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Abstract

We establish the convergence of the resolvent of the Reissner-Mindlin system in any dimension N > 2,
with any of the physically relevant boundary conditions, to the resolvent of the biharmonic operator with
suitably defined boundary conditions in the vanishing thickness limit. Moreover, given a thin domain 5 in
RY with 1 <d < N thin directions, we prove that the resolvent of the Reissner-Mindlin system with free
boundary conditions converges to the resolvent of a suitably defined Reissner-Mindlin system in the limiting
domain 2 c RV~ as § - 0. In both cases, the convergence is in operator norm, implying therefore
the convergence of all the eigenvalues and spectral projections. In the thin domain case, we formulate a
conjecture on the rate of convergence in terms of §, which is verified in the case of the cylinder €2 x B;(0, 6).
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1. Introduction

The most widely considered models for the study of elastic thin plates through dimension
reduction are the Kirchhoff-Love (shortly, KL) and the Reissner-Mindlin (shortly, RM) models.
The former, which is also one of the first models developed in the literature (see e.g., [44,48])
leads to the equation

Au=f, in%, (1.1

where f is the load on the three-dimensional plate 2 x (—e/2, ¢/2) of negligible thickness ¢ and
cross-section © € R?, and the solution u represents the vertical displacement from the equilib-
rium. Problem (1.1) has received a lot of attention both for applications and for its relevance in
more theoretical questions also in higher dimensions; we refer to [37] and the references therein.

As the KL model showed to be not accurate enough for applications, a better alternative was
studied, namely the RM model (see e.g., [14]), that leads to the system

. 2 .
{—%Aﬁ_ M11+2/L2_V(d1vﬁ)—’L[—'zk(Vw—ﬂ):{—zF, in Q, (1.2)

— ik (Aw —div ) = f. in Q,

where now the thickness ¢ > 0 of the plate €2 x (—t/2, ¢ /2) appears in the equations, w represents
the vertical displacement of the midplane, the vector field 8 models the fibre rotation of the plate,
F is the applied couple, u1, 1y are the Lamé coefficients of the material, and k > 0 is the so-
called correcting term of the RM model. In the applied literature, it is classically assumed that the
applied couple F is zero [3]. This is a rather restrictive assumption when considering the spectral
convergence of the RM system; we shall therefore consider the more general form (1.2) for
F e L2(Q)N and f € L*(Q). Note that the KL and the RM models are derived from the theory
of elasticity under different sets of hypotheses; however, this difference can be summarised with
the observation that, at least mathematically, the KL model has the additional assumption that
B = Vw, which is nevertheless considered a good approximating assumption when the plate is
extremely thin, i.e., when t — 07 (see e.g., [14]).

Differently from problem (1.1), problem (1.2) has been investigated more deeply in the di-
rection of applications, with much less literature devoted to more abstract questions (see e.g.,
[4,12,14,17,30]).

The present paper provides a rigorous spectral analysis for the RM problem (1.2) in RV in
two particularly important cases: the asymptotic behaviour for t — 07, and the thin domain
where some dimensions disappear as § — 07

The behaviour of the RM problem (1.2) in the limit case # — 0 has been largely investigated
in the literature, in part because of its physical meaning but mainly for the nasty consequences
of the so-called locking phenomenon, naming the difficulty of approximating numerically the
solutions using classical techniques when the thickness ¢ of the plate becomes small (see [12,
17,31] for additional details). From a theoretic point of view, it is known that the RM problem
(1.2) converges to the KL problem (1.1) as t — O™ at least for clamped boundary conditions [14,
SSVIL.3]; for other boundary conditions, asymptotic expansions of the solution were provided in
[3,25-29]. However, these results are valid only for Q2 C R2, while there seems to be no result
in higher dimension. Moreover, there are often additional restrictive assumptions on the data of
the system (1.2), see for instance [3, p.487], which are not in general justified when trying to
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establish the convergence of the resolvent operators. Here we show that the operator associated
with the RM problem (3.1) converges to the bilaplacian (1.1), in particular implying also spectral
convergence for both eigenvalues and eigenprojectors (see Theorem 4.2). Let us remark that our
argument is not sensitive to the dimension N, and moreover allows us to treat all mathematically
relevant boundary conditions (see Section 3).

While the convergence as t — 07 is complicated because of a sudden change of the energy
space in the limit, the convergence as § — 0% for the RM system in a thin domain 5 c R" is
involved because of the singular transformation that the geometry of Qs undergoes as § — 0.
We recall that a domain in R” is called thin if one or more of their dimensions are very small
compared to the others; in fact, it is usually assumed that these thin dimensions are so small to be
negligible, inducing a dimension-reduction of the problem. Thin domains as limiting situations
are interesting for applications specifically for approximations through asymptotics, since this
procedure somehow simplifies the analysis, but provides a deep insight also in abstract settings,
for the limit is singular and produces interesting examples and counterexamples.

There is a quite vast literature on the thin domain analysis for (scalar) elliptic differential op-
erators, see e.g., [8—10,32,33,49]. In situations involving second-order linear partial differential
operators and homogeneous Neumann boundary conditions, it is widely recognised that the prob-
lem’s dimension can be effectively reduced by disregarding the narrow directions, as exemplified
in [38] (see also [41,42]). Unfortunately, already for (scalar) fourth-order elliptic operators, the
derivatives of the solutions along the thin directions give a non-trivial contribution in the limit
[7,35], and therefore the classical approach of neglecting the thin directions cannot be applied.

Regarding systems of PDEs, the literature appears to be limited to the physically relevant
cases (N =3 and d € {1, 2}). Asymptotic expansions for thin elastic beams, plates, and shells
in R3 have been established in the series of monographs [21-23]. The elasticity system in thin
three-dimensional beams has been considered for instance in [20], while three-dimensional elas-
tic multi-structures made of plates and beams are studied in [36]. Thin domain analysis for the
system of linear elasticity has been also performed in [25] and in [26,27]; therein, the asymp-
totic expansions of eigenvalues and eigenfunctions of a thin three-dimensional cylindrical elastic
clamped plate Q° = w x (—¢, €) have been found. We mention that related results in the ho-
mogenisation theory for periodically perforated elastic plates and composites can be found in
[40,45].

In this paper we consider instead the RM system (1.2) with free boundary conditions on thin

domains in any dimension N > 2 and with any number d of thin directions; assuming a certain
technical assumption on the vertical avergages of the thin components of the fibre rotation S,
we show that there is spectral convergence to an “averaged” RM operator in the limiting domain
Q c R4 see Theorem 5.1. We emphasise that a technical assumption is required to ensure that
the vertical components of 85 do not give contributions to the limiting problem. In the literature,
these problems are usually avoided because clamped boundary conditions are assumed on a part
of the boundary; alternatively, it is usually required that the solutions satisfy some symmetry or
that the data lie in a smaller space than L. Here, instead, we just assume that the integral average
of the thin components of the data over each section is zero, for every §, see the definition of the
space Hg in Theorem 5.1; this is a rather natural assumption that rules out the possibility that the
thin components of 85 converge to non-trivial constant functions in the limit.
We also remark that free boundary conditions are the only physical set of boundary conditions
giving a non-trivial spectral limit. Indeed, the first eigenvalue (and then all the eigenvalues)
A?M(Qg) diverges as § — 0% for all the boundary conditions with ws = 0 on 9Qs, in virtue
of the Poincaré-type inequality
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2
g < ”ths ”Lz(Qa) . (1 3)
2 = 2 ’ :
6 ”w5 ”Lz(Qa‘)
indeed, if supy. ollws ||iz(98) < 00, (1.3) implies that ||Vw8||L2(52,;) — 400 as § — 0T, hence no

spectral convergence is possible.

We recall that, in the literature, spectral convergence is usually obtained either via explicit
computations using the Rayleigh quotient for the eigenvalues or via the so-called compact con-
vergence of the resolvent operators in varying Hilbert spaces. In this paper, in addition to the
compact convergence, we use for the first time the notion of generalised norm resolvent con-
vergence (that is, the convergence in operator norm of the resolvents) in the sense of Vainikko,
which is related to the generalised norm resolvent convergence introduced by Post, see [46] and
[18,19] for some recent applications in the case of the Laplacian. Note that Post norm resolvent
convergence is equivalent to Weidmann/Stummel norm resolvent convergence (see [57,58]) by
virtue of the results in [47]. In concrete terms, let (H,),, Ho be a family of Hilbert spaces; if
we denote by (A,), the closed operator associated to either problem (1.2) or (4.5) and by Ag the
limiting operator (either for the case ¢ — 07 or for thin domains), we prove in Theorem 2.5 that

1(An = 1) 7' — EaAo = V) £ro. ) — 00

where &, : Ho — H, is a sequence of asymptotically isometric operators, as in the usual setting
by Vainikko (see for instance [55]). Our proof of this result is based on operator theory consid-
erations, and it is inspired by results by Bogli on the convergence of linear operators in varying
Hilbert spaces, see e.g., [13]. As a consequence of this generalised norm resolvent convergence,
we prove that there exists w(n) > 0, w(n) — 0 as n — o0, and a constant C > 0 such that

m
D M, = 2ol = C(1koD (),
i=1

where A is an isolated eigenvalue of multiplicity m of Ao, while A/, are (all) the eigenvalues of
A, converging to Ag as n — +oo. This last fact had already been observed in [39]. For the thin
domain analysis, when Q5 = Q2 x B4(0, §), with € of class C 2 we are able to obtain the explicit
estimate w(8) < C8'/% for some positive constant C > 0. While our proof requires additional
assumptions on the geometry and the regularity of the domain, we conjecture that the rate of
convergence @ (8) = 8'/% is sharp and holds for all domains 25 as in (5.3). We remark that the
rate of convergence w(§) is in general worse than the rate of convergence of a simple eigenvalue
)»f, converging to Ag, see for instance [5].

