.31) reads

1
Trre* =Y T XM (tre®)™ (tre®ay™2 | (trem®)™r | (A.33)
M

and expanding it in powers of a, one can obtain the expression of all traces of the form
Trr a® in terms of products of traces of powers of a in the fundamental representation,
generalizing what we have seen before for the symmetric, anti-symmetric and adjoint rep-
resentations.

B Spinors and Grassmann variables

Spinor notations. We denote by 1 a chiral spinor of components 1, with a = 1,2, and
by 1) an anti-chiral one of components %, with o = 1, 2. The spinor indices are raised and
lowered with the following rules:

¢a = eaﬁ wﬁ ) 77/}04 = €ap wﬁ s qﬁd = Edﬁ 1;5 5 QZC'V = 6(54/3 ’(ZB 5 (Bl)
where N
e =e? =€y =€ =1. (B.2)
We contract indices according to
<¢X) = wa Xao = faﬂ w/a’ Xo = W XB €af s (B'?’)
(%) = Pa X* = €557 X = ba X (B.4)
For the “square” of spinors, we use the notation
V= (Y), 7= (). (B.5)
From the previous relations, it is straightforward to obtain the Fierz identities
1 o 1 .45 -
Yo = =S PR A = g, (B.6)

Clifford algebra. We realize the Euclidean Clifford algebra
Ouoy + 0,0, = =201 (B.7)
by means of the matrices (¢#),; and (3")%8 that can be taken to be

ot = (7, —il), o' = —o, = (-7, —i1), (B.8)

8 M is associated to a Young diagram with  boxes, containing m; columns of length j.
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where 7 are the ordinary Pauli matrices. They are such that
(aH)de = 8 6d6(0“)55 . (B.9)
With these matrices we can write the 4-vectors as bispinors:

Fop = ku(0")og, k7 =K (5,)% . (B.10)

We will often use the notations k& and k to indicate the matrices kaﬁ' and ]}aﬁ and form
spinor bilinears of the type
0k0=0%k,,0°. (B.11)

The Clifford algebra, together with the property (B.9), allows to evaluate traces of o and
& matrices, which we can also write in terms of traces of matrices of the type (B.10). In
our computations we will need the following traces:

tr (k‘llzig) = — 2]{?1-/{?2 N

tr (klzingl_m) =+2 |:(k1'k2) (kg'k4) — (k‘l'k‘g) (k’Q-k’4) + (kl'k4) (k‘g'kg)

_l’_

tr (ke kokskakske) = — 2k -k :(kg-k4) (ks-ke) — (ks-ks) (ka-ke) + (ks-ke) (ka-ks)
+ 2k ks :(k2~k4) (ks-ks) = (kz-ks) (ka-ks) + (ka-ko) (ky-ks)
— 2k kg :(k2-k3) (ks-kg) — (ks ks) (ks ko) + (k2 -ke) (kg-k5):
+ 2k ks :(kg-kg) (ka-ke) — (ks-ka) (ks ke) + (k2-ke) (k3~k4):
— 2k ke :(kQ-kg,) (ka-ks) — (ks -ka) (k3-ks) + (ko ks) (kg-/%):
T (B.12)

where the ellipses in the second and last line stand for parity-odd terms containing con-
tractions with a space-time e-tensor that do not enter in our computations.

Grassmann integration formulae. The basic integration formulee for Grassmann vari-
ables are

/d2902:1, /d2902:1. (B.13)

These imply that the 62 and 6? act as fermionic J-functions; more in general, writing
Qij = Hi — Hj, we have

0 = 0%(0:5), 05 =06"(0;5); (B.14)
we also use the notation
2 52 _ 4
05 0i; = 6°(0:5) - (B.15)
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Spinor derivatives. Writing d, = % and 0 = 555" we have
00 0> =20, , 006% = —4
_ _ o (B.16)
0502 =—-20;, 000%=—4.
The covariant spinor derivatives are defined as
Da:8a+i(a“)ad§d8“ and Dd:—gd—iea (J“)adaﬂ. (B.17)
In momentum space, they become
Da = 8a — (k é)a and Dd = _5d + (9 k)d, (B.18)

where k is the momentum flowing outward from the space-time point x, i.e. the Fourier
transform is taken with the phase exp(+ik-x).

