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Abstract

We outline how Drinfeld twist deformation techniques can be applied to the defor-
mation quantization of principal bundles into noncommutative principal bundles, and
more in general to the deformation of Hopf-Galois extensions. First we twist deform the
structure group in a quantum group, and this leads to a deformation of the fibers of the
principal bundle. Next we twist deform a subgroup of the group of authomorphisms of
the principal bundle, and this leads to a noncommutative base space. Considering both
deformations we obtain noncommutative principal bundles with noncommutative fiber
and base space as well.
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1 Introduction

There are many approaches to noncommutative geometry, one of this is based on deforma-
tion quantization of the algebra of smooth functions on commutative manifolds: the usual
pointwise product is there deformed into a ?-product, and the corresponding noncommuta-
tive algebra is then thought as the algebra of functions on a quantum (or noncommutative)
manifold. If we consider the algebra of function on a Lie group L it is natural to deform the
product to a ?-product that is obtained via the action of left and right invariant vector fields,
hence the ?-product is defined by elements of the Lie algebra l of the Lie Group L; more
precisely, following Drinfeld [13] , by a twist (or twisting element) F that is a formal power
series in a deformation parameter ~ of elements in U(l) ⊗ U(l), where U(l) is the universal
enveloping algebra of the Lie algebra l.

∗Based on joint work with Pierre Bieliavsky, Chiara Pagani and Alexander Schenkel
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Furthermore, if the group L acts on a manifold M we have an action of the Lie algebra l
on the algebra B of smooth function on M, then the action of the twist F defines a ?-product
deformation of B. Thus Drinfeld twist deformation is a powerful method, based on first
deforming a Lie group and then its representations. This method has been extended to
deform vector bundles over M that carry an action of a Lie group L (i.e., to L-equivariant
vector bundles), and in [5] to their differential geometry, leading in particular to a theory of
arbitrary (i.e., not necessarily equivariant) connections on B-bimodules and on their tensor
products that generalizes the notion of bimodule connection introduced in [21, 14]. (Vector
bundles are here described by their sections that form a B-bimodule, B being the algebra of
functions on M). The construction is categorical, and in particular commutative connections
can be canonically quantized to noncommutative connections.

Here we further extend these techniques and provide a general deformation theory
of principal bundles; we refer to [1] for an exhaustive presentation that complements the
present one: here we first present a pedagogical and shorter route to the notion of Hopf-
Galois extension (that captures the algebraic aspects of principality of a bundle) and then
lead the reader through the basic key points and proofs of the general deformation theory.
As we explain, G-principal bundles are described in terms of G-equivariant maps beween
A-bimodules where now A is the algebra of functions on the total space of the G-principal
bundle. When the Lie group L used for the Drinfeld twist deformation is G itself, then a
corresponding Drinfeld twist F deforms the fibers of the pincipal bundle, when the Lie
group L is not G but a subgroup of the group of authomorphims of the G-principal bundle
then we obtain twist deformations of the base space. In general we have A-bimodules that
carry both and action of the structure group G as well as of a subgroup L of the group of
authomorphisms. We can therefore consider Drinfeld twists associated with G as well as
with L and thus obtain noncommutative bundles with both noncommutative fibers and base
space.

The categorical setting we develop is very promising in order to study the notions of gauge
group in noncommutative geometry and that of connection on noncommutative principal
bundle. Indeed these forthcoming projects are main motivations for the present study. In
particular, gauge transformations in noncommutative geometry are typically GL(n) or U(N)
valued, while we foresee the gauge group of a twist deformed G-principal bundle to give
twist deformed G-valued gauge transformations (in the spirit of [3]). This would allow to
consider gauge theories with arbitrary twist deformed gauge groups, not just GL(n) or U(N)
ones.

We further explain the content of the paper by outlining each chapter: In §2 we show
how the algebras A and B of functions on the total space and on the base space of a princi-
pal bundle define a Hopf-Galois extension B ⊂ A that captures the algebraic aspects of the
principal bundle. Thus noncommutative principal bundles are described by noncommuta-
tive Hopf-Galois extensions is the same way that noncommutative manifolds are described
by noncommutative algebras of smooth functions. In §3 we recall the theory of Drinfeld
twist deformation in the dual language, used throughout the paper, of twist deformation by
2-cocycles. In §4 we consider twist deformations of Hopf Galois extensions: in §4.1 Hopf-
Galois extensions with Hopf algebra H (for example corresponding to principal bundles with
structure group G) are twist deformed in new Hopf-Galois extensions with twisted Hopf al-
gebra Hγ (corresponding to noncommutative principal bundles with a quantum group Gγ

and noncommutative fibers). In §4.2 we consider twist deformations of the base space.
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We also recover, as a relevant example of the general theory, the instanton bundle on the
noncommutative 4-sphere S4

θ of Connes-Landi. In this case the total space, base space and
structure group are affine algebraic varieties, so that the ?-products obtained by Drinfeld
twist deformation are well defined (on the algebras of coordinate functions on these varieties)
also when the formal deformation parameter ~ (called θ) becomes nonformal and is valued
in R. In §4.3 we consider both base and fiber twist deformations and present the example
of formal deformations of G-principal bundles. We conclude outlining the noncommutative
deformation of the frame bundle of a Lorentzian manifold that is the first step to a global
geometric study of a noncommutative theory of gravity in the vierbein formulation.
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2 From principal bundles to Hopf-Galois extensions

We briefly recall the definition of principal bundle (cf. [18], and also [9]) presenting it in
a form readily generalizable to the noncommutative case. Replacing manifolds (algebraic
varieties) with their algebras of (coordinate) functions we arrive at the definition of Hopf-
Galois extension. Then it is shown how Hopf-Galois extensions are understood in the
category of A-bimodules that are also H-comodules (A-bimodules that are G-equivariant).

We recall that given a topological group G, a topological space E is a G-space if there
is a continuous map E × G → G, (e, g) 7→ eg that is a right action of the group G on E, i.e,
e(gg)′ = (eg)g′, e1G = e for all e ∈ E and g, g′ ∈ G, where 1G is the identity in G.

A G-bundle E → M is then a bundle π : E → M as well as a G-space E, these two
structures being compatible, i.e., the G-action being fiber preserving: π(eg) = π(e). In this
case the projection π : E → M is canonically induced on the quotient E/G → M. It is then
natural to further ask E/G→M to be an homeomorphism. Let’s now consider the case where
the G-action E × G → E is free (i.e., if eg = e then g = 1G) and the induced map E/G → M is
indeed an homeomorphism. Freeness of the action then implies injectivity of the map

F : E × G −→ E ×M E
(e, g) 7−→ (e, eg) (2.1)

where E ×M E = {(e, e′) ∈ E × E;π(e) = π(e′)}, (the map F is well defined since the G-action
is fiber preserving). The map is furthermore surjective because M ' E/G implies that if
π(e) = π(e′) then there exists an element g ∈ G such that e = e′g. Continuity of F follows from
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that of the G-action (we assume E ×M E closed in E × E), requiring the continuous bijection F
to be a homeomorphism we hence arrive at

Definition 2.1. A principal G-bundle (E,M, π,G) is a G-bundle π : E→M where the induced
map E/G→M as well as the map F in (2.1) are homeomorphisms.

Consider now the principal bundle (E,M, π,G) where E and M are affine algebraic vari-
eties, G is an affine algebraic group (e.g. GL(n), SL(n), O(n), SO(n),...) and M = E/G. Denote
by H = O(G), A = O(E), B = O(M) the coordinate rings of the corresponding complex valued
algebraic functions. Then O(G × G) ' O(G) ⊗ O(G) so that H = O(G) is a Hopf algebra with
coproduct, counit and antipode respectively defined by, for g, g′ ∈ G,

∆ : H→ H ⊗H , ∆(h)(g, g′) = h(gg′) ,
ε : H→ C , ε(h)(g) = h(1G) ,
S : H→ H , S(h)(g) = h(g−1) .

