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1 Introduction

We consider the N = 1 anti-de Sitter supergravity action in d = 3, realized as the differ-
ence of two Chern-Simons actions [1], with respectively OSp(1]2) and Sp(2) connections.
Starting from the Chern-Simons formulation, we derive the supergravity action following
the steps of the Achucarro and Townsend construction. One obtains a theory whose funda-
mental 1-form fields are (after a simple redefinition) the dreibein V%, the spin connection
w® and the Majorana gravitino 1. The action is invariant by construction under the gauge
transformations of OSp(1]2) ® Sp(2). The transformations generated by the spinorial (Ma-
jorana) charge of the supergroup yield the N = 1 supersymmetry transformations, and
close off-shell without need of auxiliary fields since they are really part of a gauge algebra.



The action, being the integral of a 3-form on a 3-dimensional manifold, is also invariant by
construction under 3d diffeomorphisms. The latter are distinct from the gauge symmetries
generated by the translation charges of the gauge supergroup.

Next we consider the (super)group-geometric construction of N = 1, d = 3 anti-de Sit-
ter supergravity [2]. In this framework the basic 1-form fields live on the whole supergroup
manifold OSp(1]|2)®Sp(2), and the spacetime coordinates are identified with the parameters
of the translation subgroup. Here supersymmetry is realized as a diffeomorphism in this su-
pergroup manifold, in the fermionic directions. We will call it worldvolume supersymmetry
to distinguish it from the gauge supersymmetry of the Chern-Simons action (see [3, 4], see
also [5] where the difference between gauge symmetries and diffeomorphisms was studied
for supergravity actions). To obtain a spacetime action (involving fields that depend only
on spacetime coordinates), so as to be able to compare it with the Achucarro-Townsend
action, it is necessary to integrate out the dependence on the Lorentz and Grassmann coor-
dinates of the supermanifold. The resulting spacetime action coincides with the Achucarro
and Townsend action, and is worldvolume supersymmetric provided some conditions are
fulfilled, called “rheonomic” conditions. We show how these conditions can be imposed as
constraints on the “outer” (i.e. along Grassmann differentials) components of the 2-form
curvatures, and how this leads to a local supersymmetry that not surprisingly coincides
with the gauge supersymmetry. Here the origin of supersymmetry is geometric, whereas
the gauge supersymmetry of the Chern-Simons action is totally algebraic. A peculiarity of
the d = 3 theory is that there exist additional symmetries, due to other possible rheonomic
conditions, that close only on-shell. In particular the action is also invariant under a su-
persymmetry that has an extra term in the spin connection transformation with respect
to the gauge supersymmetry of the CS action.

Supergravity in d = 3 AdS spacetime can also be formulated with an additional bosonic
auxiliary field, to balance off-shell degrees of freedom (the superspace formulation can be
found in [6-8]). In this formulation we find that worldvolume supersymmetry does not
require all curvatures to be horizontal in the Grassmann directions, and that Bianchi
identities are satisfied off-shell. The resulting theory extends the Achucarro-Townsend
action with terms depending on the auxiliary field. Once the auxiliary field is eliminated
via its (algebraic) field equation, the Achucarro-Townsend action is recovered.

2 N =1,d = 3 AdS supergravity as Chern-Simons

Here we treat the simplest NV = 1 case. We consider therefore the difference between a CS
action for OSp(1|2) and a CS action for Sp(2):

S—fi/ sTr (RO + Lo —H/ 7 (RO + 168 (2.1)
M3 3 M3 3

where the 1-form OSp(1]|2) and Sp(2) connections are given respectively by the 3 x 3

supermatrix €2 and the 2 x 2 matrix €:

Ay, L ~ o~
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and the 2-form curvatures are

R*(A)y, =% -~

deﬂ—ﬂ/\ﬂz( (ZZ);Y VA ), R =R (A)7, (2.3)

7 0

with

RO(A) = dA® 4+ <% AP A° — %%w (2.4)
RY(A) = dA® + £9 A" A° (2.5)
5 = dip — Ay (2.6)
3 = dip — ¢y AP (2.7)

Carrying out the traces in (2.1) leads to the action
S=2k [ R*A)A, — RY(A)A, — %(A“AbAC — A" A A% ey — PN (2.8)
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Defining now the dreibein V* and the spin connection w® as combinations of the A% and

A% connections:

A = % (w“ + iva) , A= % (m - iva> (2.9)
the action (2.8) becomes:
S = fg y <R“bVCsabc — ivavbvc - mz) (2.10)
where
R = dw® — w w® (2.11)
is the Lorentz curvature, and the gravitino curvature 3 is expressed as
Y =di— %w“b%bzp - %va%@u (2.12)

Symmetries. The action (2.1) or equivalently (2.10) is invariant (up to boundary terms)
under the gauge transformations:

