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1 Introduction

Let Q be a bounded domain (i.e., a bounded connected open set) in R of class C', N > 2.
We consider the following Steklov problem for the biharmonic operator

A%y — 7Au =0, in Q,
Py — o, on 99, (1.1)
Tg—z — divgg (DQU.Z/) — % = A\u, on 0f),

in the unknowns u (the eigenfunction), A (the eigenvalue), where 7 > 0 is a fixed positive
constant, v denotes the outer unit normal to 02, divgg denotes the tangential divergence
operator and D?u the Hessian matrix of u. For N = 2, this problem is related to the study of
the vibrations of a thin elastic plate with a free frame and mass concentrated at the boundary.
The spectrum consists of a diverging sequence of eigenvalues of finite multiplicity

0= (Q) <Aa(Q) < <A(Q) < -,

where we agree to repeat the eigenvalues according to their multiplicity. We note that problem

(1.1) is the analogue for the biharmonic operator of the classical Steklov problem for the Laplace
operator, namely

Au = in Q

{ u =0, in €, (1.2)

du _
9y = Au,  on 99,

which models the vibrations of a free membrane with mass concentrated at the boundary.
Problem (1.2) was first considered by Steklov in [39], where the author provided a physical
derivation (see also [34]). We refer to [30] for related problems, and to [20] for a recent survey
on the subject.

In this paper we are interested in the dependence of the eigenvalues A;(€2) of problem (1.1)
on the domain €. Domain perturbation problems have been widely studied in the case of the
Laplace operator subject to different homogeneous boundary conditions (Dirichlet, Neumann,
Steklov, etc.), in particular for shape optimization problems. We recall for instance the cele-
brated Faber-Krahn inequality, which says that the ball minimizes the first eigenvalue of the
Dirichlet Laplacian among all domains with fixed measure (see [17, 29]). Similar results have
been shown also for other boundary conditions (see e.g., [10, 42, 44]). As for the biharmonic
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operator, much less is known. Lord Rayleigh conjectured that the ball minimizes the funda-
mental tone of the clamped plate (i.e., the first positive eigenvalue of the biharmonic operator
with Dirichlet boundary conditions) among open sets with the same measure. This has been
proved by Nadirashvili [37] for N = 2, and soon generalized by Ashbaugh and Benguria [6] for
N = 3, while the general case remains an open problem (see also [36, 40]). Regarding Neumann
boundary conditions, Chasman [14] proved that the ball is a maximizer for the fundamental
tone. We refer to [27] for a general approach to domain perturbation problems (see also [25]),
and to [26] for a comprehensive discussion on eigenvalue shape optimization problems for elliptic
operators. We also refer to [12, 13] where the authors prove analyticity properties in the spirit
of [31] for Dirichlet and intermediate boundary conditions respectively, and show that balls are
critical domains for all the elementary symmetric functions of the eigenvalues.

Problem (1.1) should not be confused with other Steklov-type problems already discussed
in the literature. For example, in [11] the authors consider the following problem

A2y =0, in Q,
u =0, on 01,
Au = /\%, on 0},

which has a rather different nature. We note that, broadly speaking, one may refer to Steklov-
type boundary conditions for those problems where a spectral parameter enters the boundary
conditions.

The aim of the present paper is to discuss the Steklov problem (1.1) as the natural fourth
order version of problem (1.2). We derive problem (1.1) starting from a physical model and
study the relationship with the Neumann eigenvalue problem for the biharmonic operator con-
sidered in [14]. Then we adapt the arguments used in [31, 32] in order to show real analyticity
of the elementary symmetric functions of the eigenvalues of (1.1) and compute Hadamard-type
formulas, which are used to prove that balls are critical domains. For completeness, we do the
same also for the Neumann problem as stated in [14]. Finally, we study problem (1.1) when Q
is a ball and identify the fundamental tone and the corresponding modes (the eigenfunctions).
By following a scheme similar to that used in [42] we prove that the ball is a maximizer for the
first positive eigenvalue of problem (1.1) among all bounded domains of class C.

The paper is organized as follows. In Section 2 we derive problem (1.1) providing a physical
interpretation. In Section 3 we characterize the spectrum and show that problem (1.1) is
strictly related to the Neumann eigenvalue problem as described in [14]. As a bypass product,
we provide a further phyisical justification of (1.1). In Section 4 we compute Hadamard-type
formulas and prove that balls are critical domains under measure constraint for the elementary
symmetric functions of the eigenvalues of (1.1) and of the corresponding Neumann problem
(3.10). In Section 5 we prove the isoperimetric inequality for the fundamental tone. Finally, in
Section 6, we provide some remarks on problems (1.1) and (3.10) when 7 = 0.

2 Formulating the problem

In this section we provide a physical interpretation of problem (1.1) for N = 2, which arises in
the theory of linear elasticity, in particular in the study of transverse vibrations of a thin plate.
Actually, in Sections 2 and 3 we will consider a slightly more general version of problem (1.1),
namely

A%y — 7Au =0, in Q,
o’y _ ), on 9, (2.1)
T% — divgq (DQU.I/) - 85% = Apu,  on 99,

where a positive weight p € L>°(92) appears in the boundary conditions. The weight p has
the meaning of a mass density. We shall always assume that 7 is a fixed positive real number.
We recall that the tangential divergence divgoF of a vector field F' is defined as divggF =
divFj,, — (DF.v)-v, where DF' is the Jacobiam matrix of F.

As usual, we assume that the mass is displaced in the middle plane of the plate parallel to
its faces. When the body is at its equilibrium it covers a planar domain 2 with boundary 0f2
in R2. We describe the vertical deviation from the equilibrium during the vibration of each
point (z,y) of Q at time ¢ by means of a function v = v(x,y,t). We suppose that the whole
mass of the plate is concentrated at the boundary with a density which we denote by p(z,y).



Moreover, we assume that p(z,y) is bounded and positive on 9. Under these assumptions,
the total kinetic energy of the plate is given by

1
T= f/ ptdo,
2 Joa

where we denote by © the derivative of v with respect to the time ¢, and by do the surface
measure on J2. Now we obtain an expression for the potential energy of the plate. By following
[43, §10.8], under the assumption that the strain potential energy at each point depends only
on the strain configuration at that point and that the Poisson ratio of the material is zero, we
have that the strain potential energy is given by

1

Vs, = 5/9 (UET + vyy + QUTy)dxdy.

Besides Vi, we have another term of the potential energy due to the lateral tension

-
Vi = 5/9 (vi + Ui)dxdy,

where 7 > 0 is the ratio of lateral tension due to flexural rigidity. The Hamilton’s integral of
the system is given by

to

H= T-V, = Vidt

t1
1 (" 1 ("
== / / pvdodt — = / / (vZ, +vl, +207) + 7(v3 + v))dedydt.  (2.2)
2 t1 o0 2 t1 Q

According to Hamilton’s Variational Principle, the actual motion of the system minimizes such
integral. Let v(z,y,t) be a minimizer for . By differentiating (2.2) it follows that v satisfies

to ta
— / / npvdodt — / / n (A2v — TAU) dxdydt
t1 o0 t1

on 6%v o . 2 dAv _
/ /39 E (Tau —divyg (D ’U.Z/)BQ ~ 5 ) dodt =0,

for all n € C%(Q x [t1,t2]) such that n(x,y,t1) = n(x,y,t2) = 0 and (x,y) € Q. Since 7 is
arbitrary we obtain

A%y —TAv =0, in Q,
2y — 0, on A, (2.3)

pu + Tay —divgg (Dzv.y) - % =0, on 9N

50 simce

for all t € [t1,t2]. We remark that we wrote divaq (D2U.V) instead of divgg (Dzv.u)
(D%.u)aQ = D?%y.v— WV and a Y =0 on 99.

We separate the variables and ‘as is customary, we look for solutions to problem (2.3) of the
form v(x,y,t) = u(z,y)w(t). We find that the temporal component w(t) solves the ordinary
differential equation —w(t) = Aw(t) for all t € [t1,t2], while the spatial component u solves

problem (2.1).

3 Characterization of the spectrum. Alternative deriva-
tion of the problem

In this section we prove that the spectrum of the eigenvalue problem (2.1) is discrete. In
particular, each eigenvalue is non-negative and has finite multiplicity and there exists a Hilbert
basis of the standard Sobolev space H?(2) of eigenvectors. Then we provide a further derivation
of problem (2.1). Namely, we show that this problem can be seen as a limit of eigenvalue
problems for the biharmonic operator with Neumann boundary conditions and mass density p.
which concentrates in a neighborhood of the boundary as € goes to zero. We refer to [5, 34]



for similar discussions concerning second order problems. We observe that the asymptotic
analysis of mass concentration problems for second order operators has been performed by
several authors by exploiting asymptotic expansions methods, see e.g., [23, 24] and the references
therein. We also mention the alternative approach based on potential theory and functional
analysis proposed in [15, 35].

Note that here and in the sequel we shall not put any restriction on the space dimension.
Thus Q will always denote a bounded domain in RY of class C!, with N > 2.