Similarly, since O(E × G) ' O(E) ⊗ O(G), we have that the right G-action on E pulls-back to
a right H-coaction δA : A → A ⊗ H that is also an algebra map: δA(aa′) = δA(a)δA(a′) (with
(a ⊗ h)(a′ ⊗ h′) = aa′ ⊗ hh′ for all a ⊗ h, a′ ⊗ h′ ∈ A ⊗ H). Furthermore B = O(M) = O(E/G) is
the subalgebra of functions on E that are constants on the fibers, i.e. B = {a ∈ A; a(eg) = a(e),
for all e ∈ E, g ∈ G}, or equivalently, it is the subalgebra of coinvariant elements under the
coaction δA : A→ A ⊗H, i.e.,

B = AcoH = {b ∈ A | δA(b) = b ⊗ 1} . (2.2)

Finally we also have A ⊗B A ' O(E ×E/G E) where ⊗B is the tensor product over the algebra
B, and that the algebraic structure of the principal G-bundle E → E/G, i.e., bijectivity of the
map F, is equivalently captured by the bijectivity of the pull back of F.

The above construction is formalized and generalized to the noncommutative case in the
definitions that follows. Let K denote the field of complex numbers C, or the the ring of
formal power series C[[~]]; with slight abuse of notation aK-module will be simply called a
vector space or linear space.

Definition 2.2. Let H be a Hopf-algebra. A right H-comodule is a vector space V with a linear
map δV : V → V ⊗H (called a right H-coaction) such that

(id ⊗ ∆) ◦ δV = (δV
⊗ id) ◦ δV , (id ⊗ ε) ◦ δV = id . (2.3)

The coaction on an element v ∈ V is written in Sweedler notation as δV(v) = v(0)⊗v(1) (sum
understood), so that, for all v ∈ V, (id ⊗ ∆) ◦ δV(v) = (δV

⊗ id) ◦ δV(v) = v(0) ⊗ v(1) ⊗ v(2) and
v(0) ε(v(1)) = v. A morphism ψ : V → W of H-comodules is a linear map compatible with the
H-coactions:

δW(ψ(v)) = (ψ ⊗ id) δV(v) , (2.4)

for all v ∈ V. We denote byMH the category of H-comodules.

Definition 2.3. A (right) H-comodule algebra A is a right H-comodule A that is also an
algebra (unital and associative, possibly noncommutative), with the two structures that are
compatible, i.e., for all a, a′ ∈ A ,

δA(a a′) = δA(a) δA(a′) , δA(1A) = 1A ⊗ 1H . (2.5)

(where A ⊗H has the tensor product algebra structure).
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Definition 2.4. Let H be a Hopf algebra with invertible antipode, and A an H-comodule
algebra. Let B ⊂ A be the subalgebra of coinvariants, i.e., B := AcoH =

{
b ∈ A | δA(b) = b⊗ 1H

}
.

The map

χ : A ⊗B A −→ A ⊗H , (2.6)
a ⊗B a′ 7−→ aa′(0) ⊗ a′(1)

is called the canonical map. The extension B ⊂ A is an H-Hopf-Galois extension if the
canonical map is bijective.

In order to study the properties of the canonical map we have to study tensor products of
H-comodules. Given right H-comodules V and W, the tensor product V⊗W is an H-comodule
with the right H-coaction

δV⊗W : V ⊗W −→ V ⊗W ⊗H , (2.7)
v ⊗ w 7−→ v(0) ⊗ w(0) ⊗ v(1)w(1) .

With this tensor product, H-comodules form a monoidal category (the unit object being
K). In particular A ⊗ A is a right H-comodule, and this structure is induced to the quotient
A⊗B A. The relevant H-comodule structure on A⊗H is obtained by considering the H-adjoint
coaction on H itself: we denote by H the H-comodule that equals H as vector space and that
has right H-adjoint coaction

δH = Ad : H −→ H ⊗H , h 7−→ h(2) ⊗ S(h(1)) h(3) , (2.8)

(the notation H is in order to distinguish this structure from the Hopf algebra structure).
The tensor product of H-comodules A ⊗ H is an H-comodule with right H-coaction δA⊗H :
A ⊗H→ A ⊗H ⊗H given by (cf. (2.7)), for all a ∈ A, h ∈ H,

δA⊗H(a ⊗ h) = a(0) ⊗ h(2) ⊗ a(1) S(h(1)) h(3) ∈ A ⊗H ⊗H . (2.9)

The H-comodules A ⊗B A and A ⊗H are furthermore trivially left A-modules, where the left
A-action is just multiplication from the left on the first component of the tensor product; they
are also right A-modules: the right A-action on A ⊗B A is just multiplication from the right
on the second component, while on A ⊗H the right A-action is given by

/A⊗H : A ⊗H ⊗ A −→ A ⊗H , (2.10)
a ⊗ h ⊗ c 7−→ ac(0) ⊗ hc(1) .

The left and right A-actions are compatible (commute) so that A ⊗B A and A ⊗ H are A-
bimodules. These A-actions are also compatible with the H-coaction, explicitly, an H-
comoduleV has a compatible A-bimodule structure (where A is an H-module algebra) if,
for all a ∈ A and v ∈ V,

(a .V v)(0) ⊗ (a .V v)(1) = a(0) .V v(0) ⊗ a(1)v(1) , (2.11)
(v /V a)(0) ⊗ (v /V a)(1) = v(0) /V a(0) ⊗ v(1)a(1) (2.12)

were .V and /V denote the left and right A-actions on V. By definition an (H,A)-relative
Hopf module is an H-comodule that has a compatible A-bimodule structure.

We denote the category of (H,A)-relative Hopf modules by AMA
H; morphisms in this

category are morphisms of right H-comodules which are also morphisms of A-bimodules.
We have just seen that A ⊗B A and A ⊗H are (H,A)-relative Hopf modules,
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Proposition 2.5. The canonical map χ : A ⊗B A → A ⊗ H is a morphism of (H,A)-relative Hopf
modules.

Proof. We show that the canonical map is a morphism of right H-comodules, for all a, a′ ∈ A,

δA⊗H
(
χ(a ⊗B a′)

)
= δA⊗H(a a′(0) ⊗ a′(1)) = a(0)a′(0) ⊗ a′(3) ⊗ a(1)a′(1)S(a′(2))a′(4)

= a(0)a′(0) ⊗ a′(1) ⊗ a(1)a′(2) = (χ ⊗ id)
((

a(0) ⊗B a′(0)

)
⊗ a(1)a′(1)

)
= (χ ⊗ id)

(
δA⊗BA(a ⊗B a′)

)
.

It is immediate to see that χ is a morphism of left and right A-modules. �

Example 2.6. Let as before (E,M, π,G) be a principal bundle where E and M are affine algebraic
varieties, G is an affine algebraic group and M = E/G. Let furthermore E′ be an affine algebraic
variety and a G-space. The tensor product of H-comodules (2.7) corresponds to the cartesian
product E × E′ that is a G-space with the diagonal G-action (e, e′)g = (eg, e′g). The right
G-adjoint action on G pulls back to the right adjoint H-coaction δH = Ad on H, see (2.8).
Proof: (h(2) ⊗ S(h(1)) h(3))(g, g′) = h(2)(g)S(h(1))(g′)h(3)(g′) = h(2)(g)h(1)(g′−1)h(3)(g′) = h(g′−1gg′), for
all g, g′ ∈ G, h ∈ H. The map F : E×G→ E×ME in (2.1) is compatible with the diagonal right G-
actions (E×G)×G→ (E×G) , (e, g)g′ = (eg′, g′−1gg′) and (E×E/GE)×G→ (E×E/GE) , (e, e′)g′ =
(eg′, eg′), i.e., it is G-equivariant1: (F(e, g))g′ = F((e, g)g′), so that its pull backχ : A⊗BA→ A⊗H
is an H-comodule map. Furthermore the A-bimodule structure on A ⊗H corresponds to the
maps E×G→ E×E×G, (e, g) 7→ (e, e, g), and E×G→ E×G×E, (e, g) 7→ (e, g, eg); similarly, the A-
bimodule structure on A⊗B A corresponds to the diagonal maps E×E/G E→ E×E/G E×E/G E,
(e, e′) 7→ (e, e, e′) and E ×E/G E → E ×E/G E ×E/G E, (e, e′) 7→ (e, e′, e′) for all e, e′ ∈ E with
π(e) = π(e′). Compatibility of the map F with these maps implies that χ : A ⊗B A → A ⊗ H
is an (H,A)-relative Hopf module map. Of course this result follows from Proposition 2.5,
however we have here derived it from the geometric properties of the map F : E×G→ E×M E,
thus providing geometric intuition for its pull back χ : A ⊗B A→ A ⊗H.

