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Abstract

We consider two-point correlators in SU(N) gauge theories on R* with A" =2 supersymmetry and N ¢
massless hypermultiplets in the fundamental representation. Using localization on S4, we compute the
leading perturbative corrections to the two-point functions of chiral/anti-chiral operators made of scalar
fields. The results are compared at two and three loops against direct field theory computations for some
special operators whose correlators remain finite in perturbation theory at the specific loop order. In the
conformal case, the match is shown up to two loops for a generic choice of operators and for arbitrary N.
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1. Introduction

Non-perturbative effects in gauge theories with A" = 2 supersymmetry in four dimensions
can be computed in many different ways. A method which has lately received a lot of attention is
localization that provides exact results for the field theory path-integral by localizing it around a
finite set of critical points.” In V' = 2 gauge theories this localization is typically achieved after
giving a vacuum expectation value (vev) to the scalar field in the vector multiplet, and deforming
the space-time geometry to break the gauge and Lorentz symmetries of the system. In the physics
literature these deformations are usually called the 2-background [4,5]. Proceeding in this way,
one can explicitly evaluate the partition function Z of the gauge theory on R* and derive the
celebrated Seiberg—Witten prepotential F that is identified as the free energy of the system after
the ©2-background is turned off. Both Z and F, which receive non-perturbative contributions
from instantons, are holomorphic functions of the complexified gauge coupling t of the theory
and of the scalar vevs.

The localization ideas can be extended also to more general space-times. For example, the
case of A/ = 2 gauge theories defined on a four-sphere S was worked out in great detail in [6].
In this case the path-integral receives contributions from both instantons and anti-instantons, and
localizes on configurations with purely imaginary scalar vevs. The corresponding partition func-
tion, which we denote as Zg,, is given by the modulus square of the one on R* integrated over
all possible imaginary vevs. In this picture, holomorphic and anti-holomorphic contributions are
associated, respectively, to instantons and anti-instantons that localize around the north and south
poles of the sphere. This result is a particular application of the general localization procedure
for non-flat manifolds as it has been spelled out in [7] where it is shown that the partition func-
tion on manifolds with multiple patches is obtained by suitably gluing together a copy of the
partition function on R* for each patch. The partition function Zg, is at the core of this paper,
in which we want to test the predictions of localization against the results obtained by comput-
ing the Feynman diagrams in standard perturbation theory. To this aim, we focus on the weak
coupling regime where instanton and anti-instanton contributions can be discarded.

Perturbative tests of the localization formulae have already been performed for Wilson loops
in A/ = 4 theories for which both one-loop and instanton corrections to the gauge partition func-
tion are absent. In this case, the localization formula reduces to a Gaussian matrix model integral
counting the number of ladder diagrams, in full agreement with the field theory predictions [8].
Further investigations in this context have concerned the computation of the OPE coefficients
between circular Wilson loops and chiral operators [9—11], and the computation of half-BPS
Wilson loops [12] in superconformal N = 2 super Yang—Mills theories. In all cases a perfect
agreement between the results of localization and those of perturbation theory has been found.

More recently, a series of papers appeared in which two-point correlators of chiral/anti-chiral
operators in A = 2 superconformal theories are computed for low [13-16] and large [17-19]
values of the rank of the gauge group. In a conformal theory, the two-point function between a
chiral operator O and an anti-chiral operator O/ can be written as

Al (g)
CFT (4;T2x122)Ao+y(g)

<0"(x1)0'1(x2)> (1.1)

2 See for example the collections [1,2] and references therein for a review on localization, and [3] for a mathematical
discussion.
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where x12 = x1 — x7, g is the gauge coupling, and A( and y (g) are the engineering and anoma-
lous dimensions of the operators. In [13—16], it was shown that, for operators in the chiral ring,
the functions A (g) can be obtained by taking suitable derivatives of a deformed partition func-
tion on the sphere with respect to the couplings 7;, T; associated” to the operators O’ and O/.
Such derivatives are proportional to the two-point function (Oi (N) 0/ (S )) on Sy, where N and S
are the North and South poles. In turn, this two-point function is related* [16] to (07 (0) 07 (c0))
on R*, and hence to AY (g). This establishes a correspondence between correlators on Sy and
correlators on R*, which was tested in [16] for half-BPS operators of low-dimensions in A/ = 2
superconformal SU(N) gauge theories with N = 2, 3, 4 using the explicit results of perturbation
theory up to two-loops derived in [15]. In this paper we elaborate on this approach relying on
the fact that the Sy partition function is expressed through localization as a matrix model [6],
and show that the derivatives of the deformed partition function mentioned above, and thus the
functions A%/ (g), can be expressed as correlators of matrix operators.

In comparing the matrix model results with the perturbative evaluation of the two-point func-
tions (1.1) we will see that the interaction terms of the matrix model precisely reconstruct
effective vertices associated to specific Feynman diagram contributions. Given that the corre-
spondence directly works at the level of diagrams, it is natural to ask whether and to what extent
it can be extended to non-conformal A/ =2 SYM theories, such as theories with gauge group
SU(N) and Ny # 2N massless hypermultiplets in the fundamental representation. In this case
the sphere partition function can still be computed using localization in terms of a matrix model
whose structure is similar to the one of conformal cases. However, it becomes much less obvious
how to relate matrix model correlators to field theory ones. In fact, although localization pro-
duces a finite result for any choice of operators, when the theory is non-conformal, the two-point
functions computed on the gauge theory side are in general divergent and have to be renormal-
ized. To understand in detail the relation between the results in perturbative field theory and those
obtained using localization is our ultimate goal. As a first step in this direction, here we focus
on correlators that are already finite in field theory at a specific loop order. In this case we are
able to provide some highly non-trivial tests of the correspondence. More precisely, we consider
two-point functions that vanish up to a given loop order L — 1. Under this assumption, we show
that the leading contribution at L loops is finite and the correlator takes the form

ij 2L
<0"(x1) 0’(xz)> S L. SR O(g*+?) (1.2)
(4 2x3,) %0

with specific coefficients AIL] We find a certain number of operators in this class for L =2, 3 and

for all of them we compare the results for .AiLj coming from localization against those obtained
by standard field theory methods, finding a perfect match. In the superconformal case we prove
the correspondence up to two loops for any operator and for any N, thus generalizing the results
of [13-16].

3 The Lagrangian is deformed by terms of the form z; | "d%6 0! (x, 0) + c.c, so it actually contains the top-component
of the chiral multiplet of which O' (x) is the lowest component.

4 In the map from the sphere to R* a redefinition of the operators is involved, due to a mixing with operators of lower
dimensions. As we will discuss in detail in Section 2.3 we implement this redefinition by means of a normal-ordering
prescription.
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This paper is organized as follows. In Section 2 we derive the two-point correlators using
localization methods. In Section 3 we compute the corrections to the two-point functions in
perturbation theory at two and three loops. In Section 4 we summarize our results and discuss
the correspondence between localization and field theory. Finally, in Section 5 we present our
conclusions. Some technical issues are discussed in the appendices.

2. Two-point correlators in the matrix model

We consider a four-dimensional A" = 2 super Yang-Mills theory with gauge group SU(N ) and
N ¢ massless hypermultiplets in the fundamental representation. As discussed in the Introduction,
we are interested in the two-point functions between chiral operators made out of the complex
scalar field ¢ sitting in the vector multiplet, and anti-chiral operators analogously defined in
terms of the conjugate field ¢. When the gauge theory is superconformal, i.e. when Ny =2N,
building on the results of [20,21] it has been shown in [ 13—16] that these two-point functions can
be obtained by placing the theory on S and taking suitable derivatives of a deformed partition
function. The latter can be computed using localization in terms of a matrix model [6]. Thus, ma-
trix model correlators for the theory on S4 encode information on correlators of the gauge theory
in R*. Here we extract the field theory correlators from matrix model correlators involving the
insertion of “normal-ordered” operators and argue that the correspondence extends, in a suitable
sense, to non-conformal models.

We begin by briefly reviewing the interacting matrix model of [6]; then we show how to
efficiently compute correlators of matrix operators for arbitrary N. In this way we do not only
retrieve the results of [13—16] for the SU(N) superconformal theories with N = 2, 3, 4, but we
also extend them to generic N. Later we consider a special class of correlators in non-conformal
models.

2.1. The partition function on Sy

As shown in [6], the partition function of an A/ = 2 super Yang-Mills theory with SU(N)
gauge group defined on a four-sphere S4 can be written in terms of a traceless N x N Hermitian
matrix a in the following way:

N N
ZS4=/Hdau A@|zGa, 0 8( Y a) - @.1)
u=1

v=1

Here a,, are the eigenvalues of a, the integration is over the real line, A is the Vandermonde
determinant

N
A@y= [] ap, . (2.2)

u<v=1

where a,, = a, — a,, and Z(ia, 7) is the gauge theory partition function on R*. The latter is
computed using the methods of [5], with the assumption that the adjoint scalar ¢(x) in the gauge
multiplet has a purely imaginary vev given by (¢) = ia, and that the 2-deformation is param-
eterized by €] = € = 1/R, where R is the radius of S* which, for simplicity, we take to be 1.
Finally, the §-function in (2.1) enforces the special unitarity condition, and 7 is the complexified
gauge coupling:
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0 4
T=—+i—. 2.3
o T (2.3)
The gauge theory partition function Z can be written as a product of the classical, one-loop
and instanton contributions, namely
Z(ia,t) = Zcass(ia, ) Zone-loop (ia) Zinst(ia, T) . (2.4)

The classical part produces a simple Gaussian term in the matrix model:

2 2
8w 2 8 2
=5 > u Ay — =5 tra

| Zclass (ia, T)|2 =e ¢ =c ¢ ) (2.5)

while the one-loop contributions from the gauge multiplet and Ny matter multiplets can be writ-
ten as

|Z1100p i) = H H (iay,) HH(um (2.6)
u<v=l1
where
Hx)=G(1+x)G(l —x) (2.7)

with G (x) being the Barnes G-function. In the weak-coupling limit g < 1 that we will consider,
instantons can be discarded since they are exponentially suppressed so that we can put

|Zingi(ia, D> = 1. (2.8)
At weak-coupling the integral (2.1) is dominated by the region of small a,, and thus we can
expand the functions H appearing in (2.6) for small values of their arguments using

o0 2n
X
log H(x)=—(1+y)x*=> ¢@n—1)—. (2.9)
n
n=2
Here ¢ (n) is the Riemann zeta-function and y is the Euler—Mascheroni constant. In this way the
one-loop contribution can be viewed as an interaction term in a free matrix model:

| Z11oop(ia)|* = 5@, (2.10)
where
N N
S@==2 ) logH (iau)+ Ny ) _logH (ia,) = $2(a) + Sy(@) + - - 2.11)
u<v=1 u=1

with S, (@) being homogeneous polynomials in a of order n. The first few are:

Sa2(a) = —(l+y)( Z a,, — Ny Za ): —(1+)/)(2N—Nf)tra2,

u,v=1
N
Su(a) = %3)< 3 al N,»Z ) [(2N Np)tra* +6<tra )2] ,
u,v=1 (2.12)
N N
Se(a) = —%5) <u§1 a, — Ny ;ag)
_ _? [(21\7 — Np)tra® +30tra* tra? — 20 (tra3)2] .