3.1 Analysis of the spectrum of problem (2.1)

Let p € RS, where RS := {p € L>®(99) : essinf,canp(r) > 0}. We consider the weak formula-
tion of problem (2.1),

/ D?*u: D?*p +1Vu - Vodr = )\/ pupdo , Vo € H*(Q), (3.1)
Q oN

in the unknowns u € H?(Q2), A € R, where

N
%u 9%
2 . 2 — ~ A A 4
D*u: D% = Z O0x;0x; 0x;0x;

4,j=1

denotes the Frobenius product. Actually, we will obtain a problem in H?(2)/R since we need to
get rid of the constants, which generate the eigenspace corresponding to the eigenvalue A = 0.
We denote by jf the continuous embedding of L?(092) into H?(Q2)" defined by

j,f[u][go] = / pupdo, Yu € L*(0Q), 0 € H*(Q).
o0

We set
2,8 L 2 . _
H (Q).—{uEH(Q)./BqudU—O},

and we consider in H?(f2) the bilinear form
<u,v>= / D?*u: D*v + 7Vu - Voudz. (3.2)
Q

By the Poincaré-Wirtinger Inequality, it turns out that this bilinear form is indeed a scalar
product on Hi’s(Q) whose induced norm is equivalent to the standard one. In the sequel
we will think of the space H>®(€2) as endowed with the form (3.2). Let F(£2) be defined by
F(Q) := {G € H*(Q)' : G[1] = 0}. Then, we consider the operator 73;,9 as an operator from
2,8
HZ=(Q) to F(Q), defined by
S . 2, . 2 2,8 2

P lu]lp] == / D*u: D*p+7Vu-Veodr, Yu € H;° (), p € H (). (3.3)

Q
It turns out that ’P;)S is a homeomorphism of Hgvs (Q) onto F(2). We define the operator 7'(';?
from H?*(Q) to H2°(Q) by
Joq pudo
Joq pdo
We consider the space H?(€)/R endowed with the bilinear form induced by (3.2). Such bilinear

form renders H?(€2) /R a Hilbert space. We denote by 74 the map from H?(£2)/R onto H25((2)
defined by the equality 77‘; = ﬂﬁ’s o p, where p is the canonical projection of H?(Q) onto

ﬂf[u] =u— (3.4)

H?(Q)/R. The map WE;S turns out to be a homeomorphism. Finally, we define the operator
Tf acting on H%(Q2)/R as follows

Tf = (ﬂ'g’s)_l o (77;?)_1 o Jf oTro wf;s, (3.5)

where Tr denotes the trace operator acting from H2(Q) to L?(99).



Remark 3.6. We observe that the pair (\,u) of the set (R\ {0}) x (HgS(Q) \ {0}) satisfies
(3.1) if and only if X > 0 and the pair (\~1, p[u]) of the set R x ((H*(Q)/R)\ {0}) satisfies the
equation

A7 plu] = T plu).

We have the following

Theorem 3.7. The operator TF;S is a mon-negative compact selfadjoint operator in H*(Q)/R,
whose eigenvalues coincide with the reciprocals of the positive eigenvalues of problem (3.1). In
particular, the set of eigenvalues of problem (3.1) is contained in [0, 400 and consists of the
image of a sequence increasing to +o0o. Each eigenvalue has finite multiplicity.

Proof. For the selfadjointness, it suffices to observe that

< T/fu, V>R = < (71'2’8)_1 o ('P;)S)_l o jf oTro Wﬁ’su,v >H2(Q)/R
Pf[(Pf)fl o j,;s oTro ﬂ'ﬁ’su] [Wﬁ’sv}
= JS[TrontSu[nhSv], Vu,v € HX(Q)/R.

For the compactness, just observe that the trace operator Tr acting from H!(Q) to L2?(99) is
compact. The remaining statements are straightforward. O

As a consequence we have that the spectrum of (3.1) is of the form
0SS A <A< <A<
Note that the first positive eigenvalue is Ay as proved by the following

Theorem 3.8. The first eigenvalue A1 of (3.1) is zero and the corresponding eigenfunctions
are the constants. Moreover, Ay > 0.

Proof. Tt is straightforward to see that constant functions are eigenfunctions of (3.1) with
eigenvalue A\ = 0. Suppose now that w is an eigenfunction corresponding to the eigenvalue
A = 0. Then we have

/ |D?u|? + 7|Vul?dz = 0,
Q

where |D?ul? = Z?fj:l (%{;‘%)2. Since Vu = 0, it follows that u is constant. Then the

eigenvalue A\ = 0 has multiplicity one. O

Thus A, is the first positive eigenvalue of (3.1) which is usually called the fundamental tone.
Note that we can charactrize Ay by means of the Rayleigh principle

N— min Jo ID?ul? 4+ 7|Vu|*dx

0£uE H2(Q) S putdo
Joq pudo=0

(3.9)

3.2 Asymptotic behavior of Neumann eigenvalues

We consider the following eigenvalue problem for the biharmonic operator subject to Neumann
boundary conditions

A2y — TAu = Apu, in Q,
2°u ), on 9Q, (3.10)
Tg—ﬁ —divga (Dzu.u) — %AV“ =0, on9d9,

where p € RN := {p € L>(Q) : essinf,ecqp(x) > 0} (we refer to [14] for the derivation of the
boundary conditions). It is well known that this problem arises in the study of a free vibrating
plate whose mass is displaced on the whole of 2 with density p.

Let us denote by ). the set defined by

Q. :={z € Q: dist(z,00) > e}.

We fix a positive number M > 0 and choose the family of densities p. defined as follows



(@) {5, if z € Q., 1)
Pe\T) = M—¢|Q.| - el .
TR if x € Q\ Qe

for € €]0, o[, where g9 > 0 is sufficiently small. If in addition we assume that Q is of class C?,
€p can be chosen in such a way that the map z +— x — ve is a diffeomorphism between 02 and
09, for all € €]0,e0[. We note that [, p.dz = M for all € €]0,9[. We refer to the quantity M
as the total mass of the body.

We prove, under the additional hypothesis that 2 is of class C2, convergence of the eigenval-
ues and eigenfunctions of problem (3.10) with density p. to the eigenvalues and eigenfunctions
of problem (3.1) with constant surface density % when the parameter € go to zero (see Corol-
lary 3.22). This provides a further interpretation of problem (3.1) as the equation of a free
vibrating plate whose mass is concentrated at the boundary in the case of domains of class C2.

Problem (3.10) has an increasing sequence of non-negative eigenvalues of finite multiplicity
and the eigenfunctions form a Hilbert basis of H?(2). We consider the weak formulation of
problem (3.10) with density pe,

/ D*u: D*p + 7Vu - Vodr = /\/ peupdr , Yo € H*(Q), (3.12)
Q Q

in the unknowns u € H2(2), A € R. In the sequel we shall recast this problem in H?(Q)/R
since we need to get rid of the constants, which generate the eigenspace corresponding to the
eigenvalue A\ = 0. We denote by i the canonical embedding of H?(Q2) into L?(£2). We denote
by jp/:/ the continuous embedding of L?(€2) into H2(f2)’, defined by

TN lulle)i= [ peupds, Yu e L), 0 € HA(@).
Q

We set
2,N . 2 .
HN(Q) = {uEH (Q)./Qupadx—O}.

In the sequel we will think of the space Hg;N(Q) as endowed with the form (3.2). Such form
defines on Hg;N (©) a scalar product whose induced norm is equivalent to the standard one.
We denote by wﬁg the map from H?2(f) to Hg;N(Q) defined by

B Jo upedx
Jopedz’

for all u € H?()). We denote by ﬂﬁ,’sN the map from H?(Q)/R onto HS;N(Q) defined by the

equality wﬁﬁ = ﬂg’!\/ op. As in (3.3), we consider the operator 73,/,\6/ as a map from HiN (Q) to

F(Q) defined by

™, [u] = u

Pﬁ![u] [¢] = /QDQU : D*p + 7Vu - Vdz, Yu € Hg;N(Q), © € H*(Q).

It turns out that Pﬁj)\sf is a linear homeomorphism of Hg;N (Q) onto F(2). Finally, let the operator
Té\if from H?(Q)/R to itself be defined by

N (H N1 Ny—1 N #,N
T, = (m) " o(P,) " oJ, ciom, ™. (3.13)

Remark 3.14. We observe that the pair (A, u) of the set (R\ {0}) x (Hg;N(Q) \ {0}) satisfies
(3.12) if and only if X > 0 and the pair (A7, plu]) of the set R x ((H?(Q2)/R) \ {0}) satisfies
the equation

A™'plu] = T plul.
As in Theorem 3.7 it is easy to prove the following

Theorem 3.15. Let 2 be a bounded domain in RN of class C' and ¢ €]0,50[. The operator Té\sf
is a compact selfadjoint operator in H*(Q) /R and its eigenvalues coincide with the reciprocals of
the positive eigenvalues \j(pe) of problem (3.12) for all j € N. Moreover, the set of eigenvalues
of problem (3.12) is contained in [0,+o00[ and consists of the image of a sequence increasing to
+o00. Fach eigenvalue has finite multiplicity.



We have the following theorem on the spectrum of problem (3.12) (see also Theorem 3.8).

Theorem 3.16. The first eigenvalue A\1(pe) of (3.12) is zero and the corresponding eigenfunc-
tions are the constants. Moreover, Aa(pe) > 0.

Now we highlight the relations between problems (3.1) and (3.12) when  is of class C2. In
particular we plan to prove the following

Theorem 3.17. Let Q be a bounded domain in RN of class C?. Let the operators TS, and

Toq|
Té\! from H?(Q)/R to itself be defined as in (3.5) and (3.13) respectively. Then the sequence
{Té\ef}ge]o,so[ converges in norm to T“}T‘ as e — 0.

We need some preliminary results in order to prove Theorem 3.17. We remark that 74 =
71'278 for all ¢ € R, with ¢ # 0. This can be easily deduced by (3.4).