C Grassmann integration in superdiagrams

We discuss a method to carry out the Grassmann integrations appearing in A/ = 1 super-
diagrams involving chiral/anti-chiral multiplet and vector multiplet lines.

Diagrams with only chiral/anti-chiral multiplet lines. As we can see from the
Feynman rules in figure 2, the three-point vertex with incoming chiral lines carries a factor
of #% and thus in the integration over the fermionic variables associated to the vertex, one
remains with only an integral over #. For the three-point vertex with outgoing anti-chiral
lines, we remain instead with an integration over 6 only.

We will use a graphical notation in which a black dot represents a 6 variable and a
white circle represents a @ variable. From the point of view of the Grassmann integrations,
superdiagrams with only hypermultiplet lines reduce to bipartite graphs, which we call “6-
graphs”. In these graphs a solid line connecting the i-th dot to the j-th circle corresponds
to the factor ) )

exp (291 kij 9]) =1+26; kz‘j 9j + 5 (291 kij 9]) (Cl)

coming from the chiral superfield propagator connecting two vertices at points ¢ and j
in a Feynman superdiagram. An example of a -graph associated to a superdiagram is
illustrated in figure 12, where the momenta respect momentum conservation at each node.

To compute the diagram we have to integrate over all 6; and §j variables. To do so,
we expand the exponential factor corresponding to each line as in (C.1); we graphically
represent this expansion in figure 13.

Once this is done, it is easy to realize that one gets a non-zero contribution from the
Grassmann integration if and only if in each black (or white) node one selects exactly two
incoming (or outgoing) lines. As a consequence, one gets a contribution for each possible
non-self-intersecting path passing through all the nodes that uses the edges present in the
diagram. Such paths are collections of closed cycles. In the example of figure 12 there are
ten such paths, which are drawn in figure 14.
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Figure 12. On the left, a Feynman super-diagram involving only chiral/anti-chiral lines. On the
right, the corresponding §-graph encoding the Grassmann integrals. The two “external” propagators
with momentum ¢ do not play a réle in the bipartite graph because the external states are the lowest
components of the chiral and anti-chiral superfields, and so the corresponding Grassmann variables
are set to 0.

Figure 13. Expansion of the exponential factor corresponding to a black line in the #-graph. In
the right hand side, each grey line corresponds to a 6; k éj term.

ﬂ o\%)wLﬁk%o + o k57°% +
(5 N

o k56 k‘56
@ k46 k:5 % k5 k46
k
+ o 1 + a7 + 36 + ks
47 ks ks ﬁ \@) 47
87

87

k5 k46

ks ka7

87
Figure 14. The paths corresponding to non-vanishing contributions to the integral encoded in the

diagram of figure 12. Note that all cycles of length two are actually accompanied by a factor of 1/2
which, however, we did not write in the figure to avoid clutter.
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We can now integrate over all Grassmann variables belonging to a cycle. By using the
Fierz identities (B.6) and the integration rules (B.13), it is possible to show the follow-
ing relation:

O ko D2 0O
p1 ks
. \ :/d201 d?0y ...d*0, d*0, (201 k1 01) (201p161) ...
ki
= (=1)"" tr (k1 prkapo ... knDn) (C.2)
O pll

where the traces can be computed using (B.12) — or analogous formulee for n > 3. This
is the key Grassmann integration formula for the calculation of Feynman superdiagrams.

Applying this procedure to the 6-graph of figure 12, we obtain

kg

= F'(kgs, ksr, kse, k53, ks7, kse, kar, kae) (C.3)

where we have introduced the function F defined by

F(p1,pa,p3, 4, Ps; 6, P1>Ps) = — Dy Pg Py — P3P Pi — P53 PiPs — P P3Ds
+ pj tr (ps Prp2 P3) + pa tr (p2 D1 paDs)
+ p? tr (p1 Pape P3) + pi tr (pe Ps pr Ps)
+ tr (pe Ps p7 D2 p1 Pa) + tr (ps Pr ps Pap1D3) - (C.4)

With the momentum assignments as in (C.3), the ten terms in the right hand side of (C.4)
precisely reproduce the ten terms represented in figure 14. Computing the traces with the
help of (B.12), one obtains in the end a polynomial of order six in the momenta entirely
made of scalar products.