0N =de — Qe+, = I R=-Re+eR (2.13)
N =de—Qe+2Q, = &R=-Re+:eR (2.14)

where € and € are the OSp(1]2) and Sp(2) gauge parameters:

a " LE
€= (ni’y— “g , E=1N" (2.15)
WE
On the component fields the gauge transformations (2.13) and (2.14) take the form:
§AY = dn® + 2A%n°eY, + %g,yaw (2.16)
§A® = dif® + 2AY7°%,, (2.17)
0y = de — A"yqe + 10y (2.18)



Using now the definitions (2.9), the gauge transformations on the supergravity fields read:

SV = De + 4 VP +iey™p (2.19)
9 .
Sw® = De® — ﬁv[asbl — %Efyabw (2.20)
1 1 1
0 = De — ﬁVafyae + Zgab’yabw + 55‘1%1/1 (2.21)
The translation and Lorentz rotation parameters €* and £ are defined in terms of ® and
n* as
=\t —7%), €= (¢ +7°) (2.22)
and D is the Lorentz covariant derivative:
De® = de® — w4V (2.23)
De® = de® — whe® + Wb (2.24)
1
De = de — Zw“b%be (2.25)
ield equations. arylng the action (2. mn , w* an eads to the field equations:
Field equati Varying th ion (2.10) in V%, w® and 1) lead he field equati
1 i -
R — ﬁvavb + ﬁmabw =0 (2.26)
DV — %qwzp —0 (2.27)
1
Dy — ﬁV“fyaw =0 (2.28)

The left hand sides are the curvatures of the OSp(1|2) x Sp(2) supergroup, in the rotated
basis (V% w®, 4). These equations in fact are just the Cartan-Maurer equations of the
supergroup, and are the starting point of the group-geometric construction of next section.

3 N =1,d = 3 AdS supergravity in the group geometric approach

The OSp(1|2) x Sp(2) Cartan-Maurer equations yield the definitions of the super-AdS
curvatures:

1 i -

Rab — dwab _ wac wa _ ﬁvavb + ﬁw,}/abw (3‘1)
RO =dV® —wf VP — %mw — DV — %mw (3.2)

1 1 1

Z = —_ — ab — Ve = D _ _ye .

dp — 1wt = 5 V% = DY — Vet (3.3)

The Cartan-Maurer equations are invariant under the rescalings
W 5wtV Ve o s I, A = ul (3.4)

Taking exterior derivatives of both sides yields the Bianchi identities:

2 i-
DR® + Z Rlaybl 4 ~nabyy — 3.5
DR+ R% VP —i 2% =0 (3.6)
1 1 1
DY + R — R%ath) — V4,3 = .
+4R 7ab¢+2/\R 'Yaw 2/\V Ya 0 (3 7)



3.1 The Lagrangian

Applying the building rules of the geometric approach [9-11] yields the Lagrangian 3-form
L = R®VC g + 2i0% + 2 yaybye _ izﬁ DYV e gpe =
- abc IN2 2\ i abc —
1 _
= RV e — wvavbvc + 2iYY% (3.8)
and is formally identical to the Achucarro-Townsend Lagrangian of the previous section.
Note however that in the present framework this 3-form lives on the whole N = 1 superspace
M?32. Tt is obtained by considering the most general Lorentz scalar 3-form, given in terms
of the super AdS curvatures and fields, invariant under the rescalings discussed above, and
such that the variational equations admit the vanishing curvatures solution

R®=R'=%=0 (3.9)

3.2 Action and symmetries

The action is now an integral over the whole superspace M3/2
M3I2

and 7,3 is the Poincaré dual of the 3-dimensional Minkowski space M3 immersed into the
superspace M B2) (see e.g. [12-15]). mys is a 2-form in superspace! that after integration
localizes the Lagrangian on the d = 3 bosonic subspace, i.e.

S = / Lo—q0—0 (3.11)
M3

The action then exactly reproduces the Achucarro-Townsend spacetime action. Written as
in (3.10) the action is automatically invariant under superdiffeomorphisms in superspace,
since it is a b-form integrated on a 5-dimensional superspace. The superdiffeomorphisms
along a tangent vector v in superspace act on the 1-form fields in the Lagrangian L with
the Lie derivative £, = di, + 1,d, i.e.

5vva = d(LvVa) + Lvdva = d(LUVa) + LvRa + Lv(wabvb) =+ %Lv@%lﬂ)

= D(V) + 1R + 1@V + Lt (3.12)

and similarly
™ = D(t,w™) + 1, R + %Lv(vavb) — %Lv(%“bw) (3.13)
Sty = Do) + S+ 701ty + 50V 00) (3.14)

'nus is really a (0]2)-integral form in superspace and the Lagrangian has to be considered as a (3|0)-
superform so that the whole integrand is a (3|2) top form in superspace.