Lemma 3.18. Let Q be a bounded domain in RN of class C2. Let p. € RN be as in (3.11).
Then the following statements hold.

i) For all p € H*(Q)/R, wg’sj\/[ap] — 7S[p] in L2(Q) (hence also in H2(Q)) as e — 0;

i) If ue — u in H?(Q)/R, then (possibly passing to a subsequence) Trf;eN[uE} — W?’S
L2(Q) ase — 0;

iii) Assume that ue,u,w.,w € H*(Q) are such that u. — u, w. — w in L*(Q), Tr[u] — Tru],
Trlwe] — Tr[w] in L2(0Q) as ¢ — 0. Moreover assume that there exists a constant C > 0
such that || Vel p2q) < C, [[Vwel| 2 (o) < C for all £ €]0,e0[. Then

/ pe (ue — u) wedzr — 0
Q
and

/ps(wsfw)udzﬁo
Q

ase— 0

Proof. The proof is standard but long and we omit it. We refer to [34] and references therein
for details. We remark that in order to prove this lemma we need to assume that €2 is of class

C?, since the Tubular Neighborhood Theorem is used to perform computations on the strip
0\ 0. O

Proof of Theorem 3.17. It is sufficient to prove that the family {Tg}ee]o ol of compact oper-

ators, compactly converges to the compact operator TS, . This implies, in fact, that

1
g

= 0. (3.19)
L(H2(9)/R,H2(Q)/R)

and TS, are selfadjoint, property (3.19) is equivalent to
E]O,Eo[ Toq]

convergence in norm. We refer to [4, 41] for a more detailed discussion on compact convergence
of compact operators on Hilbert spaces. We recall that, by definition, T' é\gf compactly converges

to TS, if the following requirements are fulfilled:

[oQ]

Then, since the operators {74 ¥,

i) if [|ue|l g2y m < € for all € €]0,&0], then the family {Té\!us}se]oygo[ is relatively compact
in H2(Q)/R;

i) if ue = win H*(Q)/R, then T u. — TS, u in H*(Q)/R.

To]



We prove i) first. For a fixed u € H?(2)/R we have

lim p 7r [ Jdx = lim ps ( ﬁN[ | — W?S[U]) dx

e—0 e—0 Pe

M
: S S
+ (;l_I}I(l)/ngﬂ'g [u]dz — 0 o, 7t [u]da)

M
£,
+— w7 [uldo.  (3.20)
109 Joo
By Lemma 3.18 we have that the first summand in the right-hand side of (3.20) goes to zero as
e — 0 and by standard calculus we have that the second term goes to zero as € — 0. Moreover,
the equality (ﬂ'ﬂN )1 (’PN )=t = (7%)~1 o (PS)! holds. Therefore, it follows that TN u is
bounded for each ue H 2( )/R. Thus, by Banach-Steinhaus Theorem, there exists C” such
that ||T pa ||£(H2(Q)/R’H2(Q)/R) < ¢’ for all € €]0,e9[. Moreover, since [[uc| g2y p < C for
all € €]0, &0, possibly passing to a subsequence, we have that u. — u in H?(Q)/R, for some
u € H*(Q)/R. This implies that, possibly passing to a subsequence, TFJ)\Efu8 — w in H*(Q)/R

as ¢ — 0, for some w € H?(Q)/R. We show that w = T, u. To shorten our notation we set
TosT]

We 1= Té:/ug. By Lemma 3.18 we have

lim | D*(mpMwe]) : D*(wh M) + v (ahN we)) - V(xh V] da

e—0 Q Pe
- / D (b5 [w]) : D25 () + 7V(xtSw]) - V(rtS () da,

for all ¢ € H?(Q)/R. On the other hand, since (P4’
that

/ DN ) : DAt ) + 7V (N ) - 9 (n5V [ e = /Q pert N [u)mi N [plda

Oﬂﬁ’sN) We = (j[f:/ oiowf);’v) u., we have

Then, by Lemma 3.18, iii) we have

N[ #N

< w,p >H2(Q)/R: hm < We, P >pH2(Q)/R= hm/ pet? ug]ﬂp’g [p]dz

_ T #N 1S , : 8,8 gNT ] S
= lim | pe (] [u})wpg (eldo -+ lim, | perct[u] (wfVTe] = ot 1] ) o

M
+tim [ bt = o [ At S[u]ﬂ’s[w]do —< TS, w0 >maaym.
o9 roa

hence w = T, u. In a similar way one can prove that well g2y /r = 1wl 20 /m- In fact
To%]

S ,
i e ey = Jimg [ e (¥ ] = L) ¥
. S S
+lim | et fu] (wfwe] o] ) o
. S S S
+ lim prﬁ fu] (o] = 7 [w]) do

Ii t.S 58S
+ im Qpaﬁ [u]m}” [w]dz

M
= m Wgs[u]ﬂs[w]dU = HMﬁﬂ(Q)/R-

This proves i). As for point ii), let u. — u in H?(Q)/R. Then there exists C” such that
[tell g2 () m < € for all e. Then, by the same argument used for point i), for each sequence

e; — 0, possibly passing to a subsequence, we have TN ey = TS, wu. Since this is true for each
o]
{€;}jen, we have the convergence for the whole fam11y7 ie., Tfj,\! Ue — Ti% | u. This concludes

the proof. O



Now we recall the following well-known result.

Theorem 3.21. Let H be a real Hilbert space and {AE}sE]O,so[ a family of bounded selfadjoint
operators converging in norm to the bounded selfadjoint operator A, i.e., lim._,¢ || Ac — AHL(H_’H)
= 0. Then isolated eigenvalues \ of A of finite multiplicity are exactly the limits of eigenvalues
of A¢, counting multiplicity; moreover, the corresponding eigenprojections converge in norm.

Thanks to Theorem 3.21, as an immediate corollary of Theorem 3.17 we have

Corollary 3.22. Let Q2 be a bounded domain in RN of class C?. Let \j(p:) be the eigenvalues
of problem (3.12) on Q for all j € N. Let \;, j € N denote the eigenvalues of problem (3.1)
corresponding to the constant surface density %. Then lim._,o A;j(p:) = Aj for all j € N.

4 Symmetric functions of the eigenvalues. Isovolumetric
perturbations

In this section we compute Hadamard-type formulas for both the Steklov and the Neumann
problems, which will be used to investigate the behavior of the eigenvalues subject to isovol-
umetric perturbations. To do so, we use the so called transplantation method, see [27] for a
general introduction to this approach. We will study problems (1.1) and (3.10) in ¢(2), for a
suitable homeomorphism ¢, where 2 has to be thought as a fixed bounded domain of class C*.
Therefore, we introduce the following class of functions

() = {gzﬂ e (c? (ﬁ))N : ¢ injective and igf | det Do| > O} .

We observe that if Q is of class C' and ¢ € ®(f), then also #(Q) is of class C' and ¢(~1) ¢
®(¢(€2)). Therefore, it makes sense to study both problem (1.1) and problem (3.10) on ¢(2).
Moreover, we endow the space C?(Q2) with the standard norm

[fllcz@ = sup [D*f()].
la|<2, z€Q

Note that ®() is open in (CQ(Q))N (see [31, Lemma 3.11]).

We recall that it has been pointed out that balls play a relevant role in the study of isovol-
umetric perturbations of the domain 2 for all the eigenvalues of the Dirichlet and Neumann
Laplacian. We refer to [31, 33|, where the authors prove that the elementary symmetric func-
tions of the eigenvalues depend real analytically on the domain, providing also Hadamard-type
formulas for the corresponding derivatives. Then, in [32] they show that balls are critical points
for such functions under volume constraint.

From now on we will consider problems (1.1) and (3.10) with constant mass density p = 1.

4.1 The Steklov problem
We plan to study the Steklov problem in the domain ¢(Q2) for ¢ € ®(Q), i.e.,

A%y — 7Au =0, in ¢(Q),

Py o, on 06(9), (4.1)

794 — divpg(o) (D?u.v) — 2582 = Au, on 9¢(Q).

To do so, we pull it back to €. Therefore, we are interested in the operator ’Pf from H;S(Q)

to F(Q), defined by

PS[ullg] = / (D2(uwoé )0 ) : (DA(poé) o 6)| det Doldz

Q

+ 7’/Q(V(uo o) (V(poog™t)o¢) det Do|dx, Yu € H;"S(Q)7<p € H*(Q), (4.2)

where

Hi’s(ﬂ) = {u € H*(Q): /mu\u(v(m—ln det Do|do = o} )



Moreover, for every ¢ € ®(2), we consider the map jf from L2(02) to H2(€)" defined by
TS llg] = / wplv (V)| det Dgldo, Yu € L2(09), € H(Q),
o0

Tt is easily seen that the form (4.2) is a scalar product on H;S(Q) We will think of the space
H;’S (©) as endowed with the scalar product (4.2). We denote by Wg the map from H?(Q) to
st(Q) defined by

7S () = u— Joq ulv(Ve)~t| det D(;5|alx7
Ty (V)1 det Djda

and by wi’s the map from H?(£2)/R onto HiS(Q) defined by the equality 7T£ = wi’s op. Clearly,

7T§;S is a homeomorphism, and we can recast problem (4.1) as

Aty = ng

where
Sy— . S
Wg::(wi ) 1o(”P(‘;) 1oj(foT1ro7T§5 .

The operator W(‘; can be shown to be compact and selfadjoint, as we have done for the operator
T,;S defined by (3.5) in Theorem 3.7 (see also [33, Theorem 2.1]).