We have explicitly worked out this example because this #-graph actually describes
the prototypical example for the Grassmann factor associated to many of the Feynman
superdiagrams that we will consider in detail in appendix D, the only difference being in
the different assignments of the momenta to the various lines.
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Figure 15. How to associate a #-graph to a diagram with a vector line attached to matter current.

Vector multiplet lines. For Feynman superdiagrams containing vector multiplet lines,
the most convenient strategy to handle the Grassmann integration is first to eliminate the
vector lines, so that one remains with graphs containing hypermultiplet lines only, which
can then be computed as we have previously described.

Let us first consider the graphs in which all vector lines are attached at both ends
to a hypermultiplet line. In this case, for every vector line we have a sub-graph of the
form described on the left of figure 15, where the solid oriented lines indicate a generic
chiral/anti-chiral multiplet propagator.

As one can see from the Feynman rules listed in section 4, at each cubic vertex, labeled
by 1 and 2, both #; and 6, and 6, and 5 are present and have to be integrated. However,
the vector propagator contains a factor of 6%, 02, which acts as a J-function identifying 6,
and 6y with 6; and 0y, respectively. Therefore, we remain with two Grassmann variables,
say 01 and 01, to be integrated. The hypermultiplet lines attached to these variables provide
the factor

exp [ — 01 (k1 + p1 + k2 + p2) 51} = exp [ — 20 (ky + ko) 51} (C.5)

where in the second step we have used momentum conservation. This is exactly the same
type of exponential factor that in a #-graph we associate to a solid line from the black dot
representing 01 to the white dot representing 61 (see (C.1)). Thus, we deduce the rule of
figure 15 which allows us to write the portion of a #-graph corresponding to a vector line
attached to matter lines.

Analogous rules can be worked out when there are vertices with the simultaneous emis-
sion of two vector lines from a scalar current line. The simplest case is the one represented
in figure 16.

Things proceed in a perfectly analogous way if there are more quartic vertices. In the
end, the subdiagram gives rise to a #-subgraph with the same “external” lines. However now
the outgoing lines are all attached to a single black dot — corresponding to an integration
variable § — and the incoming lines are all attached to a single white circle — corresponding
to a variable #. The dot and the circle are connected by a line, associated with the
exponential factor exp ( —20K60 ), where K is the sum of the incoming momenta.

When the diagram contains interaction vertices with three or more vectors, things
are slightly more involved because of the presence of covariant spinor derivatives in such
vertices. We will not describe the procedure in general, because only one diagram with a
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Figure 16. The rule to replace a quartic vertex with two vector lines with the corresponding
f-graph. Here K = ki + ko + k3.

three-vector vertex is needed in our computations. Indeed, we find more convenient to deal
directly with this case, in which it is again possible to rewrite the Grassmann integrals in
terms of a f-graph of the type introduced above.

D Evaluation of the relevant superdiagrams

We report the computation of the Feynman superdiagrams that yield a contribution pro-
portional to ((5) in the three-loop corrections to the propagator of the scalar field in the
N = 2 vector multiplet.

Any diagram of this kind, with external adjoint indices b and ¢, external momentum
q and s internal lines, is written as

Z(k)
[I%2

dk
5 5(d)
2m)d 0'*(cons) (D.1)

Wbc(Q):NchX/H(

Here N is the product of the symmetry factor of the diagram and all the factors (like
the powers of the coupling constant g) appearing in the vertices — except for the color
factors which give rise to the tensor 7p.. We have then the scalar integral over the internal
momenta ks which we perform using dimensional regularization setting d = 4 — 2. The
momenta are subject to the appropriate momentum conservation relations enforced by the
§-functions §(@ (cons). Beside the denominator coming from the massless propagators, the
integrand contains also a numerator Z(k) which is the result of the integration over all the
Grassmann variables of the 6-dependent expressions present in the superdiagram.