These are the built-in invariances of the action (3.10). Here resides most of the power
of the group manifold formalism: if one considers the “mother” action (3.10) on M?32,
the guaranteed symmetries are all the diffeomorphisms on M32, generated by the Lie
derivative ¢, along the tangent vectors v of M3/2. But how do these symmetries transfer
to the spacetime action (3.11)7

The variation of the superspace action under diffeomorphisms generated by ¢, is?

M3\2 M3|2

modulo boundary terms. One has to vary the fields® in L as well as the submanifold

embedded in M32: the sum of these two variations gives zero?

on the superspace action
S. But what we need in order to have a spacetime interpretation of all the symmetries of
S, is really
08 = (L L) Ay =0 (3.16)
M3I2
If this holds, varying the fields ¢ inside L with the Lie derivative ¢, as in (3.12)—(3.14),
and then projecting on spacetime (6 = 0,df = 0), yields spacetime variations

6¢(0 = 0,d0 = 0)) = Lvd(x,0)[p—0,a0-0) (3.17)

that leave the spacetime action (3.11) invariant. We call them spacetime invariances. They
originate from the diffeomorphism invariance of the group manifold action, and give rise
to symmetries of the spacetime action (3.11) only when (3.16) holds. This happens when
¢, L is exact, since 7 is closed [2]. Exactness of ¢, L is equivalent to the condition

tydL = da (3.18)

The Lagrangian L depends on the basic fields V® w® ¢ and their AdS curvatures
RA = R* R Y. so that also dL, using the Bianchi identities, is expressed in terms of
the fields and their curvatures. Then condition (3.18) translates into conditions on the
contractions 1,R?, i.e. conditions on the curvature components. In the jargon of the
group-geometric approach, these are called “rheonomic” conditions, and must be consis-
tent with Bianchi identities. The symmetry transformations of the theory are then given
by equations (3.12)—(3.14), where the contractions ¢, R?, 1, R%, 1,% are replaced by their
expressions given by the rheonomic conditions.

3.3 Curvature parametrizations and symmetries of the spacetime action

Computing the exterior derivative of the Lagrangian in (3.8) and using the Bianchi
identities (3.5)—(3.7) yields:
dL = R® Ry + 20 TX (3.19)

*Recall that £, (top form) = d(t, top form).
3Since £, satisfies the Leibniz rule, £, L can be computed by varying in turn all fields inside L.
4In the following the vanishing of action variations will always be understood modulo boundary terms.



The condition
tedL = do (3.20)

where € is a tangent vector in fermionic directions is satisfied if all curvatures have no
“legs” in fermionic directions, i.e. if i.R4 = 0. This leads to the parametrizations of the

curvatures
R = R vey® (3.21)
R® = R%, V'V° (3.22)
Y =3, Vev? (3.23)

and the transformations generated by the Lie derivative along the supergroup directions are:

SV = Sgauge V* + 26" R, VE (3.24)
5wab — 5gauge wab + 2€cRadeVd (325)
0 = 5gauge Y+ 25a2abvb (326)

where dgauge are the gauge variations of the Achucarro -Townsend action given in (2.19)-
(2.21). The difference are terms proportional to the AdS curvatures: these terms are
necessary for the transformation parametrized by €* to be a spacetime diffeomorphism,
rather than a gauge translation.

The spacetime reduced action being equal to the Achucarro-Townsend action, it also
has its gauge symmetries. These coincide with the ones expressed by egs. (3.24)—(3.26),
except for gauge translations, that are an additional symmetry. In other words, the ac-
tion is invariant under the CS gauge symmetry (2.19)—(2.21), and ordinary spacetime
diffeomorphisms.

But there is an additional symmetry, due to another solution of (3.20), provided by
the parametrizations:

R = R™ , VeV 4% Ve (3.27)
R* =0 (3.28)
Y=, Vev? (3.29)
with
e_abc =C ic[GWb] + c2 iab')/c (330)

The coefficients ¢y, co are fixed by the Bianchi identity (3.6) to the values:
c1 =2, cog=—1 (3.31)

However the other Bianchi identities hold only on-shell, i.e. for R® = R* = ¥ = 0. Then
the invariances generated by the Lie derivative:

Ve = 5gauge Ve (332)
Sw™ = Ggauge WP + 26°R%®, VT 4 990 V¢ — G0 y)c” (3.33)
5¢ = 5gauge 77[) + 25&2(1be (334)

are still invariances of the action, but only close on-shell.



Notice that the origin of supersymmetry is completely algebraic for the Chern-Simons
action, while it is geometric (due to superdiffeomorphism invariance of a superspace action)
for the rheonomic action.