In order to avoid bifurcation phenomena, which usually occur when dealing with multiple
eigenvalues, we turn our attention to the elementary symmetric functions of the eigenvalues.
This is the aim of the following

Theorem 4.3. Let Q be a bounded domain of RN of class C'. Let F be a finite non-empty
subset of N. Let

Aq[F]:={d € ©(Q) : Mi[¢] ¢ {Xj[¢] : j € F} Ve N\ F}.
Then the following statements hold.

) e set Aqn 1S open in . e ma ' of Aq to the space

i) Th Aq[F] is open in ®(Q). The map Pr of AglF] to the space £ (H?(), H*())
which takes ¢ € Aq|F| to the orthogonal projection oin’S(Q) onto its (finite dimensional)
subspace generated by

{ue HZO(9): Piluo 671) = X[¢] 7 o Trluo ¢~!] for some j € F |

is real analytic.

ii) Let s € {1,...,|F|}. The function A s from Aq[F] to RN defined by

Apslgli= > Nuld]-- A le]

J1<-<js€F
is real analytic.
iii) Let
Oq[F] := {¢ € Aq[F] : A\j[#] have a common value Ap[p] Vj € F}.
Then the real analytic functions

1

((f')l/\al) . <<:§DAF|F> "

of Aq[F] to RN coincide on ©q[F] with the function which takes ¢ to Ap[¢).

Proof. The proof can be done adapting that of [33, Theorem 2.2 and Corollary 2.3] (see also
[31]). O

In order to compute explicit formulas for the differentials of the functions Ag s, we need the
following technical lemma.
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I:emma 4.4. Let Q be a bounded domain in RN of class C*, and let ¢ € ®(82) be such that
d(Q) is of class C%. Let uy,uy € H*(Q) be such that v; = u; o ¢V € HYH(Q)) fori = 1,2
and 52 52
(% - (%] - ~
5 = o 0 on 0¢(0).

Then we have
d|¢:q;77$ [¢][u1][uz2] = /~ (D?vy : D*vy + 7Vvy - Vug)p - vdo
9¢(Q2)
+/ div ;.o (D*01.0) Vg + div, s o (D?ve.v) Vo ) - pdo
93() ( 9¢(2) (%) )

-l-/ (aAUIva 0Av 2Vv1> ~,uda—7'/ (avlv 2+aV’U1> - udo
(9(2;(9) aV 8 a¢ () aV 6

- / (A%v1 — 7AV;) Vg + (A%vy — TAv) V) - pdo,  (4.5)
()

for all 4 € (C2(Q))N, where p = 1o ¢t
Proof. We have

dl,_5PS (][] ]

= [l 067 0 )01 : (D 057 0 )| det Dilda

47 [ (w067 06)[U] - (Vw0 61) 0 8)| det Do

+ [ (D067 06) s (dl,_gD*uwr 067") 0 0)[0]| det Do

7 (V0067 o) (], 067 0 )] det. D

+ [P 0371)06) : (D(ur 0671) 0 G)dl_gl det Dol[01da

w7 [ (V0006 0d) (Vw0 371) 0 d)d,_gldet Dl[ulde. (4.6)
and we note that the last two summands in (4.6) equals
/{5 o (D?v; : D?vy + 7V0; - Vo) divpudy.

(See also Proprosition 4.18). By standard calculus we have (see [13, formula (2.15)])

Do o) 06 = (Vo) Dul (i o )
Pt al‘k 8:17[ _ _7
irj
where o = (V¢)~1. This yields the following formula
- N v
dly_g(D*(uo ") o p)[h] 0 ¢! = —D*vVu — V' D?v — z_; oy, D hr (4.7)

where =1 o0¢ ! and v = wo ¢~L. We rewrite formula (4.7) componentwise getting

(dls(D*(@od 0 @)l 0 d7")

2

ﬁ:( v 8ur 0% 8,ur+ 0%, 81})
= \ 9y:0y, Oy; " By, oy, yidy, 09, )

11



Moreover (see [31, Lemma 3.26])

N

(dlyes(Vo 9™ 0 e)iw) 0 671) = =3 20
r=1

ayr 31/2 )

Now we use Einstein notation, dropping all the summation symbols. The first summand of
the right hand side of (4.6) equals

_/ < 0%vy O, 0%v1 Oy 0%y 81}1) 0?09
B(Q)

. 4.8
0y;Oyy 3%’ 3%3%« 0y; 3yz’32/j Ay 3%‘3% Y (48)

In order to compute (4.8), integrating by parts, we have

0%v1 Ou, 0%vy Ov1 Oy 0?0
dy = Up do
3() Y0y, Oy; 0y;0y; od() Oyi Oy; 0y, 0y;
_/ Ovy Odivy 0%vs dy _/ Ovy O, O3y dy
é©) Oyi Oy; 0y;0y, 3(Q) Oyi 0y; Oy;0y;0ys

Ov1 Oy 0%vs Ovy O, O3vy
- AL Ry _ov 4
0d(Q) i Oy; ~ 0y;0y; 3() 9yi 9y; 0y;0y;0y,

0 0?
—/ U1 divp b2 vido + D?v; : D*vydivudy
26(Q) Vi 0y; 0y, 3

—l—/~ divuVuy - VAuvady,

#(Q)
and

/ ovy 0%, 0o / vy Oy 0%vs
dy = Vj o
3() 9yr 0y;i0y; Oy;0y; 05(0) Oyr Oyi ~ 0y;0y;

/ 0%vy Op, 03wy / Ovy Oy 0Avs
() yrOy; Oy; Oy;Oy; Y () yr Oy;  Oy;
- / dv1 Opr  Bvy / Ovy Oy OAVy
 Jog) Oyr Oy; ¥ 0y 0y, 7 3 9Yyr Oy Oy;
Ovy Oy 0204 Ovy Odivy 0%vy

— / — v do + /

- o

26() OYj Oyi Oy 0y; 3 9y; Oyi 0y;0y; Y
ovy O, 0P

Jr/ vy O Vg

a A A a4

3() 9y; Oyi 0y;0y;0y,

_ / ovy aMTV 0%vs . / Ov1 O 0Av,
0d(0) Oyr Oy 7 Oy;0y; 3 9yr Oyi Oy;

Ovy Opr  0%vy Ovy Oy, O3y
- — Uy do + — ——dy
o4() Oy; Oyi Oy Oy; 3() Oyj Oyi 0y;0y;0y;

0 0?
+ /~ a—mdivuﬁuida = D?vy : D202diVMdl/
() OYj Yi0Y; ()

— / Vuy - VAuvedivudy.
()

We also have

O0vy Optr Ovg / vy /
dy = S Vi - pdo — AvaVuy - udy
»/(ZE(Q) 8yr ayl 8yl 8(2)({2) v 1M ~ 2 1M

#(Q)
Ovy 0?2 0
— / V2 e wedy = / ﬂVvl - pdo — AvaVoq - pdy
() i Oyidyr ad(0) W ()
6’01 621}2 .
— Vv - Vuou - vdo + —urdy + Vuy - Vuodivudy.
95(2) 3(©) Oy 0y; 0y, 3(Q)
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It follows that
d|¢:¢§7)§ [][u1][us]
ovy 0%v dvy 0%v1 \ Ou
- D%:D%divd—/ (1 2y =2 1) v, do
/<Z>(Q) ' 2Ry a4() \Oyi 0y;0y; — Oy; 9y;0y; ) Oy;
+/ (81}1 03y N % 93, ) Oty ay
3@ \0Yi 0y;0y;0y, ~ Oy; 0y;0y;0y, ) Jy;

81}1 8 (%) 8'[)2 82U1 ) .
+ + v:divudo
/M @ (6% dy:0y; | Oy oysoy; ) T

— / (Vv - VAvg 4+ Vg - VAvy) divudy
(%)
_/ ((%1 0%vs 81}2 0%, ) 3/%«
84(Q) Oy 0y;0y; 8.%« Y0y
+ / <8’U1 8AU2 8’1)2 8AU1)
3@ \Oyr Oy 3yr y;
—T/ <(%1V 2+Vv1>
od(@) \ OV

+ T/ (Av1 Vg + AvaVuy) - udy + 7'/~ Vuy - Vuou - vdo. (4.9)
#(Q) a

udo

?(€2)

Now we recall that

. . ou ~
divpy = leaJ)(Q)M + 5, v on 09(Q),

(see also [16, §8.5]) and that, since v = Vb, where b is the distance from the boundary defined
in an appropriate tubular neighborhood of the boundary, then Vv = (Vv)! and % = 0, from
which it follows that B
VosV = (Vaq;(mu)t on 0¢(Q).
We will use these identities throughout all the following computations.
Using the fact that
821)1 82’02 ~
W2 o 0 on 9¢(£),

we get that the sixth summand in (4.9) equals

6U1 8112
- /aq‘sm (3% (D e2v)agian + 5, yr (D*vr. ”)aé(m) Vogayhrdo
,/ vy 8%y n vy 00y a/irda
od() \Oyr Ov* = Oy, ov? ) Ov
31}1 2 an )
B /343(9) <Va‘5m) (6y> (D 02:v)a5(0) + Vo) <3y> (D*01.0) o510 | rdo

i /ais(n) (diva‘;(m (D01.0)g500) Ver + diVadZ(ﬂ)(Dzvz-V)adsm)Wl) - pdo

/ ( 821)1 82’02 + 0 (%) 821)1 ) Vil d
= ] Moy g
0d() \ YOy, 0y;0y; — OyOyy Oy 0y; )