The massless scalar integrals at three loops with cubic or quartic vertices can be
evaluated by various means; in particular, we use the FORM version of the program Mincer
discussed in [66], which classifies them according to different “topologies” described by
diagrams in which a solid line indicates a massless scalar propagator, and momentum
conservation is enforced at each vertex.

Diagrams with six insertions on the hypermultiplet loop. We start by considering
the diagrams with six insertions of an adjoint generator on the hypermultiplet loop. The
color factor of these diagrams is proportional to a doubly contracted C’ tensor with six
indices defined in (2.19).
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The first diagram we consider is the following

- ks
O =
;'-y
d X Fag
; kss \
Wy 1 3 4 2
) P 4, (D2)
q q
» ko7
ks ka7
........ .(.....--"'
8 ors 7

In this first diagram we set up the notation that we will use also in all subsequent ones. The
external momentum is always denoted as gq. Regarding the labeling of internal momenta,
we label the internal vertices (from 3 to 8 in this case) and we denote as k;; the momentum
flowing in a propagator from the vertex ¢ to the vertex j, which is also the same convention
introduced in (C.1). Assuming it, from now on we will display in the figures only the labels
of the vertices and not of the internal momenta. The Feynman rules for propagators and
vertices are given section 4.1. Using them, we get

The scalar diagram has the ladder topology denoted as LA in [66]. The Grassmann factor
Z m(k) is obtained integrating over d*f; for i = 3,...,8 and is easily determined using the
rule described in figure 15. It is given by the following 6-diagram

) —q —q —q 5
z (k): O o O ® O e — ¢ - (D'4)

q q

The evaluation of this #-diagram by means of its cycle expansion, as explained after (C.1)
and illustrated in figure 12, is immediate using (C.2). A factor of ¢* removes the two
external propagators in the scalar diagram, so that it reduces to

2 __20¢(5) 1
E G

(D.5)

Here we have employed the standard graphical notation for diagrams with canceled external
propagators and we have given the value of this scalar integral, which is finite, directly in
d = 4. Altogether we get thus

1

Wl (g) = -

72\
( ) C(5) X (20 ClI)deced) . (D6)

812
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The next diagram is

Here the color tensor reads
2
7;)( ) = Cllidecde + Cll)deced ) (D8)

C

the two terms stemming from the two ways to attach the gluon lines to the quartic vertex.
This expression comes with a factor of 2 in (D.7) to account for the diagram in which the
dashed and dotted parts of the hypermultiplet loop are switched. The scalar diagram has
the fan topology denoted as FA in [66]. The Grassmann factor can be determined using
the rule described in figure 16 and it is given by

ZO(h) = 5« o o —d. (D.9)

O

This factor removes the two external propagators in the scalar diagram, so that it reduces to

20¢(5) 1
(4m)6 ¢*°

(D.10)

Altogether we find thus

3
2 1 (g
W}EC)(Q) = _? (871'2> <(5) X (_20 Cl,)decde —20 Cl/)deced) . (Dll)

The third diagram that contributes is
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= 896 X Cl/)decde X (D12)

The scalar diagram has the non-oriented topology denoted as NO in [66]. The Grassmann
factor is found applying the rule of figure 15 and it is given by a 6-diagram of the type
depicted in (C.3), but with a different assignment of momenta. In particular, one has

ZB) (k) = F (ks3, — (ks + krs), kes, k3, krs, —(kar + Kes), kag, ka) - (D.13)

Evaluating this and inserting it in the scalar momentum integral, we find that the results
contains a ((5)-contribution. Indeed we have

(D.14)

where the ellipses stand for terms that do not contain ((5). Putting together the various
factors, we find

O L (Y :
Wbc (Q) ) 87T2 4(5) X (100bdecde) .o (D15)

Next we consider

= 8¢5 x T, x : Z2W (), (D.16)

where the color tensor reads

7?)(04) = Clgdedce + Olédcede : (D17)
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Here the second term comes from the diagram where the dashed and dotted parts of the
hypermultiplet loop are exchanged. The scalar diagram has the “Benz” topology denoted
as BE in [66]. The Grassmann factor is found using the rule of figure 15 and it is given by