Example 2.7. (Fréchet Hopf-Galois extension). Let (E,M, π,G) be a principal bundle in the
smooth category (E and M are smooth manifolds, G is a a Lie group) and M = E/G. The
space of smooth functions C∞(E) is a (nuclear) Fréchet space with respect to the usual
smooth topology. It is furthermore a unital Fréchet algebra with (continuous) product
m := diag∗E : A ⊗̂A → A, where A ⊗̂A ' C∞(P × P) denotes the completed tensor product.
Similarly H = C∞(G) is a Fréchet Hopf algebra, i.e., a Hopf algebra were product, antipode,
counit and coproduct ∆ : H → H⊗̂H are continuous maps. The right G-action E × G → E
pulls back to a continuous right H-coaction δA : A → A ⊗̂H, so that A becomes a Fréchet
H-comodule algebra. The H-coinvariant subalgebra is B = AcoH = C∞(E/G) = C∞(M),
and the canonical map is the pull back of the isomorphism F : E × G → E ×M E in (2.1),2

χ : A ⊗̂B A → A ⊗̂H, hence B ⊂ A is a Fréchet H-Hopf-Galois extension. As in the previous
example the right G-adjoint action on G pulls back to a right H-coaction on H, so that H is a

1The map F is also compatible with the G-actions (E×G)×G→ (E×G) , (e, g) · g′ = (e, gg′) and (E×E/G E)×G→
(E×E/G E) , (e, e′) · g′ = (e, eg′). For a trivial bunde E 'M×G it is equivalent to state compatibility of F with respect
to these actions or to the actions defined in the main text. Indeed the isomorphism (M × G) × G→ (M × G) × G,
(m, g̃, g) 7→ (m, g̃, g̃g) intertwines these two actions (i.e., it is G-equivariant).

2 The topological tensor product over B is the quotient A ⊗̂B A := A ⊗̂A/ Im(m⊗̂id − id ⊗̂m), where m ⊗̂ id and
id ⊗̂m are maps from A ⊗̂B ⊗̂A to A ⊗̂A that describe the right and respectively left action of B on A, and where
the overline denotes the closure in the Fréchet space A ⊗̂A. It can be shown that A ⊗̂B A ' C∞(P ×M P).
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Fréchet H-comodule; furthermore A ⊗̂B A and A ⊗̂H are Fréchet (H,A)-relative Hopf modules
and the canonical map χ : A ⊗̂B A → A ⊗̂H is a homeomorphisms of Fréchet (H,A)-relative
Hopf modules.

We conclude this section recalling that an H-Hopf-Galois extension B := AcoH
⊂ A is said

to be trivial (or to have the normal basis property or to be cleft) if there exists an isomorphism
A ' B ⊗ H of left B-modules and right H-comodules (where B ⊗ H is a left B-module via
mB ⊗ id and a right H-comodule via id ⊗ ∆). This condition captures the algebraic aspect of
triviality of a principal bundle.

We have recalled that both topological and algebraic structures combine in the definition
of principal G-bundle. In the definition of Hopf-Galois extension we have implemented the
algebraic properties of a principal bundle, considering their richer structure of topological
spaces leads to a refinement of the notion of Hopf-Galois extension,

Definition 2.8. Let H be a Hopf algebra with invertible antipode over a fieldK. A principal
H-comodule algebra A is an H-comodule algebra A sucht that B := AcoH

⊂ A is an H-Hopf-
Galois extension and A is equivariantly projective as a left B-module, i.e. there exists a left
B-module and right H-comodule morphism s : A→ B ⊗ A that is a section of the (restricted)
product m : B ⊗ A→ A, i.e. such that m ◦ s = idA.

The condition of equivariant projectivity of A is equivalent to that of faithful flatness of A
[22] (we assume the antipode of H is invertible). From the characterization of faithfully flat
extensions [23] it follows that if H is cosemisimple then surjectivity of the canonical map is
sufficient to prove its bijectivity and principality of A.

3 Drinfeld twists and 2-cocycles deformations

We first recall the notion of 2-cocycle [12] and the dual notion of Drinfeld twist [13]. We then
review Hopf algebra deformations via 2-cocycles and present the corresponding deforma-
tions of H-comodules, H-comodule algebras A, and (H,A)-relative Hopf-modules.

3.1 2-Cocycles, twists and Hopf algebra deformations

Let H be a Hopf algebra and recall that H ⊗ H is canonically a coalgebra with coproduct
∆H⊗H(h ⊗ k) = h(1) ⊗ k(1) ⊗ h(2) ⊗ k(2) and counit εH⊗H(h ⊗ k) = ε(h)ε(k), for all h, k ∈ H. In
particular, we can consider the convolution product ofK-linear maps H ⊗H→ K.

Definition 3.1. A linear map γ : H ⊗H→ K is called a 2-cocycle, provided that:
i) it satisfies, for all g, h, k ∈ H,

γ
(
g(1) ⊗ h(1)

)
γ
(
g(2)h(2) ⊗ k

)
= γ

(
h(1) ⊗ k(1)

)
γ
(
g ⊗ h(2)k(2)

)
, (3.1)

ii) it is convolution invertible, i.e., there exists γ : H ⊗H → K such that γ ∗ γ = γ ∗ γ = εH⊗H
(where the convolution product explicitly reads γ ∗ γ(h ⊗ k) = γ(h(1) ⊗ k(1))γ(h(2) ⊗ k(2))),
iii) it is unital, i.e. γ (h ⊗ 1) = ε(h) = γ (1 ⊗ h), for all h ∈ H.

Remark 3.2 (Twists and 2-cocycles). Let H′ be another Hopf algebra, a twist on H′ is an
invertible element F ∈ H′ ⊗H′ such that (εH′ ⊗ id)(F ) = 1 = (id ⊗ εH′)(F ) and

(F ⊗ 1)[(∆H′ ⊗ id)(F )] = (1 ⊗ F )[(id ⊗ ∆H′)(F )] . (3.2)
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Let further H′ and H be dually paired Hopf algebras, with pairing 〈 , 〉 : H′ × H → K,
i.e., for all ξ, ζ ∈ H′ and h, k ∈ H we have 〈ξζ, h〉 = 〈ξ, h(1)〉〈ζ, h(2)〉, 〈ξ, hk〉 = 〈ξ(1), h〉〈ξ(2), k〉,
〈ξ, 1H〉 = εU(ξ), 〈1U , h〉 = εH(h). Then to each twist F = fα ⊗ fα ∈ H′ ⊗ H′ (sum over α
understood) there corresponds a 2-cocycle γF : H ⊗H→ K on H defined by

γF (h ⊗ k) := 〈F , h ⊗ k〉 = 〈fα, h〉 〈fα, k〉 , (3.3)

for all h, k ∈ H. The 2-cocycle condition for γF follows from the twist condition for F and
similarly the remaining properties ii) and iii) of γ follow from invertibility of F and its
normalization (εH′ ⊗ id)(F ) = 1 = (id ⊗ εH′)(F ).