432 M. Billo et al. / Nuclear Physics B 926 (2018) 427-466

Performing the rescaling

2

a— (&) . .1

the matrix model gets a canonically normalized Gaussian factor and the sphere partition function
becomes

PN 2 l
Zs, = (W) /Hdau Aa)e ™ —Sint(“>3(zav) (2.14)
u=1 v=1
with
2 2 2 2 3
g g g
Sin(@) = 25 S2(a) + (@) Su(a) + (871—2) Se(a)+--- . 2.15)

The overall g-dependent prefactor in (2.14) will be irrelevant when computing correlators, while
the terms of order g2L in Sip¢ will account for effects that take place at L loops in the corre-
sponding field theory computation. Therefore we will refer to the g2-expansion of Sy as a loop
expansion.

Note that the Vandermonde determinant A(a) in (2.14) arises from the Jacobian of the change
of variables from a general N x N matrix to its diagonal form in terms of its eigenvalues a,,, and
thus the integral (2.14) can be alternatively expressed using a flat integration measure da over all
matrix entries, namely

g\ 2
Zs, =cn (ﬁ) / da e =Sm(@ (2.16)
b4

where cy is a g-independent constant and da is defined by formula (2.22) below.
2.2. Matrix model correlators

Given any function f(a) of the matrix a, its vev in the matrix model described above is
defined as

N N
(f(a)= %f]’[dau A<a>|Z(ia,r>|2a(Zau)f(a>
4 u=1

v=1

/da eftrazfsim(a) f(a) (217)

/da e—traz—Sim(a)

where in the second step we used (2.16). Since Siy(a) can be expressed as a series in g2 (see
(2.15)), it is natural to view exp(—Sint(@)) as an interaction term in a Gaussian matrix model and
write

<e_ int(a) f(a))o

(fl@)=
(e_ im(a)>0

(2.18)

Here, we have denoted with a subscript O the expectation value in the Gaussian matrix model
which, for any function f(a), is defined as
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1
(f@ly=5- / da e f(a)

Zo= /da e

with

433

(2.19)

(2.20)

Having perturbatively reduced the computation of vevs in the interacting matrix model to vevs
in a Gaussian model, we now give some details on the latter. If we write a = ay, T where T? are

the generators of SU(NV) in the fundamental representation, normalized such that

1
r TP T¢ = 55’”, rT? =0,

and if we normalize the flat SU(N) measure as

NZ-1 day,
da = }:[1 N ,
then
Zyp=1

and the basic Wick contraction becomes
(apac)o=1bpc -
For our later purposes, it is convenient to introduce the notation

tnyma,... = (tra™ tra” . ..)0 .

For SU(N) we evidently have
t():(tr1>0=N , N :(tra>0=0,
while, after using (2.24), we get
Vo1
7

Higher order correlators can be computed using the fusion/fission identities

t :(traz)o =TT =

1 1
tr T’ B T"By = —tr Bjtr B — — tr Bi B>,
1 2 > 1 2 N 152
TP By T By = » 1 By By — ——tr By tr B
1 2=5 102 N 1 2,
which are valid for two arbitrary matrices By and B;. For example, we have

ty=(tra*) =2(cT’T"a*), + (0T aT a), = (N— i)tz )

0 2N

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

In fact, one can recursively relate any correlator involving a total of n matrices to the combination
of correlators with n — 2 matrices obtained after a single Wick contraction. We find (for n > 2)



434 M. Billo et al. / Nuclear Physics B 926 (2018) 427-466

n—2

1 1
I = 5 Z (tm,n—m—Z - N tn—2) s
m=0
-2
15 1 ni 1
tn,nl = 5 Z (tm,n—m—Z,nl - N tn—Z,m) + 7 (tn—i-nl—Z - N tn—l,nl—l) s (230)
m=0
-2
S 1 ny 1
tnvnlsnz = 5 Z <tm,n—m—2,n1,n2 - ﬁ tn—2,n],n2) + S(In—y—n]—lnz - N tn—l,nl—l,nz)
m=0
na 1
+ 7<n+n2—2,n1 - ﬁtn—l,nl,n2—1> s
and so on. For n =0, 1, 2, these expressions acquire a particularly simple form:
0,0y ,ns,... = Ntnl,nz,... s
,ny,n,... = 0, (2.31)
N2 —14n +ny+...
tZ,nl,nz,..A = ) ni,no,... *

These recursive relations, together with the initial conditions (2.26), can be used to derive finite
N formulae in a very efficient way. A few examples are given below:

SN - N (NP DRN2-3)
2= 2 ’ 2,2_ 4 ’ 4 = 4N ’
5(N2—1)(N*—=3N%2+3 3(N2—1)(N?—4
e = ( X 9 » BB3= ( X ) ) (2.32)
8N?2 ’ 8N
) (N2 —1)(N? +3)(2N? - 3) (N* = 1)(N*+3)
42 = ) = .

8N 2.2, 8

2.3. Normal-ordered operators

Another important ingredient is normal ordering. Indeed, since we are ultimately interested
in establishing a connection between correlators in the matrix model and correlators in the
gauge theory, and since the latter involve chiral and anti-chiral operators that do not have self-
contractions, we have to introduce matrix model operators that do not have self-contractions
either, i.e., that are normal-ordered. Given an operator O (a), subtracting all its self-contractions
is equivalent to make it orthogonal to all the lower dimensional operators.’ Let A be the dimen-
sion of O(a) and {Op}a be a basis in the finite-dimensional space of operators with dimension
lower than A. We denote by C A the matrix of correlators in this basis, whose elements are

(CA)pq = <0p(a) Oq (a)) (2.33)
where the right hand side is defined via (2.17) and (2.18). Then, the normal-ordered operator
:0(a):g is defined as

:0(@a):g = O(a) — Z(O(a) Op(a)) (Cgl)pq 0Oy(a) (2.34)
P

5 Similar arguments were also carried out in [11] to compute the two-point functions involving a Wilson loop and a
chiral operator (see also [10]).
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where the sum over p, g runs over all operators with dimension lower than A. By construc-
tion, this operator is orthogonal to all operators O,(a) with lower dimension. In particular, its
one-point function vanishes:

(:0(a)5) =0, (2.35)

since the sum in the right hand side of (2.34) precisely subtracts all self-contractions of O(a).
We would like to stress that the definition (2.34) of normal ordering introduces an explicit
g-dependence and the symbol : :; we have used underlines this feature.

As an example, let us consider O(a) = tra®. The only operator of lower dimension is the
identity, so using (2.34) one finds

:traz:g: tra’— (traz) . (2.36)
The second term precisely subtracts the self-contraction contributions inside a correlator. Indeed,

<:tra2:g :tra2:g)=<tra2 traz)— (tra2)2. (2.37)
If we explicitly compute the right hand side of (2.36), we find

2 2 2
:tra2:g = tra’— N 3 ! — @N Nf)(]\; hd+y) % +0@gh . (2.38)
Notice that the g?-term is proportional to (2N — N ) and thus vanishes in the conformal case.
Actually, this is true for the g2-terms of all normal-ordered operators, since these corrections
originate from insertions of > which is proportional to (2N — N).

As will be more clear in the following, for the two-point functions studied in this paper the
g-dependent terms in the normal-ordered operators will not contribute to the loop orders we will
consider, i.e. they will be always subleading in the gauge coupling and thus can be neglected. For
this reason, we find convenient to introduce a specific notation for the g — 0 limit of the normal
order, namely

:0(a): = lim : 0(a):, (2.39)
g—0

in such a way that most of the fomulae will look simpler. Note that the normal ordering (2.39) is
the natural one in the Gaussian matrix model. For example, we have

NZ—-1
2

Applying the definition (2.34) to operators of the form (tra"1 tra"? - .- ), and using (2.32), it is
quite straightforward to obtain the explicit expressions of the leading terms of other normal-
ordered operators. For operators of dimensions up to six, beside (2.40), one finds the following
results:

:traz: = traz—

(2.40)

‘tra’: = tra’, (2.41a)

:(tra2)2: - (tra2)2 — (N4 Duwd® + N44_1 , (2.41b)

2 2 2
:(tra2>3: = (tra2>3 - 73(N2+ 3) (tra2>2 + SV 3i(N +D tra’
. (N2 +3)(N*=1)
8

(2.41¢)
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2N2 -3 NZ—-1)(2N%*-3
tra*: = ra* — — " tra® + ( it ) , (2.414d)
N 4N
2 2N? — 15(N* — 3N2
:tra6: = tlra6 —é (traz) — 3@N >) tra4+ ( 3 +3) tra2
2N 4N2
5(N2—1)(N*—=3N2+3
5 )( + )’ 2.41e)
8N?2
2 2 9 2.9 9(N% —4
:(tra3) L= (tra3) —+ ﬁ (tra2) — Etra4+ (4—N)tra2
3(N? —4)(N*—1
_X ) ), (2.411)
8N
2N2_3 2 NZ47
:tra4tra2: = tra4tra2— _ (traz) — + tra4
N 2
3(2N%2 —3)(N2+3 NZ - 1)(N2+3)(2N2 -3
. ( YN+ )tmz_( Y(N“ 4+ 3)( )' (2.41g)
4N 8N

For each of the expressions considered above, it is easy to check that all subsequent terms in
. . . . . 2
the right hand side are obtained as self-contractions of the first one. For instance, for (tr a’ ) the

terms proportional to (traz)2 and tra* correspond to a single Wick contraction of (tra3)2, the
term proportional to tra? is the result of two Wick contractions and the last one arises from three
contractions.

