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We review the covariant canonical formalism initiated by D’Adda, Nelson, and Regge in 1985, and
extend it to include a definition of form-Poisson brackets (FPBs) for geometric theories coupled to p-forms.
The form-Legendre transformation and the form-Hamilton equations are derived from a d-form Lagrangian
with p-form dynamical fields ϕ. Momenta are defined as derivatives of the Lagrangian with respect to the
“velocities” dϕ and no preferred time direction is used. Action invariance under infinitesimal form-
canonical transformations can be studied in this framework, and a generalized Noether theorem is derived,
for both global and local symmetries. We apply the formalism to vielbein gravity in d ¼ 3 and d ¼ 4. In the
d ¼ 3 theory we can define form-Dirac brackets, and use an algorithmic procedure to construct the
canonical generators for local Lorentz rotations and diffeomorphisms. In d ¼ 4 the canonical analysis is
carried out using FPBs, since the definition of form-Dirac brackets is problematic. Lorentz generators are
constructed, while diffeomorphisms are generated by the Lie derivative. A “doubly covariant” Hamiltonian
formalism is presented, allowing to maintain manifest Lorentz covariance at every stage of the Legendre
transformation. The idea is to take curvatures as “velocities” in the definition of momenta.
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I. INTRODUCTION

Geometric theories like gravity or supergravity are
conveniently formulated in the language of differential
forms. Because the Lagrangian of a d-dimensional theory is
written as a d-form, it is invariant by construction under
diffeomorphisms (up to a total derivative). This framework
is also well suited to the case of p-form fields coupled to
(super)gravity, and a group-geometric approach has been
developed since the late 1970s based on free differential
algebras [1–8] (for a recent review see, e.g., Ref. [9]). In the
1980s a form-Hamiltonian formalism was proposed in a
series of papers [10–14], where momenta π conjugate to
basic p-form fields ϕ are defined as “derivatives” of the
d-form Lagrangian with respect to the “velocities” dϕ, and
the d-form Hamiltonian is defined asH ¼ ðdϕÞπ − L. This
form-Hamiltonian setting is covariant, since no preferred
(time) direction is used to define momenta.

Other covariant Hamiltonian formalisms have been pro-
posed in the literature, and a very partial list of references
on multimomentum and multisymplectic canonical frame-
works is given in Refs. [15–28]. The essential ideas
appeared in papers by De Donder and Weyl more than
70 years ago [15,16]. Some of these approaches are quite
similar in spirit to the one we discuss here, but to our
knowledge the first proposal of a d-form Hamiltonian,
together with its application to gravity, can be found
in Ref. [10].
In this paper we further develop the form-Hamiltonian

approach of Refs. [10–14], and derive the Hamilton
equations for all p-form degrees of freedom. The form-
Legendre transformation is discussed in detail, keeping
track of all necessary signs due to the presence of forms
of various degrees. A definition of form-Poisson brackets
(FPBs) is introduced, and generalizes the usual Poisson
brackets to arbitrary p-forms. These FPBs satisfy gener-
alized Jacobi identities, and (anti)symmetry and derivation
properties, with signs depending on the form degrees. In
this language we discuss infinitesimal canonical trans-
formations and generators. A form-Noether theorem is
derived, for both global and local invariances of the action.
We apply the formalism to d ¼ 4 tetrad gravity, and

complete the analysis of Refs. [10,11] by constructing the
(Hamiltonian) Lorentz gauge generators, acting on the
basic fields via Poisson brackets. Diffeomorphisms are
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discussed, and expressed in the Hamiltonian setting by
means of the Lie derivative.
Vielbein gravity in d ¼ 3 is reformulated in the covariant

Hamiltonian framework, and with the use of form-Dirac
brackets we find the canonical generators for local Lorentz
rotations and diffeomorphisms.
Finally, we discuss a “doubly covariant” Hamiltonian

formalism for gravity (possibly coupled to p-forms), where
the “velocities” dϕ are replaced by their covariant version,
i.e., the curvatures R. Momenta are then defined as the
derivatives of L with respect to R, and all formulas (e.g.,
the Hamilton equations of motion) become automatically
Lorentz covariant, with derivatives being replaced through-
out by covariant derivatives.

II. VARIATIONAL PRINCIPLE FOR GEOMETRIC
THEORIES WITH p-FORMS

We consider geometrical theories in d dimensions with
a collection of dynamical fields ϕi that are pi-forms. The
action S is an integral on a manifold Md of a d-form
Lagrangian L that depends on ϕi and dϕi:

S ¼
Z
Md

Lðϕi; dϕiÞ: ð2:1Þ

The variational principle yields

δS ¼
Z
Md

δϕi
∂⃗L
∂ϕi

þ dðδϕiÞ
∂⃗L

∂ðdϕiÞ
¼ 0: ð2:2Þ

All products are exterior products between forms. The

symbol ∂⃗L
∂ϕi

indicates the right derivative of Lwith respect to
a p-form ϕi, defined by first bringing ϕi to the left in L
(taking into account the sign changes due to the gradings)
and then canceling it against the derivative. In other words,
we use the graded Leibniz rule, considering ∂

∂ϕi
to have

the same grading as ϕi. Integrating by parts,1 and since the
δϕi variations are arbitrary, we find the Euler-Lagrange
equations:

d
∂⃗L

∂ðdϕiÞ
− ð−Þpi

∂⃗L
∂ϕi

¼ 0: ð2:3Þ

III. FORM HAMILTONIAN

Here we further develop a covariant Hamiltonian for-
malism well adapted to geometrical theories, initiated in
Refs. [10–14]. We start by defining the (d − pi − 1)-form
momenta