Examples of dually paired Hopf algebras are the Hopf algebra H = O(G) of an affine
algebraic group G and the universal enveloping algebra U(g) of its Lie algebra g. A Lie
algebra element v ∈ g is equivalently a left invariant vector field v on G and the pairing with
a function f ∈ O(G) is given by applying the vector field to the function and then evaluating
at the unit element 1G of the group: 〈v, f 〉 = v( f )|1G . The pairing is then extended to all U(g)
using the coproduct of O(G) and by linearity. Twists associated with U(g) were studied by
Drinfeld (in the form of formal power series, cf. also Example 4.16) and as outlined in this
remark lead to 2-cocycles on H = O(G).

Proposition 3.3. Let γ : H ⊗H→ K be a 2-cocycle. Then

mγ(h ⊗ k) := h ·γ k := γ
(
h(1) ⊗ k(1)

)
h(2)k(2) γ̄

(
h(3) ⊗ k(3)

)
, (3.4)

for all h, k ∈ H, defines a new associative product on H. The resulting algebra Hγ := (H,mγ, 1H)
is a Hopf algebra when endowed with the unchanged coproduct ∆ and counit ε and with the new
antipode Sγ := uγ ∗ S ∗ ūγ, where uγ : H→ K, h 7→ γ

(
h(1) ⊗ S(h(2))

)
, with inverse ūγ : H→ K, h 7→

γ̄
(
S(h(1)) ⊗ h(2)

)
. We call Hγ the twisted Hopf algebra of H by γ.

We refer for example to [12] for a proof of this standard result. Notice that the twisted
Hopf algebra Hγ can be ‘untwisted’ by using the convolution inverse γ̄ : H⊗H→ K; indeed,
γ̄ is a 2-cocycle for Hγ and the twisted Hopf algebra of Hγ by γ̄ is isomorphic to H via the
identity map. Finally, among the identities satisfied by 2-cocycles we will later use

γ
(
gh(1) ⊗ S(h(2))k

)
= γ̄

(
g(1) ⊗ h(1)

)
uγ(h(2)) γ̄

(
S(h(3)) ⊗ k(1)

)
γ
(
g(2) ⊗ k(2)

)
, (3.5)

for all g, h, k ∈ H, that is for example proven in [1].

3.2 Twist deformation of right H-comodules

Given a 2-cocycle γ : H ⊗ H → K not only we have a new Hopf algebra Hγ but also
corresponding comodules. Indeed if V ∈ MH is a right H-comodule with coaction δV :
V → V ⊗ H, then V with the same coaction, but now thought of as a map with values
in V ⊗ Hγ, is a right Hγ-comodule. This is the case simply because the Definition 2.2 of
H-comodule only involves the coalgebra structure of H, and Hγ coincides with H as a
coalgebra. When considering V as an object inMHγ we will denote it by Vγ and the coaction
by δVγ : Vγ → Vγ ⊗ Hγ. Moreover, any morphism ψ : V → W in MH can be thought
as a morphism ψ : Vγ → Wγ in MHγ ; indeed, H-equivariance of ψ : V → W implies
Hγ-equivariance of ψ : Vγ → Wγ since by construction the right H-coaction in V agrees
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with the right Hγ-coaction in Vγ. Hence we have a functor between the categories of right
H-comodules and of right Hγ-comodules,

Γ :MH
→M

Hγ , (3.6)

defined by Γ(V) := Vγ and Γ(ψ) := ψ : Vγ → Wγ. Furthermore this functor Γ induces an
equivalence of categories because we can use the convolution inverse γ̄ in order to twist back
Hγ to (Hγ)γ̄ = H and Vγ to (Vγ)γ̄ = V.

We denote by (MHγ ,⊗γ) the monoidal category corresponding to the Hopf algebra Hγ.
Explicitly, for all objects Vγ,Wγ ∈ M

Hγ (with coactions δVγ : Vγ → Vγ ⊗Hγ and δWγ : Wγ →

Wγ ⊗Hγ), the right Hγ-coaction on Vγ ⊗
γ Wγ, according to (2.7), is given by

δVγ⊗
γWγ : Vγ ⊗

γ Wγ −→ Vγ ⊗
γ Wγ ⊗Hγ , (3.7)

v ⊗γ w 7−→ v(0) ⊗
γ w(0) ⊗ v(1) ·γ w(1) .

The equivalence between the categoriesMH andMHγ extends to their monoidal structure:

Theorem 3.4. The functor Γ :MH
→M

Hγ induces an equivalence between the monoidal categories
(MH,⊗) and (MHγ ,⊗γ) that is given by the isomorphisms

ϕV,W : Vγ ⊗
γ Wγ −→ (V ⊗W)γ , (3.8)

v ⊗γ w 7−→ v(0) ⊗ w(0) γ̄
(
v(1) ⊗ w(1)

)
,

in the categoryMHγ of right Hγ-comodules for all objects V,W ∈ MH.

Proof. The invertibility of ϕV,W follows immediately from the invertibility of the cocycle γ.
The fact that it is a morphism in the categoryMHγ is easily shown as follows:

(ϕV,W ⊗ id)
(
δVγ⊗

γWγ(v ⊗γ w)
)

= v(0) ⊗ w(0) γ̄
(
v(1) ⊗ w(1)

)
⊗ γ

(
v(2) ⊗ w(2)

)
v(3)w(3)γ̄

(
v(4) ⊗ w(4)

)
= v(0) ⊗ w(0) ⊗ v(1)w(1) γ̄

(
v(2) ⊗ w(2)

)
= δ(V⊗W)γ(v(0) ⊗ w(0)) γ̄

(
v(1) ⊗ w(1)

)
= δ(V⊗W)γ (ϕV,W(v ⊗γ w)

)
,

where the coaction δ(V⊗W)γ is given by δ(V⊗W)γ : v ⊗ w 7−→ v(0) ⊗ w(0) ⊗ v(1)w(1) (cf. (2.7)). Hence
(Γ, ϕ) : (MH,⊗)→ (MHγ ,⊗γ) is a monoidal functor.

The monoidal categories are equivalent (actually they are isomorphic) because γ̄ twists
back Hγ to H and Vγ to V so that the monoidal functor (Γ, ϕ) has an inverse (Γ, ϕ), where
Γ : MHγ → M

H is the inverse of the functor Γ and ϕVγ,Wγ
: (Vγ)γ̄ ⊗ (Wγ)γ̄ → (Vγ ⊗

γ Wγ)γ̄ ,
v ⊗ w 7→ v(0) ⊗

γ w(0) γ(v(1) ⊗ w(1)). �

Given a 2-cocycle γ on H, the H-comodule algebra A is also deformed in an Hγ-comodule
algebra Aγ. The Hγ-comodule structure is just the H-comodule structure now thought as an
Hγ-structure, the product in Aγ is given by

mγ : Aγ ⊗
γ Aγ −→ Aγ , a ⊗γ a′ 7−→ a(0)a′(0) γ̄

(
a(1) ⊗ a′(1)

)
=: a •γ a′ (3.9)

(and the unit is undeformed). Associativity of this product follows from the cocycle con-
dition (3.1). Using the convolution inverse γ̄ of γ we can twist back Aγ to A. This implies
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that the functor that deforms H-comodule algebras into Hγ-comodule algebras induces an
equivalence between H and Hγ-comodule algebras.

By a similar construction one obtains the functor Γ : AMA
H
→ AγMAγ

Hγ between relative
(H,A) and (Hγ,Aγ)-Hopf modules. If V is a relative (H,A)-Hopf module, then it is an Hγ-
comodule Vγ that becomes a relative (Hγ,Aγ)-Hopf module with the deformed left and right
Aγ-actions:

.Vγ : Aγ ⊗
γ Vγ −→ Vγ , (3.10)

a ⊗γ v 7−→ (a(0) .V v(0))γ̄
(
a(1) ⊗ v(1)

)
,

/Vγ : Vγ ⊗
γ Aγ −→ Vγ ,

v ⊗γ a 7−→ (v(0) /V a(0)) γ̄
(
v(1) ⊗ a(1)

)
.