As we mentioned above, for the two-point functions considered in this paper the g-dependent
terms in the normal-ordered operators are not really needed at the loop orders we study. To see
this, we observe that in the conformal case the one-loop corrections vanish and therefore the
first g-dependent terms are of order g*. These corrections lead to modifications of the two-point
correlators at order g8, i.e. at four loops, which is beyond the approximation considered here. In
the non-conformal theories, instead, we will focus on correlators that vanish at weak coupling
up to a given loop order (specifically two- and three-loops) and restrict ourselves to the leading
contributions (of order g* and g©, respectively). In these cases one can show that the g-dependent
terms in the normal order definition yield subleading contributions to the correlator and thus can
be neglected. To check this, it will be useful to observe that

:(traz)n:g = :<tra2>n: — ;,-[_22 n(ZN_Nf)(N22+2n_3)(1+Y) :(tra2>n_1 40" .
(2.42)

Another useful property is that in the correlator between two normal-ordered operators, the nor-
mal ordering can be removed from one of them, namely

(0@ :0@@):)={0() :0(a)z). (2.43)
2.4. Two-point correlators
A generic operator of dimension n can be written as

0l (@) = Z ¢ Ctra™ tra™- -, (2.44)

ni,ng,..
nyzny>e
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where the sum is over the partitions of n = ) " n, and the index i labels the various combinations
that one can make using coefficients ¢/, 1.ny....- Of course, for SU(N) we can restrict to n; > 1
since tra = 0; thus the independent operators of dimension n are as many as the partitions of n
in which the number 1 does not appear.

Alternatively, using the adjoint decomposition a = a;, T?, we can write (2.44) as

by |

Ol (@) =Ry, ., a"a”---a" (2.45)

where R’ is a gauge tensor. Thus, to any operator Oén)(a) we can associate a completely sym-

metric n-index tensor R'. -
We now define the two-point correlator Al({l) (g) as the expectation value of two normal-
ordered operators in the interacting matrix model, namely

—Sin j .
C (n)(“)g (n)(a)-g)o

< e_Sint (a))o

Al (9) = (10}, (@) :0] @) ) = (2.46)

The correlator Ai{;)(g) can thus be computed perturbatively in g using (2.15) and performing
Wick contractions in the free matrix model. In this way we write

(n) (g) Z A(n) (g)’ : (2.47)

L-loop

The first term of this expansion is simply given by

= (:0{,)(@): :0] (a):), = n'R,, , RI"P>0n. (2.48)

Indeed, at tree level we can put Sj,; = 0 and neglect all g-dependent terms in the normal-ordered
operators; moreover, due to normal ordering, the only possibility we have is to contract each
matrix of Oé )(a) with a matrix of O(n)(a) in all possible ways using (2.24); in this way we
immediately find the above expression.

At higher loops the calculations are less straightforward, and the results depend on the features
of the model considered. In the next subsection we give some explicit examples, starting with the
superconformal case.

2.5. The conformal case Ny =2N

When Ny = 2N, the expansion (2.15) simplifies since (2.12) becomes

$2(a) =0
Si(a) = % [6 (traz)z] , (2.49)
Se(a )_—& [30tra ra® —20 (tra3>2] .

Using S> = 0in (2.46), we obtain
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(")(g) 1-loop =0
- 2.2 ) ;
A’(;)(g) oy = () (200 @: :00,@: [Si@ = (ss(@), ]}, - (2.50)
2.3 )
8 i
(n) (g) . loop = —(@> < :0(11) (a): (n) (a) [S6(a) - <S6(a))o]>o .

The correlators that appear in the right hand sides can be evaluated in the free Gaussian model
for any N using the recursion relations (2.30) in a straightforward manner.

Let us consider some explicit examples involving the operators of low dimensions, which we
list here:

2
1 3 1 2 2 4
Oby=ta®, 04 =ud®, 0= (tra) . 0% = ud. @2.51)

Up to three loops, we find the following correlators:

= N2—1 9(N42—1) 4“(3)(52)2

N 15(N4_1]3](2N2_1) 4(5)(8 22) 4O (2.52a)
A (8) = 3(N2_;3\§N2_4) a 27(N2_1)(1§12\7_4)(N2+3) “3)(%22)2

. 15(N2—1)2(1;/;\—];L)(22N2+53) g(S)(%f L0 (2.52b)
Al (g) = (N42‘1) _9(N4—1>(N2+3>;(3)(52)2

+30(N4—1)(N12\I—|—6)(2N2— )§(5)<8 22) + O | (2.520)
2= 2—1)(11‘1‘\/—26N2+18)_3(N2—1)(N6—|—1312V4—18N2+81) é_(3)(<<>’_22)2

+S(Nz—l)(SNS+191\2/jv—39N4+432N2—648) 4(5)<§2>3 L O .

(2.52d)
+S(Nz—1)(29N6+;iN4—90N2+108) (5)<8 22) LoEY . @52

One can check that these formulae reproduce the results in [13—-16] for N = 2, 3, 4 and generalize
them to any N. In Section 3 we will compare these expressions with the perturbative computation
of the corresponding correlators in field theory at two loops and find perfect agreement.
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2.6. Special correlators

When Ny # 2N things are more complicated. For example, the one-loop interaction term
S> is no longer vanishing and the perturbative expansion has many more terms. We restrict our
attention to a particular class of correlators that vanish up to a given loop order L — 1, i.e. that
are of the form

A @ =Aly o,  + 06" (2553)

with the first non-vanishing contribution of order g2~.
To make the analysis as simple as possible, we fix one of the operators to be

2\" 1 by b bom—1 ,,bom
(tra> :2_m51)1172""sz,,,,lbz,na1612"'612 Tg?2m | (2.54)

This choice greatly simplifies the calculations in the matrix model but, as we will see in Section 3,
it also helps in the perturbative computation of the corresponding correlator in field theory which
becomes tractable without being trivial.®

The two-point correlator we study is then

m 10! a):, :(tra 1, e vintld
: : (:00,,,) (@) :(tra®)":y e Sm@))
Ay (8) =0l @ 1 (tra?) 1 ) = =22 Py . (259)

where the operator OEZm) (a) is chosen in such a way that

Aly (8) ‘E_loop =0 for £=0,1,...L—1, (2.56)
To evaluate this correlator one makes use of the expansion of Sjy; given in (2.15), which implies
2 ANG) 1
5@ =1 - (L) 5@ - (L5) (8@ - 582?)
82 82 2 2.57)
2 3 1 :
() (5@ = Ss@S2@) + £ $2@°) +
(§r2) (56@) = Ss@8260) + 52@)%) +..

Notice that if one already knows that all terms of order less than L vanish, then the denominator
in the right hand side of (2.55) does not contribute at order g2 and thus can be neglected.
The first requirement is the vanishing of the zero-loop term, i.e.

j _[.pi . 2\" .\ _
fom) (&) ’o-loop =(:00,y(@: :(ra?)" 1)y =0. (2.58)
Using (2.48) and (2.54), we immediately see that this condition is equivalent to
Rélbzwbzmqbzm ghibz.. . ghamtban = 0 (2.59)

i.e. the R! tensor associated to 0£2m)(a) must be totally traceless.
It is easy to show that if the zero-loop condition (2.58) holds, then also the one-loop contribu-
tion vanishes. Indeed, we have

6 For a more general choice of the operators, corrections to the normal order definition contribute to (2.53) and the
match against field theory results requires more care. We have performed some two-loop checks for correlators in this
more general class and found perfect agreement with field theory.
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2

i 8 i m
(zm)(g))l—loop = _@(:0(2;41)(61)1 :(tra2> : 52(61))0
x (:OEZm)(a): :(traz)m: tra® Jo (2.60)

o <;0£2m)(a): :(traz)ml )0 = AiZm)‘

To obtain the last line, one first writes the product :(tr a2)m : tra® as a linear combination of

0-loop a

normal-ordered operators : (tr az)k: with k < (m + 1), and then uses the fact that only the term
with kK = m in this combination can contribute to the correlator, yielding in the end a vanishing
result because of the condition (2.58). The first non-trivial contributions occur then at two or
more loops.

2.6.1. Two loops
Assuming the vanishing of the zero- and one-loop terms, we consider the two-loop contribu-
tion to the correlator Al(zm) (g), which reads

2

. , . |
l(zm)(g))Z—loop - _(é) (:OEZM)(a): :(tra2> : [S4(a) - E Sz(a)z] )O
2.0 .
=_(%) (:00 (@) ;(mz)  Su(@)), (2.61)
_ 6¢(3) g2 2 .
T2 (Q) @m) >
where
. 1 ) m )
Cm = 5[ 0lam @) :(tra2> : [(ZN—Nf)tra4+6<tra2) 1o - (2.62)

Above we used the fact that multiple insertions of S, automatically vanish given the vanishing
of the correlator at the previous orders, as we showed in considering the one-loop contribution,
and took into account the explicit form of S4 given in (2.12). Let us now consider some explicit
examples.

At dimension two (m = 1), there is a single operator, namely tra?, which does not satisfy
(2.59). So we cannot construct special correlators when m = 1.