πi ≡ ∂⃗L
∂ðdϕiÞ

; ð3:1Þ

and a d-form Hamiltonian density (sum on i),

H ≡ dϕiπ
i − L: ð3:2Þ

This Hamiltonian density does not depend on the
“velocities” dϕi since

∂⃗H
∂ðdϕiÞ

¼ πi −
∂⃗L

∂ðdϕiÞ
¼ 0: ð3:3Þ

Thus, H depends on the ϕi and πi,

H ¼ Hðϕi; πiÞ; ð3:4Þ

and the form analogues of the Hamilton equations read

dϕi ¼ ð−Þðdþ1Þðpiþ1Þ ∂⃗H
∂πi ; dπi ¼ ð−Þpiþ1

∂⃗H
∂ϕi

: ð3:5Þ

The first equation is equivalent to the momentum defini-
tion, and is obtained by taking the right derivative of H as
given in Eq. (3.2) with respect to πi,

∂⃗H
∂πi ¼

∂⃗dϕj

∂πi πj þ ð−Þðd−pi−1Þðpiþ1Þdϕi −
∂⃗dϕj

∂πi
∂⃗L

∂ðdϕjÞ
;

ð3:6Þ

and then using Eq. (3.1), and ðd − pi − 1Þðpi þ 1Þ ¼
ðdþ 1Þðpi þ 1Þðmod 2Þ.
The second is equivalent to the Euler-Lagrange form

equations, since

∂⃗H
∂ϕi

¼ ∂⃗dϕj

∂ϕi
πj −

∂⃗L
∂ϕi

−
∂⃗dϕj

∂ϕi

∂⃗L
∂ðdϕjÞ

¼ −
∂⃗L
∂ϕi

; ð3:7Þ

because of the momenta definitions (3.1). Then, using
Eq. (2.3) yields the form-Hamilton equation for dπi.

IV. EXTERIOR DIFFERENTIAL AND
FORM-POISSON BRACKET

The form-Hamilton equations allow to express the
(on-shell) exterior differential of any p-form Fðϕi; πiÞ as

dF ¼ dϕi
∂⃗F
∂ϕi

þ dπi
∂⃗F
∂πi ¼ ð−Þðdþ1Þðpiþ1Þ ∂⃗H

∂πi
∂⃗F
∂ϕi

þ ð−Þpiþ1
∂⃗H
∂ϕi

∂⃗F
∂πi : ð4:1Þ

Using left derivatives, this expression simplifies to
1With a trivial boundary of Md, or appropriate boundary

conditions.
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dF ¼ ∂⃖H
∂πi

∂⃗F
∂ϕi

− ð−Þpid
∂⃖H
∂ϕi

∂⃗F
∂πi : ð4:2Þ

Note: Left derivatives are defined as “acting on the left”

and, for example, ∂⃖H
∂ϕi

really means H∂⃖
∂ϕi

. It is easy to verify2

that the left and right derivatives of a f-form F with respect
to a a-form A satisfy

∂⃖F
∂A ¼ ð−Þaðfþ1Þ ∂⃗F

∂A ; ð4:3Þ

and this relation is used to prove Eq. (4.2).
The expression for the differential (4.2) suggests the

definition of the form-Poisson bracket,

fA;Bg≡ ∂⃖B
∂πi

∂⃗A
∂ϕi

− ð−Þpid
∂⃖B
∂ϕi

∂⃗A
∂πi ; ð4:4Þ

so that

dF ¼ fF;Hg: ð4:5Þ

Note 1: The form-Poisson bracket between the a-form A
and the b-form B is a (aþ b − dþ 1)-form, and canoni-
cally conjugated forms satisfy

fϕi; πjg ¼ δji : ð4:6Þ

Note 2: A different definition of the form-Poisson
bracket was given in Ref. [10], based on postulated
properties of the FPB rather than on the Legendre trans-
formation that leads to the evolution Eq. (4.5). In fact, the
properties of the FPB in Ref. [10] differ from the ones given
in the next section, which are deduced from the defini-
tion (4.4).

V. PROPERTIES OF THE
FORM-POISSON BRACKET

Using the definition (4.4), the following relations can be
shown to hold:

fB;Ag ¼ −ð−Þðaþdþ1Þðbþdþ1ÞfA; Bg; ð5:1Þ

fA;BCg ¼ BfA;Cg þ ð−Þcðaþdþ1ÞfA;BgC; ð5:2Þ

fAB;Cg ¼ fA;CgBþ ð−Þaðcþdþ1ÞAfB;Cg; ð5:3Þ

ð−Þðaþdþ1Þðcþdþ1ÞfA; fB;Cgg þ cyclic ¼ 0; ð5:4Þ

ð−Þðaþdþ1Þðbþdþ1ÞffB;Cg; Ag þ cyclic ¼ 0; ð5:5Þ

i.e., graded antisymmetry, the derivation property, and the
form-Jacobi identities.

VI. INFINITESIMAL CANONICAL
TRANSFORMATIONS

We can define the action of infinitesimal form-canonical
transformations on any a-form A as follows:

δA ¼ εfA;Gg; ð6:1Þ

where G is a (d − 1)-form, the generator of the canonical
transformation, and ε is an infinitesimal parameter depend-
ing only on the Md coordinates. Then, fA;Gg is a a-form
like A. We now prove that these transformations preserve
the canonical FPB relations (4.6), thus deserving the name
form-canonical transformations. As in the usual case, the
proof involves the Jacobi identities applied to ϕi, πj, andG:

ffϕi; πjg; Gg þ ð−Þpiðpiþdþ1Þffπj; Gg;ϕig
þ ffG;ϕig; πjg ¼ 0: ð6:2Þ

Using the graded antisymmetry of the FPB, this reduces to

fϕi;fπj;Gggþffϕi;Gg;πjg¼ffϕi;πjg;Gg¼0; ð6:3Þ

since fϕi; πjg ¼ δji is a number. Then,

fϕ0
i; π

0jg ¼ fϕi þ εfϕi; Gg; πj þ εfπj; Ggg
¼ fϕi; πjg þ εfϕi; fπj; Ggg þ εffϕi; Gg; πjg
þOðε2Þ

¼ fϕi; πjg þOðε2Þ: ð6:4Þ

Q.E.D.