Let us observe that the lack of a uniform second Korn inequality (see Section 2) is one of the
major difficulties that has to be overcome when dealing with the varying operators associated
with the RM problem (1.2). This lack of uniform coercivity estimates seems to be a common
trait of problems for systems of PDEs in varying domains; for instance, similar problems appear
in the study of the Maxwell system since the solutions do not lie in H'(£2)3, see for instance
[34].

The paper is organised as follows. In Section 2 we provide some preliminaries, while in Sec-
tion 3 we define the RM system and its various sets of boundary conditions. In Section 4 we
prove the convergence to the KL model. Section 5 is dedicated to the convergence in the case of
thin domains, and in Section 6 we obtain an estimate for the rate of convergence.
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2. Preliminaries and notation

As we will be dealing with the convergence of operators acting on different Hilbert spaces,
we need to recall the several notions of convergence in such a framework that were developed by
many authors, among which Stummel (see [50-52]) and Vainikko (see [53,54]).

Definition 2.1. Let {Hs}5[o 5, be a family of Hilbert spaces. We assume that there exists a family
of linear operators & € L(Ho, Hs) called connecting system such that, for all ug € Hy,

I€suollzgs — lluolizg, , asd— 0. 2.1)

(i) Let us € Hs. We say that us E-converges to ug if ||us — Esuollay; — 0 as § — 0t. We
write ug E) ugp.
(ii) Let Bs € L(Hs). We say that Bs ££-converges to By as § — 07 if Bsus E) Bouo whenever
& . EE
us — ug. We write Bs — By.
(iii) Let Bs € L(Hs). We say that Bs compactly converges to By as § — 0T, and we write

c . . .. .
Bs — By, if the following two conditions are satisfied

(a) Bg§>30358—>0+; )
(b) for any family us € Hs such that |lus|l3;, =1 for all § € (0, §), there exists a subse-

. E
quence {Bs, us, }xeN With 6 — 0% as k — 400, and wg € Ho such that Bs,us, — wo
as k — +oo.

Compact convergence of self-adjoint compact operators implies spectral convergence, as
stated in the following theorem.

Theorem 2.2. Let As, § € [0, 8) be a family of positive, self-adjoint differential operators on Mg
with domain D(As) C Hs. Assume moreover that

(i) the resolvent operator Bs := Aa_l is compact for all § € [0, §);

(ii) Bs S Byass— 0T

Then, if Ao is an eigenvalue of Ao, there exists a sequence of eigenvalues As of As such that
As — Ao as § — 0. Conversely, if Ls is an eigenvalue of As for all § € (0, 8), and hs — Ao,
then Ag is an eigenvalue of Ag. The generalised eigenspaces (resp. the spectral projections) of
As at Ao compactly converge to the Ag-eigenspace (resp. the Ao-spectral projection) of Ag as
5 —07.

We refer to [6, Thm. 4.10] and [7, Thm. 4.2] for the proof of Theorem 2.2. We also refer to
[13, Prop. 2.6] where a spectral convergence theorem is proved for sequences of closed operators
with compact resolvent.

Let us denote the ideal of compact operators between two Hilbert spaces Hg to H; by
Goo(Ho, H1). We recall now the notion of collective compactness as stated in [1].
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Definition 2.3. Let #H(, H; be Hilbert spaces, and let B be the unit ball in Hp. Let F C
Goo(Ho, H1). We say that the family K is collectively compact whenever the following set

KB:={Kx, K€K, x € B}
is precompact.

Given a sequence T, of strongly convergent linear operators in H; (that is, there exists a
linear operator T € L(H) such that 7,x — T x for all x € H), and a collective compact family
K as in the previous proposition, it is easy to check that the composition 7,,K is a collective
compact family, acting from Hg to . Similarly, given a sequence S,, of strongly convergent
linear operators in H, the composition KCS,, is collectively compact.

We proceed to state and prove two results that will be used in the sequel. They can be deduced
from arguments similar to [13, Prop. 2.10, Prop. 2.13], with the help of [1, Thm 3.4]. However,
since we are using these results for operators acting between possibly different Hilbert spaces,
and in a slightly different setting from both Stummel discrete convergence and Anselone and
Palmer collectively compact convergence, we prefer to provide full details (see also Section 6
where we use these results in the framework of Vainikko norm resolvent convergence).

Theorem 2.4. Assume that (T,,)n, Ty € Soo(Ho, H1), n € N, (Ty,), is collectively compact, and
T, converges strongly to a bounded operator Ty € L(Ho, H1). If in addition (T,), has the prop-
erty that

uy, —uinHo = E|("tnk)k C (Un)n, Tnkunk — Tou, (2.2)
then (T,))n converges strongly to T € L(H1, Ho) and (T,), is collectively compact.

Proof. We divide the proof in two steps.
Step 1. (7,,)* converges strongly to 7" as n — oo.
Since T, converges strongly to Ty, given f1 € H; and fo € Ho,

(T, f1, fo)ry = (f1, Tu fo)n, = (f1, Tofo)n, = (Tg f1. fo)H,s

hence T, fi — T f1 in Ho. Now,

I, fillag, = (T 1, T fOw, = (LT fis ),

Since (7},), is collectively compact and (T fi), is weakly convergent (hence, bounded), the
sequence (T, T, f1), has a convergent subsequence, that is there exists # € #; and a subsequence
(T, )k such that, T;,, Tn*k f1 = u, as k — oco. We need to prove that u = ToTo*fl.

Set T, f1 = Vny» Uny — vo := Ty f1. We have T;,, v, — u. By property (2.2), up to taking another

ng
subsequence, we have T, v,, — Tovp = T()T(;F f1, and therefore we have established that u =

ToTy f1. We now conclude that

IT fil3y, = (T T fi fOr, — (TTg i fOm, = T3 fillde,.
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and therefore, 7, converges strongly to 7 as k — +oo0. It is not difficult to check that in fact
we also have T, converges strongly to 7" (since for every subsequence of 7, we can extract a
further subsequence converging to 7). Thus, T, converges strongly to 7}, concluding Step 1.
Step 2. (T,%), is a collectively compact family in #;.

Since (7), is collectively compact and 7, is strongly convergent, the composition (7, T,), is
collectively compact. Assume that (u,), € Hi, sup, [[unllyy, < C < +00 and let us prove that
(T,fun)n has a convergent subsequence in 7{;. We may assume without loss of generality that,
up to a subsequence, u, — u € Hy as n — oo. Since T,7," is collectively compact, up to a
subsequence, there exists w € 7 such that 7,,T,*u,, — w. But since 7, converges strongly to
Ty by Step 1, and T, converges strongly to Ty by assumption, the composition 7, T, is strongly
convergent to ToT;'. Therefore,

(TnTn*una W)Hl = (una TnTn*W)Hl - (l/l, TOTO*w)Hl = (TOT(;FM, w)Hl

for all ¢ € Hy, or equivalently, 7,,T,fu, — ToT;u. By uniqueness of the weak limit it must then
be w =T, T(;ku. Finally, we note that

1T unlGy, = (T Ty un. un)pgy, = (ToTgu, g, = [ Tgulyy,

so T,fu, — Tjuo up to a subsequence. This concludes the proof of Step 2 and of the Theo-
rem. [0

Theorem 2.5. Let (T,,), be as in Theorem 2.4. Then Ty is compact and | Ty, — Toll £y, 74, = O

Proof. Since T, converges strongly to Ty, (7,), is collectively compact, and the strong closure of
a collectively compact family is collectively compact (see [1, Prop 2.1]), we deduce immediately
that Ty is compact.

Since (7)), is collectively compact and (T},), is strongly convergent, (7,T,), is collectively
compact. Property (2.2) now implies that

U —=vo inHo = F(vp )k C (nn : Tn"‘k Ty Un, — T Tovo. (2.3)

Since (T,), is a collectively compact sequence, sup, N | Tnll £(34,,24,) < +00; otherwise, if for a
contradiction there exists a sequence uy, |u,| = 1 but ||T,u,|| > n, then up to a subsequence
u, — ug, and by collective compactness, (7,u,), is precompact, hence in particular totally
bounded, a contradiction to ||7,u,| — +00. We need to show that |7, — Toll £(3y,%,) —> O-
Without loss of generality we may assume that there exists u,, € Ho, ||u#,|| = 1 such that

1
1T — Toll g, 1) = 1w — To)un |3y, + .

for all sufficiently large n. Up to a subsequence, we may assume that u,, — ugy € Hy. First note
that since T is compact, Tou,, — Toug in Ho. Further observe that

(T, — TO)Mn”%-[l = (Tn*Tnuna Mn)?—[o — (Thun, TOun)Hl — (Toun, Tn“n)?—[l + ”TOMn”’zHl; 2.4

up to a subsequence, we might assume that 7, T,u, — TO*Touo and T,u,, — Toug due to
(2.3) and (2.2). We conclude that, up to a subsequence, the right-hand side of (2.4) tends
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to zero as n — oo. Therefore, we conclude that there exists a subsequence (ny)r such that
1T, — Toll £(344,24,) — O as k — +o00. But then arguing exactly as in the end of Step 1 in the
proof of Theorem 2.4 the whole sequence has to tend to zero. Finally, [T, — Toll £(3,74,) = 0s
concluding the proof of the Theorem. O

Remark 2.6. Note that in Theorem 2.4 we do not assume any selfadjointness or normality as-
sumption of the operators T}, that would not even make sense in this setting since each T;, is
acting between different Hilbert spaces. If Hy = H; and the operators are normal, Theorem 2.5
was proved in [11, Prop. A.3] (see also [1] for the bounded case).

The Hilbert spaces Hs we will be mainly dealing with in the sequel will be Sobolev spaces
defined on bounded open sets §2 of R™. In particular, for any k € N, we will denote with H¥ ()
the Sobolev space of functions u € L?(2) with all weak derivatives up to order k in L?(£2). The
space H*(2) is endowed with the scalar product

(U, ) g () 1= Z %u 3%vdx, Yu,ve HY(Q),

la|<k

where 9%u = 9% --- 9Ny denotes the partial derivative of u of order o for any multiindex
a € NV, We will also denote by Héc(Q) the closure in H¥(Q) of the space C2°(2) of smooth
functions with compact support.