4 Off-shell N = 1,d = 3 AdS supergravity

4.1 Off-shell degrees of freedom

The mismatch between the 3 off-shell bosonic degrees of freedom of the dreibein (d(d—1)/2
in d dimensions), and the 4 off-shell degrees of freedom of the gravitino ((d — 1)2[%? in
d dimensions for Majorana or Weyl) can be cured by introducing an extra bosonic d.o.f.,
here provided by a bosonic 2-form auxiliary field B.

4.2 The extended superAdS algebra

The algebraic starting point is the FDA (Free Differential Algebra, see [9-11]) that enlarges
the d = 3 superAdS Cartan-Maurer equations to include the auxiliary 2-form field B. This
extension of the superAdS algebra is possible due to the existence of the d = 3 cohomology
class © = 1)y,4V*, which is closed because of the d = 3 Fierz identity (A.11).

The FDA yields the definitions of the AdS Lorentz curvature, the supertorsion, the
AdS gravitino field strength and the 2-form field strength:

ab __ ab a aysb i - ab
RY = dw® — % w® pVV—Fﬁw’y.l/} (4.1)
RO =dV® —w VP — ,W% =Dy — fzzfyw (4.2)
1 a
5= dy— 1™ — 5 VO § = DY — Vo) (43)
R® — dB — %z/}yaw Ve E))—Avavbvcgabc (4.4)

The generalized Cartan-Maurer equations are invariant under the rescalings
W 5w Ve Ve o s w3y, B - u’B (4.5)

Taking exterior derivatives of both sides yields the Bianchi identities:

2 i
DR + Z RV 4 Zys = 0 4.6
+ 33 + 39y (4.6)
DR* + R% VP —i 4L =0 (4.7)
ab a _ _—y/a —
DX+ R Yab ¥ + 2AR Yt 2AV VX =0 (4.8)
dR® — i 2V + §m%p RY — XR“V’)VcsabC =0 (4.9)

4.3 Curvature parametrizations

As in the preceding section, we impose some algebraic constraints on the curvature compo-
nents to ensure invariance of the spacetime action under local supersymmetry. In this case,



the presence of the auxiliary field B allows the off-shell closure of the symmetry algebra
and now Bianchi identities hold also off-shell. The required parametrization is given by

R*® =R® , VVI+ 0% 4 Vot fapy™y (4.10)
R*=0 (4.11)
Y =SaVVl — o f Vit (4.12)
R® = f VOV V%4, (4.13)
df = 0uf V* 4+ 9= (4.14)
with

éabc =c3 ic[avb] + qiab%, 2 = ¢5 €, T (4.15)

The coefficients ¢y, ca, ¢3, ¢4, c5 are fixed by the Bianchi identities to the values:

3% 3 )

C1 :g, Cy = 5, 03:2i, C4:—i, C5:—é (4.16)

The VVV component f of R® scales as f — u~!f, and is identified with the auxiliary
scalar superfield of the superspace approach of ref. [6]. Thanks to the presence of the
auxiliary field, the Bianchi identities do not imply equations of motion for the spacetime
components of the curvatures.

4.4 The Lagrangian

The usual building rules of the geometric approach lead to the Lagrangian 3-form

_ 2 7 -
__ pabysc . aysby c ab c
L = RV eqpe + 2008 + 535 VVIVE — Sody iV et
1
+a < fR® — 3 f2V“Vchsabc> (4.17)

The remaining parameter is fixed to a = 6 by requiring t.dL3? = ezxact, i.e. supersymmetry
invariance of the spacetime action. Indeed with o = 6 we find dL = 0 on the (off-shell)
field configurations satisfying the curvature parametrizations (4.10)—(4.14).

4.5 Off-shell supersymmetry transformations

The off-shell closure of the supersymmetry transformations is ensured because the Bianchi
identities hold without recourse to the spacetime field equations. The action is invariant
under these transformations, given by the Lie derivative of the fields along the fermionic

directions:
55Va — _Z'Q;,Yae (418)
1 3
—PDe— —V@ _ a 4.1
551# € 2)\V Ya€ + 2fV .'Ya,e ( 9)
5™ = G, €V = 3if Gyl 4 £y e (4.20)
(SEB — —’L.Q;’yaﬁva (421)
S.f=¢= (4.22)



4.6 Field equations

Varying w®, V®, ¢, B and f in the action S = L3 A mys leads to the equations of
M3I2

motion:

R*=0 (4.23)
6 3, -
R =9f2VeVh — vaavb + 52 f ™y (4.24)
3

3= —§V“7a1/1f (4.25)
af =0 (4.26)
R® = f VOV Ve (4.27)

5 Equivalence of transformations: trivial gauge transformations

Here we show that the gauge transformations of super CS action are equivalent to the
diffeomorphism transformations on the supergravity counterpart, modulo trivial gauge
transformations, i.e. transformations which are proportional to the equations of motion
(these transformation were first introduced in [16] in describing quantisation of reducible
gauge systems).