At dimension four (m = 2), we have two independent operators, tra* and (traz)z, none of
which satisfies the tracelessness condition (2.59). However their linear combination

2
Oly(@) = tra* + ¢} (traz) (2.63)
with
: 14 2N? -3
. 2.64
‘22 02 N(N?+1) (69

does. To see this, we first observe that
2 2 2
(100 (a): :(traz) ) =([ra* + ¢35 (tra2> ] :(traz) o

= ch<[tra4 + C%,Z (tra2)2] <tra2>k>0 )

k=0

(2.65)
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where in the first step we have removed the normal ordering from 0(14) (a) according to (2.43),

and in the second step we have written :(traz)z: = Zi:o Ck (traz)k according to (2.41b). Then,
using the definitions (2.25), the zero-loop correlator becomes

2
(:0(14)(a): :(traz) o = ch [t4,2,. 2+ 652 022, 2]. (2.66)
= =

Exploiting the recursion relations (2.30) we see that each term in the above square bracket is
proportional to (l4 + cé’z tz,z), which vanishes because of (2.64). Thus, the condition (2.58) is

satisfied. Alternatively, one can check that the R tensor associated to 0(14), namely

7@ TRTBTW 4 o] ) s@ngaa) (2.67)

is traceless in any pair of indices for the choice of cé 5 given in (2.64).
Using the above findings, we then obtain

2 623
Al (@ =(:0ly @ :(ra?) ) = 42( ) (52 2) Ciay +0(&°) (268)
where
(2N — Np)(N? — 1)(N? — 4)(N? - 9)
C(4) SR+ . (2.69)

This expression follows directly from (2.62), and vanishes in the conformal case when Ny =2N.
This analysis can be done also for operators of higher dimensions. For example, when m =3
we find three operators of dimension six that satisfy the condition (2.58). They are

3
Ol (@)= tra®+ ¢}, (traz) ,
2
0% (@) = tra’ + ¢} 5 (tra3) : (2.70)
0(36)(61) =tra®+ ¢j, tra* tra®

where the coefficients, determined with the method described above, are

. f6 5(N* —=3N%+3)
C ] = — .
22,2 120 N2(N2 + 1)(N2 +3)
1 5(N*=3N%2+3
c§’3:_t_6:_%, @.71)
3,3 (N-—4)
| 3 5(N* —=3N%2+3)

T2 N(N2+3)2NZ-3)"
Using these results in (2.61), we find

. . 2 6203
Alg) (@) =(:0(g) @1y :(wa?) ) = - 42( ) (8712) Cigy + O(g°) 2.72)

with
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92N — Nf)(N? — 1)(N? —4)(N? —9)(2N? - 5)

Clo = 4N(N2 +1)

o2 _ 92N - Nf)(N?2 = 1)(N? —9)(3N? - 5) (2.73)
© 4N ’

3 _ 32N — Np)(N? = D(N? —4)(N? —9)(TN* — 39N? + 30)
© = AN(NZ+3)(2N2—3) '

We notice again that these correlators vanish in the superconformal theories.
In the next section we will compare the correlators A{, (g) and A{4) (g) with the correspond-
ing ones computed in field theory using standard Feynman diagrams, finding perfect agreement.

2.6.2. Three loops

Our previous analysis shows that it is possible to find two independent linear combinations
0(6), with i = 1, 2, of the operators (2.70) such that also the two-loop term of the corresponding
correlator vanishes. Using (2.61), we see that this amounts to require

e 3
(:05(@): : (tra2) : Sa(@)), =0. (2.74)
The two independent operators can be chosen as

~ N R 3
0(16)(41) =tra® + 641,2 tra*tra® + c212y2 (traz) ,

N > 3 (2.75)
0% (a) = tra® + 5 (tra3) + T3 (tra2> ,
with

1 302N?-53) i (7N* -39 N? +30)

C A — £

L2TTNNTET) 222 NINTE (N A7) 2.76)
> 2N% -5 > 3N2 -5

GBITTT3N 2227 T NANT )

When a correlator vanishes up to order g, as is the case of the operators 626) we have just
introduced, the first non-trivial contribution occurs at three loops and takes the form

-~ 2 3 . 3 ]
1(6) (g)‘3—100p - —(5}?) < :Oéﬁ) (@): :<tra2> : [S6(a) — S4(a)$2(a) + 632(61)3] )O
2 3 . 3
= _<;;r—2) (:05,(@): :(tra2> : So(@)), 2.77)

20 g(S) (8712) /C\(i@

with
—~. 3 2
i = 20( Oigy(@: :(tra?) s [@N = Nptra® +30twa* ra® =20 (wa?) ), . 278)

In (2.77) we used again the fact that terms containing S vag\ish in this situation and, in the last
step, inserted the explicit form of S¢ from (2.12) to obtain C(’é). The explicit evaluation of this
expression for the operators (2.75) gives the following result:
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51 9NIT—D(N2-4)
© 7 16N2(N2 +3)(N2 +7)
— Ny (N8 — 28NS 4 477N* — 1890N? — 2400)] ,

[2N3(N6 — 118N* + 897N? — 4620)

2.79
—y  45(N?2—1)(N>—4) @79

© = TTI6N2(N2 + 3)
+ Np(N® — 10N* +25N% + 80)] .

[2N3(3N4 +10N2 — 109)

In the next section these findings will be shown to match with the corresponding ones obtained
with a perturbative field theory computation at three loops.

3. Two-point correlators in field theory

In this section we compute two-point correlation functions in A/ = 2 gauge theories using
standard Feynman diagram techniques. In order to be self-contained we begin by briefly describ-
ing the set-up and the Feynman rules in the superspace formalism.

3.1. Superfield actions and Feynman rules

We use the A = 1 superfield formulation of A/ = 2 theories in Euclidean space and collect
our conventions and notations in Appendix A. In this formulation, the A" = 2 vector multiplet
consists of a A" = 1 vector multiplet V and a chiral multiplet ® in the adjoint representation of
the gauge group. The corresponding gauge theory action is

1 5
Sewge = g3 ( / d*x d*0 (W W,) + h.c.) +2 / d*xd*0 d*0 (e ¢V o' eV @)

- %/d“xdzedzé wr(D*V D*V), 3.1)

where g is the gauge coupling (for simplicity we have set to zero the Yang—Mills 8 angle) and
W, is the chiral superfield-strength of V, namely

1 -
W =—7D? (e_zgvDa eZgV) 3.2)
with
9 s M pa N 9 s M
Da=+w +10ad9 8#’ Ddz_aé_dl_le Uadaﬂ. (33)
The last term in (3.1) implements the gauge fixing, with £ = 1 corresponding to the Fermi—
Feynman gauge.” With our conventions, the action Sgauge, as well as the actions we are going to
write hereinafter, is negative defined and thus it appears in the path integral as eSswee,
Writing V = VT4, & = ®4T* where T are the generators of SU(N) in the fundamental

representation normalized as in (2.21), and expanding up to second order in V the action (3.1)
with & = 1 becomes

7 While in general the gauge choice (i.e. different values of £ in (3.1)) is a matter of taste, in a supersymmetric field
theory the choice of the Fermi—Feynman gauge (§ = 1) is obligatory, since otherwise the auxiliary field in the vector
multiplet with zero canonical dimension has a logarithmic propagator. Note that Sgauge should contain also a ghost
contribution, which however is not relevant for our calculations, and thus we omit it.
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Sgauge =/d4x d*0d*0 (— VIOV + 0™ 4 2ig ¢ TV P
(3.4)
_ 2g2fabefecd cb’ravbch)a’ 4. )

where f@¢ are the structure constants of SU(N).

In N =1 language, a fundamental A" = 2 massless hypermultiplet consists of two chi-
ral multiplets Q and Q transforming in the fundamental and anti-fundamental representation,
respectively, together with their anti-chiral partners Q' and Q. The action for N f such hyper-
multiplets is

Ny

So=Y Ud“x d20d%0 (Q; %V 04+ 04 e—2gV§L)

A=1 (3.5

+ (iﬁg / d*xd20 0 4® Q4 + h.c.)]

which, up to second order in V, explicitly reads
Ny
So=Y_ / d*xd*0d*0 (QQM Qaut+28 O, VTS Qav+28 Ql, VT, VTS, Qo
A=1
+ éAu é;u - 28 éAu Ve Tuav é:rqv + 282 éAM v Tsz VbTuljv éTAv T+

+iv2g D au® T Q40 02 — iv/2g O, @191 O 92) : (3.6)

Here we have understood the summation over u,v=1,--- , N.
The action of the N' =2 super Yang-Mills theory with N; massless hypermultiplets can
therefore be written as

(Ny¢)
SnLy = Seauge + So - 3.7)

For our purposes it is convenient to view the pure A/ = 2 theory as a truncation of the maximally
supersymmetric A/ = 4 theory. Indeed, the latter can be obtained by adding to the pure N = 2
theory the contributions of two adjoint chiral multiplets ®, and ®3, which together with their
conjugate CDE and <I>§ build an adjoint N’ = 2 hypermultiplet H. Thus the action of the N' =4
theory is

SN=4 = Seauge + SH (3.8)

with

Su=2Y" /d4x %0 d%0 w(e 2V ) eV @)

1=23
3.9)
ﬁ 3
+g Z |:/d4xd29 EIJKtr(CDI[qu’CDk])-’_h.CCI ,
1,J,K=1

where in the second line we have used the notation ®; = ®. Up to second order in V, the action
for the adjoint hypermultiplet is
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1

B @' - propagator: I,a,z1,0; ——— e J,baa 0y = Oy 6% e(nten ) 1
422,
1
QQ' - propagator: A,i,x1,0; ———— = === B,j,25,0, = 0ap 8, et 220 2
42wy
~ o ' 1
Q Q' - propagator: A,i,x1,0; - - e B,j,x2,00 = daB Ouve(&ﬁ&rzwwmz; )
T2y,
62 0_2
V'V - propagator: a,x1,60q b, 9,0, = — oo 12712

2.2
8wy,

Fig. 1. The superpropagators in the ' = 2 theory in configuration superspace.
Sy = / d*xd*0d*0

X [ Z (CDV ‘;+2ig fabc Cb;mqu)? _2g2 fabefecd CDVVbVCCD‘Ii—I—-H)
1=2.3

+igV/2 £ o @b 0567 —igV/2 f¢ o ol q>§092] . (3.10)

For later convenience, we now display the Feynman rules for the various superfields that can be
obtained from the actions (3.4), (3.6) and (3.10). In configuration space, the superpropagators
can be compactly written, using the following notations [22]:

Xij =Xj —Xj, 9,'j 29,' —9.,' s 9_,']' 29_,' —9_.,' s E,’j =i9,'0’9_j s (3.11)

as indicated in Fig. 1.

The cubic interaction vertices that can be read from the actions (3.4), (3.6) and (3.10) are
listed in Fig. 2.

There are also higher order interaction vertices, but they are not needed for our calculations
and thus we do not write them explicitly here.

In this set-up, a correlator in the N = 2 theory can be written in the form

AT = Anca+ Ag — An (3.12)

where Ap corresponds to the contribution of the diagrams in the N' = 4 theory in which the
adjoint chiral multiplets ®; and ®3 that build the hypermultiplet H run in the internal lines, and
Ag corresponds to the diagrams in which matter chiral multiplets Q and é run in the internal
lines. We call them H- and Q-diagrams, respectively. Furthermore, if one considers correlators
among BPS protected states, one can simplify (3.12) because such correlators do not receive
corrections in the N =4 theory, namely Axr—4 = A, so that we have

AN = Ao+ Ap — An . (3.13)

We will extensively make use of this formula to study the two-point functions of half-BPS opera-
tors in A/ = 2 theories and compare them with the matrix model results of the previous sections.
In this respect it is important to realize that the H-diagrams that give rise to Ay do not really
exist in the A/ = 2 theories under consideration, but they provide a simple book-keeping device
which greatly simplifies our analysis.