VII. FORM-CANONICAL ALGEBRAS

The commutator of two infinitesimal canonical trans-
formations generated by the (d − 1)-forms G1 and G2 is
again an infinitesimal canonical transformation, generated
by the (d − 1)-form fG1; G2g. This is due to the fact that

fG1; G2g ¼ −fG2; G1g ð7:1Þ

for (d − 1)-form entries, and the form-Jacobi identity

ffA;G1g; G2g − ffA;G2g; G1g ¼ fA; fG1; G2gg ð7:2Þ

holds for any p-form A. Therefore, the form-canonical
transformations close an algebra. This algebra is finite
dimensional if all fundamental fields (“positions and
momenta”) are p-forms with p ≥ 1, since there is only a
finite number of (d − 1)-form polynomials made out of

2Suppose that A is contained in F as F ¼ F1AF2. Then, ∂⃗F∂A ¼
ð−Þaf1F1F2 and

∂⃖F
∂A ¼ ð−Þaf2F1F2, so that ∂⃖F∂A ¼ ð−Þaðf1þf2Þ ∂⃗F∂A ¼

ð−Þaðf−aÞ ∂⃗F∂A and Eq. (4.3) follows.
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the fundamental fields. On the other hand, if there are
fundamental 0-forms, the algebra becomes infinite dimen-
sional because there are infinitely many (d − 1)-form
polynomials.
Consider as an example a collection of 1-form funda-

mental fields ϕi (i ¼ 1;…n) in d ¼ 4. Their conjugate
momenta are 2-form fields πi. There are only two types of
3-form polynomials in these fields:

Gijk ¼ ϕiϕjϕk; Gj
i ¼ ϕiπ

j: ð7:3Þ
Their (finite) Poisson bracket algebra reads

fGijk; Glmng ¼ 0; fGijk; Gm
l g ¼ 3δm½kGij�l;

fGj
i ; G

l
kg ¼ δliG

j
k − δjkG

l
i; ð7:4Þ

with m ¼ ðn
3
Þ generators Gijk closing on a Uð1Þm sub-

algebra and n2 generatorsGj
i closing on aUðnÞ subalgebra.

The whole algebra is then a semidirect sum of UðnÞ
with Uð1Þm.

VIII. ACTION INVARIANCE AND
NOETHER’S THEOREM

A. Global invariances

Consider the action

S ¼
Z
Md

dϕiπ
i −H: ð8:1Þ

Its variation under an infinitesimal form-canonical trans-
formation generated by a (d − 1)-form G is

δS ¼
Z
Md

dðfϕi; GgÞπi þ dϕifπi; Gg − fH;Gg

¼
Z
Md

dðfϕi; GgπiÞ þ ð−Þpiþ1fϕi; Ggdπi

þ dϕifπi; Gg − fH;Gg

¼
Z
Md

dðfϕi; GgπiÞ þ ð−Þpiþ1
∂⃖G
∂πi dπ

i − ð−Þpiddϕi
∂⃖G
∂ϕi

− fH;Gg

¼
Z
Md

dðfϕi; GgπiÞ þ ð−Þpiþ1ð−Þpidπi
∂⃗G
∂πi

− ð−Þpidð−Þpiddϕi
∂⃗G
∂ϕi

− fH;Gg

¼
Z
Md

dðfϕi; GgπiÞ − dπi
∂⃗G
∂πi − dϕi

∂⃗G
∂ϕi

− fH;Gg

¼
Z
Md

dðfϕi; GgπiÞ − dG − fH;Gg

¼
Z
∂Md

ðfϕi; Ggπi −GÞ −
Z
Md

fH;Gg: ð8:2Þ

Thus, the action is invariant (up to a boundary term) under
the infinitesimal canonical-form transformation generated
by G if and only if

fH;Gg ¼ 0 ð8:3Þ

up to a total derivative. This result reproduces Noether’s
theorem in form language.
Note: Here G is a polynomial in the ϕi and πi. In this

case,

dG ¼ dπi
∂⃗G
∂πi þ dϕi

∂⃗G
∂ϕi

ð8:4Þ

has been used in the sixth line of Eq. (8.2). Generators
containing spacetime functions fðxÞ (“external fields”) are
considered in the next paragraph. On shell, we have

dG ¼ fG;Hg: ð8:5Þ

Thus, if G generates an invariance of the action, on
shell its exterior derivative vanishes. Consider then the
d-dimensional integral

Z
dG ð8:6Þ

between two (d − 1)-dimensional spacelike slices St1 and
St2 of the M

d manifold corresponding to the times t1 and
t2. By Stokes’ theorem this integral is equal to the differ-
ence between the integrals of G on the St2 and St1 slices,
and since dG ¼ 0, this difference vanishes, implying that
the 0-form quantity

GðtÞ ¼
Z
St

G ð8:7Þ

is conserved in time on the shell of the equations of
motion.3

B. Gauge invariances generated by ε(x)G

Herewe consider generators of the type εðxÞG, generating
x-dependent infinitesimal form-canonical transformations:

δϕi ¼ εðxÞfϕi; Gg; δπi ¼ εðxÞfπi; Gg: ð8:8Þ

The variation of the action is computed along the same lines
as in the preceding subsection, with an additional term due to
the infinitesimal parameter ε being nonconstant:

3If fG;Hg ¼ dW, then dðG −WÞ ¼ 0 on shell and
R
St
G −W

is conserved in time.
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δS ¼
Z
∂Md

εðfϕi; Ggπi −GÞ þ
Z
Md

ðdεG − εfH;GgÞ:

ð8:9Þ

Thus, εðxÞG is a gauge generator, leaving the action
invariant (up to boundary terms) if and only if

G ¼ 0; fH;Gg ¼ 0 ð8:10Þ

since εðxÞ is an arbitrary function. Thus,G and fH;Ggmust
be constraints.
If there is a collection of (d − 1)-forms GA generating

local invariances of the action,4 the commutator of two
transformations generated by G1 and G2 must leave the
action invariant. This commutator is generated by fG1; G2g
because of the Jacobi identities. Therefore, fGA;GBg is a
gauge generator. The gauge algebra can involve structure
constants

fGA;GBg ¼ CC
ABGC; ð8:11Þ

as in ordinary finite Lie algebras, or structure functions, as
is the case for diffeomorphisms in gravity theories.
Finally, the infinitesimal transformations generated by

εðxÞG must preserve the constraints, and therefore

fconstraints; Gg ≈ 0; ð8:12Þ

where ≈ means a weak equality, i.e., it holds on the
constraint surface.

C. Gauge invariances generated by ε(x)G+ (dε)F

In gauge and gravity theories the infinitesimal symmetry
transformations on the fields also contain derivatives
of the x-dependent parameter. Therefore, we need to
consider generators of the form εðxÞGþ ðdεÞF, where F
is a (d − 2)-form, and investigate how they transform the
action. The answer is

δS ¼
Z
∂Md

εðfϕi; Ggπi −GÞ þ dεðfϕi; Fgπi − FÞ

þ
Z
Md

½dεðG − fH;FgÞ − εfH;Gg�: ð8:13Þ

Thus, εðxÞGþ ðdεÞF is a gauge generator leaving the
action invariant if and only if

G − fH;Fg ¼ 0; fH;Gg ¼ 0: ð8:14Þ

Moreover, the infinitesimal transformation generated by
εðxÞGþ ðdεÞF must preserve the constraints, implying

fconstraints; Gg ≈ 0; fconstraints; Fg ≈ 0: ð8:15Þ

The conditions (8.14) and (8.15) generalize the conditions
for gauge generators found in Ref. [29] to the case of
geometric theories with fundamental p-form fields, and
provide the basis for a constructive algorithm yielding all of
the gauge generators. We illustrate the procedure in the next
sections.
Note 1: F and G must be first-class quantities, i.e., have

weakly vanishing FPBs with all the constraints, but they do
not necessarily have to be constraints.
Note 2: This section reproduces the results of Ref. [29],

in the present context of geometric theories with funda-
mental p-forms.
Note 3: In the form setting the time derivatives of the

usual canonical formalism become exterior derivatives, and
due to d2 ¼ 0 gauge generators cannot contain second or
higher derivatives of ε. Thus, geometric theories do not give
rise to tertiary constraints, since these would multiply
second derivatives of the gauge parameter in the gauge
generator chains [29].

IX. GRAVITY IN d = 4

A. Form Hamiltonian and constraints

The fields ϕi in this case are 1-forms: the vierbein Va and
the spin connection ωab. Torsion and Lorentz curvature are
defined as usual,

Ra ¼ dVa − ωa
bVb; Rab ¼ dωab − ωa

eω
eb; ð9:1Þ

and the Einstein-Hilbert 4-form Lagrangian is

Lðϕ; dϕÞ ¼ RabVcVdεabcd ¼ dωabVcVdεabcd

− ωa
eω

ebVcVdεabcd: ð9:2Þ

The 2-form momenta conjugate to Va and ωab are,
respectively,5

πa ¼
∂L

∂ðdVaÞ ¼ 0; ð9:3Þ

πab ¼
∂L

∂ðdωabÞ ¼ VcVdεabcd: ð9:4Þ

Both momenta definitions are primary constraints,

Φa ≡ πa ¼ 0; Φab ≡ πab − VcVdεabcd ¼ 0; ð9:5Þ

since they do not involve the “velocities” dVa and dωab.
The form Hamiltonian is

4Here and in the following, the invariance of the action will be
understood up to surface terms.

5Unless stated otherwise, all partial derivatives act from the left
in the following.
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H ¼ dVaπa þ dωabπab − dωabVcVdεabcd

þ ωa
eω

ebVcVdεabcd

¼ dVaΦa þ dωabΦab þ ωa
eω

ebVcVdεabcd: ð9:6Þ

The “velocities” dVa and dωab are undetermined at this
stage. Indeed, the Hamilton equations of motion for dVa

and dωab are just identities (dVa ¼ dVa, dωab ¼ dωab),
whereas for the momenta they read

dπa ¼
∂H
∂Va ¼ −2RbcVdϵabcd; ð9:7Þ

dπab ¼
∂H
∂ωab ¼ 2ωc

½aV
dVeϵb�cde: ð9:8Þ

Requiring the “conservation” of Φa and Φab, i.e., their
closure in the present formalism, leads to the conditions

dΦa ¼ fΦa;Hg ¼ 0 ⇒ RbcVdεabcd ¼ 0; ð9:9Þ

dΦab ¼ fΦab; Hg ¼ 0 ⇒ RcVdεabcd ¼ 0: ð9:10Þ

To derive Eq. (9.10) we also made use of the identity

Fe
½aεbcd�e ¼ 0; ð9:11Þ

which holds for any antisymmetric F. The conditions (9.9)
and (9.10) are, respectively, equivalent to the Einstein field
equations and the zero-torsion condition Ra ¼ 0, which
enables to express the spin connection in terms of the
vierbein. Note that we cannot call them secondary con-
straints, since they contain the “velocities” dVa and dωab.
In fact, they determine dVa as

dVa ¼ ωa
bVb ð9:12Þ

and determine some (combinations of) components of dωab

by constraining Rab via the Einstein equations.
Using the form bracket, we find the constraint algebra

fΦa;Φbg ¼ fΦab;Φcdg ¼ 0; fΦa;Φbcg ¼ −2εabcdVd;