+ /8 o (divasi0) (D01:0) 300y Vo2 + divgg 0 (D202.0) g0y V01 ) - pder. (4.10)
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The seventh summand in (4.9) equals

A A
/~ (6 ke Vg + 04v; Vm) - pdo — / (A201V1}2 + AQUQVvl) - pdo
ad() \ OV v (@)
/ ( 62’1)1 aA’Ug 32’02 BAvl)
- + prdy
3@ \Ovi0y, 9dy;  Oy;0y, Oy,
= /~ <8Av1 Vg + 00z ) - pdo — / (A2v1V1)2 + A2U2v’01) - pdo

8¢(Q) 81/ 81/ d’(Q)

(9’01 82Av2 81}2 82AU1)
— Vi - VAvs + Vg - VAL -Vd0'+/ ( .d
/B(Z)(Q) (Vor ? ? Dk 3@ \9y; 0y;0y, ~ Oy; 0y; 0y, Y

+/ (Vv - VAvg + Vg - VAvy) divudy.  (4.11)
()

The second summand in (4.9) equals

—/~ V(Vvy - Vo)V () vrdo
09(9)

0
¢Q) ov

=— Vs (Vo1 - Vo)V 5 (,u)uda—/
/5)<5(Q) 06() L 2/ ¥V ag(@) \Hr)or 9

The third summand in (4.9) equals

Opy
2 (Vg - Vo) aﬂu vedo.  (4.12)

/ (81}183@2 + %78%1 ) vy do
04(0) \ 0Yi 0y;0y;0y, — Oy; 0y;0y;0y, ihr
/ <8’Ul 82A’U2 31}2 32Av1>
- + prdy
3@ \0y; 0y;0y, ~ 0y; Oy;0ys

/ ( 0%, O3 0%y 3 )
— + prdy
3 \9Yi0y; 0y;0y;0y,  dy;0y; 0y;0y;0y,

B N S
0d©) \ Oyi 0y;0y;0y,  dy; Oy;0y;0y, dbr
/ ((%1 0?Avy vy 62Av1>
- [ + trd
a() \9yi 0y;0y, ~ 0y; Oy Oy

- /~ D?vy : D?vyp - vdo + ) D?vy : D?vydivudy. (4.13)
26(2) »(2)

From (4.9)-(4.13), it follows that
dl,_5PS ) [ua)fuz] = — /8 oy Vit (V01 V020V (e
0 oy / 0
— Vi - Vug)—v,do + Vi - Vug)divudo
/6¢(Q) 81/( L 2) 81/ 8(25(9) 61/( b 2) H

—|—/ div ;o (D*01.0) 57 0y V2 + div sz (D*02.0) o5 on V1 ) - pudo
3(Q) ( 96(%2) 96(2) () 99() )
821}1 62112 821}2 621}1 )
+/ ( + v; TdO'
03 \ YOy, Oy;dy; — Oy Oy, By Dy, it
8’01 8 Vo 8112 33'01 >
+ —+ ————— | Vju,do
/a¢ ) (32/1 Dyi0y; 0y, Oy; Oy dy;0y, ) :

— /~ D?v; : D*vop - vdo — /~ (Vo1 - VAve + Vg - VA - vdo
06(Q) 06(2)

A Avy
+ /_ (aa U1 Vg + %Vm) - pdo — /_ (A2v1Vv2 + AQ'l}vil) - pdo
96(Q2) v #(Q)

81)1 8 >
-7 — Vs + D290, ) - pdo
/a¢ @ ( av 2Ty V)
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+ 7[ (Av1 Vg + AvgVuy) - pdy + 7'/ Vv - Vugu - vdo
#() ()

= —/~ Vaé(ﬂ)(Vvl~VUQ)VBQ;(Q)(MT)VTdG+/ —(Vuy - va)dlv(%(mudo
06(Q2)

od(2) OV

+ /6(;(&2) (dlvaé(ﬂ) (D2’U1.V)6¢§(Q)V'U2 + diVaJﬁ(Q) (D ’U2'V)8(1~5(Q)V01> . /LdO'

+/ (aAvl Vg + 04v 2Vv1> - pdo — T/ (avlv aszm) - pudo
(9(13(9) aV 8 a¢ () aV 81/

0 0
+/ ( Vv, - Vo ) rdo
ag(2) W 3%( Ve ) u

— /~ D?vy : D2vgu -vdo — /~ (V1 - VAve + Vg - VA )i - vdo
06(92) 06(Q2)

- / (A2v1Vv2 + A2U2v1}1) - pdo
B(Q)

+ T/ (Av1 Vg + AvgVuy) - udy + 7 / V- Voou-vdo. (4.14)
#(S2) ()

The first summand on the right hand side of (4.14) equals

/~ Apgiay(Vor - Vo) - vdo + /~ Vi) (Vi - Voa) - (Vg ) prdo,
0¢(2) 96(2)

while the sixth one equals

82
(Vuy - Vo) - Vda—|— v ( (Vuy - Vug) ) - pdo
/a¢> (Q) ov? aqs(sz 25

/(Q) 3() (Voy - Vug) - (Vadg(Q)VT)quU.

Using the fact that

0 0
div,; — (Vv - Vo -u) do :/ Vuy - Vug)u - vdo,
/6¢3(Q) 95() (ay( 1 Vy) . Koo (Vor - V)

where K denotes the mean curvature of d¢(£2) (see [16, §8.5]), we obtain

], PS )] ] = /a oy S0tV - V- v

1o} 0?
+ Vv - Vo vdo +/ Vv - Vo vdo
/%(Q 8u( 1 Vo) - . 8u2( 1+ Vo)

f/~ D?vy : D vgppl/dcrf/~ (Vo1 - VAve + Vg - VA )i - vdo
96(2) 96(2)

+ /8&(9) (di"m?(ﬂ) (D*01.0) 069 V02 + diVa&(Q)(DQUQ'V)3$(Q)V01> - udo

A Avy
+ / <8 k! Vs + an) - pdo — 7'/ ((%sz + anVm) - pudo
a&(g) aV 8 3(])(9) aV (9V

— [ (A2v1Vv2 + A2U2Vv1) - udo
()

+ 7/ (Av1 Vg + AvaVur) - pdy + 7'/~ Vi - Vuou - vdo
(€2) 8p(9)

= /~ A(Vvy - Vug)p - vdo — /~ D?vy : D?vyp - vdo
09(Q2) 0p(£2)

- /~ (V’Ul - VAvg + Vg - VAvl),u - vdo
09(9)
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i /ais(n) (diva‘;(m (D01.0)g500) Ver + diVaJn(n)(Dzvz-V)aJ;(le) - pdo

+/ <3A”1vu2+aAvm> -,LLdO’—T/ (avlv 2+8w1> - pdo
8¢~>(Q) 6V 8 ad, Q) 8V 6

f/_ ((A2U1 — 7Av)Vuy + (A%, — TAvQ)Vvl) - pdo
()

+ 7'/ Vuy - Vuou - vdo.
26(Q)

Using the equality
A(Vuy - Vug) = VAw; - Vg + Vg - VAvg + 2D?v; : D0y
we finally get formula (4.5). O

Now we can compute Hadamard-type formulas for the eigenvalues of problem (4.1).

Theorem 4.15. Let Q be a bounded domain in RY of class C'. Let F be a finite non-empty
subset of N. Let ¢ € Oq[F] be such that 0¢(2) € C*. Let vy, ... ;0| be an orthonormal basis

of the eigenspace associated with the eigenvalue Ap[@] of problem (4.1) in L2(04(Q)). Then

|7

Z / - (/\F[(Ul2

— Jos

0(v})
v

for all v € (C2(Q))N, where =1 0 -V, and K denotes the mean curvature of ().

d|¢ ¢(AFS)[¢] = _/\;—1[&)] <|i’|__11>

+ Ar — 7|V > — \D2v1|2),u-ydo,

Proof. First of all we note that vy, ...,vp € HY($(Q)) (see e.g., [19, §2.5]). We set u; = v, 0 ¢

forl=1,...,|F|. For |F|>1 (case |F| =1 is similar), s < |F|, we have
20 (1F1 = 1) 5= s
dlysthratel = -5 (1 )ZP [dl,_WSWlp)] b)) (@10)

We refer to [31, Theorem 3.38] for a proof of formula (4.16).
By standard calculus in normed spaces we have:

PS [dloms (55 o (PE) ™ 0 75 o Tr 0 m5 ) [llp(un)]] p(u)
=73 [< Ao (P) " odl,_g (95 0o Wl (u)]

+ P8 [alyes (@570 (PS) ) We TF o Tro atp(w)]] Ip(w)].
Now note that:

Ps [(wgsw o (PS) " odl,y (750 Tront) y) [p(um] Ip(w)]

2
:/ <Kv52+ 8(vl)) u'yda—/ V(v7) - pdo,
24(5) ov 24(5)
(see also [30, Lemma 3.3]) and

P [dl,es (75510 (PS) ) [l 0 T o Tr 0wt p(u)]] [p(u)]
= —Apldly_g (P§ o73) W][WHWE(W)]-
(We refer to [33, Lemma 2.4] for more explicit computations). Using formula (4.5) we obtain
P |dloes (752710 (PS) ) [l 0 T 0 Tr 0w p(w)] [p(w)]

= -\t /~ (|ID*v|? + 7|Vv|?) p - vdo + /~ V(v?) - pdo.
0¢(2) 0p(2)

This concludes the proof. O
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Now we turn our attention to extremum problems of the type

i A S A S 9
pn Apslelor | max Aps[d]

where V(¢) denotes the measure of ¢(Q), i.e.,

V(p) = /¢(Q) dx = /Q | det Dol|dz. (4.17)

In particular, all ¢’s realizing the extremum are critical points under measure constraint, i.e.,
Ker dV(¢) C KerdAp s[¢]. We have the following result (see [32, Proposition 2.10]).