Let us start from the CS side: we analyse first the bosonic symmetries and therefore
we restric ourselves to a pure gravity theory. From the gauge fields A and A we can obtain
the dreibein V® and the spin connection w® as linear combinations of A and A. Let us
focus on their bosonic gauge transformations:

SV = De® 4 £V, | dw® = D (5.1)

On the other hand, let us see how V transforms under diffeomorphisms and Lorentz
symmetries:

Ve =Ux Ve 4+ A4V dw® = xw® + DA (5.2)

where X is a vector field and A} are the Lorentz parameters. We can recast the transfor-
mations in (5.2) as follows:

OV =Ux Ve 4wy AV
—ix (dV“ WA Vb> Yy (w“b A Vb) FD (1x V) 4wl A VP + A% AV
= xR+ 1xwi AV 4D (1x V) + X4 AV
=ix R+ D (txV) + (A +ixw) AV, (5.3)

We have therefore distinguished three pieces: the first one is written in terms of the torsion
R%, the second may be identified with De® if we identify

ixVi=e" = XHtVi=e", (5.4)
and the last term is identified with ¢ if we identify

E= A+ ixw . (5.5)

~10 -



Therefore, the difference between the gauge and Lorentz transformations and the diffeo-
morphisms and Lorentz transformations is

(5—5)Va:-%XRa. (5.6)
We can perform the same manipulations of (5.3) for the spin connection as well:
dw™ = 1x (dw —wAw)® +D (waab) + DO = 1xR® + D (A + 1xw)? . (5.7)

The first term is written in terms of the curvature R, while the second term can be
identified with (5.2) by setting
E= A+ ixw . (5.8)

Again, the difference between gauge + Lorentz and diffeomorphism + Lorentz transforma-
tions reads
(5 - 5) w® = —1xRY . (5.9)

Recall that, given the Einstein-Hilbert action, we can recast R* and R® as

08 be 0S
= ¢ = ‘. 1
sVa eabcR ' Swab 6abc]% (5 O)
We can therefore recast (5.6) and (5.9) as
< 5S < 5S
_ a _ _abc vp _ ab _ _abe vp
((5 5) Vi =¢€e"Xpe, b ((5 5) wy, =€ Xpe, 7 (5.11)

These kind of transformations, defined by a parameter multiplying the equations of mo-
tions, are called trivial gauge transformations; any action is invariant under these trans-
formations and they can be cast in the following from

_ 4805

A
3¢ 557

(5.12)

for any field ¢4 of the model. The gauge parameters u? are local, possibly field-dependent

gauge parameters. They are antisymmetric 448 = —;54 and leave any action invariant

08 08 68

The commutator of any gauge transformation of the theory

08

with trivial gauge transformations (5.12)

A C BC

[5;“5T]¢A = (MBM - Mﬁ# 5B W

- 11 -



leads again to a trivial gauge transformation. This set of trivial gauge transformations
forms a normal (i.e. invariant) subgroup of the full gauge group. They are not physically
relevant since: 1) they exist independently of the action; in other words, they do not
restrict at all the form of the Lagrangian and no non-trivial Noether identity is associated
with them. 2) they imply no degeneracy of the action and in the Hamiltonian formalism,
there is no corresponding constraint. Actually, the conserved charges associated with those
gauge transformation, when rewritten as phase space functions, vanish identically. 3) The
trivial gauge transformations vanish on-shell, i.e., do not map solutions of the equations of
motion on new, different solutions. 4) There is accordingly no need for a “gauge fixing”.
On this basis, it is natural to disregard them and, being a normal subgroup, this is well
defined procedure [17-20].
Notice that (5.6) and (5.8), once inserted into the action, give rise to

Lx (R“Rbceabc) —1x (dL) =0, (5.16)

since dL = 0 being L a 3-form in a 3-dimensional manifold.
Now, we proceed with the local supersymmetry transformations for d = 3 supergravity.
We write the susy transformations as Lie derivatives along fermionic directions:

FVO = LV = diV® + 1dV® = 1 R + 1 (w A V) + 1, (;%w) -
= 1R + [t (W) V] 4+ iey®) = 1 R* + iey®), (5.17)

b

where we have used (V' = 0 = (.w® since they have no “legs” in the fermionic directions.

We can repeat the same manipulations for w and ¢ in order to obtain
- 1 -
dew®™ = 1 R — XE’yabd}, det) = 13 + De + V3,€ . (5.18)

We can now compute the difference between the supersymmetry transformations and the
superdiffeomorphisms along fermionic directions:

(5 . 8) Ve =1 R", (5.19)
(5 - 5) w® = —1 R?, (5.20)
(5 _ 5) I (5.21)

Notice that once these transformations are inserted into the Lagrangian we obtain
(5 _ 5) L= (Ra Reppe + 21'2_32) = 1.dL, (5.22)

which is the contraction of the exterior derivative of the Lagrangian discussed in section 3.3.
As mentioned in section 4.4, these trivial gauge transformations vanish identically if the
Lagrangian is closed, which is the condition that we discuss in the following section while
constructing super Chern-Simons theory on supergroups.