ð9:13Þ

showing that the constraints are not all first class. This is
consistent with the fact that some of the undetermined
“velocities” get fixed by requiring conservation of
the primary constraints. Classical works on constrained
Hamiltonian systems can be found in Refs. [30–32], while
the (usual) canonical treatment of vierbein first-order
gravity in Dirac’s formalism was first given in Ref. [33].
Note: The action variations (8.9) and (8.13) have been

deduced assuming that H depends only on basic fields and
momenta. This is not the case in constrained systems,
where some of the velocities remain undetermined, and
therefore appear in the Hamiltonian. However, they always

appear multiplied by primary constraints, and the variation
of these terms always vanishes weakly.

B. Gauge generators

1. Lorentz gauge transformations

We start from the first-class 2-forms πab, which have
vanishing FPBs with the constraints Φa and Φab. They will
play the role of the (d − 2)-forms F of Sec. VIII C, with two
antisymmetric indices, and thus Fab ¼ πab. To find the
corresponding (d − 1)-form Gab that completes the gauge
generators one uses the first condition in Eq. (8.14),
yielding Gab as the PB of H with Fab, up to constraints.
Since

fH; πabg ¼ 2ω½aeVcVdϵb�ecd; ð9:14Þ

we find that

Gab ¼ 2ω½aeVcVdϵb�ecd þ αcabΦc þ βcdabΦcd; ð9:15Þ

where αcab and β
cd
ab are 1-form coefficients to be determined

by the second condition in Eq. (8.14), i.e., the weak
vanishing of the PB between H and Gab. This yields

αcab ¼ δc½aVb�; βcdab ¼ −2ωc
½aδ

d
b�; ð9:16Þ

so that Gab becomes

Gab ¼ 2ωc½aπb�c − V ½aπb�: ð9:17Þ

It is easy to check that this Gab has weakly vanishing PBs
with the constraintsΦa andΦab and is therefore a first-class
3-form. We have thus constructed the gauge generator

G¼ εabGabþdεabFab ¼ εabð2ωc
aπbc−VaπbÞþðdεabÞπab

¼Dεabπab− εabVaπb: ð9:18Þ

It generates the Lorentz gauge rotations on all canonical
variables. Indeed,

δVa ¼ fVa;Gg ¼ εabVb; δωab ¼ fωab;Gg ¼ Dεab;

ð9:19Þ

δπa ¼ fπa;Gg ¼ εa
bπb; δπab ¼ fπab;Gg ¼ εc½aπb�c;

ð9:20Þ

and it satisfies all of the conditions required to be a
symmetry generator of the action.

X. LIE DERIVATIVE AND DIFFEOMORPHISMS

Infinitesimal diffeomorphisms on p-forms A are
expressed by means of the Lie derivative lε:
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δA ¼ lεA≡ ðιεdþ dιεÞA; ð10:1Þ

where ιε is the contraction along the tangent vector
εðxÞ ¼ εμðxÞ∂μ. Geometric theories are by construction
invariant under diffeomorphisms, since the action is an
integral of a d-form on a d-dimensional manifold.
The variations under infinitesimal diffs of the basic fields

of d ¼ 4 first-order tetrad gravity are

δVa ¼ ιεdVa þ dðιεVaÞ ¼Dεa þ 2Ra
bcε

bVc þ ðεμωab
μ ÞVb;

ð10:2Þ

δωab ¼ ιεdωab þ dðιεωabÞ ¼ 2Rab
cdε

cVd þ 2ðεμωc½a
μ Þωb�

c;

ð10:3Þ
where εa ≡ εμVa

μ, D is the Lorentz covariant derivative
Dεa ≡ dεa − ωa

bε
b, and Ra

bc are the flat components of the
torsion 2-form Ra, and thus Ra ¼ Ra

bcV
bVc and similarly

for the Lorentz curvature Rab.
The infinitesimal diffs on the momenta 2-forms are

given by

δπa ¼ ιεdπa þ dðιεπaÞ ¼ ιεðDπaÞ þDðιεπaÞ þ ðεμωa
b
μÞπb;
ð10:4Þ

δπab ¼ ιεdπab þ dðιεπabÞ ¼ ιεðDπabÞ þDðιεπabÞ
þ 2ðεμωc½aμÞπb�c: ð10:5Þ

We see that in all of these variations the last term is really
a Lorentz rotation with parameter ηab ¼ εμωab

μ . As the
action is invariant under Lorentz transformations, the
variations

δVa ¼ Dεa þ 2Ra
bcε

bVc; ð10:6Þ

δωab ¼ 2Rab
cdε

cVd; ð10:7Þ

δπa ¼ ιεðDπaÞ þDðιεπaÞ; ð10:8Þ

δπab ¼ ιεðDπabÞ þDðιεπabÞ ð10:9Þ
generate the symmetries of the action by themselves. In
fact, Eqs. (10.6) and (10.7) are the diff transformations
deduced from the group manifold approach to first-order
tetrad gravity; see, e.g., Refs. [5,9].
We may wonder whether the infinitesimal diffs could be

expressed as canonical transformations via the FPB. In the
present form-canonical scheme this seems impossible. The
reason is that the would-be generator of the diffs, of the type