Proposition 4.18. Let Q be a bounded domain in RN of class C*. Then the following state-
ments hold.

i) The map V from ®(Q) to R defined in (4.17) is real analytic. Moreover, the differential of
V at ¢ € () is given by the formula

dl, V(@] = /

div(tp o ¢~ H)dy = / (Yod™1) - vdo.
3(Q)

96()

it) For Vo €]0,+o0[, let
V(Vo) == {d € () : V(¢) = Vo}.
If V(Vo) # 0, then V (Vo) is a real analytic manifold of (C*(2))N of codimension 1.

Using Lagrange Multipliers Theorem, it is easy to prove the following

Theorem 4.19. Let Q be a bounded domain in RN of class C'. Let F be a_non-empty finite
subset of N. Let Vy €]0,+00[. Let ¢ € V(Vy) be such that dp(Q) € C* and \j[¢] have a common
value )\F[q;] forallj € F and )\l[q;] #+ )\F[(,Z;] foralll e N\ F. For s=1,...,|F|, the function é
is a critical point for Ars on V (Vo) if and only if there exists an orthonormal basis vy, ..., v p|
of the eigenspace corresponding to the eigenvalue )\F[é] of problem (4.1) in L%@é(@)), and a
constant ¢ € R such that

|7 2
Z ()\F[i)] (Kvlz + ag;l)> — 7|V |2 - |D2012> = ¢, a.e. on 9(Q). (4.20)

=1

Now that we have a characterization for the criticality of ¢~>, we may wonder whether balls
are critical domains. This is the aim of the following

Theorem 4.21. Let Q be a bounded domain of RN of class C*. Let ¢ € ®(Q) be such that
#(82) is a ball. Let X be an eigenvalue of problem (4.1) in ¢(Q2), and let F be the set of j € N
such that X\j[¢] = . Then Aps has a critical point at ¢ on V(V(¢)), for all s=1,...,|F|.

Proof. Using Lemma 4.22 below and the fact that the mean curvature is constant for a ball,
condition (4.20) is immediately seen to be satisfied. O

Lemma 4.22. Let B be the unit ball in RY centered at zero, and let \ be an eigenvalue of
problem (4.1) in B. Let F be the subset of N of all indeces j such that the j-th eigenvalue of
problem (4.1) in B coincides with X. Let vy, ...,vp| be an orthonormal basis of the eigenspace
associated with the eigenvalue \, where the orthonormality is taken with respect to the scalar

product in L?(0B). Then
Ll || |F|

> w2 Y Ve Y D)

j=1 j=1 j=1
are radial functions.

Proof. Let On(R) denote the group of orthogonal linear transformations in RY. Since the
Laplace operator is invariant under rotations, then v o A, where A € On(R), is still an eigen-
function with eigenvalue \; moreover, {vjoA:j=1,...,|F|} is another orthonormal basis for
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the eigenspace associated with to A. Since both {v; : j =1,...,|F|} and {vjoA:j=1,...,|F|}

are orthonormal bases, then there exists R[A] € Oy (R) with matrix (R;;[A]); j—1,...r| such that

1l
v; = Zle[A]Ul o A.
=1

This implies that

|F| |F'|
Z’U _Z )27
j=1

from which we get that E -1 v is radial. Moreover, using standard calculus, we get

|

|F| |F|
> IVuyl? > Rin[AIR1,[A] (Vo 0 A) - (Vg 0 A) > Vo o AP,
Jj=1 l1,l2=1 =1
and

|F|
D%vj - D*v; = Z Rji, [A|R;1,[AJA* - (D%v, 0 A)- A- At (D%, 0 A) - A
ll,lz 1
|F|

Z lel le ]A (D2vl1 o A) ’ (

D2y, 0 A) - A,
liila=1

hence

|7
|D%0;[? = tr(D%v; - D?vj) = Y Ry, [AJR;1,[A|(D?v;, 0 A) : (D?uy, 0 A),
ll,lz 1
from which we get
|7 [l

Z |D2UJ‘2 Z |D20J o A]%.

O
4.2 The Neumann problem
As we have done for the Steklov problem, we study the Neumann problem in ¢(2), i.e.,
A2u — 7Au = du, in (),
6u =0, on 9¢(Q), (4.23)
Tay - lea¢(Q)(D2U.V) — BA—“ =0, on Jd¢(Q).

We consider the operator Pé)\[ from Hi’N () to F(Q), defined by

PV ullg] = /Q (Do é1) 0 @) : (DX(poé) o d)| det Dolde

+T/Q(V(uo¢*1) 0¢) - (V(po¢™") o) det Dgldz, Yu € HZN (Q),p € HA(Q), (4.24)

where

N () = {u € H2(Q) : /Qu| det Do|dx = 0} ,

Moreover, for every ¢ € ®(2), we consider the map J3 from L(Q) to H*(Q)" defined by

TN ulle] = / wp| det Dgldo, Vu € L2(Q), o € HX(Q).
Q
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We will think of the space H, ;N(Q) as endowed with the scalar product induced by (4.24). We
denote by 7}’ the map from H%(Q) to H;N(Q) defined by

Jo ul det Do|dx

N _
™o () = I, [det Dglda

and by Wi’N the map from H?(Q)/R onto H;N(Q) defined by the equality 7r¢ = ﬂiN op.

Clearly, ’/Ti’N is a homeomorphism, and we can recast problem (4.23) as
Aty = Wé,v u,

where Wé\[ = (wg’N)‘l o (73(;\[)—1 o j(z{\[oiowg)’jv and i is the canonical embedding of H2(12) into
L?(Q). An analogue of Theorem 4.3 can be stated also in this case. Therefore, we can compute
Hadamard-type formulas for the Neumann eigenvalues. This is contained in the following

Theorem 4.25. Let Q be a bounded domain in RY of class C'. Let F be a finite non-empty
subset of N. Let ¢ € Oq[F] be such that 04(2) € C*. Let vy, ... ;0| be an orthonormal basis

of the eigenspace associated with the eigenvalue )\F[(ﬁ] of problem (4.23) in L2(q~S(Q)) Then

|F|

Fl—-1
a5 (Arn) 9] = X[ (' | )Z/M (\wo? — rIVol? — |DPuf?) - wdo,

for all v € (C2(Q))N, where jp = 1po =1,

Proof. The proof is similar to that of Theorem 4.15. ~
First of all we note that, by elliptic regularity theory, vi,...,vp € H*(p(Q)) (see [19,

§2.5]). We set u; = v;0¢ for [ =1,...,|F|. For |F| > 1 (case |F| = 1 is similar), s < |F|, we

have
|F|

dlogthrli] = 301 )ZPN[d|¢ WYl )] ().

By standard calculus in normed spaces we have:

P [dloms (51 (PA) ™ 0 7 00 m™) llptun))] Ip(un)]
=Py [(wﬁ;’”)‘lo(%)_ od|,_g (T eiomt") [«ﬂ]{p(ul)@ [p(w)
+ P [l ((e5")7 o0 (P) ) [l 0 T2 0 0 n2 N p(w)]| [p(w)].
Now note that

P ) o (P) ™ ol g (32 o 0mE™) Wl I

= [ vfdiv,udy,
()

(see also Proposition 4.18) and

P [dlms (57 0 (PA) ) 1] 0 T2 00 mN ptan)]] Ip(un)]
= Aptdlyg (P o)) [l [ (w).

Using formula (4.5) we obtain

P [y (V)10 (PY) ) 10 T2 00 78V [p(w)]] [p(w)]

=\ /~ (|ID*v|* + 7|Vv|?) - vdo +[ V(v}) - pdy.
09(Q) ()
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To conclude, just observe that

V(Uf)-udy=/

~ vfp-vdo — / (v?)divpudy.
96(%2) #(€2)

$(2)

Now we can state the analogue of Theorem 4.19 for problem (4.23).

Theorem 4.26. Let Q be a bounded domain in RN of class C'. Let F be a non-empty finite
subset of N. Let Vo €]0, +00[. Let ¢ € V(W) be such that dp(Q) € C* and \;[¢] have a common
value (@] for all j € F and N [@] # Ar[@] for alll e N\ F. Fors=1,...,|F|, the function ¢
is a critical point for Aps on V (Vo) if and only if there exists an orthonormal basis vy, ..., v p|

of the eigenspace corresponding to the eigenvalue )\F[(,Z;] of problem (4.23) in L2(¢~>(Q)), and a
constant ¢ € R such that

|F'|
Z ()\FU? —7|Vu? - \D2vl|2) = ¢, a.e. on 9H(N).
1=1

We observe that Lemma 4.22 holds for problem (4.23) as well, since in the proof we have
only used the rotation invariance of the Laplace operator. Then, we are led to the following

Theorem 4.27. Let Q be a bounded domain in RY of class Cl. Let ¢ € ®(Q) be such that
#(82) is a ball. Let X be an eigenvalue of problem (4.23) in ¢(Q), and let F be the set of j € N
such that X\j[¢] = . Then Aps has a critical point at ¢ on V(V(¢)), for all s=1,...,|F|.