ZW (k) = F(ks3, —(kas + kos), kor, k3, kos, —(kas + ker), kar, kas) - (D.18)

The corresponding scalar momentum integration contains a ((5) contribution; indeed

MOLL o

2 Z(4)(k) -

2 3
g
ngf) (Q) ) (871'2> C(5) X (20 Clidedce + 20 ClI)dcede) o (DQO)

Diagrams with five insertions on the hypermultiplet loop. We now consider the

diagrams with five insertions of an adjoint generator on the hypermultiplet loop. The first
diagram of this kind we consider is

2Z0)(k). (D.21)

The color factor is given by
5 . . . .
735: )= i fee fChae fd — eef Cl/;dfed + 1fvef Coge fd — Lfbes Cédfed
= 2ifee;Chaeta + 21foefCraepa s (D.22)

where the four terms that appear in the first line correspond to the four possible ways to
attach the “external” vector multiplet line. The Grassmann factor is again found using the
rule of figure 15 and it is given by

2(5) (k) = F(Oa _k787 k787 —-q, 07 q, k787 _(k78 + Q)) . (D23)
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Using this result inside the scalar momentum integral, which has the LA topology, one finds

(D.24)
The final result for this diagram is then
5 1[4\
Wéc)(CI) = <8W2> C(5) X (—40ifeefChiera — 40ifoefCrgepa) + - - - - (D.25)
Another diagram in this class is
6
Wit (a) =
_ (D.26)
where the color factor is
6) . . . .
7;)(0 )= i feedChpare — 1feeaChesap + 1 foedCopape — 1fvedCre pap - (D.27)

Here the four terms correspond to the four possible ways to attach the “external” adjoint
chiral multiplet line. Using the by-now familiar procedure, the Grassmann factor is found
to be

ZO) (k) = F(krz, —(kso + ks7), kos, k3, kse, ksa, ksz, —(ks7 +q)) - (D.28)

The scalar integral, which has the BE topology, yields the result

(D.29)
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The total result is thus
2\ 3
(©6) 17y
=—= = 5
Wbc <Q) qg (87’(2) C( )
X (=201 feaClsape+201feeaChe pas — 201 foeaClpape +201 freaCrepar) +--- - (D.30)
Among the diagrams with five insertions that give a ((5) contribution, there is one

whose Grassmann factor cannot be computed simply by using the rules illustrated in ap-
pendix C. It is the following:

W (q) =

The color factor reads
7 . .
7;7(0) = lfdefcl/zfecd + 1fdefcéfebd, (D.32)

with the two terms corresponding to the fact that in the hypermultiplet loop the dashed
or dotted parts can be exchanged. Since the cubic vector vertex contains covariant spinor
derivatives and is not symmetric in the three vector lines that it contains, the diagram gets
six distinct contributions arising from the six different ways it is contracted with the other
vertices of the diagram. We write these six terms as follows

7 7 7
20 = 20+ Zig + Ziay + Zagy + B + Zagy (D.33)
The first term above is
254(k) = [(Ds)? D 6" (665)] 6" (067) [ D 6" (6s)] exp [A(K)] (D.34)

Here we have denoted by Dg  and ﬁﬁ’d the covariant spinor derivatives defined in (B.18)
with respect to fg and fg. The last exponential factor exp [.A(q, k)] contains all other
contributions which amount to

A(k) =204 kys5 Os + 205 ks3 03 — 05 (k45 + k53) Os + 204 kg7 07 + 207 krg O3
— 07 (ka7 + krg) 07 + 2 0g ks 03 — Os (ks + ks3) Os . (D.35)
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Using the identity

De o 6*(063) = (96,0 — kess) 0*(06s) = — (95,0 + kiess) 0* (Oes) (D.36)
and then integrating by parts with respect to fs, we can rewrite (D.34) as follows
Z{A(k) = 5" (657) 8" (Bos) | (D) " D 6% (665)] (9s.0. — (s b)) exp [A(R)] . (D.37)
By direct evaluation one can show that
(Do) Dg 8 (Bs) = —4e~ %05 [206 + (ks 85)" (8es)?] (D.38)
and
(9,0 — (kos O8)a) exp [A(K)] = 2(ks3 O38)a exp [A(k)] (D.39)

where in the last step we used momentum conservation. Substituting (D.38) and (D.39)
into (D.37), after a Fierz rearrangement we arrive at

Zé%(k) = —16 6*(067) 0*(06s) (065 kss O3s) (1 + 05 ks 05) exp [A(k) — 06 ks Ocs |
= —16 54(067) 54(968) (665 kgg égg) exXp [.A(k) — 06 k65 é65 + 965 k65 é5] s (D.40)

where in the second step we could replace the factor (1 + O65 ko5 55) with exp [965 kes 55]
because it is multiplied by fgs.