Given a vector field n € H'(Q)"N we denote by Dp its Jacobian matrix and by &(1) the sym-
metric part of Dn, that is

1 T IS an'
e(n) == (Dn—l-D n), e(m)ij = 2(ax,- + axj)' (2.5)

As we will see in Section 3, the weak formulation of problem (1.2) is given via a sesquilinear
form involving () and d1V n. In general, the boundedness of ¢(n) and divyn in L?() is not

enough to ensure that D7 is bounded in L?(Q). However, this is true if 5 € HO1 ()N; as a
consequence of the divergence theorem,

o2
2”8(77) ||L2(Q) - ||D77||L2(Q) + ”le n ||L2(Q) )
for all n € HOl (2)V; we then obtain the classical (first) Korn inequality:
1Dn 2y < V2l 20 -
for all n € H(}(Q)N . More in general, a Korn-type inequality remains true for vector fields in
H'(), provided they have positive distance from the subspace of rigid translations. We have

indeed the following classical result.

Theorem 2.7. Let Q2 be a bounded domain of RN with Lipschitz boundary and let n € H' (Q)V.
Let V be a weakly closed linear space of H' ()" such that V 09N = @, where

={VU(x) e LRY,RY): W(x) = Ax + b, A=—AT € Myxn(R), b e RV},
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Assume that n € V. Then

/ \Dydx < C / e, 2.6)

Q Q

where the constant C depends only on 2.
Proof. We refer to [43, Theorem 2, §2]. O

If © is a bounded Lipschitz domain of RY, the second Korn inequality states that any vector
field n € L2()N with e(n) € L*(R), belongs to H'(2)V, and there exists a constant C > 0
(depending on €2) such that the inequality

/|Dn|2dxsc(/|e<n)|2+|n|2> 27
Q Q

is valid. We refer to [24] for a proof of (2.7) and for an interesting discussion on the different
Korn inequalities and their relation with the distributional Saint Venant equality. A constructive
proof of (2.7) can be found in [56].

3. The Reissner-Mindlin system

Let €2 be a bounded and Lipschitz domain of RN , N >2,andlet V, W be closed spaces such
that Hé N cv c H(Q)N and HO1 () € W € H(Q). The Reissner-Mindlin eigenvalue
problem is given by the following weak formulation

2
Ri[(B,w), (n,v)] =?»/ <wv + %ﬂ : 17) dx, (3.1
Q

for all (n,v) € V x W, where (8,u) € V x W is the eigenvector and A € R is the eigenvalue.
Here the sesquilinear form R; is defined by

R [(B,w), (n,v)]=a(B,n) + Vw = B) - (Vv —n)dx,

Ek /
2(1 + o)t?
Q
where a(-, ) from HY(Q)N x H'(Q)N to R is the elliptic bilinear form defined by

E
o) = 37— | (=08t +divip) diven) ar. (3.2)
Q

where ¢(-) is the linear strain tensor defined in (2.5), E > 0 is the Young modulus, and o €
(— ﬁ 1) is the Poisson ratio. Recall that the Lamé coefficients w1 and w; are related to E and
o via

E oFE

M=50%0)y "7 20-02)
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We note that the bilinear form a > 0 has a non-trivial kernel, which consists of all the rigid
motions Ax + b, with A € Symy (R), AT = —A, b e R, in RV Nevertheless, the second Korn
inequality (2.7) shows that the form a is coercive in H 1 ()N, that is, there exist positive constants
M and C such that

ClPI1 gy < A(D, @) + MIID[72 g

for all ® € dom(a), provided that o € ( — ﬁ, 1).
By integration by parts (see (3.4)), one can prove that the classical formulation of Problem

(3.1) is given by

AIB—MJ”LZV(diV,B) Mlk(v _IB)Z)L%IB, in €,

3.3
“'k(Aw div B) = Aw, in Q, (33)

where the boundary conditions will depend on the particular choice of the space V.

We now describe various possible boundary conditions for the Reissner-Mindlin system. We
recall that some of them have already been discussed in the literature for their physical relevance
(see e.g., [3]). We will use the notation (P),¢, to denote the tangential trace of & € H @) on
d%2, thatis (9)y0 = (P — (P - v)v)|50, Where v is the outer normal to 2. An integration-by-
parts procedure yields the following identity

k
a(B.n) + S5 (Vw = B.Vv—n)

= 12 AB-n %/V(d B)- n——/(Vw B)- ndx——/(Aw div B)vdx
Q Q
9
+% (e(ﬁ)-v)aﬂ-(n)agd5+f<l21 aﬁ +Edlv,3>(n ndS+ < /((vw—ﬂ).v)vds,
02 Q2 aIQ

34

forall n € V, v € W. As usual, since equality (3.4) is valid for any choice (1, v) € C§°(Q)N+1,
we get that the solutions must satisfy the system of equations (3.3) in €2, while the respective
boundary conditions depend on the choice of the subspaces V, W.

The interesting choices for W are H'(2) and HOI(Q), while there are four classical choices
for V: H} ()N, HY(QN, {® e (HY(Q)N : @ - v =00n3Q}, and {® € (H () : (®)yq =
Oon 92}, summing up to a total of eight possible sets of boundary conditions, five of which have
significant physical interest (see [3]).

Hard clamped boundary conditions
In this case V = (H}(Q))V, W = H}(Q), producing the following

{,3=0=w, on Q.
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Soft clamped boundary conditions
In this case V = {® € (HY Q)N :d-v=00n a2}, W= HO1 (€2). Here the boundary integral
involving 7 - v vanishes, producing the following

(e(B)v)ga =0, ond<,
w=0=p4-v, ondQ.

Hard simply supported boundary conditions
In this case V = {® € (H'(Q))VN : (®)3o =00n I}, W = H(} (€2). Here the boundary integral
presenting (17)yq vanishes, and since

w1 9B T2 E a8 .
—— v+ —d =——((0—-0)— - -v+od ,
6 Jv Y 12 vp 12(1 —62) (( 0)81) vodvp

we have the following

(1-0)2 . vtodivB=0, onde,
w=0=(B)sq, on 9.

Soft simply supported boundary conditions
In this case V = (H'(Q)N, W = H(} (£2). Here all the boundary integral presenting 8 do not
vanish, so they produce the following

(1-0)%.v45divg=0, ondQ,
(e(BV)sa =0, on 92,
w=0, on 02.

(Free) Neumann boundary conditions
In this case V = HY(Q)N, W = H' (). Then all the boundary integrals in (3.4) are non-
vanishing, hence producing

(1-0)2 . viodivB=0, onde,

(e(Bv)an =0, on 92,
v _g.v=0, on 9.

Apart from these classical boundary conditions, we define three additional sets of boundary
conditions, to which we attach names following the same criterion.

Hard rigid boundary conditions
In this case V = H(} ()N, W = H'(Q). Here the boundary integrals presenting 7 vanish, pro-
ducing the following

{‘?w 0=8, ondQ.

F
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Soft rigid boundary conditions
Inthiscase V={® e (HY Q)N :®-v=00n IR}, W= H' (). Here all the boundary integral
presenting 8 do not vanish, so they produce the following

(e(B)v)ae =0, ondg,
W =0=p-v, ondQ.

Weak Neumann boundary conditions
In this case V = {® e (H'(Q)V : (®)aq =00n Q}, W = H' (). This produces

1-0)% .y 4odivg=0, ondg,
(Blaa =0, on 9%,
W _g.v=0, on 9.

We conclude by observing that a pair (8, w) can belong to the kernel of problem (3.1) only if

B=a, w=a-x+Db, aeRN,beR,

meaning that the Reissner-Mindlin problem with either hard rigid, soft rigid, or weak Neumann
boundary conditions will have a one-dimensional kernel {(0, ) : b € R}, while imposing free
Neumann boundary conditions will give a (N + 1)-dimensional kernel. In all the other cases the
kernel is trivial.

4. Convergence of the Reissner-Mindlin to the Kirchhoff-Love plate model

In this section we give a dimension-independent argument of the convergence of the eigenval-
ues of the Reissner-Mindlin system (A (7)) to the eigenvalues of the bilaplacian A?ast— 0.

We remark that this convergence was proved in dimension N = 2 via a rather complicated
regularity argument which heavily relies on the existence of a suitable Helmholtz-type decompo-
sition of the vector-field B that cannot be easily extended to higher dimensions (see [14]). Here
instead we will develop a spectral convergence argument that uses in a critical way the Stummel-
Vainikko theory (see Section 2). We stress the fact that our argument yields immediately not just
the convergence of the eigenvalues but also that of the generalised eigenspaces (and in particular
of the spectral projections) in the L>-topology.

Consider the following formulation of the Reissner-Mindlin eigenvalue problem

. 2 2 .
—MAB — 12V (divB) — L (Vw — ) + 5p=4138, inQ,

X . 4.1
— 8k (Aw — div ) +w = hw, inQ,

complemented with any of the boundary conditions listed in Section 3. We will prove that (4.1)
converges, as t — 0T, to the problem

E

2 _ .
mA u—+u=>u, in§g2, (42)
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complemented with suitable boundary conditions (see Remark 4.1 below). Notice that the weak
formulation of problem (4.1) is

2 2
R: (B, w),(n,v)]—i—/(wv—i—i—zﬂw))dx:k/(wv—l—%ﬁ'n) dx, 4.3)
Q Q

and in particular the eigenvalues of (4.3) coincide with the shifted eigenvalues of (3.1). Similarly,
the weak formulation of problem (4.2) is

E
m/((1—(T)Dzu:D2v+0AuAv)dx+/uudx:k/uvdx. (4.4)
— 0
Q 2 J

Notice also that problems (4.1) and (4.2) always have a trivial kernel.