5 The fundamental tone of the ball. The isoperimetric
inequality
In the previous section we have shown that the ball is a critical point for all the elementary

symmetric functions of the eigenvalues of problem (1.1). In this section we prove that the ball
is actually a maximizer for the fundamental tone, that is

A2(€) < Ao (), (5.1)

where Q* is a ball such that |Q] = |Q*|.

5.1 Eigenvalues and eigenfunctions on the ball

We characterize the eigenvalues and the eigenfunctions of (1.1) when @ = B is the unit ball
in RV centered at the origin. It is convenient to use spherical coordinates (r,6), where § =
(01, ...,0n—_1). The corresponding trasformation of coordinates is

xy = rcos(fy),

x9 = rsin(f;)cos(fs),

xy—1 = rsin(f)sin(by)---sin(fny—_2)cos(Ony—_1),

xy = rsin(f1)sin(fy) - sin(@y_2)sin(@n_1),

with 01, ...,0n_2 € [0, 7], On—1 € [0,27[ (here it is understood that 6; € [0, 2x] if N = 2).
The boundary conditions of (1.1) in this case are written as

8%u _
or? |1 O’
ou 1 ou u 0Au —
Tor — TZAS(W - ?) =B oy = Mo

where Ag is the angular part of the Laplacian. It is well known that the eigenfunctions can
be written as a product of a radial part and an angular part (see [14] for details). The radial
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part is given in terms of ultraspherical modified Bessel functions and powertype functions. The
ultraspherical modified Bessel functions 4;(z) and k;(z) are defined as follows

in(z) = 2% Iy 4 4(2),

ki(z) =272 K%%H(z),
for I € N, where I,,(z) and K,(z) are the modified Bessel functions of first and second kind

respectively. We recall that ¢;(z) and all its derivatives are positive on ]0, +oo[ (see [1, §9.6]).
We recall that the Bessel functions .J, and N, solve the Bessel equation

22y (2) + 2 (2) + (27 = v)y(2) = 0,

while the modified Bessel functions I, and K, solve the modified Bessel equation
2y"(2) + 2 (2) + (22 + v7)y(2) = 0.
We have the following

Theorem 5.2. Let Q be the unit ball in RN centered at the origin. Any eigenfunction u; of
problem (1.1) is of the form w(r,0) = R;(r)Y;(0) where Y;(0) is a spherical harmonic of some
orderl € N and

Rl(r) = Aﬂ’l + Bm(ﬁr),

where A; and B; are suitable constants such that

(1=
B= i

Moreover, the eigenvalue Ay associated with the eigenfunction u; is delivered by formula

Ay = l((l — Dl (V1) + Tif/(\ﬁ)>71 [3(l — DIl 4+ N —2)i;(v/7)
— (= VT(N = 142Nl + 21l = 2)l + 7)i;(v/7)
+7((L=1)(1+2N =3)+7)i) (V/7)
+ (- )T (V). (5.3)

for any l € N.

Proof. Solutions of problem (1.1) in the unit ball are smooth (see e.g., [19, Theorem 2.20]). We
consider two cases: Au =0 and Au # 0.
Let u be such that Au = 0. The Laplacian can be written in spherical coordinates as

N—-1 1
A=08 + 0, + 5 As.
r T

Separating variables so that u = R(r)Y () we obtain the equations

g N-lp W+N-2)

- S R=0 (5.4)

and
AgY =—Il(l4+ N - 2)Y. (5.5)

The solutions of equation (5.4) are given by R(r) = ar! + br?>~N-lif | > 0, N > 2, and by
R(r) = a+blog(r) if I = 0, N = 2. Since the solutions cannot blow up at » = 0, we must
impose b = 0. The solutions of the second equation are the spherical harmonics of order [.

Then u can be written as
u(r,0) = alrlYl(H)

for some [ € N.
Let us consider now the case Au # 0. We set v = Au and solve the equation

Av = To.
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By writing v = R(r)Y (#) we obtain that R solves the equation

g N1y UW+N-2)
r

R=1R, (5.6)

r2
while Y solves equation (5.5). Equation (5.6) is the modified ultraspherical Bessel equation
that is solved by the modified ultraspherical Bessel functions of first and second kind 4;(+/77)
and k;(/7r). Since the solutions cannot blow up at r = 0, we must choose only i;(z) since k;(z)
has a singularity at z = 0. Then

’U(T, 9) = by iy, (\/FT)Yzl (0)

for some I; € N. Now v = &% = Aw, that is A(v/7 — u) = 0. This means that

T

u(r,6) = "it, (V)Y ) — 1,2, 6) (5.7)

for some I € N.
Now we prove that the indexes {; and Iy in (5.7) must coincide. This can be shown by

imposing the boundary condition 2y = 0, which can be written as
or? |,—1

buyif, (VT)Y1, (0) = i,la(l2 — 1)Y3, (0) = 0. (5-8)

If the two indexes do not agree, the coeflicients of Y;,,% = 1,2 must vanish since spherical
harmonics with different indexes are linearly independent on 9. Since i} (v/7) > 0, this
implies b;, = 0 and therefore I = 0 or Iy = 1. Then we have

w(r, 0) = (Alrl n Bm(ﬁr))Yl(G), (5.9)

with suitable constants A;, B;. In the case [ # 0, 1, again from the boundary condition (5.8) we
have
I(1-1)A;, + Tigl(\ﬁ)Bl =0, (5.10)
then B; = TllE} (?l[i) A;. Note that the formula holds also in the case [ = 0,1 since these indexes
correspond t(l) B; =0.
Finally, let us consider the boundary condition

ou 1 <8u u) B @

T— — —=Ag(— — —
or r? or r

(5.11)

Using in (5.11) the representation of «; provided by formula (5.9), we get

l( A+ 1=+ N-2) +T))Al + (— (Bl + N =2) + A)i(V7)
— VT((N = 1= 2Nl —2(1 — 2)l — 7)i}(V7) + (N = 1)y/7i]/ (\/7)

+ i (VD) ) B[ Yil0) = X (A + B (V7)) Yil6).

Using equality (5.10) we get that u; given by (5.9) is an eigenfunction of (1.1) on the unit
ball. Moreover, as a consequence, we also get formula (5.3) for the associated eigenvalue. This
concludes the proof. O

We are ready to state and prove the following theorem concerning the first positive eigen-
value.

Theorem 5.12. Let Q) be the unit ball in RN centered at the origin. The first positive eigenvalue
of (1.1) is Ao = A1y = 7. The corresponding eigenspace is generated by {x1,x2,...TN}.

Proof. By Theorem 5.2, 0 = \(g) < 7 = A(1). We consider formula (5.3) with [ = 2. We have

Moy = 2(r(V7) ~202(V7)) " [6Nia(V7) ~ VFEN — 1+ 7)i5(v/7)
£ TN 14 (V) + VRS (V)] (513)
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In order to prove that Aoy > 7, we use some well-known recurrence relations between ultras-
pherical Bessel functions (see [1, p. 376]),

BT = (V) + i (V),

\/,7_
D = Wim + 2 tia (v,
iwm = M iym + i w + H i) +ia(ve)

Using these relations in (5.13), we obtain an equivalent formula for (s,

A@) = 2(5ﬁz’3(ﬁ) + m(ﬁ)) - [(10N — 2+ 27)ia(v/7)
+ (2= 10N + (7+ 10N)V/T — 27 4+ 57/7)i3(\/7)
+7(8 4+ 2N + 1)ig(VT) + 7V/Tis(VT)|.

By well-known properties of the functions I, (see [1, §9]), it follows that i; > 4,41 for all [ € N.
This implies

(10N — 2+ 27)ia(\/T) + (2 = 10N + (7 + 10N)\/T — 27 + 57/7)i3(V/7)
+ 78+ 2N + T)ia(VT) + TVTis(VA) 2 (5VTis (V) + Tia (V)
then
A2) 227 > T = A@y-

Now it remains to prove that A is an increasing function of [ for [ > 2. We adapt the
method used in [14, Theorem 3]. We claim that for any smooth radial function R(r) the
Rayleigh quotient
_ JpIDA(R(MYi(0))]* + 7|V (R(r)Yi(0)) [P da
B Jop R(r)?Yi(0)2do
is an increasing function of [ for [ > 2. We consider the spherical harmonics to be normal-
ized with respect to the L?(0B) scalar product. In particular, we have that the denominator
D[R(r)Y,(0)] of Q(R(r)Y;(0)) is R?(1). For the numerator N[R(r)Y;(0)] of the Rayleigh quotient
we have

NIR(r)Yi(0)] = /01 (i{f (rr - §R)2 G HEZN 1) g rkf>rN—1dr

Q(R(r)Y1(0))

2 74
! N -1
+/ <(R//2)+ - (R/)2+T(R/)2)7’N71d7",
0 T

where k = [(I + N — 2). The above expression is increasing in k for £ > N 4+ 1/2 and since k is
an increasing function of I, we easily get that each term involving [ is an increasing function of
[ for [ > 2. Thus the claim above is proved.
For each [ € N,

D?ul? + 7|Vul*dzx

g Ji D0l £ I uds
Jop udo

where the infimum is taken among all functions u that are L?(0B)—orthogonal to the first m—1
eigenfunctions u; and m € N is such that A\;) = Ay, is the m—th eigenvalue of problem (1.1).