G ¼ εðxÞGþ ðdεÞF; ð10:10Þ
should be such that the 2-form F is a first-class quantity.
However, there is only one such quantity, namely, πab,

which we have already used in the construction of the
Lorentz canonical generators. Indeed, πa does not have
weakly vanishing FPBs with the constraints Φab. We can
write down a canonical generator that reproduces the
correct infinitesimal diffs on Va and ωab,

G¼ εað2Rb
acVcπbþ2Rbc

adVdπbcÞþðDεaÞπa; ð10:11Þ

but this G does not generate the correct diffs on the
momenta πa and πab and does not satisfy all of the
conditions of Sec. VIII for a gauge generator.

XI. GRAVITY IN d = 3

A. Form Hamiltonian and constraints

The fields ϕi are the d ¼ 3 vierbein Va and the spin
connection ωab. The torsion Ra and Lorentz curvature Rab

are defined as in Eq. (9.1), and the Einstein-Hilbert 3-form
Lagrangian is

Lðϕ; dϕÞ ¼ RabVcεabc ¼ dωabVcεabc − ωa
eω

ebVcεabc:

ð11:1Þ

The 1-form momenta conjugate to Va and ωab are,
respectively,

πa ¼
∂L

∂ðdVaÞ ¼ 0; ð11:2Þ

πab ¼
∂L

∂ðdωabÞ ¼ Vcεabc: ð11:3Þ

Both momenta definitions are primary constraints,

Φa ≡ πa ¼ 0; Φab ≡ πab − Vcεabc ¼ 0 ð11:4Þ

since they do not involve the “velocities” dVa and dωab.
The 3-form Hamiltonian is

H ¼ dVaπa þ dωabπab − dωabVcεabc þ ωa
eω

ebVcεabc ¼
ð11:5Þ

¼ dVaΦa þ dωabΦab þ ωa
eω

ebVcεabc: ð11:6Þ

The Hamilton equations of motion for dVa and dωab are
identities, while for the momenta they read

dπa ¼
∂H
∂Va ¼ −Rbcϵabc; ð11:7Þ

dπab ¼
∂H
∂ωab ¼ 2ωc½aVdϵb�cd: ð11:8Þ

Requiring the “conservation” of Φa and Φab leads to the
conditions
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dΦa ¼ fΦa;Hg ¼ 0 ⇒ Rbcεabc ¼ 0; ð11:9Þ

dΦab ¼ fΦab;Hg ¼ 0 ⇒ Rcεabc ¼ 0; ð11:10Þ

implying the vanishing of both curvatures: Ra ¼ 0,
Rab ¼ 0. These are the equations of motion of d ¼ 3
first-order vielbein gravity. These equations completely
determine the “velocities” dVa and dωab:

dVa ¼ ωa
bVb; dωa

b ¼ ωa
cω

cb: ð11:11Þ
Using the form bracket, we find the constraint algebra

fΦa;Φbg ¼ fΦab;Φcdg ¼ 0; fΦa;Φbcg ¼ −εabc;

ð11:12Þ

and all other FPBs vanish. Thus, constraints are second
class, which is consistent with the fact that all of the
“velocities” are fixed by requiring conservation of the
primary constraints. The three constraints Φab (ab ¼ 12,
13, 23) are equivalent to the three linear combinations
Ξa ¼ 1

2
ϵabcΦbc, and we find

fΦa;Ξbg ¼ δba: ð11:13Þ

We will use the Ξa in the definition of Dirac brackets of
next section. Note that form-Poisson brackets between
1-forms are symmetric in d ¼ 3, and in all odd dimensions;
see Eq. (5.1). Also, the FPBs between constraints yield
numbers in d ¼ 3 gravity, and this allows a definition of
form-Dirac brackets (see next section). A similar definition
is not available in d ¼ 4, since the FPBs between con-
straints yield 1-forms, and the corresponding FPB matrix
has no obvious inverse.

B. Form-Dirac brackets

We define form-Dirac brackets as follows:

ff; gg� ≡ ff; gg − ff;ΦagfΞa; gg − ff;ΞagfΦa; gg:
ð11:14Þ

These brackets vanish strongly if any entry is a constraint
(Φa or Ξa). With the help of the general formulas (5.1)–
(5.5), with d ¼ 3 it is straightforward to show that the
Dirac brackets inherit the same properties as the Poisson
brackets, i.e.,

fB; Ag� ¼ −ð−ÞabfA; Bg�; ð11:15Þ

fA; BCg� ¼ BfA;Cg� þ ð−ÞcafA; Bg�C; ð11:16Þ

fAB;Cg� ¼ fA;Cg�Bþ ð−ÞacAfB;Cg�; ð11:17Þ

ð−ÞacfA; fB;Cg�g� þ cyclic ¼ 0; ð11:18Þ

ð−ÞabffB;Cg�; Ag� þ cyclic ¼ 0: ð11:19Þ

Using Dirac brackets, the second-class constraints (i.e., all
of the constraints of the d ¼ 3 theory) disappear, and we
can use the 3-form Hamiltonian