In order to use the Stummel-Vainikko theory we need to define a suitable connecting system
between the limiting Hilbert space H = L?(£2) and the varying Hilbert spaces H; ~ L*>(Q)N*!,
endowed with the norm

t2
1CBr. woll3y, = \/ 1B 2y + 1wil72q)-
As the extension operator between Hg and H,, we choose the natural identification

& (uo) = (0, up), uo € Ho.
It is trivial to check that ||& (uo)|l34, = lluoll4,» implying that ((H;);, Ho. (£;)) is an admissible

connecting system. Note in passing that if (®,, ¢;) is £-convergent to ¢j, and also to ¢2, with
respect to the connecting system ((H;);, Ho, (&)r), we deduce that

1(D2, @) = E D15y, = 12 /121 @111 72 gyn + I = 911172y = O,

implying that ||¢; — ¢ ||iz(m — 0. Moreover,

1(@2, 91) = E @13, = 12 /121 @112 gyn + I = 921172y = O,

so [lg:r — 2 ||iz(9) — 0. Combining the two we deduce that ¢ = ¢;, so the £-limit is unique.
Let A; be the closed differential operator acting in the Hilbert space H; as

+ . K 5
At(,Bt, wy) 1= _I_ZIA’BT - Mll—lefkv(le'Bf _ %(th _,Bt) + 5_2:3

=z (Awy —div ) +w
with dom(A;) = {(U;, u;) € H; : (Us,u;) € V. x W, A, (Uy, u;) € H,}, where V, W are any of the
spaces discussed in Section 3.

Let Ag be the closed differential operator acting in Hg as
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with dom(Ag) = {ug € Ho:ug € W,Vug e V, Ag(ug) € Ho}.

Remark 4.1. The choice of the boundary conditions for the Reissner-Mindlin system (4.1) (i.e.,
the choice of V, W) leads to different boundary conditions at the limit for the bilaplacian:
e hard and soft clamped conditions converge to clamped (Dirichlet) boundary conditions:

ou
u=—=0;
ov

e hard and soft simply supported conditions converge to hinged (Navier) boundary conditions:

a )82"+ Au=0
u=(1l—-o0)— +0Au=0;
v2

o soft rigid conditions converge to intermediate (Kuttler-Sigillito) boundary conditions:

u J0Au . 2
— =——+ ({1 —-0)divya(v- D°u)yo =0;
ov av

¢ free Neumann conditions converge to free (Neumann) boundary conditions:

8%u 0Au . 2
(l1—0)—4+0cAu=——+ (1 —0)divge(v- Du)yo =0.

o2 v
We refer to [16] for a comprehensive discussion of boundary conditions for the bilaplacian (see
also [15]). We also note that the remaining two sets of boundary conditions, namely hard rigid
and weak Neumann conditions, lead to non-standard boundary value problems. They are associ-
ated with a self-adjoint operator with compact resolvent; as customary, if the domain €2 is only
Lipschitz the two problems have to be understood in the weak sense. If instead €2 is smooth
enough (e.g., dQ € C?) then it is possible to characterise more explicitly the boundary condi-
tions. In particular, hard rigid boundary conditions give the following boundary conditions for
the biharmonic operator in the limit

v

u _ on 9%,
u constant on every connected component of 9€2,

while weak Neumann boundary conditions give

{(1 —0)% +0cAu=0 onode,

u constant on every connected component of 9<2.

Theorem 4.2. Let B; = A;l and By = Aal. Then B; £> By as t — 0. In particular the eigen-
values i (t) € 0 (A;) converge to ,(0) € 6 (Ag) ast — 0.
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Proof. Step 1: a priori bounds and weak convergence. Let (F;, f;) € H; be a uniformly
bounded sequence in ;. We might assume without loss of generality that t F, — Fy in L>()V
and f; — foin LZ(Q). We consider the problem

. k 2 .
— i M — s Vdiv B) — B (Vw, — B) + 58 = 5F. e,

4.5
— Wk (Aw, — divp) +wr = fi, ng Y

complemented with the appropriate boundary conditions depending on the choice of V and W.
From this we obtain the a priori bound

E 2 E . 2 ,bL]k ) tz 2 5
A L —||d —|Vw,; — —
24 1 o) BN+ gy IV A+ S IV we = B+ 7 1Bl o o

< sup|| (£}, fr)IIHt < 00.

t>0

This bound readily implies that (w;); and (Vw; — ;) are L2-bounded. We claim that also

Sup ”ﬂl”LZ(Q) < +OO
te(0,

Arguing for a contradiction, we may choose a sequence (7)x such that || B, || 12(q) = 24 — +00.
Considering now

o ﬂtk ~ wtk
,Btk s Wy = s
21y 21y

we have ||/§tk 2@ =1, 1wyl 2(q) — O; furthermore, (,Btk, Wy, ) solves

E 3 ik oo~ 5 2 1 = .
_mAﬂtk 24(1— J)V(le,Btk) - ;2 (Vwy, — By) + ﬁﬂtk = ﬁFtk, in 2, 4.6)
(A, — div By + By = fi in <,
where F;, = F, /z,, and f;, = f, /z;,. This now implies that

leBe)ls Vg — By Il — 0.

In particular,
Sgpllﬁzk lai@ =C Sll:P (||8(/§tk)”L2(Q) + ||/§tk ||L2(gz)) < +00,

where C is the constant given by Korn’s inequality (see Theorem 2.7). This means that there
exists fo such that B, — Bo in H'(Q)", hence B, — fo in LZ(Q)". Since

~ 2 ~ 2 ~ 2 ~ 2 ~ 2 12 2 12
”wlk ”Hl(Q) = ”wtk ||L2(Q) + ”thk ||L2(Q) S ”wlk ”LZ(Q) + ”vwlk - ﬂlk ”LZ(Q) + ”ﬁlk ”LZ(Q)’
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then, up to a subsequence, (w;, )x has a weak H I_limit that must be zero since Iy, || — 0.

L2(Q)
Since [|[Vwy, — ,B,k|| 2@ 0, we conclude that By = 0 as well. However, the fact that

||;§tk l12(q) = 1 provides the contradiction.

Thus (B;); is a uniformly bounded sequence in H'(2)", whence there exists a vector field
Bo € H'()N such that, up to a subsequence, B; — Bo in H' ()", strongly in L?(22)". More-
over, since (M)t is uniformly bounded in L2(Q)V, then |[Vw,; — Bill2(@) — 0, implying
that Vw, — By in L2(2)N. Therefore the sequence (w;), is uniformly bounded in H'() so,
up to a subsequence, there exists wg € H'(Q) such that w, — wq in H' (), strongly in L3(Q).
Now

- /31‘ - 07 ﬂt - /307 th — VwO’
imply Vwo = o € V € H'(Q)V, and in particular wo € H>().

Step 2: finding the limiting problem. For any given (1, v) € V x W we consider the weak
formulation of (4.5), that is

_ E . E . . ik
24(1+o)/Dﬁ"D'H24(1—0)/dwﬂ’dw"+z_2/(vw’_ﬂ‘)(w_")
Q Q Q

12 12
+/(Eﬁm+wzv)=/(]21’m+ft >
Q Q

4.7

We first choose n =1t ® for ® € H& ()N and v =0. From (4.7) we get

\V4 —
i [ 9B

implying that any subsequence of (Vw’l B tends weakly to zero in L2(Q)V.

Now let vy € W be a function such that Vvg € V, and chose n = Vg, v = vy as test functions
in (4.7). We obtain

2

E /Dﬁ Dy + — = fd' B A +/ !
S EE— . U S EE— 1V U, —
24(1 + o) ! 0T 240 — o) 120 12

Q Q

Q
t2
2/ (12F,VU() + f;v0>
Q

Due to the previous steps of the proof Vg; — D?wy, div B; = Awg, t>F, — 0, so passing to the
limit in (4.8) we deduce

—— | D?wy: D? /A A / —/ ,
24(1 o) / wo: Dvg+ ———— 24(1 g woAvg + | wovo fovo
Q
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and since this equality holds for all functions vy € {v € W : Vv € V}, we deduce that wg € W,
Vwg € V, and it solves

E

— A? = fo, inQ. 4.9
(1 _o2) X wotwo Jo, in (4.9)

Step 3: compact convergence. According to the definition of compact convergence we must
check that, given a sequence of data (F;, f;) € H, which is £-convergent to fy € Ho, we have

1B: (Fy. f) — & Bo foll3,, — 0. (4.10)

Let B;(F;, fr) = (B:, wy) and ug = By fo. We can rewrite (4.10) as

2
T 1B 22y + lwr = wol72 g = 0.

Due to Step 2, we have that w; — wg in H L, strongly in LZ(Q), and wy solves problem (4.2).
For the second condition in the compact convergence definition, we only assume that (F, f;) €
‘H, is a uniformly bounded sequence in H;, as done at the beginning of Step 1. We must check
that (B;(Fy, f;)); is a E-precompact sequence, that is, it has a £-converging subsequence. Step 1
and Step 2 of the proof immediately imply that B;(F;, f;) = (B;, wy) E-converges to wo € Ho,
where wq solves (4.9). This concludes the proof. 0O

Remark 4.3. Step 1 in the proof of Theorem 4.2 can be significantly simplified in all the cases
where either w = 0 or g—l]‘j =0 on 9. In the first case, since (w;); and (Aw,); are uniformly
bounded, we conclude that

Vw1 = (=Aw,, wy) < C(lw |1 + | Aw, 1), (4.11)

and therefore (Vw;); is uniformly bounded in ¢. Since also "t—‘2k||Vw, — B/1? is uniformly
bounded, ||[Vw; — B:|| = 0 as t — 07, hence from ||B:|| < |[Vw; — B:|| + l|lw:|| we conclude
that (B8;); is uniformly bounded in L2. From Korn’s inequality we then conclude that (8;); is
uniformly bounded in H'.

The exact same argument works when % =0 on 0€2, because (4.11) still holds true, as a con-
sequence of

Vw12 + (Aw,, wy) = (Bywy, wi)—1/2,1/2 =0.