We now perform the #-integrations using the d-functions present in (D.40) and keep
as remaining independent variables 04, g3, 05, O and ; with straightforward manipu-

lations, involving also the use of momentum conservation, we rewrite [A(k:) — Og kes Ogs +
065 k?65 95] as

—2 94 q 9% -2 94 k45 é65 + 2 05 q§63 +2 965 k53 éﬁg +2 96 ]{745 §65 -2 065 k53 §65 . (D.41)
We also have

2 ‘965 k83 égg = -2 065 kjgg é63 = exp [ — 2\ 965 ]{583 éﬁg] ‘)\ (D42)

where the notation X ‘ ,, means the term of X that is linear in A. Altogether we have

(7)

managed to express Z5Z8(k:) as an exponential:
Zé%(k) =—8exp|—201q0s — 204 ka5 065 + 265 q 03
+ 265 (ks — Aks3) O3 + 2 06 kas 65 — 2 065 ks b5 | ‘)\ : (D.43)

This exponential can be interpreted as a f-graph:’

— —8 F (ksg — Msa, —hsa, 0,q. s, 0, —kus, =) -

(D.44)

9Since we use as Grassmann variables the differences 03 and g5 of original variables, in the resulting
f-graph momentum conservation is not realized at each node. However, this is does not cause any problem.
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We can apply this same procedure to evaluate the other five terms in (D.33) and obtain

2800 (k) = 6*(055) | (D) Dg 5 (8e7) | [ D8 (Bs) | exp [Ak)]

— 8 F(— Mgz, —krs, 0, ¢, kar, 0, —kaz, —q) ‘A : (D.45)
2L (k) = [(EG)ZDE‘ 5%(067)] 6*(O6s) [De,a 6" (065)] exp [A(k)]

= —8 F( — Mkisg, —krs, 0, , kur, 0, —kaz, —q) ‘A , (D.46)
Zzg%(k) = 0"(07) [(EG)ZDGQ 5*(es)] [Dﬁ,a 54(965)} exp [A(k)]

— —8 F (ks — Ms3, —kgs, 0,4,0,0,0, —q) ’A —0, (D.47)
Zi0 (k) = 6% (865) [(56)2D3 54(968)] [DG,a 54(967)} exp [A(K)]

= 8 F( — kss, —kss — Mg, ks, —q,0, ¢, 0, —q) ’A : (D.48)
250 (k) = [(D6)* Dg 54(065)| [ D 8" (B7) | 8 (Bes) exp [A(R)]

~0. (D.49)

The vanishing of the last contribution is due to the fact that in the step analogous to the
one in (D.39) we compute

<(977a — (k'67 é7)a) exXp [.A(k)] = 2(]{778 éS?)a exp [.A(k)] = O; (D.50)

indeed in presence of 6*(fgs) 9%(fg7), the difference fg7 is null. The vanishing of this factor
makes zero the entire expression.

Now that we have computed all six terms of (D.33), we can insert the resulting ex-
pression for Z(7)(k) in the momentum integration, which has the BE topology, obtaining

(D.51)
Putting everything together, we finally get
2\ 3
7 1 (g : :
W (g) = - (W) ¢(5) X (101 faefChreca + 101 faeClpepa) + - - - - (D.52)

We have made a thorough analysis of all diagrams that can contribute to the propa-
gator at order ¢® and the ones we have listed above are the only ones that yield a term
proportional to ¢(5) in the difference theory for a generic superconformal matter content.
Other diagrams, indeed, either vanish due their color structure or give contributions that
do not contain ¢(5).
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