446 M. Billo et al. / Nuclear Physics B 926 (2018) 427-466

K,c
L 92
(@ T L) - vertex: Jb = - %,f erir f°0 07
I,a
K,c
(03 ~
(®¢ <I>b7 DG ) - vertex: Jb = 1g?:'[ €IJK ]mbc 6
I,a
v
_ R A
(Qf, @} QY) - vertex: /—4— La = —igV26nTg,6°
7/
u
v
(Qu D4 Q,) - vertex: ——1la = igv265, Tg, 67
Ve
u .
J,c
(@1 VP 05) - vertex: b= 2igds f*°
I,a
v
(QF Ve Q,) - vertex: /\'\/\/\/\, a = 2972,
d
u
v .
o A
(QuV®Ql) - vertex: AN~ a = —2T,
Vg

Fig. 2. The cubic interaction vertices of the actions (3.4), (3.6) and (3.10).

In the following we are going to consider two-point functions between chiral and anti-chiral
operators. The former are constructed only with the lowest component of the chiral superfield
®| = ® of the N' =2 vector multiplet, that is the adjoint scalar

P(x) = ®(x,0,0)|,_s_o = ¢ (@) T, (3.14)
while the latter are made only with the conjugate scalar

Gx) =D (x,0,0)|,_5_, = ¢“(0) T (3.15)
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ai - b1

=]
y

b2

an bn

Fig. 3. The diagram representing the tree-level correlator (3.21).

Gauge invariant chiral operators of dimension n can be generically written as
04y (9()) = RY 4y 9™ () 92 (x) - 9™ (x) , (3.16)

where R' is a totally symmetric n-index tensor of SU(N). The superscript i labels the different
such tensors and hence operators that can be considered. The anti-chiral operators can be defined
in a similar way by replacing ¢(x) with ¢(x). To simplify the formulae in the following, we
adopt the notation

04y (®) = 0(, (p(x)) and O, (x) = 0}, (¢(x)) . (3.17)
Examples of these are the multi-trace operators
tro"(x)---tro"t(x) and tr@"(x)---trg" (x), (3.18)

or combinations thereof.
The two-point functions we will consider are

{0f,(x1) O, (x2)) (3.19)
for various choices of i and j. At tree-level we can easily compute this correlator using the
propagator

ab

(" (x1) @ (x2)) = (3.20)

2,2
Aexi,

which is obtained from the ®®' superpropagator in Fig. 1 by setting to zero all fermionic super-
space coordinates, and fixing I = J = 1. Performing all contractions, we find
. s n!Ri ., RJaran
O, (x1) O (x = . 3.21
< (n)( )] (n)( 2) )0—100p (47‘[2x122)” ( )

We can pictorially describe this result as shown in Fig. 3 where each oriented line represents the
tree-level propagator (3.20).

At higher orders the calculation of the two-point function (3.19) is less straightforward and
crucially depends on the type of A/ = 2 theory one deals with. In the next subsection we start by
considering the superconformal theories corresponding to Ny =2N.

3.2. The conformal case Ny =2N
When Ny = 2N, the N = 2 theory is superconformal invariant. In this case many simplifi-

cations occur: for example, due to the vanishing of the S-function, the gauge coupling is not
renormalized and the chiral/anti-chiral operators retain their engineering scaling dimensions
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" @ "
-
-

as b2

an bn

Fig. 4. The diagram representing the one-loop contribution to the correlator (3.19). The label Q — H in the loop means
that this is the difference between the Q and H contributions.

a; b;

“ @ b]

Fig. 5. A two-loop subdiagram containing the one-loop correction to the gauge coupling that vanishes in the supercon-
formal theory with Ny =2N.

Fig. 6. The irreducible two-loop correction to the scalar propagator. The left diagram describes the loop of the funda-
mental superfields Q and Q, while the right one accounts for the loop of the adjoint hypermultiplet H.

without anomalous terms. Furthermore, the one-loop corrections to the propagators and to the
three-point coupling exactly cancel between the Q- and H-diagrams, so that any diagram con-
taining this difference as a subdiagram vanishes for arbitrary choices of the operators OE n) and

0({1)' For example, the one-loop diagram represented in Fig. 4 vanishes.
This implies that

(OE") (X]) 0-(jn) (XZ) >1-loop =0. (322)

Similarly, the two-loop subdiagram of Fig. 5 vanishes when the Q — H difference is computed
for Ny = 2N and thus all diagrams containing it can be discarded.

The only diagrams that can contribute at two loops are those containing the irreducible cor-
rections to the propagator represented in Fig. 6, or the two-loop diagrams drawn in Fig. 7.

Their sum yields the two-loop correlator, which we write as

ij
_ ‘A(n) & |2-loop

0,‘ 0_]' =
( (n)(xl) (n)(x2)>2—loop (47‘[2)6122)"

(3.23)

Here we adopted the same symbol Algl) (g) used for the matrix model correlators in the previous
section since, as we will show, the two coincide.
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o > b b
ai R 1 ai /' 1
//-\\\

as - L bo as - bo

an—1 bn—1 An—1 bn—1

an bn an bn

Fig. 7. The two-loop diagrams that can contribute to the two-point function (3.19). The left diagram refers to the contri-
bution of the matter hypermultiplets while the right diagram refers to the adjoint hypermultiplet H.

We start by analyzing the contribution of the irreducible two-loop subdiagrams of Fig. 6.
Since the propagators of the superfields that make the hypermultiplets Q and H differ only in
their gauge index structure, the difference between the Q- and H-subdiagrams can be written in
a factorized form as®

—8g* Wa(x12) €S2, (3.24)

where W>(x12) is the result of the integral over the superspace internal variables and the color
factor Cgb , following from the Feynman rules of Fig. 2, is given by

Cgb — Nf T4 TC Tb T¢ _ fad4a'1 fcdldszdza'3 fcd3d4

ugu Tuup T uouz T UzUg
(3.25)
=Nptr TOTT T — Trogj T*T T T¢

with Tr,q; being the trace in the adjoint representation. Expressing this trace in terms of traces
in the fundamental representation and using the fusion/fission rules (2.28), we can rewrite this
factor as follows

N
csb = _<N2 + ﬁ) T = —(N2 + ) w TOT? (3.26)

where in the last step we used the superconformal value Ny =2N.

The total contribution of these diagrams to the correlator (3.23) is obtained by performing
all contractions between O' and O/ as in the tree-level computation but with one propagator
replaced by (3.24). To perform these contractions in an efficient way, we introduce the notation
@ =T and ¢ = T to denote auxiliary scalars with the Wick contraction

(o @") =06 (3.27)
We also write the operators as Oén)((p) and 0'(/,1)(@) by replacing ¢(x) and ¢(x) with ¢ and ¢

in Oén)(x) and 0_(1;1) (x), respectively. Then, one can easily realize that replacing one propagator
with (3.24) corresponds to inserting in the tree-level correlator the following effective vertex

8g* Wa(x12) Va(9, 9) , (3.28)

where

Va9, 0) = —C50 1 9,0, = (N> +1):trdp : . (3.29)

8 The overall prefactor is —(2g)2 (iv2g)(—iv2g) = —8g4 and comes from the normalization of the interaction vertices
involved in these diagrams.
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Here and below we will always represent effective vertices by normal-ordered products (denoted
by ::) of ¢ and @ in which all self-contractions are discarded. The scalars ¢ and ¢ of V, will
contract with, respectively, one ¢ of O/ and one @ of O'; so in this way the replacement of
one propagator with the expression in (3.24) is correctly implemented. The contribution of the
diagrams of Fig. 6 to the two-loop correlator (3.23) is therefore

Wa(x12)

8g4 _
(4JT2x122)”71

(06,9 0},,@ V20.9) (3.30)

The last ingredient is the superspace integral W (x12) which, as shown in Appendix C.1, is

3¢(3 1
Wa(x12) = — £0) . (3.31)

2
(1672)" (4r2x,)

Using this, we see that (3.30) becomes

2
~6:0) (&5) —— (04, 0}, @ V2(0.9)) (3.32)
872 (47'[2)612 ) () ()

Let us now turn to the diagrams in Fig. 7. Focusing on the irreducible subdiagrams, we see
that just as before, the Q — H difference can be written in a factorized form as’

28* Wy(x1p) C{1201P (3.33)

where Wa(x12) is the result of the integral over the superspace internal variables and the color
factor following from the Feynman rules is
bib d b d d
Clelz 102 Nf T:4lu] Eﬁlulefzzug TJ?M _ fal 4d1f 1d1dy fazdz 3fb2 3dy
=Nt TUTOT2TP? — Trpg T TP T2 TP
(3.34)
—[(21\/ — N TUTHTRTb 4 2 T Th o2

F2uTUT2 TN TR 4 2 TO TP ¢ T“ZT”I] .

The last equation follows from rewriting the adjoint trace in terms of the traces in the fundamental
representation.

The total contribution of these subdiagrams to the correlator is obtained by performing all con-
tractions as in the tree-level computation but with two propagators replaced by the sub-correlator
(3.33). This amounts to inserting in the tree-level correlator the following effective vertex

—2g* Wa(x12) Va(9, §) , (3.35)

; 20_; 2

9 The overall numerical factor 2g4 is explained as follows: we have a factor of W
insertions of the four three-point vertices, times a factor of 2 coming from the permutations of the fields ® and ®3 (or
Q and Q) inside the loop. Indeed one can make two independent loops with two ®; and two ®3 (or two Q and two Q)
in alternating positions as required by the Feynman rules. In general, the symmetry factor of a loop diagram with 2k

(f g)

coming from the

three-point vertices is given by times k!(k — 1)! which is the number of independent loops that can be made

k ,2k
with k &5 and k &3 (or k Q and k Q) in alternating positions. The net result is therefore 2 f
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where

a| axb1by .

V4(‘P ‘P) ¢a1¢b1(pa2¢b2 :
(3.36)
= (2N — Ny) :tr(<p(0)2: +4 :(trgo(o)z: +2 :tr¢2tr¢2: .