In the proof of Theorem 4.2 we proved that A, le, fo—&EAY ! fo — 0 for all fy € Hp. One
could ask if this convergence happens uniformly with respect to the datum fy € Hp. Let us the
introduce the following definition, which is the natural extension of the Vainikko theory to the
convergence in norm of the operators.

Definition 4.4. Let (H,,),,, Ho be Hilbert spaces and let (H,),, Ho, (x)n) be a connecting sys-
tem in the sense of Vainikko. Let (A,), be a family of closed linear operators, A, acting in H,
for each n, Ag acting in Ho. Let 1 € ([0, 0(As) N 0(Ag)). We say that A, converges to Ag with
respect to (Vainikko) generalised norm resolvent convergence if
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1(An — )7 &0 fo — En(Ao — V)7 follgy,
sup —0

foeHo I follag,

as n — oo.
Theorem 4.5. A, converges to A in generalised norm resolvent convergence as t — 0.

Proof. Let us set for simplicity B; := A,_1 ,t > 0. Due to Theorem 4.2, we already know that for
fixed fo € Ho

2
t
I(B:&; — € Bo) follz, = 15 1B 72y + lwe — woll 2y = O, 4.12)

where as in the proof of Theorem 4.2 we wrote B;& fo = (Br, w;) € Lz(Q)N+1 Define now
Big = ( (B,g)1 (B,g)N (B:g)NT1), g € H;. Then we can rewrite (4.12) as

1(B: € — & Bo) foll 12 gyv+1 = 0.

We also note that the dependence on ¢ for & is trivial; therefore, with a little abuse of notation we
will write £ instead &; for the operator acting between Hg and H;, £(v) = (0, v), for all v € Hy.
Let T; := (E,E — EByp). Then (T;); is a collectively compact family of operators acting from
Ho to LZ(Q)N*!, T, is compact for every 7, and therefore we are almost in position to apply
Theorem 2.5. In order to do so, we need to check that (2.2) is satisfied by (7;); with To =0

For this, let (4;); be a bounded sequence in LZ(Q), and we might assume that u, — u in L2(Q).
Since By is compact we clearly have Bou; — Bou as t — 0T. Moreover, from the proof of
Theorem 4.2, possibly up to a subsequence,

hm B.Eu; _SBO(W— hm us) = EBou.

t—0

Therefore

lim Tyu; = lim (B;Eu; — EBouy) = EBou — EBou =0,

t—0t t—0t

and so (7;); has property (2.2). By Theorem 2.5 we conclude that 7; — 0 in L(H, LZ(Q)NH),
concluding the proof. 0O

Remark 4.6. As a consequence of Theorem 4.5, there exists w(¢) > 0, w(t) — 07 as t — 07
such that

(B:& — & Bo) folla, <0 @]l foll (4.13)

for all fo € Ho. Precise estimates on w(¢) in terms of powers of ¢ are available only in very
specific cases, usually N = 2,  either convex or of class C2, and only for clamped bound-
ary conditions, see for instance [31], where they establish the sharp bound w(¢) = ¢, by using
the a priori estimates contained in [2]. Note that such a priori estimates hold only for clamped
boundary conditions where one has access to a specific well-adapted Helmholtz decomposition
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in HO1 (2)?; we have already noted in Remark 4.3 that uniform a priori estimates are much more
complicated in all the cases where w; is not zero at the boundary. As far as we know, the only
other available results on the asymptotic behaviour of the Reissner-Mindlin system are contained
in [3]; however, the asymptotic expansions of the eigenvalues and eigenfunctions therein are ob-
tained under the assumption that the so-called applied couple F (the datum of the first equation
in (1.2)) is zero. Therefore, those asymptotics cannot be immediately applied to deduce a rate of
convergence of the resolvent operators. Further note that any bound as in (4.13) can be used to
deduce rates of convergence for the eigenvalues, see Theorem 6.5 below.

5. Spectral convergence in the thin domain

In this section we consider the Reissner-Mindlin system on a family of shrinking domains
Qs ¢ RY; the whole family (£25)se(0,1] Will be called thin domain. Let § € R be a small positive
parameter. Let N > 2 and letd € {1, ..., N — 1}. Let Q be a smooth bounded open set in RN,
Define

Qri={(,y)eRN I xR :x" e Q, y e QI (x))}, (6.1

where Q c {(x’,0) e RV~ x {0}} and the sections Q{I (x') are bilipschitz-equivalent to the
unit ball By4(0, 1). That is, setting for simplicity B = B;(0, 1), we assume that for each x’ € Q
there exists a C%!-diffeomorphism L, such that

Ly:B— Q). (5.2)

Moreover, we define L : Q x B — Q1 by L(x',y") = (x, Ly (")) and we assume that L is a
C0!_diffeomorphism as well. We further define

Qs ={(x,8y) e RV xR : (x', y) € Q1}. (5.3)

Denote by g(x) = |Q{ I(x")|, the d-dimensional Lebesgue measure of the section Q{ I'(x"). In
the standing assumptions, g is a Lipschitz function and there exists a positive constant ¢y > 0
such that g > cp. Note that Qs collapses to the limit set £ x {O}d as 8 — 0. For instance, when
d =1, the thin domain 25 has the more explicit representation

Qs ={(x,») eR" ' xR:xeQ, —8fi(x) <y <8fr(x)},

for some positive Lipschitz functions fi, f>.

In this section we focus on the Reissner-Mindlin system with free boundary conditions, which
has a nontrivial kernel that can cause some issues since the associated operator is not invertible.
This situation can be easily overcome by adding a multiple of the identity, which has the effect
of shifting all the eigenvalues while keeping the eigenspaces invariant. Hence, in passing to the
limit as 8 — 0T, we will deal with the following problem (here ¢ > 0 will be fixed)
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—MAp — MHR Y (div ) — LK (Vw — B) + S =AT6, in Dy,

—“t—lzk(Aw—divﬁ)-i—w:Aw, in Q;s,
(1-0)E . v)+odivg=0, on 9%, (5.4)
(e(B)v)aq,; =0, on 9€2s,
Vw—8)-v=0, on 982s.

For any ¢ € (0, 1] we define the partial differential operator As associated with problem (5.4)
by

+ . k
A8<U>=<—%AU—%V(dWU) Er (Vu—U)+12U> (5.5)

u —“I—;]‘(Au—dlvU)—i—v
with domain
dom(As) = {(U,u) € L>(Q)NT!: As(U,u) € L> ()Nt

Note that for any fixed §, we have dom(Aj) C H'(R2;) by the second Korn inequality (2.7).
We define the operator Ag as

s (y)

1
_ g[ 24(1+<7)

E(14+(d+1)o) ' Ek 2
div(gV®) — meg div®) — 55757 (Vo — @) + i—zq’]
1

L= s divig(Ve — @)+

(5.6)
with domain
dom(Ap) = {(®, ¢) € L*(2, g(x)dx)V~4H1 1 Ag(@, ) € L2 ()N 74F1.

For § € (0, 1], let us define the operator My : L?(2s) — L?(2, g(x)dx) by

(Ms f)(x) = f £ y)dy

Q (x)

Q”( )]

for almost all x € 2. With a little abuse of notation we will use the same symbol M to denote
the operator acting from L2(Q25)% to LZ(Q, g(x)dx)k for some k > 1, with the understanding
that the action of the averaging operator is componentwise.

The family of operators Aj naturally defines a family of Hilbert spaces Hs = L>(25)V*!,
and it is natural to pass to the limit as § — 0.

Theorem 5.1. Let Q5, As, Ao be defined as in (5.3), (5.5), (5.6). Set
Hs = L*(Q2; 8 dxdy)N ™ x L3 (Q25; 8™ dxdy)? x L*(Q5; 8 4dxdy),
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endowed with the usual norm ||V |31, = IV Il 12(qs:5-daxayN+1, where we have used the notation
L3(Q25) = {U € L*(2)? : MsU =0}.
Set moreover
Ho = L*(Q2; g(x)dx)N 9+,
Let Bs = Aa_l, By = Aal. Define the linear operator Es € L(Hg, Hs) by

(Esuo) (X, ¥) = (uh, .. oud =40, 0,ud = (x).

Then Bs 5 By as 8§ — O with respect to the connecting system (Ho, (Hs)s, (E5)s)-

Proof. We identify a point P € Q5 C RY with the ordered couple (x,y) € RV, x ¢ RN7¢,
y € R4, where y plays the role of the thin variable. Define the diffeomorphism ®; : Q5 — Q,
(x, y) > @s(x, y) = (x, y/3). Set

J=Ts:=(DPs) = <(1) 1(/)8)'

Note thatif U € L2(2s; 8~4/2dxdy)N = x SL*(Q25; 6~%dxdy)?, then JTU o @5 ' € L2 ()",
In the setting of the compact convergence with respect to the connecting system (Ho, Hs, £s), we
have to consider the following Poisson problem with data G5 := (Fs, f) € Hs, with ||Gsll4, < 1,

—24<1E+g) AB = s ViV B) — 5 (Vw — p) + 5B =5 Fs, in Dy,
2t2(1+g)(Aw d1vﬂ)+w_f in Qs,
12(1+a)(3v V) + 24(1 02) (divp) = ondQs, (.71
(e(B)v)ogs =0, on 992,
(Vw—=8)-v=0, on 9.

Forn e H' (s, 8 4dxdy)N =4 x sH' (Q2s, 5 %dxdy)?, v e H (Qs, 5 ?dxdy), the weak for-
mulation of problem (5.7) is

E
By / [(1 —o)e(Bs) : e(n) + o div Bs div n](dexdy
Qs

Ek r? -
+/ [m(vwa —Bs)(Vv—n) + E:B5 N+ wv]5 ddXdy (5.8)

12
—/|:12F5 n+fvi| 8§ 4dxdy.
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To shorten the notation, given a vector field V € Lz(Qg)m, me{l,..., N+ 1}, we will write
V=Vo @;1 , and we will omit the dependence on §.