Moreover the maps ϕV,W in (3.8) are isomorphisms in the category AγMAγ
Hγ of (Hγ,Aγ)-

relative Hopf modules.

4 Twist deformations of Hopf-Galois extensions

We first deform H-Hopf-Galois extensions via a 2-cocycle on H, then via a 2-cocycle on a
Hopf algebra K associated with an external symmetry of the Hopf-Galois extension and
finally combine both deformations. If the initial Hopf-Galois extension is given by a G-
principal bundle the first twist deformation is a deformation of the structure group and of
the fiber of the principal bundle, while the second is a deformation of the base space. With
abuse of language, also for arbitrary H-Hopf-Galois extensions B = AcoH

⊂ A we speak of
deformations of the “structure group” H and of the “base space” B.

4.1 Deformation of the “structure group” H via a 2-cocycle on H

Given an H-comodule algebra A and a twist γ on H we can consider the canonical map
χ : A ⊗B A → A ⊗ H as well as the canonical map on the twist deformed structures χγ :
Aγ ⊗

γ
B Aγ → Aγ ⊗

γ Hγ. We show that χ is invertible iff χγ is invertible, i.e., that Hopf-
Galois extensions are deformed into Hopf-Galois extensions. In particular if χ : A ⊗B A →
A ⊗H is associated to a commutative principal bundle as in Example 2.6 and 2.7, we obtain
noncommutative (or quantum) principal bundles described by the Hopf Galois extension
χγ : Aγ ⊗

γ
B Aγ → Aγ ⊗

γ Hγ. In order to relate χ to χγ we first observe that bijectivity of
the (H,A)-relative Hopf module map χ : A ⊗B A → A ⊗ H is equivalent to bijectivity of the
(Hγ,Aγ)-relative Hopf module map Γ(χ) : (A ⊗B A)γ → (A ⊗ H)γ (recall that as a linear map
Γ(χ) = χ). Next we relate Γ(χ) : (A ⊗B A)γ → (A ⊗ H)γ to χγ : Aγ ⊗

γ
B Aγ → Aγ ⊗

γ Hγ via the
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diagram,

Aγ ⊗
γ
B Aγ

ϕA,A

��

χγ // Aγ ⊗
γ Hγ

id⊗γG
��

Aγ ⊗
γ Hγ

ϕA,H

��
(A ⊗B A)γ

Γ(χ) // (A ⊗H)γ

(4.1)

where, as we now explain, the vertical arrows are Hγ-comodule isomorphisms. We will show
that this is a commutative diagram.

From Theorem 3.4 the maps ϕA,A : Aγ ⊗
γ H γ → (A ⊗H)γ and ϕA,A : Aγ ⊗

γ Aγ → (A ⊗A)γ
and hence the induced map on the quotients ϕA,A : Aγ⊗

γ
B Aγ → (A⊗B A)γ are all H-comodule

isomorphisms. We are left with the description of the map G : Hγ → H γ, between the
Hγ-comodule Hγ with Hγ-adjoint coaction

δ
Hγ = Adγ : Hγ −→ Hγ ⊗Hγ , h 7−→ h(2) ⊗ Sγ(h(1)) ·γ h(3) (4.2)

and the Hγ-comodule Hγ that has Hγ-coaction (cf. (2.8))

δHγ = Ad : Hγ −→ Hγ ⊗Hγ , h 7−→ h(2) ⊗ S(h(1))h(3) ; (4.3)

while Hγ is the deformation of the H-comodule H, in Hγ we first deform the Hopf algebra H
to Hγ and then regard it as an Hγ-comodule.

Theorem 4.1. TheK-linear map

G : Hγ −→ Hγ , h 7−→ h(3) uγ(h(1)) γ̄
(
S(h(2)) ⊗ h(4)

)
(4.4)

is an isomorphism of right Hγ-comodules, with inverse

G−1 : Hγ −→ Hγ , h 7−→ h(3) ūγ(h(2))γ
(
S(h(1)) ⊗ h(4)

)
. (4.5)

Proof. It is easy to prove by a direct calculation that G−1 is the inverse of G. We now show
that G is a right Hγ-comodule morphism, for all h ∈ Hγ,

(G ⊗ id)(Adγ(h)) =

= G(h(2)) ⊗ Sγ(h(1)) ·γ h(3)

= G(h(4)) ⊗ uγ(h(1))S(h(2))ūγ(h(3)) ·γ h(5)

= uγ(h(6))h(8)γ̄
(
S(h(7)) ⊗ h(9)

)
⊗ uγ(h(1))ūγ(h(5))γ

(
S(h(4)) ⊗ h(10)

)
S(h(3))h(11)γ̄

(
S(h(2)) ⊗ h(12)

)
= h(6)γ̄

(
S(h(5)) ⊗ h(7)

)
⊗ uγ(h(1))γ

(
S(h(4)) ⊗ h(8)

)
S(h(3))h(9)γ̄

(
S(h(2)) ⊗ h(10)

)
= uγ(h(1))h(4) ⊗ S(h(3))h(5)γ̄

(
S(h(2)) ⊗ h(6)

)
= Ad(G(h)) ,

were in the fourth passage we used uγ(h(6))ūγ(h(5)) = ε(h(5)), and in the fifth h(6)γ̄(S(h(5)) ⊗
h(7))γ(S(h(4)) ⊗ h(8)) = h(5)ε(h(4))ε(h(6)). �
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Remark 4.2. If we dualize this picture by considering a dually paired Hopf algebra H′ (and
dual modules on dual vector spaces), then the right H-adjoint coaction dualizes into the
right H′-adjoint action, ζ J ξ = S(ξ(1))ζξ(2) for all ζ, ξ ∈ H′. If we further consider a mirror
construction by using left adjoint actions rather than right ones, then the analogue of the
isomorphism G is the isomorphism D studied in [4] and more in general in [5]. Explicitly
the isomorphism G is dual to the isomorphism D relative to the Hopf algebra H′op cop with
opposite product and coproduct; it follows from [6] that this latter is a component of a
natural transformation determining the equivalence of the closed monoidal categories of left
H′op cop-modules and left (H′γ)op cop-modules.

Theorem 4.3. Let H be a Hopf algebra and A an H-comodule algebra. Consider the algebra extension
B = AcoH

⊂ A and the associated canonical map χ : A ⊗B A −→ A ⊗ H. Given a 2-cocycle
γ : H ⊗H→ K the diagram (4.1) is a commutative diagram of H-comodules.

Proof. We prove that the diagram (4.1) commutes. We obtain for the composition (id⊗γG)◦χγ
the following expression

(id ⊗γ G)
(
χγ(a ⊗γB a′)

)
= a(0)a′(0) ⊗

γ G(a′(2))γ̄
(
a(1) ⊗ a′(1)

)
= a(0)a′(0) ⊗

γ a′(4)uγ(a′(2))γ̄
(
S(a′(3)) ⊗ a′(5)

)
γ̄
(
a(1) ⊗ a′(1)

)
.