In the superconformal case Ny = 2N the first term of V4 is absent. Notice again that the nor-
mal ordering in V4 is necessary to correctly implement the replacement of two propagators
with (3.33). Using the effective vertex (3.35), the two-loop correlator corresponding to the sub-
diagrams of Fig. 7 is

Wa(x12)

gt —
(47‘[2)6122)"_2

(04, ) 0, @) Va(o.5) (337)

The superspace integral W4 (x12), which is evaluated in Appendix C.2, is

6¢(3) 1
Wax12) = 5 5 (3.38)
(1672) (472x},)
Thus, (3.37) becomes
§(3)
2

(871 ) m <0<n)(¢) 0(n>(¢) V4<<0,¢))- (3.39)

Adding (3.32) and (3.39), we find

£(3) 1 8% \2 .ij
Ay ®),,, =05 (52) o (3.40)
where
Ciy =00 (@ 0},,@) [ Vato. ) +2V2(0.9)) (3.41)

<O(n)((p) 0!, [4 (tr @) +2:r@? r: +2(N + 1) ;tr<p¢;]>.

We have evaluated this expression for the various operators listed in (2.51) and, at two loops,
found perfect agreement with the matrix model results (2.52).

3.3. Special correlators

When Ny # 2N, the N’ =2 theories are not superconformal invariant and many of the
above simplifications no longer occur. More in general we need to implement a renormaliza-
tion procedure. For example, the gauge coupling has a non-vanishing one-loop S-function and
the chiral/anti-chiral operators acquire anomalous dimensions. It is nevertheless possible to find
a set-up where the calculations of the two-point functions remain simple and where a contact
with the matrix model results of the previous sections can be established in a direct manner. To
do so, we choose operators such that their two-point function vanishes up to a given loop order
(L — 1). The L-loop contribution is thus finite and does not need to be renormalized. Therefore,
we restrict our attention to special correlators that take the following form
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ij
A(zm) (g) |L—loop +

~ O(g*12) (3.42)
(Am=xiy)"

(0} (1) O, (x2)) =

for L > 1. Then, in order to keep the discussion and the calculations as simple as possible, we
fix the anti-chiral operator to be

m

- 1 - - - -
(tr @)™ = 5 By By @10 72 (0) -+ G (1) 72 () (3.43)
Thus, we will study the following special correlators

: m Ai m (g) -loo
(O (xD) (r @ (x2))" ) = A |10y +0(g2+2) (3.44)
(4 2x3,)m

for L > 1 and various choices of i.
Of course, the first condition we have to require is the vanishing of the tree-level correlator

i =0. 4
A<2m)(g)’o.loop 0 (3.45)

Using (3.43), it is immediate to realize that (3.45) is equivalent to the “tracelessness” condition
of the R-tensor, namely

Ri §U@ . §Bm-10m _ () (3.46)

ayaz:---axm

This condition ensures that also the one-loop correction to the correlator (3.44) vanishes in the
N =2 theory, i.e.

i
=0. 4
A(Zm) (g) -loop 0 (3 7)

Indeed, the only Q- and H-diagrams that can contribute correspond to the one-loop correction
of the chiral propagator (see Fig. 4). When Ny # 2N, the Q — H difference is not vanishing but
it is still diagonal in the color indices, and thus leads to a vanishing result after the tracelessness
condition (3.46) is used.

Therefore, the first non-trivial corrections occur at two or higher loops (L > 2). We are going
to consider them in detail in the next subsections.

3.3.1. Two loops
At two loops there are several Q- and H -diagrams that a priori can contribute to the correlator

(3.48)

'AéZm) (g) 2-loop - (47[2x122)2m < OéZm) (x1) (tr¢2(x2))m >2—100p ’

but many of them have a vanishing color factor. For example, it is easy to realize that all diagrams
accounting for the two-loop corrections of the chiral propagator can be disregarded since these
corrections are diagonal in the color indices and give a vanishing contribution to the correlator
(3.48) upon using the tracelessness condition (3.46). In particular, we can discard the two-loop
diagrams of Fig. 6. Similarly, we can disregard the Q- and H -diagrams involving corrections to
the gauge coupling represented in Fig. 5. Indeed, these diagrams have a color factor of the form

falbl c fazbzc (349)

and their contribution to the full correlator will lead either to
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R‘llla2 an fa1b1c fazbzc 3blb2 59344 . . . §0m—102m
m (3.50)

i ayaz gazd4 - edm—142m
~ Ryiarar, & 1) 1) ,

which vanish because of the tracelessness condition (3.46), or to

Rlalaz ary fulbw fazbzc sb1as ghaas | gazm—1a2m
(3.51)

i ajaszc paraqc o edym—1a2m
~ Rajayear, | f 8 ’

which vanish due to the symmetry/anti-symmetry properties of R and f.

The only two-loop diagrams that can contribute to our special correlators are those represented
in Fig. 7. Proceeding as above, we can use the effective vertex (3.35) and show that the two-loop
correlator becomes

s Wilx12) ;

i trg?(x2))" =- :
( (2m) (1) ( Ty (xz)) >2—100p (47t2x122)2m*2 (2m) (3.52)

where
Cloy = (0 @) (0%)" Vil 3)) (3.53)

with V4 given in (3.36). Using the explicit expression (3.38) for the superspace integral W4 (x12),
after collecting all terms we find

zm)(g)’N o 642(3) (8712) Clom) - (3.54)

Specifying to the operators (2.63) and (2.70) that correspond respectively to m =2 and m =3,
one finds perfect agreement between the field theory correlator (3.54) and the matrix model
results (2.69) and (2.73).

3.3.2. Three loops
The computation of the three-loop correlators goes along the same lines. In this case we
consider operators

Oty 0) = RL - 1 (1) 2 (x) -+ 02 (x) (3.55)
such that the two-point function

(Ol (x1) (tr@* (x2))™) (3.56)
vanishes up to two loops. This condition is equivalent to require that

Rzuaz “aom s glam=tm = () (3.57)

Rz Ca1a2a3a4 §9596 . .. §%m—102m — ()

ayaz--aym 4 ’

where the tensor C4 is defined in (3.34). Under these conditions, the first contribution to the
two-point function is represented by the three-loop correlator

Aoy @], = G (Dl 1) (7 052))" )y - (3.58)

For m = 3 we have verified that this three-loop correlator receives contributions only from the
Q- and H-diagrams represented in Fig. 8.
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a1
az
as
)
Qn—1 bn—1 Gn—1 bn—1
an bn an bn

Fig. 8. The three-loop diagrams that can contribute to the two-point function (3.56) for m = 3 (and n = 6). The left
diagram refers to the contribution of the matter hypermultiplets while the right diagram refers to the adjoint hypermulti-
plet H.

Following the same steps as before, one finds that the three-loop correlator is obtained by
performing the same contractions as in the tree-level computation but with three propagators
replaced by the following effective vertex'®

8
3 80 We(x1p) CP1e2P203 (3.59)

where Wg(x12) comes from the integration of the superspace internal variables and the color
factor is

Cglb1a2b203b3 =Nytr TaTh paxphyas by _ Trog T Th e b pa b (3.60)

This amounts to insert in the tree-level correlator the expression

8 -
=3 8" Wo(x12) V(0. 9) . (3.61)
where
= braxbrazb — - _
Vo(@, @) = —C¢""'*C% 200, @4, 90y @by Py Py
=(2N —Ny) :tr((o¢)3: +6tr :(p3¢ tr(ﬁz: +6tr :(03<p tr(pz:
(3.62)
+ 61tr :¢2(7)2 troe: +12tr :((o(b)2 tro: —2tr :(o3 tr¢3:
— 18tr :<p2¢ tr(oz(p:
The three-loop contribution to the correlator (3.56) for m = 3 can therefore be written as
. } ; 8 We(x12) ~;
(D) (1) (r @ (2)) )3 100p = =5 8° ———>—Cl
(6) 3-loop 3 (47r2x122)3 (6) (3.63)
where
. ~ N3 ~
Cley = <056) @) (r0?) Vs(o. <o)> : (3.64)

10" The overall factor of 8g6/3 follows from footnote 9 choosing k = 3.
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The integrals over the superspace variables of the internal points are computed in Appendix C.3
and yield the following result

20¢(5) 1

We(x12) = — 3 (3.65)
3 3
(1672)" (472xf,)
Thus, collecting all factors we obtain
=i 20¢(5) / g% \34;
1(6) (g)‘3-loop - 3 (@) Cé6) ’ (3.66)

Specifying to the operators (2.75), we again find perfect agreement with the matrix model re-
sults (2.79).

4. Correspondence between matrix model and field theory

In the previous sections we have provided explicit evidence for the localization formula

<()@0(¢(x1))tiéw(é(xz))>QFT:= (0} @ 0 (@) @D

(47.[2 x122)” matrix model
where the correlator in the quantum field theory side is assumed to be finite at a specific loop
order. As it stands, this relation has been checked in the superconformal case for any half-BPS
operators at two loops, while in the non-conformal case it has been proven for certain class of
operators at two and three loops. However, we think it should be possible to generalize and
suitably extend this relation to any two-point function. We postpone the interesting question of
how to deal with divergences and renormalization to a future work. To set the stage for these
developments, let us further comment our results.

At tree level, the relation (4.1) is quite straightforward to prove since the matrix model effec-
tively counts the same tree-level contractions of the field theory. However at higher orders, as we
have seen, the correspondence is less obvious.

4.1. The conformal case Ny =2N

In the superconformal case, for arbitrary choices of the operators OEH) and 0(]”), there are
no corrections at one loop, while at two loops we have shown that the field theory correlator
(3.40) matches the one coming from the matrix model using the localization formula (2.50). This
confirms the results of [13—16] and extends them to generic values of N and generic operators.
Such a match can be made even more compelling if we recall that the two-loop corrections
originate in the matrix model from the insertion of — [S4 (a) — (84 (a))] in the tree-level correlator
(see (2.50)). By rewriting this in terms of normal-ordered operators as

6203
2

~[Sa(@) — (Sa(@))o] = [ [(tra®)?: +(N2 + 1) :tra: ] 42)

and making the replacement a — ¢ + @, we obtain

:(tra2)2: =4 :(tr(p(,'a)z: +2 :trgo2 tr(oz: +...=Valp,0)+...

a—+¢

4.3)

(N*>+1) :tra’: =2(N’+1):tr@p@:+...=2Va(0, @) + ... ,

a—+¢
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where the ellipses stand for the terms with different number of ¢ and ¢ which give a vanishing
contribution if inserted in the chiral/anti-chiral two-point function since they violate the U(1)
charge conservation. Using these expressions and discarding these unbalanced terms, we there-
fore find
6£(3) _ _
[Ss@ = (Ss@o]| == V0.9 +2V2(0.9) | (“44)
a—>@+@ 2

in which it is easy to recognize precisely the same combination appearing in (3.41). This relation
explains on general grounds the two-loop agreement between the matrix model and the field the-
ory results for the two-point function of arbitrary operators Oén) and O_(jn) in the superconformal
case.