- 12 —



6 Supersymmetric Achucarro-Townsend model

The model discussed up to this point shows a gauge supersymmetry which is translated into
a local supersymmetry in the supergravity re-interpretation. Now, we would like to choose a
different path and before rewriting the Achucarro-Townsend Chern-Simons theory in terms
of vielbein V¢, the spin connection w® and the gravitino 1, we promote it to a worldvolume
supersymmetric Chern-Simons model. For that, we introduce the worldvolume vielbein e®
and a worldvolume gravitino x® (where the index o = 1,2 denotes the two components of
the wordvolume spinor) such that

de® = xv*x, dx® =0, (6.1)

i.e. assume a flat worldvolume. To translate the CS action given in (2.1) into a worldvolume
supersymmetric model, we recall the properties of the OSp(1|2) super algebra (we consider
here only the OSp part of the CS action (2.1)); it can be described in terms of the generators
Tu, Qo with the commutators

[Ta’ Tb] = ieab CTC ) [Tav QOJ = ’YgaQB ) {QOH Qﬁ} = 22.’7:)14,31—‘11 . (62)

The indices are ¢ = 1,...,3 and o, = 1,...,2. The invariant tensors are defined as
follows

Str(T,Ty) = Nap Str(QaQp) = €, Str(T,Qq) =0. (6.3)

The first one is symmetric 7, = M, and the second one is anti-symmetric €,3 = —€gq-

They are both invertible.
The supergroup connection €2 is defined as (2.2)

Q = AT, + *Q, . (6.4)

To respect the statistics of €, A% is an anticommuting connection (bosonic 1-form) and
¥ is a commuting connection (fermionic 1-form). Promoting both A% and % to (1]0)-
superforms (for a discussion on forms on supermanifolds see e.g. [12-15]), they read

A= Afeb + A5, ¢ =yl + N, (6.5)

where Aj and Y are commuting superfields and AY, and v}’ anticommuting superfields.
The field strengths are defined as (for simplicity we set A = 1 in the following and to
distinguish them from the z-dependent €2 connection, we will rename the superspace-
dependent connection with A)

F=dA— A A},
Fo = dA® + ¢4 A° N\ AC — %J;yw,
F = dyp® — A%(7ah)" . (6.6)
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Notice that (6.6) coincide with the OSp(1|2) part of (2.4) and (2.6) but hold on the whole
superspace. Their rheonomic parameterizations are the following

F = Fape® A’ + (Wrax) Ae,
VWa = "VoWa — 1 (") Far
F% = Feeb Aef + (E%px) Aeb,
VE® = "'V, =" — Cﬂch) .,
F® = F%e% A eb 4 (GYax) A e,

1
VG* = e*V,G* — (47abx> b (6.7)

and satisfy the Bianchi identities
dF +[A,F}=0. (6.8)
The superfield W is a O-form spinor superfield and its components are defined as
W =ET,+GQq. (6.9)

The fields 2 (anticommuting) and G (commuting) are 0-form woldvolume spinors with
indices in the vector and spinor representation of SO(1,2), respectively. Their covariant
derivatives are defined as follows

VW = dW + [A, W}
(VE)" = d=" + €% A"EC + 725G )" ,
(VG)* = dG™ — 4% 3(A*GP + Z%4F). (6.10)

The supersymmetry transformations can be easily obtained by using the rheonomic
parameterization (6.7)

5 A® = LAY = 1 FO + VA® = (E%¢)e’ + VA®,
S = L™ = 1.F™ + VA® = (Gyae)e” + VA, (6.11)

where A® = (A% and A® = 1.p®. The fields =* and G* are the superpartners of A% and
. No auxiliary field is needed and the matching is achieved both off-shell and on-shell.
All the symmetries close off shell because gauge symmetries close by construction in SCS
theories and the supersymmetries close off-shell in d = 3 supergravity.

The action invariant under both gauge and worldvolume symmetries is given by [21]

2 )
£B10) = Str (AdA — A A} + Wanea’B\/old) (6.12)
Vol? is the volume form on the three-dimensional manifold, Vol? = %eabceaebec.f’ We use

the notation W - W = W%aﬁwﬁ.

5dVol® = %eabcp?yaxebec = épaeaﬁpg with pa = (V*Ya¥)a and dpa = 0.
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Computing the super trace explicitly we have

LB = (nabAadAb - geabcA“AbAC + N - EPVol?