The eigenfunctions u; are of the form u; = Ry(r)Y;(6), and w; realizes the infimum in (5.14).
Then

>‘(l) = inf Q(u) = (514)

Aw = QRi(r)Yi(0)) < Q(Ripa (r)Yi(0)) < Q(Ri41(r)Yi41(0)) = A1),
where the first inequality follows from the fact that R;11(r)Y;(0) is also orthogonal with respect
to the L?(0B) scalar product to the first m — 1 eigenfunctions R;(r)Y;(6) for i = 1,..m — 1,
and then it is a suitable trial function in (5.14). The second inequality follows from the fact
that the quotient Q(R(r)Y;(6)) is an increasing function of I, for [ > 2. This concludes the
proof. 0
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5.2 The isoperimetric inequality

In this section we prove the isoperimetric inequality (5.1). Actually, we prove a stronger result,
that is a quantitative version of (5.1). We adapt to our case a result of [8], where the authors
prove a quantitative version of the Brock-Weinstock inequality for the Steklov Laplacian. We
also refer to [21, 22] where these kind of questions have been considered for the first time (see
also [9, 18]).

Throughout this section 2 is a bounded domain of class C*. We recall the following lemma
from [8].

Lemma 5.15. Let Q be an open set with Lipschitz boundary and p > 1. Then

N
/ |x|Pdo > / |z|Pdo | 1+ cnp (mm) ,
o9 a0 €]

where Q* is the ball centered at zero with the same measure as Q, QAQ* is the symmetric
difference of Q and 2, and cy,, s a constant depending only on N and p given by

N
Wip-Dp-v¥2-1( )
4 N te[1, V7]

CN,p ‘=
We also recall the following characterization of the inverses of the eigenvalues of (1.1) from
[28] (see also [7]).

Lemma 5.16. Let Q be a bounded domain of class C* in RY. Then the eigenvalues of problem
(1.1) on  satisfy,

BN {k+N
Z —— = max Z/ U?da}, (5.17)
I=k+1 M (8) I=kt1 09

where the mazimum 1is taken over the families {vl}ﬁ'}ﬁl in H?(Q) satisfying [, D*v; : D*v; +
TVv; - Vjde = 855, and [yqviugdo =0 for alli = k+1,..,k+ N and j = 1,2, ..., k, where
Uy, Usg, ..., ug are the first k eigenfunctions of problem (1.1).

For every open set 2 € RY with finite measure, we recall the definition of Fraenkel asym-
metry

A(Q) := inf { Ixa - T&”D(RZ\]) : B ball with |B| = Q|}

The quantity A(Q) is the distance in the L'(RY) norm of a set (2 from the set of all balls
of the same measure as 2. This quantity turns out to be a suitable distance between sets
for the purposes of stability estimates of eigenvalues. Note that A(Q) is scaling invariant and
0<AQ) < 2.

We are ready to prove the following

Theorem 5.18. For every domain Q in RN of class C' the following estimate holds
A2(Q) < A (0%) (1 — oNA(Q)?), (5.19)

where 6 is given by

and * is a ball with the same measure as €.

Proof. Let Q be a bounded domain of class C! in RY with the same measure as the unit
ball B. We consider in (5.17) I = 2,..., N + 1 and v; = (7|Q|)~'/%x; as trial functions. The
trial functions must have zero integral mean over 9€). This can be obtained by a change of
coordinates x = y— ﬁ I 90 Ydo. Moreover, the functions v; satisfy the normalization condition

of Lemma 5.16. Then v; are suitable trial functions to test in formula (5.17). We get

N+1

1 1
> — |z|*do.
; () T Tl Jon
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We use Lemma 5.15 with p = 2. This yields
1 1 IQAB|\?
> |x\2da 1+ecn, (>
M(Q) = 7190 Jos ( 2\
NIB| () (|QAB|>2 N, <|QAB|)2
= CN,2 =— CN2 | a7
7|B| 1€ T €2

NEL OAB\?
=255 (HC“( ) >>

=2

1

Suppose now that A\»(£2) > 7, otherwise estimate (5.19) is trivially true, since 0 < A(2) < 2.

Since A2(2) < N\(Q) for all I > 3, the previous inequality and the definition of A(£2) yield

A2(Q) (1+ en2A(2)?) < Aa(B).

This implies (5.19) with 6y = & min{1, % (/2 — 1)}. Note that min{1, & (V2 - 1)} =
%( V2 —1). This concludes the proof in the case (2 has the same measure as the unit ball.

The proof for general finite values of || relies on the well-known scaling properties of the
eigenvalues. Namely, for all a > 0, if we write an eigenvalue of problem (1.1) as A(7,Q2), we
have

M7, Q) = o Aa™?T,a0).

This is easy to prove by looking at the variational characterization of A\(7,Q) and A(a 27, af)
and performing a change of variable z — z/« in the Rayleigh quotient (3.9). This last obser-
vation concludes the proof of the theorem. O

The isoperimetric inequality 5.1 is an immediate consequence of Theorem 5.18.

Corollary 5.20. Among all bounded domains of class C' with fized measure, the ball mazimizes
the first non-negative eigenvalue of problem (1.1), that is Aa(2) < Xo(2*), where A2(Q2) has been
defined in (3.9) and QU* is a ball with the same measure as €.

Remark 5.21. In [8] the authors prove that the quantitative version of the Brock-Weinstock
inequality that they find is sharp. We think that it would be of interest to consider the problem
of the sharpness of inequality 5.19 as well. Unfortunately, the results of [8] do not apply imme-
diately to our case. Also, we do not discuss the sharpness here since we think it is out of the
purposes of the present paper. Such a discussion will be part of a future work.

6 Concluding remarks

Throughout this paper we have only considered problems (1.1) and (3.10) with 7 > 0. If we set
7 =0, problem (1.1) reads

A2y =0, in Q,
2y — ), on 9, (6.1)
—divaq (DQU.V) - aaAV“ = Au, on 0,
while problem (3.10) reads
A2y = \u, in €,
‘3272 =0, on 99, (6.2)

divyn (D2u.1/) + 85# =0, on d9.

Problems (6.1) and (6.2) model free vibrating plates which are not subject to lateral ten-
sion. These problems have a sequence of non-negative eigenvalues of finite multiplicity and the
corresponding eigenfunctions form a orthonormal basis of H?(f2). The coordinate functions
Z1, ..., 2n and the constants are eigenfunctions of both problems (6.1) and (6.2) corresponding
to the eigenvalue A\ = 0, which has multiplicity IV + 1. Therefore, the first non-zero eigenvalue
is the (N 4+ 2)-th eigenvalue.
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As we did in Theorem 3.17, we can define the family of problems

A%y = \p.u, in €,
9y — o, on 99, (6.3)

divoq (D*u.v) + 282 =0,  on 99,

where p. is defined as in (3.11). We have the following theorem, whose proof can be easily done
adapting that of Theorem 3.17.

Theorem 6.4. Let ) be a bounded domain in RN of class C?. Let p. be defined as in (3.11).
Let A;j(pe) be the eigenvalues of problem (6.8) on Q for all j € N. Let \;, j € N denote the
eigenvalues of problem (6.1) corresponding to the constant surface density %. Then we have

lime 0 Aj(pe) = Aj for all j € N.

It is clear that a discussion similar to that of Section 4 can be carried out for problems
(6.1) and (6.2) as well, by means of a change of the projections Wg, 71'9/ according to the kernel.
In particular, all the formulas in Section 4 remain true, by setting 7 = 0. Then we have the
following

Theorem 6.5. Let Q be a domain in RN . Let ¢ € ®(Q) be such that #(Q) is a ball. Let X be an
eigenvalue of problem (6.1) (problem (6.2) respectively) in ¢(S2), and let I be the set of j € N

such that X\j[¢] = X. Then Ap s has a critical point at ¢ on V(V(¢)), for all s =1,...,|F|.

Moreover, for problem (6.1), it is possible to identify the fundamental modes and the fun-
damental tone on the ball. We have the following

Theorem 6.6. Let Q. = B be the unit ball in RN . The eigenfunctions of problem (6.1) are of
the form
w(r,0) = (Alrl + Blr2+l) Y1(6),

forl € N, where A; and By are suitable constants such that
(-1
i+2)(1+1)

The eigenvalues Ay of problem (6.1) corresponding to the eigenfunctions w(r,0) are delivered
by the formula

B, =— 1

I(1l=1)(N +2Nl+ (1 —1)(2+30))
1+21 '

Ay =

The first positive eigenvalue is

8
AN+2 = A2) =2(N+5>,

and the corresponding eigenfunctions are
us(r,0) = (6r* — r*)Y5(9).

Proof. The proof is similar to that of Theorem 5.2, from which it differs only for the use of
biharmonic functions on the ball as solutions of the differential equation A?u = 0. For a
characterization of biharmonic functions on the ball we refer to [2, 3, 38]. O

We have an explicit form for the fundamental tone and for the corresponding eigenfunctions
in the case of the unit ball which suggests how to construct trial functions for the Rayleigh
quotient of Anyo. Unfortunately, if we want to use a function of the form R(r)Y(6) as a
test function as we did in Theorem 5.18 we must impose that R(r)Y2(#) is othogonal to the
constants and to the coordinate functions with respect to the L?(9Q) scalar product and we
can no more obtain this just by translating the domain €.

We remark that functions of the form R(r)Ys(#) where R(r) = 6r® — r* for r € [0,1] and
R(r) = 8r — 3 for r > 1 are suitable trial functions for the annuli. Explicit computations show
that, for example, in dimension 2 or 3 (where the formulas are less involved), the ball is a
maximizer among radial domains with a fixed measure.

The results contained in this section suggest that the ball should be a maximizer also for
problems (6.1) and (6.2). For what concerns problem (6.2), a characterization of the funda-
mental tone is still unavaiable. A deeper analysis of problems (6.1) and (6.2) will be part of a
future work.
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