We introduce now some further notation. We will use the subscript r to denote rescaled dif-
ferential operators. More precisely,

A Y o a8y 1 T
Vr = ((S_lvy) Dr = <8_18x 5_28)‘ &y 1= 5 Dr + (Dr) .

and therefore

~ E ~ ~
a (B, 1) = D) /(1 —0)&r(B) & (1) + o div, Bdiv, 7.
Q

With this notation, we can rescale (5.8) and obtain the following weak problem. For all 7 Tﬁ €
H'(Q)" e H'(Q),

E Y ~ . ~ . ~
m[ [(1 —0)&r(Bs) : & () + o div, Bs div, ﬂ]dXdy
Q)
Ek . T N AT I U
+/ ———Nws =T Bs)(V,o—T T])-i-ﬁj Bs - T 7+ wd |dxdy

2(1 —02)¢2
Q)

2
=/[i—2JTF~JTﬁ+fﬁ]dxdy,

Q)
(5.9)
which can be rewritten in the following form
~ /,le ~ T5 ~ T ~ t2 T2 T
a(B.m + =5~ (Ve =T B, V0 =) | (B, 0) + (T BT
(5.10)

~ 2 ~
= (f0)+ S (TTE T,
forall e (T THYQDN), ve H (Q)).

From (5.10) we deduce the apriori estimate

E o . ~ 6k - ~ _ t2 "
12(1 - 02) f (<1 —0)ler (B)I +oldiv, I + 3V, — JTﬂ|2) + | + 5177 B dxdy
Q)
F112 P e

Writing 8 € H' ()N as B = (B!, B'1) e H' ()N ~? x H'(Q2))¢, we have

407



D. Buoso and F. Ferraresso Journal of Differential Equations 422 (2025) 386—425
2 2 gl,i gll,j 2
1 1 (9Bl 9pI
1— — —
( 0)( +‘82 —i—H25< o) + ™
1 <P

o ‘ div, 7 + 3 divy !

(5.12)

2 2
(Ilﬂl I+ ‘

ey(B)

,3”

+ 1®]1%) + || Vew — B

l\.)l>—‘

+”é(vya)—5”)

0 aT B2 oy Fp2
_C(EIIJ FI+1717).

where sups. ¢ (% 17T F|2 + ||f||2> < M. Therefore we deduce that the sequences

- ﬂ” -
(BDs=0, <T> , (W)s5>0, (ex(B1))s=>0,
6>0

1 1/9Bht  aplli _ 1_ .
€ (ﬂ11)> ) <_< + ) Vyw 5 =Vyw )
<82 y §>0 § ayf 8xi §>0 ( ' )8>0 8 y §>0

are L?-bounded for § > 0. Therefore, up to a subsequence, the following limiting relations hold

5 /31[
gl — o, 5 H, (5.13)
1 aNII,k 8~11’j 1 aNII,k aNII,j
LD L) Lo (B Y Ly (5.14)
S\ dyj A Yk 267\ dyj 9 Yk
_ 1 a’él,m algl,i
1 1 1

—~pl N i 5.15
:3 :30 2( 3)6,' + ax’n (Sx(ﬂ()))ml ( )
1 aﬂl,i 8~11‘j
L(BL N g, (5.16)
26\ 0y; 0x;
. H! 10w 5.17)
w—wy, -—-———wj, .

0 8 ayj /

where m,i € {1,...,N —d}, k, j€{l,...,d}, and all the 1~imits are Lz-functiops defined in 7.
We further assume that, up to a subsequence, there exist Fy € L2(S21)N and fp € L2(S2 1) such
that

J'F—~F, f—f, (5.18)

in L2(2)), as § — 0T. Note immediately that since M]jTF =0, it must be I~70” =0.

To characterise the limiting functions B, H, gk, ®;;, etc., we now proceed to choose suitable
test functions in (5.10).
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Step 1. Choose n = (n!, n!?), with n’ = 0 and n’! = §%(y; — M1 (y;))¥ (x)e;, with e; the
jth vector of the canonical basis, in (5.10) for some i € H'(), v=0. Then ne H'(2)N and
M nl ' =0, hence n is an admissible test function. We deduce that

_ gI1,j ~ 5
12(1602)/(1 AR ‘P+;_2diVyﬂ”¢+0diVxﬁ]W+o(l)
Q

8 dy;
i i (5.19)
=/T5 yj — Mi(yNy.
Q)
Passing to the limit in (5.19), taking into account (5.14), (5.15), gives
d
/ ((1 —0)gjj+0 Y _ qi + 0 div, ﬁé) Ygdx =0, forally e H(Q),
o i=1
therefore (1 —o)g;; + o Zf-l:l qii = —o divy ,86, forall j =1,...,d. Summing over j yields

Xd: . dodivx,Bé
l_zlq”_ l—0)+do’

and therefore

o divy ,36

TR i1
(1—0)+do /

qjj=—

A similar computation with n'! = 82(yj — MDDy (x)e, j#k, j.kell,... d}, yields
qjk =0, j #k.

Step 2. Choose i € (1,...,N —d) and j € (1,...,d). Let v € H'(Q). Then set ' =
dyj¥(x), while all the other components are set to zero. Set moreover v = 0 in (5.10). Such
a choice implies

1 a’gl,i 85”’j ~
— )= | Flsy; 0,
[y + T o= [ P
Q) Q)

gl.i all,j
and therefore we conclude that %(?Tj + agxi ! ) —2¢;; =0.
Due to (5.14) we see that

1,j - j
S R BV
286 dx; 26 0x; 2 0x;
Q) Q Q)
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for all £ € HO1 (£21). The uniform boundedness principle applied to the sequence of operators
T;' € Hy(Q))* defined as

. 1 9Bt
Ty (&) = / —
) 35 on §
Q)
o ij S . 1 9pILi
implies that sups_ o[ 75" | £(g-1(q,)) < ©°, Which in turn yields sup;. || % ox ”H*‘(Ql) < 0.
We conclude that
YU
H P — 0,
Oxi lg-1q)

and that up to a subsequence

1 9plt 19H;
26 3)6,' 2 3)6,'

in H~1($2}). In particular, up to a subsequence

1 9Bl kL

28 axi 2 8xi ’

1 8[51,1' 3 1 851’i N aBII,j
28 dy; 28\ dy; dx;

and therefore

— 0.
H=1(Q1)

aBl,i
H dy;

It must then be ,Bé(x, y) = ﬁé(x), fora.a. (x,y) € Q1.

Step 3. Choose n = (n', n'!), n! (x, y) = W(x), for (x,y) € 21, '/ =0, v=01in (5.10) for
We H'(2)N=4. Then

1

/(1—a)gx(,fil);ex(\lf)+a(divx;§1+52 divy5”>divxw+,§1-w+o(1)=/ﬁl-w.
Q)

Q)

By taking the limit as § — 07 we deduce that

(1-o0) . ) -
/(1—o)sx(,Bé):sx(ql)+ﬁdwxﬁédwxw+ﬁé -\Pz/F()I W (5.20)

Q Q

Since all the functions except I:"OI do not depend on y, (5.20) can be rewritten as

/[(1 o) (Bl ex (W) +

Q

1—0)o . . -
ﬁdw,{ﬁédwfif—i—ﬁé'q/:|g=/M1(F01)-\I—’g,
Q
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for all W e H' ()N .

Step 4. Recall that (ws)s is a uniformly bounded sequence in H 1(Q)) and, up to a subse-
quence, it converges weakly to wo € H L(©)). Since

/‘3)’/

we deduce that wq is constant in y. Now we are ready to pass to the limit as § — 07 in (5.10).
Choose 1= (n’, n!"), n! (x, y) = W(x), with ¥ € C*(Q)N 4, n! =0, v(x, y) = v(x). Then

=0(@%), asds—0", j=1,....d,

L/(l—a)s (BY) 1 ex (W) + o (div él+ldiv B div, w
12(1 — 02) x Sox x 52 4V x
Q)

Ek _ ) 2 i )
+m/(v’”"_ﬁ')(vﬂ_q’)+/w”+ﬁﬂ’"I’+0(1)=/F"\If+fv.

2 Q) Q)
(5.21)
Due to Steps 1-3, the limit as § — 0% of (5.21) is
£ f(l Yex (Bl ex (W) + —— D7 iy gl i
— —o)e e ——div iv
12(1 — 62) 7)8xtPo) - Ex (I—0)+do "0 fad
Q)
Ek o e o
+2(l—a)t2 (Ve — ) (Vav — ) + wv"‘ﬁﬁo‘p‘i‘o(l): F'W+ fv. (5.22)
Q1 Q) Q4

Note that all the functions appearing in (5.22) do not depend on y, with the sole possible excep-
tions of 7! and f. Nevertheless, we have the elementary equality

/ f (F’w+fv)dydx=/g(x)(Ml(F’)w+M1(f)v)dx_
Q Q{I(x) Q

As a consequence, taking the limit in (5.22) yields

E 1 Iy .o p (1-o0)o div 8 div. w
m/ (( —o)ex(Bo) ex (W) + m vy B divy )g
Q

Ek 2
m/( xWo — ,30) (Viv—v / wov+ﬁﬂ0\ll+o(1))g
Q

Q

+
= /(Mlﬁol\lf—i—/\/llfov)g. (5.23)
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Note that problem (5.23) is the weak form of the following

— 31ty V@V (BD) — i V (g div B))
+ﬁ(vw0_ﬁé)g+%ﬁéc‘,’:Ml(ﬁo’)g, in Q,
5 div((Vwo — £])g) +wog = Mi(f)s. inQ,
L wTeBhv) + 42 divpl) =0, on 9%,
(8(,36)”)39 =0, on 9%,
(Vwo — B§) v =0, on Q.