4.2. Special correlators

A very similar treatment can be made at two and three loops for the special correlators in
which the anti-chiral operator is chosen to be (tr(q‘))z)m. In this case, on the matrix model side the
two-loop corrections arise simply from the insertion of —S4(a). Then, making the replacement
a — ¢ + ¢, we have

IO P 4 2\
—S4(a) . > [(ZN Nyp)tra®™ +6 (tra ) ] ot
6¢(3
=D vieprt.... (4.5)

where the vertex Vj is defined in (3.36).!! Here the ellipses stand again for terms with an un-
balanced number of ¢ and @ which give a vanishing contribution, or for terms proportional to
the structure constants arising from commutators of ¢ and ¢, which also give no contribution in
the special correlators due to (3.51). This implies that the match with the localization formula is
not limited to the operators we considered in Section 3.3.1, but can be extended to any special
correlator involving an operator OéZm) with a traceless R’ tensor and arbitrary m.

At three loops, the special correlators are obtained from the insertion of —Sg(a). Repeating
the same steps as above, we have

¢(5) 6 4. 2 3\?
—S =——"|(2N —Ny)t 30tra™ t —20(t
6(a) ot 3 [( ptra’ +30tra”tra (ra ) ] S
20¢(5) _
== v+ 4.6)

where the vertex Vg is defined in (3.62) and the dots have the same meaning as before. This
relation suggests that the field theory results should match those derived from the localization

o~

formula (2.78) for any choice of operators O(JZm)’ and not only for the ones with m = 3 we have
considered in Section 3.3.2. It would be nice to explicitly verify this expectation.

5. Concluding remarks

The results presented in this paper provide some explicit evidence of a direct relation between
matrix model correlators and field theory correlators. Of course many important issues remain

11 Note that for the special correlators, the normal ordering in Vj is irrelevant since the self-contractions of V4 give
terms proportional to the tree-level correlators which vanish. The same applies to Vg in (4.6).
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to be addressed and clarified. From a technical point of view it would be interesting to extend
our checks to three loops in the superconformal case and to four loops for the special correlators,
and also to generalize the dictionary to three-point functions. From a more conceptual point of
view it would be important to understand how to incorporate in this correspondence the effects of
the renormalization of the gauge coupling constant and of the anomalous dimensions that arise
in the non-superconformal theories when one considers generic operators, and also to include
non-perturbative effects due to instantons. Moreover, it would be nice to thoroughly explore the
connection between the original matrix model with the Hermitian matrix a and the effective
matrix model with the complex matrices ¢ and ¢, which we have just highlighted in (4.3), (4.5)
and (4.6).

Once all these issues are clarified, the extreme simplicity of the matrix model approach and
of localization could be fully exploited for field theory calculations. We leave the discussion of
some of these important points to future work.
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Appendix A. Notations and conventions

Our conventions are a “Euclideanized” version of those of Wess—Bagger [22]. Chiral and anti-

chiral spinor indices are denoted by «, 8, --- and &, /3 -+ -, respectively. Spinors are contracted
as follows

VX =V"% VX =VaX®. (A1)
‘We raise and lower the indices as follows

v =ePyy . Ya=eapv” (A2)
where £12 = g5 =12 = €5 = +1. From these rules it follows that

1 o 1 s - -
peul = —cePyy, PP = Sy (A3)

The matrices (o#),, j and (6")% are defined by

ot = (%, -il), oM =—0) =(-7,-il), (A.4)
where T are the ordinary Pauli matrices. They are such that

Gy = B (oity (A.5)
and satisfy the Clifford algebra

0,0y + 0,0, =—28,,1. (A.6)
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Using these matrices and the above rules, we can prove

_ - 1 - -
Yol Yo = —o Yy s (A7)
In Euclidean space, chiral and anti-chiral spinors satisfy the pseudoreality conditions
ve=v.  Ui=v°. (A8)

According to this, the chiral superspace coordinates y* = x* +i6c*# are invariant under this
conjugation: y** = y”. Similarly, the anti-chiral coordinates y* = x* — i#o* are such that
y* T = y#. These coordinates satisfy

Day" =0, Dy y* =0, (A.9)

where D, and Dy are defined in (3.3).
Finally, the integration over Grassmann variables is defined such that

/d2992:1, /d2éé2=1. (A.10)

Appendix B. The ®“)-functions

In this appendix we review the derivation of some integrals required in the two and three loop
computations. We refer the reader to [23] for details.
The integrals we are interested in belong to an infinite sequence computing the L-loop contri-
bution of ladder diagrams to the four-point function in ¢>-theory. They are given by
4 4
DL (x) = dyy...d%yyp ®B.1)
Vi Y35 Y%_l,L 1 —x1)2 (e — x)2 [Ty i — x2)2(yi — x3)2

with y;; = y; — y;. These integrals have been computed in [23] and the result can be written in
the compact form as follows'”

7.[2L
D' (xi) = 55 2P, v, (B.2)
X3 X14
where u and v are the cross ratios
2 .2 2 .2
_ *12%3 _ *t3
U=--3> V=755 (B.3)
X352 X X352 X
237714 237714

and &) (i, v) are the so-called Davydychev functions defined as

2L

L _ I (v/u) e NIt
@ (u,v)_gu!(j_L)!(zL_j)![Llj( pu)+ (=1)/Lij(—pv)]

L 1—k—1
2k +D1(1 -2 )
+ klZO ARVV(L =)L =D

(B.4)

ctk+0D " *puwyInt(pv) .

k+I=even

12 This formula holds in Euclidean space. In Minkowski space—time the same formula holds after replacing 2L by
(L.
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Here
A=+ —u—v)2—4uv and p:;, (B.5)
l—u—v+2x
and Li, is the index n polylogarithm
x  k
L) =3 = (B.6)

We are interested in the limit x4 — x1, which is equivalent to sending v — u and then u — oo.
Using (B.4), one finds

| —
_ L ¢2L-1) +-.

; (L) .
lim ®) (u,v) = =T = , (B.7)
u—>o0
where the dots stand for subleading terms. Then, inserting this in (B.2) one obtains
2L
T 2L)!
DL(x17x2’-x3’xl): 2L—2 2 P L'Z E(ZL_ 1) . (BS)
X3 Atz &
In particular, for L =2, 3 we have!?
d*xsd*xq 674 (3)
2 2 2 2 2 2 2 2 2 2° (B.9)
XI5 %17 %95 %07 X35 X¥37 X57 X243 413
d*xsd*x7d*x9 2070 2 (5)
X2 x2 X2 x2, x2 x2 x2, x20 x2, X2 - x2, x5, x? (B-10)
15119425 *27 229 X35 437 X439 X57 479 124234713

Since the integrals (B.9) and (B.10) are conformal, we may send any of the external points to
infinity, and obtain other integral identities

d*xsd*x 6143
/ 2 .2 52 27 2 = 2§( )’ (B.1D
A5 X17 X5 X7 X57 12
d*xsd*x7 d* 20%¢(5
/ 7 2 x25 2)(72)(92 = 712;“()’ (B.12)
15 X19 X5 X537 X929 X57 X799 12
d*xsd*x7 d* 2070¢(5
/ 2 2 2XS2 X72 269 2 2 n4§(). (B.13)
Xy5 X7 X29 X35 X37 X39 X57 X79 X3

Appendix C. Superdiagram calculations

In this appendix we compute the two- and three-loop integrals contributing to the two-point
functions considered in Section 3.
We introduce the short-hand notation

(ij) = e i) —26ij)-9;

2,27
V% Xii

(C.1)

13 Here, for convenience we relabel Vi = X342
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3

4

Fig. 9. Irreducible two-loop box diagram contributing to W.

where &;; = i0,00 ; denotes the chiral superfield propagator in which the color and flavor indices
are suppressed (see Fig. 1) and

62 62
VOV =25 (C2)
ij

denotes the vector superfield propagator without color indices (see Fig. 1).
C.1. The integral W;

The first integral we consider is W5 corresponding to the diagrams in Fig. 6. The two diagrams
there differ only in the color and flavor factors and have the same superspace structure. So for
the computation of W, it is enough to consider just one of them, say the H-diagram, which we
redraw in Fig. 9 without color indices and where the labels indicate the points where the external
fields or the interaction vertices are inserted.

Using the notation (C.1) and (C.2), the integral W, corresponding to Fig. 9 is given by

6
W) =] ] / d*x;d*6;d6; 62 62 (16)(36)(46) (53)(54)(52)(V (3)V (4)) . (C3)
i=3

Although W is a two-loop contribution, it involves a four-fold coordinate space integral. This
is a common feature when computing Feynman diagrams in coordinate space and one may ask
why we prefer to use the coordinate space approach instead of the more common one in momen-
tum space where one naively would expect only a two-fold integral at two loops. There are two
reasons for this. The first one is that this simple counting works only for correlators of funda-
mental fields. For composite operators, instead, at a fixed order in gz, the number of momentum
integrations grows linearly with the number of fields in the operator (see [24,25]). The second
reason is that even for finite coordinate space functions, the corresponding momentum space ex-
pressions may be ill defined (for example, think of the Fourier transform of 1/x*) and require
regularization. Moreover the coordinate space approach is easier to generalize to three and higher
point functions.

Let us now evaluate the integrals in (C.3). Note that since the external fields at the points x|
and x; are scalars, we can set 0; = 0 ;=0 for j =1, 2. Performing the 6 and 7] integrations, and
combining all terms we get
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Fig. 10. Irreducible two-loop box diagram contributing to Wy.