On the other hand, from (3.8) and (2.8) we have

ϕ−1
A,H(a ⊗ h) = a(0) ⊗

γ h(2)γ
(
a(1) ⊗ S(h(1))h(3)

)
,

so that for the composition ϕ−1
A,H ◦ Γ(χ) ◦ ϕA,A we obtain (recalling that Γ(χ) = χ)

ϕ−1
A,H

(
Γ(χ)(ϕA,A(a ⊗γB a′))

)
= ϕ−1

A,H(a(0)a′(0) ⊗ a′(1)) γ̄
(
a(1) ⊗ a′(2)

)
= a(0)a′(0) ⊗

γ a′(3)γ
(
a(1)a′(1) ⊗ S(a′(2))a

′

(4)

)
γ̄
(
a(2) ⊗ a′(5)

)
= a(0)a′(0) ⊗

γ a′(4)γ̄
(
a(1) ⊗ a′(1)

)
uγ(a′(2))γ̄

(
S(a′(3)) ⊗ a′(5)

)
γ
(
a(2) ⊗ a′(6)

)
γ̄
(
a(3) ⊗ a′(7)

)
,

where we have used (3.5). Since γ̄ is the convolution inverse of γ, the last two terms simplify,
giving the desired identity. From the properties of the canonical map (Proposition 2.5) and
of the natural isomorphisms ϕ all arrows in the diagram are Hγ-comodule maps. �

Since all vertical arrows in diagram (4.1) are isomorphisms, as immediate corollary of
this theorem (and recalling that Γ(χ) = χ as linear map) we have that χ is bijective iff χγ is
bijective. Hence we conclude that

Corollary 4.4. Hopf-Galois extensions are twist deformed in Hopf-Galois extensions.

Moreover if the Hopf-Galois extension χ : A ⊗B A → A ⊗ H is trivial (i.e. has the
normal basis property or equivalently is cleft) we have a left B-module and right H-comodule
isomorphism θ : A→ B⊗H. This same linear map, now seen as a map Aγ → B⊗γ Hγ is a left
B-module and right Hγ-comodule isomorphism that determines triviality of the Hopf-Galois
extension χγ : Aγ ⊗

γ
B Aγ → Aγ ⊗

γ Hγ.
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Remark 4.5. As shown in [1], there is a canonical relative (Hγ,Aγ)-Hopf module structure on
Aγ ⊗

γ Hγ so that diagram (4.1) becomes a commutative diagram of relative (Hγ,Aγ)-Hopf
modules, i.e., a diagram in the category AγMAγ

Hγ .
Remark 4.6. Montgomery and Schneider in [20, Th. 5.3] prove the above corollary by using
that as vector spaces A⊗B A = Aγ⊗B Aγ and A⊗H = Aγ⊗Hγ, and showing that the canonical
map χ is the composition of χγ with an invertible map. The proof is not within the natural
categorical setting of twists of Hopf-Galois extensions that we consider, and that we have
motivated in the introduction to be relevant for the study of the differential geometry of
noncommutative principal bundles.

Finally, recalling from Definition 2.8 the notion of principal H-comodule algebra it is easy
to show that deformations by 2-cocycles γ : H⊗H→ K preserve this structure, the key point
being that given a section s : A→ B⊗A we have the section sγ := ϕ−1

B,A ◦ Γ(s) : Aγ → Bγ ⊗γ Aγ

hence (cf. [1]),

Corollary 4.7. A is a principal H-comodule algebra if and only if Aγ is a principal Hγ-comodule
algebra.

4.2 Deformation of the “base space” B via a 2-cocycle on an external symmetry K

Let L be Lie group acting via diffeomorphisms on both the total manifold and the base
manifold of a bundle E → M, these actions being compatible with the bundle projection
(hence L acts via automorphisms of E → M). We say that L is an external symmetry of
E → M. If E → M is a G-bundle then we also require G-equivariance of the L-action on the
total manifold, i.e., we require the L-action to commute with the G-action.

Considering algebras rather than manifolds (cf. Example 2.7, or Example 2.6 if L is
an algebraic group and its action is via morphisms of affine algebraic varieties), we say
that a Hopf algebra K is an external symmetry of the extension B = AcoH

⊂ A if A is a
(K,H)-bicomodule algebra, i.e., if A is a left K-comodule algebra and the K-coaction on A,
ρA : A→ K ⊗ A, commutes with the right H-coaction δA : A→ A ⊗H on A

(ρA
⊗ id) ◦ δA = (id ⊗ δA) ◦ ρA . (4.6)

Due to this compatibility the vector subspace B = AcoH
⊂ A of H-coinvariant elements of A is

also a K-comodule, the K-coaction on B is just the restriction of that on A and we assume it
to be nontrivial (this corresponds to a nontrivial action of L on M).

We have seen that the tensor product of H-comodules is again an H-comodule, similarly
the tensor product of K-comodules is again a K-comodule, in particular A⊗A is a K-comodule
with K-coaction

ρA⊗A : A ⊗ A −→ K ⊗ A ⊗ A
a ⊗ a′ 7−→ a(−1)a′(−1) ⊗ a(0) ⊗ a′(0) , (4.7)

where we used the notation ρA(a) = a(−1) ⊗ a(0). Recalling that A ⊗ A is also an H-comodule
(cf. (2.7)), it is not difficult to show that A ⊗ A is a (K,H)-bicomodule. Moreover this (K,H)-
bicomodule structure is induced on the quotient A⊗B A. Similarly H is trivially a K-comodule
(with coaction ρH : H → K ⊗ H, ρH(h) = 1K ⊗ h) so that A ⊗ H is a (K,H)-bicomodule with
K-coaction

ρA⊗H : A ⊗H −→ K ⊗ A ⊗H , a ⊗ h 7−→ a(−1) ⊗ a(0) ⊗ h . (4.8)
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Furthermore A ⊗B A and A ⊗ H are A-bimodules and this structure, that is compatible with
the H-comodule structure, is also compatible with the K-comodule structure, hence A ⊗B A
and A ⊗ H are relative Hopf modules in the category K

AMA
H of (K,H)-bicomodules with

compatible A-bimodule structure (where A is a (K,H)-bicomodule algebra). The canonical
map preserves this additional structure:

Proposition 4.8. Let A be a (K,H)-bicomodule algebra, then the canonical map χ : A⊗B A→ A⊗H,
where B = AcoH, is a morphism in K

AMA
H.

Proof. Since from Proposition 2.5 we know that the canonical mapχ is a morphisms in AMA
H,

we just have to show that it preserves the left K-coactions, i.e. ρA⊗H
◦ χ = (id ⊗ χ) ◦ ρA⊗BA.

This is indeed the case:

ρA⊗H
(
χ(a ⊗B c)

)
= (ac(0))(−1) ⊗ (ac(0))(0) ⊗ c(1)

= a(−1)(c(0))(−1) ⊗ a(0)(c(0))(0) ⊗ c(1)

= a(−1)c(−1) ⊗ a(0)c(0) ⊗ c(1)

= a(−1)c(−1) ⊗ χ
(
a(0) ⊗B c(0)

)
= (id ⊗ χ)

(
ρA⊗BA(a ⊗B c)

)
,

where we have used the compatibility condition (4.6). �

Let us now briefly present the twist deformation theory of left K-modules that parallels
that of right H-modules studied in §3.2. Given a 2-cocycle σ : K ⊗ K → K on K we deform
according to Proposition 3.3 the Hopf algebra K into the Hopf algebra Kσ. Every left K-
comodule V is also a left σK-comodule that we denote by σV (with coactionρ σV : σV → Kσ⊗σV,
that as a linear map is the same as the coaction ρV : V → K⊗V). As in (3.6) we have a functor
Σ : K

M →
KσM between the categories of left K-comodules and left σK-comodules. It is

defined on objects by Σ(V) = σV and on morphisms ψ : V → W by Σ(ψ) := ψ : σV → σW.
Similarly to Theorem 3.4 we have

Theorem 4.9. The functor Σ : K
M→

KσM induces an equivalence between the monoidal categories
(K
M,⊗) and (KσM, σ⊗ ) that is given by the isomorphisms

ϕ`V,W : σV σ
⊗ σW −→ σ(V ⊗W) , (4.9)

v σ⊗w 7−→ σ
(
v(−1) ⊗ w(−1)

)
v(0) ⊗ w(0) ,

for all objects V,W ∈ K
M.