Conclusion. Recalling the definition of £-convergence with respect to the connecting system
((R25)5, R0, (€s)s), we first assume that Gs := (F{,8F}!, fs) € H;s and

1Gs — EsGollay, — 0 (5.24)

for some Gy = (Fp, fo) € Ho. Note that

1G5 — €5Golly, = [ (7} = &R + 8% F{! P 4173 = & foP)s
Qs
=f|F; —EF PP +F{ P+ | fs — € folPdx
Q)
=77 Gs — EGoll 2, -

hence, (5.24) is equivalent to || 77 Gs — EGoll2 v+t —> 0asd — 0". We consider the prob-
lem

. 2 .
—MLAp — HE Y (div B) — LE(Vw — B) + B =15 F5. in Qs

—LE(Aw —div B) + w = f;, in Qs,

B TeBv) + £ (divp) =0, on 92, (5.25)
(e(B)ags =0, on 99,
(Vw—p8)-v=0, on 98s.

Due to step 1-4 and to (5.24), we know that the rescaled solution (,55, ws) of (5.25) verifies
Bl —B5. W — wo,

in L2(2), where (8], wo) solves
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— 31ty VY (B)) — sty V(g div 1)
5 (Vwo — g + HAle = Fog, in,
~ 3y div((Vwo — ﬁé)g) +wog = fog, in 2, (5:26)
sy 0 e(BIv) + 53 sz (div B)) = on 9L,
(e(BHva)ae =0, on 4%,
(Vwo — B§) - va =0, on 9.

Moreover

e(B) —e(Bl), divp' —diva,

and by Korn’s inequality in the fixed domain €2; we conclude that

||D(l§l - ,36)||L2(Ql) = CQ] (||8(ﬂ —ﬁo)”LZ(Q,) + ||le(lg - ,30)||L2(Ql) + ||,35 ﬂo’”]}(gl))-

Hence (B — ,Bé ) is a uniformly bounded sequence in H'($21)Y~%; up to a subsequence, there

exists y € H' ()"~ such that (B’ — ) — y in H'(21)"~¢, but since (B’ — Bl) — 0 in
L>(Q1)N =4 it must be y = 0, hence
B —pH—0, inH Q).

Now, by the Rellich-Kondrachov Theorem, H'!(€21)V —d g compactly embedded in L2(Q)N 4,
thus,

Bl — gt inLrQ)N

Agaln by the Rellich-Kondrachov Theorem,  — wq in L?(2;). Regarding §~'B ﬂ , since
M (Bl =0, we deduce immediately that
D B’I 1|2
= CPoi(32 / ')(;—28
Q)

o 24
= CPoi
ley (B{D)| B2
= CPoiCKomSZ( 2 52 + 52 s
Q) Q)

— My (Bl
8

185" 1>
82

hence

||:3~5” ”2 < CpoiCKomn
82 11— CPoi CKorr162

(I F 2@ + 1T Fliga g, n) = 0.
Therefore we conclude that

1(Bs, ws) = E5(Bg s wo)llag, = I1(B5 s 5) = E(Bys wo)ll 2@y yv—avt + 372185 172 0 = O-
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This shows (iii)(a) in Definition 2.1. To establish (zzt)(b) assume instead that Gs := (Fs, f5) €
Hs and sup5>0||G5||H5 < 00, or equivalently, supg_ |77 Gslle(Ql)N+| < 400. Then, up to a
subsequence, JT G5 = (FI, FSI ,fg) converges weakly in L2(S21)N+l to (FI,O, fo), with F
and f as in (5.18). Here we implicitly used that 1301 I = 0 because it is the weak limit of vector
fields with null integral average. Then from Step 1-4, we deduce that up to a subsequence, the
solution (J T B(s, ws), which is obtained from the solution of (5.25) after rescaling, converges
weakly in L2(Q21)V*! to the solution (8], wo) of problem (5.26), with data (M F{, M fo).
An application of Korn’s inequality and the Rellich-Kondrachov Theorem as done before yields
that the convergence is in fact strong in L2(21)V*+!, therefore concluding the proof. O

Remark 5.2. Let y? :=y;—M;(y;). The proof of Theorem 5.1 gives some quantitative estimates
of the convergence. Recall that in Step 1 we proved that for all ¢ € HO1 W),

1— aplli 5 5
( 6) ﬁ v+ 2divyﬂ”¢+adivxﬁ’w
Q
d FILj
—(/((I—G)ij +quu+adivxﬁ5)¢g)=/ 200 + RS>0, (5.27)
Q i=l Q
where
E 1 /aplt  aBMINS oy
RB YY) =——--> | (1—0)— —y0==
iB- ) 24(1—0)29/( (ay,- T om )20
1
1 11] FlLJ o
— B0ysy 8y, 8y"
2(1_0)t2/ (B, — B350 / v+ [0t
Q
9 al.i 9 gIl,j 8
_ /(1 ﬂ N B Iy
24(1 24(1 — )2 ax; )2 /Bx
- —(a,.a))ay%
2(1-0);2 s J
Q
and
B o divy B} _ J
q‘]]_ (l-O')—i-dO" 3 s .

Upon summing over j € {1,...,d} in (5.27) we get

(1—-0)+do

> divy B!y + do div, Bl

Q)
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d Py
- (/ ((1 — 0 +do) Y gy +do divy ,35) 1//g) - / — W+ R 0. (528)

Qi i=j Q

where kf = Zj R}S.. Note that (1 — o +do) Zfl:j qjj +do divy ﬂé =0, so

! Il do Al ! FIT-y0 5 o
82le)ﬂ w+mlexﬂ w=1_0+d0 3 8W+RJ —)0

Q) Q)

We claim that there exists C;, > 0 such that

2
IR, = CLo (1T FIP+ 1 F1R) 1l (5.29)

For instance, we have

8ﬂll aﬁll,j aw
‘24(1 )2/(1 < * o >2y’8x,

Moreover, from (5.12) we have

afli  9pILi
” (3)’/ ax; )

Therefore we conclude that the right-hand side of (5.30) can be estimated from above by

9 ali 9 gl1,j
=CL HZS( P + 'B )Htsllax,WI

(5.30)

=ci(g CNTTER 4 1AP).

Crolv g (% 1TTF|? + ||f||2). Arguing similarly for each integral appearing in R(§) we
finally deduce (5.29).

6. Norm resolvent convergence in the sense of Vainikko
In Theorem 2.2 we proved that Aﬁ_1 — Ay Uin compact convergence sense, with respect to
the connecting system ((&s)s, (Hs)s, Ho). One could ask if this convergence happens uniformly

with respect to Vainikko norm resolvent convergence, see Definition 4.4.

Theorem 6.1. In the notation of Theorem 2.2, As — Ag in generalised norm resolvent conver-
gence.

Proof. Let us set Bs = Aa_l and Bo = A ! First note that

I1BsEs — EsBoll £, 5) = I Ts | k0,341 = 1 BsE = EBoll .3 341

where Bj is the rescaled operator appearing in the proof of Theorem 5.1, and for F € Hy,
EF(x,y) = F(x) for all (x,y) € Q. We observe that Theorem 5.1 shows that TsFy — O in
L2(QNT!, for any Fy € L?>(Q)N~*!, and moreover that Ts — 0 compactly. In other words,
(Ts)s is a collectively compact family of operators in the sense of Anselone and Palmer (see
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Definition 2.3). Our strategy will be to use Theorem 2.5 on the family of operators (75s)s. For
this, we only need to check that (Ts); satisfies (2.2) with Ty = 0.

Let then (us)s be a bounded sequence in H( and assume without loss of generality that us — u
in Ho as § — 0T. By definition of T5 we have that

Tgu(; = (Eag — 530)145.

Since By is compact, we immediately find that Bous — Bou. Moreover, from the proof of The-
orem 2.2,

lim Bs&us = BoEM(w— lim us) = Bo(w— lim us) = Bou, 6.1)
§—0t §—0t §—0t

where the convergence is possibly up to a subsequence. Thus, possibly up to a subsequence,
Tsus — Bou — EBou =0,

where we have used that since Bou € Hg, EBou = u.
Thus, (T5)s has the required property (2.2); by Theorem 2.5, ||Tsl £(34,,2,) — 0 as § — 0T,
concluding the proof. 0O

Theorem 6.1 establishes that Aé_l&g —&Ay ! converges in L(Ho, Hs) to zero, so in particular
there exists a function @ (8), @(§) — 0 as § — 0T, such that

1A Es fo — Es A follag, < @)l follg, 6.2)

for all fy € Ho. Note that the proof of Theorem 6.1 remains valid in a more general setting in
which we have a family (As)s of non-negative self-adjoint operators in s converging compactly
in generalised sense, with the additional property that (6.1) holds. The abstract nature of the proof
does not give information on the rate of convergence w(8) as § — 0.

Obtaining the sharp rate of convergence is not an easy task. We note that this is already not
trivial for the Neumann Laplacian on curved thin tubes; and it is yet open for higher order elliptic
operators, such as the biharmonic operator with free boundary conditions, where it is not possible
to separate variables.

For the Reissner-Mindlin system, the main obstruction to obtain a sharp rate of convergence is
given by the lack of a uniform estimate for D, 81 ; this is a consequence of the lack of a uniform
Korn inequality for the family of domains €25. Despite all these issues we state the following

Conjecture. The rate of convergence w(8) in (6.2) is §'/2.

To support this conjecture, we show that w (§) < C8Y2 for Q5 = Q x By (0, 8).

Theorem 6.2. Assume that Q is of class C* and let Q5 = Q x Bg(0,8) or Q5 = Q x
(—=8/2,8/2)%. Let fy € Ho, then

1 BsEs fo — EsBo follag, < C8Y2l follpy, -
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Proof. To prove this theorem we adopt a variational approach. We define the energy functional

a E 2 : 2
Fs5(ns, vs) 5=/(m[(1—0)|8(778)| + o[ divns|*]

Qs

tia—o 2

Ek » 1[5 2 T \s—d
|Vvs —ns|™+ 5 Elnal +vsl” | = Es fo- (s, vs)" |6 “dxdy,
for (ns, vs) € dom(Fs), where dom(.%5) C Hs densely. We note that

2
_ 1
Ty (ns, v5) 1= Fs(ns. vs) + | Esfo- (ns,v5)T8 ddxdyimm{— —}”(’737”5)”%3 2 0.