H ¼ ωa
eω

ebVcεabc: ð11:20Þ

The Dirac brackets between the basic fields and their
momenta are given by

fVa; Vbg� ¼ 0; fωab;ωcdg� ¼ 0;

fVa;ωbcg� ¼ −
1

2
ϵabc; ð11:21Þ

fany; πag� ¼ 0; fVa; πbcg� ¼ 0;

fωab; πcdg� ¼ δabcd; fπab; πcdg� ¼ 0: ð11:22Þ

Thus, Va and Ωb ≡ ϵbcdω
cd become canonically conjugate

variables:

fVa;Ωbg� ¼ δab: ð11:23Þ

The Hamilton equations expressed via the Dirac bracket
become

dVa ¼ fVa;Hg� ¼ fVa;ωd
e ω

ebVcεbcdg�
¼ ωa

bVb ⇒ Ra ¼ 0; ð11:24Þ

dωab ¼ fωab; Hg� ¼ fωab;ωd
e ω

efVcεfcdg�
¼ ωe

½aωb�e ⇒ Rab ¼ 0; ð11:25Þ

i.e., the field equations of d ¼ 3 first-order vielbein gravity.
For the “evolution” of the momenta we find

dπa ¼ fπa; Hg� ¼ 0; ð11:26Þ

dπab ¼ fπab; Hg� ¼ 2ωc½aVdϵb�cd

¼ ϵabcω
c
dVd ⇒ dΦab ¼ 0; ð11:27Þ

where in the last line we used the identity

ω½adϵbc�d ¼ 0: ð11:28Þ

The momenta evolutions reexpress the fact that the con-
straints are conserved, or equivalently, that the exterior
derivative of the momenta is in agreement with their
expression given by the second-class constraints.
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C. Gauge generators

Now we apply our procedure to find the gauge gen-
erators. Here, besides the Lorentz generators, we will also
find the canonical generators for diffeomorphisms.

1. Lorentz gauge transformations

We start from the first-class 1-forms πab. They are first
class in the sense that they have vanishing Dirac brackets
with all of the constraints. Actually, as the constraints
are all second class, they have been effectively eliminated
from the theory by the use of Dirac brackets. We take these
1-forms πab as the (d − 2)-forms F in Eq. (8.14), and find
the (d − 1)-forms G that complete the gauge generator:

Gab ¼ fH;Fabg� ¼ fH; πabg� ¼ 2ωc½aVdϵb�cd; ð11:29Þ

Next, we have to check that fH;Gabg ¼ 0. Notice that here
it is useless to add any combination of constraints to Gab,
since second-class constraints have no effect in a generator
when using Dirac brackets. So fH;Gabg� ¼ 0 must hold,
with the Gab as given in Eq. (11.29), and indeed this is the
case: the bracket yields terms ωωV that sum to zero when
using the fV;ωg� bracket and the properties (11.16)–
(11.17). Thus,

G ¼ dϵabFab þ ϵabGab ¼ dϵabπab þ 2ϵabωc½aVdϵb�cd

ð11:30Þ

generates gauge transformations via the Dirac bracket.
Using the (second-class) constraint πab ¼ ϵabcVc in the
second term of the generator yields

G ¼ dϵabπab þ 2ϵabωc½aπb�c ¼ ðDεabÞπab: ð11:31Þ

It generates local Lorentz transformations with parameter
ϵabðxÞ, since

δVa¼fVa;Gg� ¼2fω½b
d;Vag�ϵc�dπbc¼ ϵabVb; ð11:32Þ

δωab ¼ fωab;Gg� ¼ Dεab; ð11:33Þ

δπa ¼ fπa;Gg� ¼ 0; ð11:34Þ

δπab ¼ fπab;Gg� ¼ fϵabcVc;Gg� ¼ εc½aπb�c: ð11:35Þ

Note that δπa ¼ 0 since G has no effect on second-class
constraints.

2. Diffeomorphisms

The procedure of the preceding paragraph can be started
with any 1-form; indeed, here any 1-form has vanishing
Dirac brackets with the constraints. We choose Fa to be
ϵabcω

bc, since this 1-form is conjugate to Va and therefore
a good candidate to multiply the dεa term in the generator

of the diffeomorphisms. Then, Ga is found in the
usual way:

Ga ¼ fH;Fag� ¼ ϵabcω
b
dω

dc: ð11:36Þ

Now we have to check that the second condition in
Eq. (8.14) is satisfied, i.e., that

fH;Gag� ¼ fH; ϵabcωb
dω

dcg� ¼ ϵabcω
b
dω

d
eω

ec ¼ 0:

ð11:37Þ

This is indeed so, as we can verify by specializing indices
(for example, choose a ¼ 1 and explicitly perform the sum
on the other indices; the result vanishes because in each
term ωωω two ω’s always have the same indices).
Therefore,

G ¼ dεaFa þ εaGa ¼ ðdεaÞϵabcωbc þ εaϵabcω
b
dω

dc

¼ ðDεaÞεabcωbc ð11:38Þ

generates a symmetry. Its action on the basic fields is
given by

δVa ¼ fVa;Gg� ¼ Dεa; ð11:39Þ

δωab ¼ fωab;Gg� ¼ 0; ð11:40Þ

δπa ¼ fπa;Gg� ¼ 0; ð11:41Þ

δπab ¼ fπab;Gg� ¼ fϵabcVc;Gg� ¼ ϵabcDεc: ð11:42Þ

This infinitesimal transformation has to be compared with
the infinitesimal diffeomorphisms discussed in Sec. X. In
the second-order formalism, i.e., when Ra ¼ 0 holds, the
above transformations of Va and ωab are indeed diffeo-
morphisms, since the Ra term of Eq. (10.6) vanishes, and
the variation of the spin connection can be taken equal to
zero since it multiplies its own field equation when varying
the action (this is the essence of the so-called 1.5 order
formalism used to prove the invariance of the d ¼ 4
supergravity action under local supersymmetry variations
[34]). Since the ωab field equation is equivalent to Ra ¼ 0,
any variation of ωab has no effect on the action when using
Ra ¼ 0. Thus, we can consider Eq. (11.38) to be the
diffeomorphism generator of d ¼ 3 gravity in the second-
order formalism.
Note: The invariance of the action under the trans-

formations (11.39)–(11.42) can be checked directly using
integration by parts and the Bianchi identity DRab ¼ 0.