+ 6043120‘(11,!}5 + A%y, + €apG” - G5V013> . (6.13)
The Chern-Simons gauge symmetries are given by
A =dC +[A,C}, W =[w,C}, C=0C%,+CQq, (6.14)

where C is the gauge superfield parameter with values in the super-Lie algebra.

Let us compute the differential of £310)

1
dLBl0) = Sty <]—' A F + 2dW - WVol® + QWQeabc(m“x)ebec>
= Str <2]:abea A" Wrex) A e + (Wax) A e*Wax) Ae?

1 1
+ 2 = S (W*"x) Vol oy, + 2W26abc(><7“><)ebec> =0 (6.15)

which agrees with the fact that the rheonomic Lagrangian is closed if there are auxiliary
fields or if they are not needed. We get also the interesting equation

Str (F A F) = —d (Str(W?)Vol?) (6.16)
Both members are gauge invariant under super gauge transformations. Since we have
dLGl0) =0, this implies
5dLB0) = 0 = 5610 = g0 (6.17)
(2[0)

where ;7" is a (2|0) form. In turn, this implies that the action is gauge invariant up to
boundary terms.

We can now add the other part of the supergroup: we consider as in the previous
sections OSp(1]2) x Sp(2) and this rerequires to subtract a super Chern-Simons sction (i.e.
with worldvolume supersymmetry) to the action (6.13):

2
£610) = (nabAadAb + geabcAﬂvbec + NepE® - Z0Vol®

+ €aphdp® + A"ya1p + €0 G - G’BV013> +
- - 2 -y - - .
— (nabA“dAb + gea,,c,axa,amc + N2 - EbVol3> . (6.18)

Again the Lagrangian is closed because of the presence of the “auxiliary fields” =, G and =
and its exterior derivative takes the form (using the parametrisations (6.7) when calculat-
ing d=)

- . 1 -
0=dLB0 = FAF —FAF + (Vy)* — 5\/ol3mwlnab (E“Fcbd - EaFde) +  (6.19)

-~ 1
+ Nap (E“Eb — E“Eb> 3eape Xy xele’ — QeaﬁyabxFﬁ)GﬁVolB}—f—

+ eagGaG53eabc)_<fyaxebec .
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If we set Z = 2, we have that the first term of the second line vanishes, while the last term
of the first line becomes 1
5 Vol 7 =" (ng - Ffd) . (6.20)

This term vanishes if

Fab = Fab + XVabX s (621)

because of the Fierz identities (A.11). Once we identify the difference of the gauge fields
with the dreibein V' as in (2.9), (6.21) is exactly the vanishing torsion-condition, as we can
see from (4.2):

Consider the counting of the degrees of freedom. For the fields of starting Lagrangian

counting is

A: 9-3=6, =: 6
U: 6-2=4, G: 4
A: 9-3=6, Z: 6

8 8

The matching is established by construction since the Lagrangian itself has been built by
associating a partner to each field. The condition Z = Z removes 6 d.o.f. on the right, but
since it implies the torsionless condition it removes 3 d.o.f. on the left as well. Now, the
counting is 5 vs 2. The matching is established by requiring that out of the 4 d.o.f. of the

auxiliary field G only 1 is nontrivial; this is obtained via the parametrisation

This field G can be identified with auxiliary field f of section 4.

7 Supersymmetry

We clarify some issues regarding supersymmetry matching of d.o.f. We also point out that
here we do not take a supergravity interpretation of Chern-Simons theory, but we explore
the matching of d.o.f.’s as in a pure Chern-Simons gauge theory. Later, we discuss its
supergravity interpretation and discuss different supergroups.

First consider the supersymmetry on the worlvolume. In that case, for each gauge field
A% there is a corresponding spinor field Z*. The matching off-shell is achieved by noting
that, because of the gauge symmetry 0A% = VC°, we can remove one degree of freedom
(for each generator of the Lie algebra) from A®. Then, the remaining d.o.f.’s matche with
those of the gauginos 2. On the other hand, using the equations of motion, we find that
there are no propagating d.o.f. for the gauge fields, since their field strength vanishes, and
for the gauginos which have algebraic (non dynamical) equations.

The same argument applies also in the case of the gauge fields ¥® associated to the
supercharges. Gauge symmetry removes one d.o.f. from ¥ and the remaining d.o.f. match
those of G®. Again, on-shell there are no propagating degrees of freedom and the matching
is trivial.
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We consider now a different type of matching. We would like to compare the d.o.f.’s of
the gauge fields A* with those of ¥*. They are both gauge fields and off-shell correspond
2 x bosonic generators and 2 X fermionic generators of the gauge supergroup. Consider
then the supergroup OSp(p|q). The counting of bosonic vs fermionic generators gives

(p(pz— D Q(q;‘ 1) ’pq) (71)

and therefore the matching is achieved when p = g or p = ¢ + 1. In that case, the bosonic
and fermionic d.o.f.’s match. For example the case ¢ = 2 and p = 2 or p = 3 are example
of d = 3 supergravities already known in the literature. However, in general, the matching
is not achieved.