24’2
Qs
(6.3)
We further define
E (1—-0)o )
Fono.v0) i= [ (5= [(1 - 2y =99 nol?
0(110, o) /(24(1_02)[( Oex (o)l + 7575 1dive ol ]
Q
Ek 12
T Vo —npl?+ = — 2 2| _ o ’ T dx,
+4(1—0)t2| vo — 1ol +2|:12|770| +|vo|:| Jfo-(mo,vo)" )g(x)dx

for (no, vo) € dom(.%), where dom(.%y) C H densely. Finally, set

As:=  min _ Fs(n,v),
(n,v)edom(.Fs)

= min Fo(n, v),
(n,v)edom(.%)

and let (Bs, ws), (Bo, wo) be the (unique) solutions to

s = F5(Bs, ws), w=ZFo(Bo, wo).

Note that due to the Euler-Lagrange variational principle, 5 := (85, ws) is exactly the solution
of the equation A;®s = & fo, and Dg := (0, wy) is the solution of AgDgy = fo.
Then it is easy to see that

rs < F5(EsPo, Eswo) =+ I (Bo, ), 6.4

where

o2d

di 2dxs%dy.
0)+0d| ivy Es(Bo)|“dx y

1 8) = E
Qs

We claim that
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ds =+ 1(Bo. &) + Fs(Bs — EsPo, ws — Eswo)

B Eo od . I _ 2
=0T (o) og VB — &bl 63

+ / Esfo - (Bs — EsPos ws — Eswo) "5~ 4dxdy + 2L (Bs, o §)
Qs

for some functional L with the property that |L(Bs, Bo, 8)| < CL3ll foll, I1div Boll g1 (-
To achieve the lower bound (6.5), first write

rs = F5(Bs, ws) = F5(Bs — EsPo, ws — Eswo) 66)
+ Z5(E5 B0, Eswo) + 2R5(Bs — EsPo, ws — Eswo; o, wo) '
with
Rs(Bs — EsPo, ws — Eswo; Po, wo)

E
= / (m[(l —0)e(Bs — EsPo) : €(Bo) + o div(Bs — EsBo) div By |
Qs

Ek

3= oy (V0 = E5w0) = (B = E3f0)) - (Vi — i)

172
+5 [%(ﬁa —&Po)Bo + (ws — ESWO)WODfS_ddXdY-

Since the measure of the x-sections do not depend on x, the derivatives commute with the aver-
aging operator M; we can then rewrite the previous formula as

Rs(Bs — EsBo, ws — Eswo; Po, wo) :=

E (1—-0)o . )
= / (724(1 — 02) [(1 — O')Sx(MS/SB - ,30) . 8x(ﬂ0) + m lex(MSﬁS — ,30) lex ,30]
Q
Ek V. (M M v
+47(1_6)t2( x(Msws —wo) — (MsBs — o)) - (Vawo — Bo)

1 2
+3 [%(Maﬂs — Bo)Bo + (Msws — 58w0)w0:|)g(x)dx

_ Eo od . I 2 e—d
24(1_02)/(1_0_)+(Id|chvx<ﬂ,S € Bo)2dxs~dy + L(Bs. fo. 9).

Q
’ 6.7

where

od

m diVx ,3;) diVx ,BOd.XSiddy.

E
L(Bs. 0. 8) = maifa?)/ (divy Bl 4
Qs
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Note that, since (8o, wo)” = Bo fo,

2Rs5(Bs — EsPo, ws — Eswo; Bo, wo)

=/56f0 - (Bs — EsPo, ws — Eswo)T 8 dxdy

iy (6.8)
Eo od . ! 2
T30 o) (-0t od Idivy (85 — EsBo) I3y, +2L(Bs. Po. &)
Moreover,
F5(EsPo. Eswo) = Fo(Bo, wo) + 1 (Bo, 8) =+ I (o, 8). (6.9)
Equations (6.6), (6.9), (6.7) (6.8) imply that
rs = Fs(Bs — EsPo, ws — Eswo)
S O \dive(Bl — Expo)ly, + i+ 1(Bo,®)
24(1—02) (1 —o) tod ' xPs =8P, T LLR0, (6.10)

+/58f0 - (Bs — EsPo, ws — Eswo)T 8 dxdy 4+ 2L(Bs, o, 8)
Qs

and, due to Remark 5.2,

|IL(Bs» Bo. 8)| < CLB| follp, div Boll g1g)-

This concludes the proof of (6.5).
By (6.4) and (6.5), keeping into account (6.3), we conclude that

Eo od
241—0%)(1—0)+o0od

< 12L(Bs, Bo, )| = 2CL8|l follp, 1div Boll g1

F3O™(Bs — Es o, ws — Eswo) — Idive (85 — E5B0) 13,

Since %, 5h°m contains the square of the H;s-norm of divy (8 81 — &s5Po), a simple calculation show
that there exists C (o) > 0 such that

Eo od
24(1 — 02) (1—0)+o0d
> C(0)F5™(Bs — Es o, ws — Eswo).

F3™(Bs — Es o, ws — Eswo) — Idivi (85 = E5Bo) 3,

Therefore,

0 < C(0) FL™(Bs — EsPo, ws — Eswo) < 2CL8| follggy div Boll g < 2CLCreg8||f0”%{oa
6.11)
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where in the last inequality we used that, due to elliptic regularity theory in the fixed limiting
domain €2 there exists Creg > 0 such that

186 | 522y < Cregll foll 120 -

Just recall that

[
FEM(Bs — E5Bo, ws — Eswo) > mm{ ﬁ, 5}||<ﬂa — E5Bo. ws — Eswo) |3,
to conclude that
2 2! 2
1(Bs — Eso. ws — Eswo) I3, < 2<C(a)min{ﬁ, 5}) CLCreg 8]l foll3y,- O

Remark 6.3. In the general case when Q5 is as in (5.3), the upper bound As < u + 1 (Bp, ) still
holds; however, the lower bound (6.5) does not hold anymore because the identity oy, M (Bs) =
M (0 : Bs) is not valid when g is not constant. To overcome this problem, a possible strategy
is to show that the commutators [ij,/\/l(g] can be estimated with either quantities which are
O(8) as 8§ — 0T or with quantities that are already appearing in the lower bound in the flat case.
Unfortunately, one has

1 1
[[0y,, Mslu|(x) < C6———— / |Vyu| + C———— / lu — Msu| (6.12)
K 1 (x)]| Y 1217 (x)]
Qll (x) ;' @)

forevery u € H 1 (R25). As remarked above, when u = ,351" , we cannot proceed since do not have
. .. . 1,i
uniform apriori estimates on V,8;"".

We show now that (6.2) implies a rate of convergence for the eigenvalues.
Lemma 6.4. Let Ay € 0 (Ag) be an eigenvalue of multiplicity m and let Ag € 0 (As) be such that

kg —Xpasd— 0%, j=1,...,m. Let y be a closed Jordan curve in C containing g and )\g,
Jj=1,...,m, but no other point of 6 (Ap) U o (As). Define

Prm L /(Ag —27 ldy@,  P)i=——
Yo 2mi Yoo 2@
14

1 —1
i/(Ao—Z) dy ().
Y

Then
IP)Es — Es PPl 230, 315) < C0(8).

In particular, if (ug)jzlw,m is an orthonormal family in L2($25) satisfying Agué = Agué and
Aou® = rou®, [lugllz, = 1, then
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m

> (i, Esuoyuy — Esug
j=1

<Cw(5).

Proof. By definition of the projections P2, P)(}, it is immediate to check that
B 0 |J/| -1 —1
1Py Es — Es Py llcro 1 = 5~ Sup (A5 —2)7 & —&5(Ao—2) I,
T zesupp(y)

and since supp(y) C ﬂazo 0(As), by (6.2) we conclude that

vl
1PyEs = & Pyl p < 5, Co@®)- O

Theorem 6.5. Let Ao € 0 (Ag) be an eigenvalue of multiplicity m > 1 and let )\fg co(As), i =
1,...,m, be such that )Lfs — Agasd— 0F. Let y be the Jordan curve containing s and Ao as
in the previous lemma. Then

m m
> 14 = 20l < Co(8)]10] sup [uasPSnl Do+ g+ |A3|||A;1||)}. (6.13)
i=1 = i=1

Proof. We have the trivial identities
m
AsP)Es =Y AP, AgP)=1P),
i=1
from which we deduce that
m
PEs = MA;'P)Es,  EP)=hEsAy P
i=1

In the sequel we omit the dependence on y when we write the projections. Subtracting the pre-
vious identities we get

m
Po&s — &P = ZAQA(;‘ PoEs — roEsAy ' PO

—_

(AEAFTEPY — ao&s Ay PO+ MAT (PPEs — &5 PD))

Il

i=1

I
NE

(LA Es — EsAGH PO+ (0 — 20)Es Ay PO+ ALAT (PPEs — &5 PY)).
1

Therefore
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D 0 —r)EAG PO =D [ —2fAT(PEs — £5P0) — 1Ay Es — E5A5HPY).
i=1 i=1

By Lemma 6.4, | P2Es — Es P°|| < Cw(8) and by (6.2), |A;'E — EsAy ' || < Cw(8); moreover
Ay ! Py= %’. ‘We then conclude that

m m i 4 —1 i
: 11— 2§A; )||+|xg|)
Ay — Ao < Cw(8)|A ,
;u ol < Cw(8)| o|§< T

from which (6.13) follows easily. O

Remark 6.6. Since A — Ao, there exists a constant M > 1 such that [A§| < M|Ag| for all i =
1, ..., m. Furthermore, for the explicit choice of (£5)s as in Theorem 2.2, ||Es|| = 1 for all §. We
can then rewrite (6.13) in the simpler, yet less precise form,

(1+ M|rol +2M ol 1 A5 )
1P ’

m
D Ixs — kol < Co(8) ol
i=1

so that the constant on the right-hand side does not depend on §.
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