XII. A “DOUBLY COVARIANT” HAMILTONIAN
FOR GRAVITY

Exploiting Lorentz symmetry, we can reformulate the
form-canonical scheme for gravity in an even more
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covariant way. We call this scheme “doubly covariant,” in
the sense that not only is there no preferred time direction in
the definition of the form-momenta, but all tensors appear-
ing in the Hamiltonian and the equations of motion are
Lorentz-covariant tensors.
To achieve this, it is sufficient to take as “velocities” not

the exterior derivatives of Va and ωab, but rather their
Lorentz-covariant versions, i.e., the curvatures Ra and Rab.
The momenta are then defined as

πa ¼
∂L
∂Ra ¼ 0; ð12:1Þ

πab ¼
∂L
∂Rab ¼ VcVdεabcd: ð12:2Þ

Both momenta definitions coincide with those of Sec. IX
and yield the same primary constraints,

Φa ≡ πa ¼ 0; Φab ≡ πab − VcVdεabcd ¼ 0; ð12:3Þ

since they do not involve the “velocities” Ra and Rab. The
doubly covariant form Hamiltonian is

H ¼ Raπa þ Rabπab − RabVcVdεabcd ¼ Raπa þ RabΦab;

ð12:4Þ

and it is a sum of primary constraints. It differs from the
Hamiltonian of Sec. IX, which was not a sum of primary
constraints. The Hamilton equations of motion are

Ra ¼ fVa;Hg ¼ Ra; ð12:5Þ

Rab ¼ fωab; Hg ¼ Rab; ð12:6Þ

Dπa ¼ fπa; Hg ¼ −2RbcVdϵabcd; ð12:7Þ

Dπab ¼ fπab; Hg ¼ 0: ð12:8Þ

The FPBs here are defined so as to leave the “velocities” Ra

and Rab untouched.
Requiring the “covariant conservation” of Φa and Φab

leads to the conditions

DΦa ¼ fΦa;Hg ¼ 0 ⇒ RabVdεabcd ¼ 0; ð12:9Þ

DΦab ¼ fΦab; Hg ¼ 0 ⇒ RcVdεabcd ¼ 0: ð12:10Þ

Note that to derive Eq. (12.10) we did not need the
identity (9.11).
The conditions (12.9)–(12.10) are the same as those

derived in Sec. IX, and likewise the constraint algebra is
the same.
The doubly covariant formalism can be applied to geo-

metric theories with a Lagrangian d-form L ¼ Lðϕ; RÞ

invariant under local gauge tangent-space symmetries,
and where the variation of the “velocities” (i.e., curvatures)
R is given by δR ¼ DðδϕÞ, where D is the (Lorentz)
covariant derivative. Indeed, consider the variational
principle applied to the action

S ¼
Z
Md

Lðϕi; RiÞ; ð12:11Þ

yielding

δS ¼
Z
Md

δϕi
∂⃗L
∂ϕi

þDðδϕiÞ
∂⃗L
∂Ri

¼ 0 ð12:12Þ

and leading to the Euler-Lagrange equations

D
∂⃗L
∂Ri

− ð−Þpi
∂⃗L
∂ϕi

¼ 0: ð12:13Þ

Defining the momenta

πi ≡ ∂⃗L
∂Ri

; ð12:14Þ

the d-form Hamiltonian density

H ≡ Riπ
i − L ð12:15Þ

does not depend on the “velocities” Ri since

∂⃗H
∂Ri

¼ πi −
∂⃗L
∂Ri

¼ 0: ð12:16Þ

Thus, H depends on the ϕi and πi,

H ¼ Hðϕi; πiÞ; ð12:17Þ

and the form analogues of the Hamilton equations read

Ri ¼ ð−1Þðdþ1Þðpiþ1Þ ∂⃗H
∂πi ; Dπi ¼ ð−Þpiþ1

∂⃗H
∂ϕi

:

ð12:18Þ

These equations are derived using the same reasoning as
for Eq. (3.5).

XIII. CONCLUSIONS

We have extended the covariant Hamiltonian approach
of Refs. [10–14] with a form-Legendre transformation that
leads to a consistent definition of form-Poisson brackets. In
the d ¼ 3 vielbein gravity case, form-Dirac brackets can be
defined. The algorithmic procedure of Ref. [29] can be
generalized in this formalism, and was applied to find
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gauge generators for gravity in d ¼ 3 and d ¼ 4. Finally, a
“doubly covariant” Hamiltonian was used in d ¼ 4 gravity.
The formalism proposed here can be applied as it stands

to supergravity theories, where p-forms abound. It could be
worthwhile to use it for superspace Lagrangians with
integral forms; see, e.g., Refs. [35,36]. Also, it appears
to be particularly suited to noncommutative generalizations
of gravity along the lines of Refs. [37,38], where the twist is
defined in form language.
Finally, the form-Hamiltonian setting could be used in

the quantization of geometric theories, replacing form-

Poisson (or Dirac) brackets with commutators between
operator-valued p-forms. The built-in Lorentz covariance
would lead to a covariant quantization procedure, thus
improving on conventional Hamiltonian methods where a
time direction is singled out. This investigation is left to
future work.
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