Similarly (K,H)-bicomodules are deformed in (σK,H)-bicomodules so that the correspond-
ing functor Σ : K

M
H
→

KσMH induces as well an equivalence between the monoidal cate-
gories (K

M
H,⊗) and (KσMH, σ⊗ ). This equivalence is given by the isomorphisms (4.9) that

now are isomorphisms in KσMH, i.e., (Kσ,H)-bicomodule isomorphisms.
The left (K,H)-comodule algebra A is also deformed into a left (Kσ,H)-comodule algebra

σA, with product

σm : σA σ
⊗ σA −→ σA , a σ⊗ a′ 7−→ σ

(
a(−1) ⊗ a′(−1)

)
a(0)a′(0) =: a σ• a′ . (4.10)

Consequently relative Hopf modules V ∈ K
AMA

H are deformed in relative Hopf modules
σV ∈ Kσ

σAMσA
H so that the corresponding functor Σ : K

AMA
H
→

Kσ
σAMσA

H induces and
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equivalence of the categories K
AMA

H and Kσ
σAMσA

H. The left and right σA-actions explicitly
read (cf. (3.10))

.σV : σA σ
⊗ σV −→ σV , (4.11)

a σ⊗ v 7−→ σ
(
a(−1) ⊗ v(−1)

)
a(0) .V v(0) ,

/σV : σV σ
⊗ σA −→ σV ,

v σ⊗ a 7−→ σ
(
v(−1) ⊗ a(−1)

)
v(0) /V a(0) .

Given the (Kσ,H)-bicomodule algebra σA we consider the subalgebra of H-coinvariant
elements (σA)coH that is easily seen to equal σB := σ(AcoH), the twist deformation of the K-
subcomodule algebra B ⊂ A of H-coinvariant elements, i.e., the deformed “base space”. As
a consequence we have the twisted canonical map σχ : σA σ

⊗σB σA → σA σ
⊗H , which by

Proposition 4.8 is a morphism in Kσ
σAMσA

H. We now relate the twisted canonical map σχ
with the original canonical map χ.

Theorem 4.10. Let A be a (K,H)-bicomodule algebra, and B = AcoH. Given a 2-cocycleσ : K⊗K→ K
the diagram

σA σ
⊗σB σA σχ //

ϕ`A,A
��

σA σ
⊗H

ϕ`A,H
��

σ(A ⊗B A)
Σ(χ) //

σ(A ⊗H)

(4.12)

in Kσ
σAMσA

H commutes.

Proof. First we notice that the left vertical arrow is the induction to the quotient of the
isomorphism ϕ`A,A : σA σ

⊗ σA −→ σ(A ⊗ A) defined in (4.9); it is well defined thanks to the
cocycle condition (3.1) for σ. Next let us observe that ϕ`A,H is the identity; indeed, since H is
equipped with the trivial left K-coaction h 7→ 1K ⊗ h and σ is unital, we have

ϕ`A,H(a σ⊗ h) = σ
(
a(−1) ⊗ h(−1)

)
a(0) ⊗ h(0) = σ

(
a(−1) ⊗ 1K

)
a(0) ⊗ h = a ⊗ h ,

for all a ∈ σA and h ∈ H. These vertical arrows are easily seen to be morphisms in Kσ
σAMσA

H.
Furthermore the horizontal arrows in the diagram are also morphism in Kσ

σAMσA
H (cf.

Proposition 4.8) so that all arrows are morphisms in Kσ
σAMσA

H. It remains to prove the
commutativity of the diagram:

χ
(
ϕ`A,A(a σ⊗σB a′)

)
= σ

(
a(−1) ⊗ a′(−1)

)
χ(a(0) ⊗B a′(0))

= σ
(
a(−1) ⊗ a′(−1)

)
a(0)(a′(0))(0) ⊗ (a′(0))(1)

= σ
(
a(−1) ⊗ (a′(0))(−1)

)
a(0)(a′(0))(0) ⊗ a′(1)

= a σ• a′(0) ⊗ a′(1)

= σχ(a σ⊗σB a′) ,

for all a, a′ ∈ σA. �

Since the vertical arrows ϕA,H and ϕA,A in diagram (4.12) are isomorphisms then we
immediately have that an horizontal arrow in (4.12) is an isomorphism if and only if the
other horizontal arrow is, i.e.,
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Corollary 4.11. B ⊂ A is an H-Hopf-Galois extension if and only if σB ⊂ σA is an H-Hopf-Galois
extension.

Finally it is also possible to prove that

Corollary 4.12. A is a principal H-comodule algebra if and only if σA is a principal H-comodule
algebra.

The key part of the proof is to show that given a section s : A → B ⊗ A of the multiplication
map m : B⊗A→ A, as in Definition 2.8, then σs := S(s) ◦ (ϕ`B,A)−1 : σA→ σBσ ⊗ σA is a section
of the deformed multiplication map σB σ

⊗ σA→ σA. HereS(s) : σA→ σ(B⊗A) is defined by,
for all a ∈ σA,

S(s)(a) = σ
(
a(−2) ⊗ S(a(−1)) m(s(a(0)))(−1)

)
s(a(0)) (4.13)

and, similarly to Remark 4.2, is related to the natural isomorphism proving that the categories
of Hopf modules and of twisted Hopf modules are equivalent as closed monoidal categories.

Example 4.13 (The instanton bundle on the noncommutative sphere S4
θ). In this example we

describe the SU(2)-principal bundle S7
→ S4 as an Hopf-Galois extension and then twist de-

form it to the Hopf-Galois extension describing the instanton bundle on the noncommutative
sphere S4

θ [17, 8].
Let A := O(S7) be the algebra over C of coordinate functions on the 7-sphere S7, it is

generated by the elements {zi, z∗i , i = 1, . . . , 4}modulo the relation
∑

z∗i zi = 1. It is a ∗-algebra
with involution ∗ : z 7→ z∗ extended as an antilinear and antimultipicative map to all of
O(S7). Let H := O(SU(2)) be the Hopf algebra of coordinate functions on SU(2) realized as the
∗-algebra generated by commuting elements {wi, w∗i , i = 1, 2} with

∑
w∗i wi = 1 and standard

Hopf algebra structure induced from the group structure of SU(2), i.e., setting

T = (Ti
j) =

(
w1 −w∗2
w2 w∗1

)
, (4.14)

∆(Ti
j) = Ti

k ⊗Tk
j (sum over k understood), that we rewrite in matrix notation as ∆(T) = T

.
⊗T

(where
.
⊗ denotes tensor product and matrix multiplication), ε(Ti

j) = δi
j and S(Ti

j) = (T−1)i
j,

i.e., in matrix notation S(T) = T−1. The action of SU(2) on S7 pulls back to the right coaction
of O(SU(2)) on O(S7):

δO(S7) : O(S7) −→ O(S7) ⊗ O(SU(2)) ; (4.15)

on the matrix of generators of O(S7)

u :=
(

z1 z2 z3 z4

−z∗2 z∗1 −z∗4 z∗3

)t

it simply reads δO(S7)(u) = u
.
⊗ T and is extended to the whole O(S7) as a ∗-algebra morphism.

The subalgebra B := O(S7)co(O(SU(2)))
⊂ O(S7) of coinvariants under the coaction δO(S7) is

generated by the elements

α := 2(z1z∗3 + z∗2z4) , β := 2(z2z∗3 − z∗1z4) , x := z1z∗1 + z2z∗2 − z3z∗3 − z4z∗4 , (4.16)

and their ∗-conjugated α∗, β∗. Form the 7-sphere relation
∑

z∗i zi = 1 it follows that they satisfy

α∗α + β∗β + x2 = 1
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and therefore, as expected, these elements generate the algebra of coordinate functions on
the 4-sphere S4; thus the subalgebra B of coinvariants is isomorphic to the algebra O(S4) of
coordinate functions on S4. Since S7

→ S4 is a principal SU(2)-bundle then O(S4) ⊂ O(S7)
is a Hopf-Galois extension. Moreover, since O(SU(2)) is cosemisimple and has a bijective
antipode, then O(S7) is a principal comodule algebra (recall the paragraph after Definition
2.8).