If p # ¢ we have to follow a different path. Assuming that p > ¢, then we have that the
super coset OSp(p|q)/SO(p — ¢) has the same number of bosonic and fermionic generators
(pg|lpg). On the other side, if p < ¢, we find that the supercoset OSp(p|q)/Sp(q — p) has
the same number of bosonic and fermionic generators. Lastly, we have the case p =1 and
g = 2r. In that case, the coset with the matching is OSp(1|2r)/SO(r,r).

We can distinguish the bosonic gauge fields A® between those with the index
I=1,...,pq (the number of fermionic generators) A’ and those belonging to the sub-
groups SO(p — q), or Sp(q — p) or SO(r,7) (depending on p > ¢, p < qor p=1,q=2r) A
where 7 runs over the generators of the subgroup). Then, the field strengths can be divided
as follows

Fl=dA" + flLANAT =VAT,  F'=dA + fi; AT NAT + L AT N AP (7.2)

The torsion condition the equation
Fl=o0, (7.3)

can be solved in terms of A?, the gauge fields of the subgroup. In this way, by going
(partially) on-shell with those degrees of freedom, we achieve the off-shell matching for the
remaining d.o.f.’s. Once this equation is solved in terms of A?, we can reinstate them in the
rest of the action and derive the corresponding equations of motion. Through the Bianchi
identities, we have that

VF! = fLFi A A7 (7.4)

and therefore, imposing F = 0, we find a condition on A’ (this is analogous to impose the
vanishing of the torsion in general relativity, solving the spin connection in terms of the
vielbein; then, this implies the condition £ A R = 0 for the curvature). This corresponds
to the reduced holonomy

fLFiA AT =0. (7.5)

Even in this reduced holonomy situation, eq. (7.3) is not always solvable. Indeed, counting
the independent contained in (7.3) we have that the index I runs from 1 to pg, but they
are 2-form equations which have pg(pg — 1)/2 independent components. The unknowns
given by the gauge fields A* are 1-form (with pg components for each value of the index i),
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therefore there are pg(p — q)%(p — ¢ — 1)/2 unknowns. To solve the equations we need the
matching

p’¢*(pg—1) =pgp —q)(p—q—1) (7.6)
which can be achieved only if p = 1,Vq, or ¢ = —1,Vp and ¢ = p/(p + 1),Vp # —1.
However, p and ¢ must be positive integers, this excludes the last two solutions. The
remaining one, p = 1, is the only possible case for any g. This corresponds to the case
OSp(1]2r) with the subgroup SO(r,r) which is a subgroup of Sp(2r). In that case we can
solve the equation (7.3) in terms of A?. We have the interesting cases OSp(1|2)/SO(1,1),
OSp(1]4)/SO(2,2), OSp(1]6)/SO(3, 3) and the OSp(1|32)/SO(16,16).

8 Conclusions and outlook

In this note we have clarified the issues regarding the relation between the Achucarro-
Tonwsend supergravity models and the group manifold approach to the same theory. In
the first case, the gauge symmetry is promoted to a super gauge symmetry and there-
fore closes off-shell. In the second case, the supersymmetry closes off-shell only after the
introduction of auxiliary fields. In the second part of the paper, we construct a dou-
ble supersymmetric version with worldvolume and gauge supersymmetry and discuss how
supergravity can be retrieved. The present work prepares the way to construct Achucarro-
Tonwsend supergravities with extended supersymmetries corresponding to orthosymplectic
groups OSp(p|2) x OSp(¢|2). Only few cases are studied (see for example [22-32]) in the
superspace language, but not in the group manifold approach. In the latter, the question
of auxiliary fields has never been tackled.

A  Gamma matrices in D = 3

We summarize in this appendix our gamma matrix conventions in D = 3.

%:(gg), 71:(3 ;), 72:(3—;) (A1)

Nab = (_17 1, 1)7 {7&77b} = 2Map, [’7a>’7b] = 2%ab = —2€abcV, (A2)
€012 = —6012 =1, (A.3)
7 =077, Ya = —CraC ", ch=-c, ¢*=1 (A4)

A.1 Useful identities

YaVb = Yab + Nab = —Eabey* + Nab (A.5)
YabVe = MbcVa — NacVb — Eabe (A.6)
YeYab = MacV — MocVa — Eabe (A7)

YaVoYe = NabVe + MocYa — TacVb — Eabe (A.8)
Y yea = — 4027”202 (A.9)

le

where 625 = 1(0964—046%), and index antisymmetrizations in square brackets have weight 1.
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A.2 Fierz identity for two Majorana one-forms

_ 1 -
b =57 ) (A.10)
AS a consequence
%W_WW =0 (A'll)
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