1 d4)C3d4X4d4X5d4x6 1 1
Waxi2) = —55 14[ 2 2 D"( 2 2)55( 2 2)
(2m) *l6%25%34 *36%a6 *35%4s
1 d*x3d*xad*xsd*x 1 1
YD) )14/ 23 2 42 25 2 ° Dﬁ(_z) D5<_2> (€4
i ¥34%35X45%36 46 *16 X35
B 1 / d*x3d*xy
2(2m)10 x123x124x§3x§4x324 ’
where in the second line we integrated by parts, while in the third line we used
1 2
D(—2> — —4725(x) . (C.5)
X
The remaining last integral is given by (B.11) in Appendix B, so we finally obtain
3103 1
Wax12) = — (C.6)

(1672)° (4m2xf,)
C.2. The integral Wy

The second superspace integral we have to compute is Wy corresponding to the diagrams in
Fig. 7. Again, the two diagrams there differ only in the color and flavor factors and have the same
superspace structure. So for the computation of Wy it is enough to consider just one of them, say
the H-diagram. Furthermore, it is convenient to “unfold” the irreducible two-loop subdiagram
and redraw it as shown in Fig. 10.

We write the associated superspace integral as

Wa(x12) = lim  lim Wy(xq, x4; x2, x3) . (C.7)

X3—>X2 X4—>X]

This corresponds to a point-splitting regularization of the positions of the external legs that will
be made to coincide only at the end of the computation. Indeed, although, the total superdiagram
is finite, a regularization is necessary, since at intermediate steps one has to manipulate divergent
or ambiguous (like 0/0) expressions.

Using the notation in (C.1), the superspace integral W4 can be written as

8
Wa(x1, x4; x2, x3) = nfd4xid29id2éi 6305 6705 (C8)
.:5 N

x (15)(47)(65)(85)(67)(87)(62)(83) .
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Since the external fields in the positions xi,...,xs4 are S(_:alars, we have to set 0; = 0 =0,
Jj =1,2,3,4. This fact, together with the factors of 62 and 62 explicitly present in (C.8), implies
that the superpropagators involving external fields reduce to the standard scalar propagators.
Hence in (C.8) we can put

1 1 1 1

15) = ———, 47) = ——— | 62) = ——, 83) = ——— C.9
(15) 4712x125 “n 4n2xf7 62) 4n2x§2 ®3) 4n2x§3 €9

and rewrite Wy as

1 d*xsd*xed*x7d*xg
Wa(x1, X435 x2,X3) = /

8 2.2 2 2
(2m) X15%47%26%38 (C.10)

x / d?06 d*03 d*0s d*0; (65) K (85)R (67)R(8T) R |

where the reduced propagator (ij) ¥ is defined as

()R = (1 — 2068 (0)acf% 0/ + 0767 Di)m. (C.11)
ij
After performing the 6 and 6 integrations, the second line of (C.10) becomes
1 { 1 1 1 1
|~ a0 0 ()03 ()97 ()95 (=)
8 HEvEpHT) Vs 2 7 2 7 2 5 2
(2m) *56 X671 *78 X358 (C.12)
40 ( 1 1 . 1 1 n 1 0 1 1 0 1 '
5 _2)_2 7(_2)_2 2 7<_2)T 5<_2) :
X567 X67 X787 Xsg Xs6 X677 X718 X5
Then one can perform the integrals in x¢ and xg by using (C.5) and exploiting the identity
a4 XM xv
*i0%X50%k0 YikX jk i

This identity follows by differentiating the explicit expression for the integral in terms of the
Davydychev ®(D function introduced in Appendix B. Using

Tr(0,6v0,07) =2 (84w0pr — Supdur + Surdup — €1vpr) s (C.14)

and simplifying the scalar products by means of
1

Xij e =5 (x,%Z ok —xh - sz-,z) , (C.15)

after some algebra we obtain
2 4. g4
X d*xsd*x7
Wa(x1, x4; x2,x3) = 2312/ 53 3 3 3 35 3 ° (C.16)
@m) X15X47%25%27X35X37X57

The integral in the right hand side has been computed in [23] (see also (B.9)). It is finite in the
limit x4 — x but it is quadratically divergent in the limit x3 — x. However, taking into account
also the factor of x§3 that is present in W4 we find in the end a finite result for the two point
function. Indeed,

o . _ 6503) 1
Walxi2) = lim  lim Wa(rr, x5 x2,x3) = (1672 (n2x0)2

(C.17)
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5 6

Fig. 11. Irreducible three-loop hexagon diagram contributing to We.

C.3. The integral Wy

The last superspace integral we compute is Wy corresponding to the diagrams in Fig. 8. As
in the previous cases, also here the only difference between the two diagrams is in the color and
flavor factors, while the superspace structure is the same. Thus, in order to compute Wg it is
enough to consider just one of them, say the H-diagram, whose irreducible three-loop part is
represented in its “unfolded” version in Fig. 11.

The relevant integral Wg(x12) is six-fold and, as suggested by the hexagon diagram, it is
regularized by point-splitting, namely

We(x12) = lim lim lim lim Wg(xq, x3, X5; X2, X4, X6) , (C.18)

X3—>X] X5—>X] X4—> X2 X6—>X2

where

9
W(,(xl,xg,xs;xz,m,x(,):/1—[d4x,~d4x,~/d29,-d2§1d29,~rd29_,'/91-29_13

il (C.19)
x (17)(38)(59)(7'2)(8'4)(9'6)(7'7)(7'8)(8'7)(8/9)(9'8)(9'9) .
Since the external fields at the points xy, ..., x¢ are all scalars, in (C.19) we have to set §; =

6; =0 for j =1...6. This fact and the 6 and 6 factors that are explicitly present in the integrand,
allow us to rewrite Wg as follows

d4xld X

We(x1, X3, X5,X2, X4, X6) = /l |

) 1 X4 12 2 2 2
2n ) x17x%8x59x27’x48’x69’

(C.20)

X / ]_[ d?0,d*0; (1T)R(71'8)R(8'T) R (8/9)R(9/'8) K (9/9) R

Performing the 6 and 7] integrations, the second line of (C.20) becomes
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{ —Tr(0,,6,0,0:0,03)

1 1 1 1 1 1
<o () () () () ()% ()
X7/8 x7/7 X,
n 1 0 1 0 1 0 1
2 2 2 8(7) 7(T> 9(7)
X77%89% o8 X718
n 1 0 1 0 1 0 1
2 2 2 7<T) 9(T> 3(7) :
Xg9X78%8/7 X717 X819 Xorg
Inserting this expression in (C.20), we can perform three of the integrations with the help
of (C.13). We choose them to be those over x7, xg, xo, but equivalently we could have integrated
in x7, xg, x9. Evaluating the trace of the sigma matrices and using (C.15) to express everything
in terms of squares, we find

(27.[)12

(C.21)

We(x1, X1, X1 X2, X4, X6) = (A +x3,Bos + xZ6B46 +X§6Bzﬁ) . (C.22)

1
2(4n2)°
Here we have already taken the limits x3 — x| and x5 — x| which are safe in this expression
and simplify the result. The integrals in (C.22) are'*

4 g4 4 2.2 2 2
A :/ d*x7d"xgd" x9 ( Xg7X43 X% Xig

2 .2 2.2 2.2 2 .2 2.2 22 2.2 .2 2
X78%79X89X 17X 18X 19 \X27X38X47X 49X 68 X659  X2gXa7X49%68

2 2
X 1 X 1
67 29
— + - + ) (C.23)
2 .2 .22 2 2 .2 2 .2 .2 .2 2 .22 )
X07X47%68%69  X28X47%q9  X27X28X49rq9  X27X49X68
B / d*x7d*xgd*xq < 1
24 =
2 .2 .2 .22 2 .2 2.2 2
X17%18% 19X 78X 79 \X27X28X 48X 49X 69
2
1 X )
- 67 (C.24)
2.2 .2 .22 2 2.2 .2.22 ) :
X28X20X47X48%69  X27%28%47%49X68% 69

while Bae (B4e) is obtained from By4 by exchanging x4 with x¢ (x with xg).

Given these expressions, it is difficult to directly perform simultaneously the further coinci-
dence limits xg — x7 and x4 — x» as required by (C.18), but under the reasonable assumption
that the result is single valued, we can perform these limits in a consecutive. We choose first to
send xg — x2, then send x4 — x7; however, due to the manifest permutation symmetry of (C.22),
it is immediate to realize that any order will give the same result.

Let us first consider the integral A. In it we can take the limit x¢ — x» in the integrand,
obtaining a vanishing result (indeed the terms in the integrand with opposite signs cancel pairwise
in this limit). Hence also the integral A vanishes in this limit.

Let us now consider the integral B4. We notice first that in the limit xg — x7, the last two
terms in (C.24) cancel against each other after renaming the dummy variables xg <> xg in the
second term. In the remaining first term, the limit x¢ — x> can be performed directly in the
integrand and the result is given by (B.10). More explicitly, we have

14 To be very precise, A contains also terms proportional to the e-symbol that arise from the trace of the six sigma
matrices in (C.21). However, due to the antisymmetry of the e-symbols, these terms are identically zero in the coincidence
limit (C.18) and hence we do not write them explicitly.
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. d*x7d*xsd*x9 20762 (5)
xéﬂ}}czB%‘: 2 2.2 2 2 2 2 2 2 2 4 2 2 ° (C.25)
X17%18%19%27%28 %2948 X494 78X 79 X12X 1424
Using this, we then find
20m%¢ (5
lim ( lim x%4324)=—6§(). (C.26)
X4—>X2 \Xg—>X2 Xy

Following exactly these same steps (and recalling that Byg is simply obtained from Bj4 by ex-
changing x» with xg) we obtain
2079¢(5

lim ( lim x§6B46) - %() . (C.27)
X4—>X2 \Xg—>X2 Xy
The term proportional to Bjg, instead, gives no contribution in the limit x¢ — x;. Indeed, all
three integrals in this case (the first two are essentially equivalent) diverge when x¢ — x2, but
the divergence is only logarithmic, namely in this limit B behaves as log? (x§6) + less singular
terms.'” Therefore, it is suppressed by the overall xgé factor which multiplies Bjg in (C.22), and
in the end we have

lim x3 By =0. (C.28)

X6—>X2
Putting everything together in (C.22) and (C.18), we therefore find
20¢(5) 1

We(x12) = — .
o (1672)° (4m2x%)’

(C.29)
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