We twist deform this Hopf-Galois extension by using as external symmetry of the instan-
ton bundle the (abelian) Lie group T2. Let K := O(T2) be the corresponding commutative
Hopf algebra of functions with generators t j, t∗j = t−1

j , j = 1, 2 and co-structures ∆(ti) = ti ⊗ ti,

ε(ti) = 1, S(ti) = t−1
i = t∗i . The action of T2 on S7 pulls back to a left coaction of O(T2) on the

algebra O(S7): it is given on the generators as

ρO(S7) : O(S7) −→ O(T2) ⊗ O(S7) , zi 7−→ τi ⊗ zi , (4.17)

where (τi) := (t1, t∗1, t2, t∗2), and it is extended to the whole of O(S7) as a ∗-algebra homomor-
phism. It is easy to prove that the SU(2) and the T2 coactions δO(S7) and ρO(S7) satisfy the
compatibility condition (4.6), hence they structure O(S7) as a (O(T2),O(SU(2)))-bicomodule
algebra. The subalgebraO(S4) ofO(SU(2))-coinvariants is aO(T2)-subcomodule algebra with
O(T2)-coaction

α 7−→ t1t∗2 ⊗ α , β 7−→ t∗1t∗2 ⊗ β , x 7−→ 1 ⊗ x . (4.18)

Let σ be the 2-cocycle on K defined on the generators by:

σ
(
t j ⊗ tk

)
= exp(iπΘ jk) , Θ =

1
2

(
0 θ
−θ 0

)
, θ ∈ R (4.19)

and extended to the whole algebra by requiringσ (ab ⊗ c) = σ
(
a ⊗ c(1)

)
σ
(
b ⊗ c(2)

)
andσ (a ⊗ bc) =

σ
(
a(1) ⊗ c

)
σ
(
a(2) ⊗ b

)
, for all a, b, c,∈ O(Tn).

We can now apply the theory of deformation by 2-cocycles to both the comodule algebras
O(S7) andO(S4). The resulting noncommutative algebras, denoted respectively byO(S7

θ) and
O(S4

θ), are two representatives of the class of θ-spheres in [11]. In particular, the Hopf-Galois
extensionO(S4) ' O(S7)coH

⊂ O(S7) deforms to the Hopf-Galois extensionO(S4
θ) ' O(S7

θ)coH
⊂

O(S7
θ) with undeformed structure Hopf algebra H = O(SU(2)). Actually, from Corollary 4.12,

we further obtain

Proposition 4.14. The algebra O(S7
θ) is a principal O(SU(2))-comodule algebra.

The noncommutative bundle so obtained is the quantum Hopf bundle on the Connes-
Landi sphereO(S4

θ) that was originally constructed in [17], and further studied in the context
of 2-cocycles deformation in [8]. The principality of the algebra inclusion O(S4

θ) ⊂ O(S7
θ)

was first proven in [17, §5] by explicit construction of the inverse of the canonical map.
Proposition 4.14 follows instead as a straightforward result of the general theory developed
in the present section (out of the principality of the underlying classical bundle).

4.3 Deformations of both the “structure group” H and the “base space” B

We now consider the combination of the previous two deformations. This leads to Hopf-
Galois extensions in which the structure Hopf algebra, total space and base space are all
deformed.
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As before, we let H and K be Hopf algebras and A be a (K,H)-bicomodule algebra, with
B = AcoH. Let σ : K ⊗ K → K and γ : H ⊗ H → K be 2-cocycles and denote by Kσ and Hγ

the twisted Hopf algebras and by σAγ := σ(Aγ) = (σA)γ the deformed (Kσ,Hγ)-bicomodule
algebra. We also have the deformed (Kσ,Hγ)-bicomodule algebra σBγ = (σAγ)coHγ ⊂ σAγ

of Hγ-coinvariants in σAγ. Notice that σBγ = (σAγ)coHγ = σ(AcoHγ
γ ) = σ(AcoH) = σB. Hence

we can consider the canonical map σχγ : σAγ
σ
⊗
γ
σB σAγ → σAγ

σ
⊗
γ Hγ that is a Kσ

σAγMσAγ
Hγ-

morphism because of Proposition 4.8. There are two ways to relate σχγ to the canonical map
χ : A ⊗B A → A ⊗ H. We can first relate χ to χγ and then χγ to σχγ, or first χ to σχ and
then σχ to σχγ. It can be proven that these two constructions are equivalent because the left
K-coaction commutes with the right H-coaction. More precisely we can apply the functor Σ
to the commutative diagram (4.1) of Theorem 4.3 and then top the resulting diagram with
the analogue of the commutative diagram (4.12) of Theorem 4.10, or we can first apply the
functor Γ to (4.12) and then top it with the analogue of (4.1). Either of these equivalent
procedures leads to commutative diagrams in Kσ

σAγMσAγ
Hγ and to the following result

Theorem 4.15. Given two Hopf aglebras K and H, a (K,H)-bicomodule algebra A and two 2-cocycles
σ : K ⊗ K→ K and γ : H ⊗H→ K, we have
(i) B = AcoH

⊂ A is an H-Hopf-Galois extension if and only if σB ⊂ σAγ is an Hγ-Hopf-Galois
extension.
(ii) A is a principal H-comodule algebra if and only if σAγ is a principal Hγ-comodule algebra.

Example 4.16 (Formal deformation quantization). Recall from Example 2.7, that if (E,M =
E/G, π,G) is a principal bundle in the smooth category (i.e., if E and M are smooth manifolds,
G is a a Lie group) we have a Fréchet H-Hopf-Galois extension B = C∞(M) = AcoH

⊂ A =
C∞(E) with H = C∞(G) and K = C. Let us further consider a finite dimensional Lie group L
that is a Lie subgroup of the automorphism group of (E,M, π,G), so that together with L we
have a canonical smooth left action of L on E and M that commutes with the right G-action.
The left L-actions on E and M pull-back to a Fréchet left K = C∞(L)-comodule structure on
A and B, which is compatible with the right H-coaction on A and the canonical map, i.e.
A = C∞(E) is a Fréchet (K = C∞(L),H = C∞(G))-bicomodule algebra.

We consider formal deformations of H, K and A because in this context 2-cocycles are
easily obtained, cf. Remark 3.2, from formal Drinfeld twists on the universal enveloping
algebras U(g) and U(l), where g and l are the Lie algebras of G and L respectively. Therefore
we consider the formal power series extension in a deformation parameter ~ of theC-modules
H, A, B and K, that we denote as usual H[[~]], A[[~]], B[[~]] and K[[~]]. The natural topology
on these C[[~]]-modules is a combination of the original Fréchet topology in each order of ~
together with the ~-adic topology, see e.g. [16, Chapter XVI]. The canonical map induces a
continuous C[[~]]-linear isomorphism (denoted with abuse of notation by the same symbol)

χ : A[[~]] ⊗̂B[[~]] A[[~]] ' C∞(E ×M E)[[~]] −→ A[[~]] ⊗̂H[[~]] ' C∞(E × G)[[~]] , (4.20)

where now ⊗̂ denotes the completion of the algebraic tensor product with respect to the
natural topologies described above. Hence we have obtained a topological H[[~]]-Hopf-
Galois extension B[[~]] = A[[~]]coH[[~]]

⊂ A[[~]]. The existence of continuous 2-cocycles
γ : H[[~]] ⊗̂H[[~]] → K[[~]] and σ : K[[~]] ⊗̂K[[~]] → K[[~]] follows from the existence
of Drinfeld twist deformations of the universal enveloping algebras U(g)[[~]] and U(l)[[~]].
We now twist the C[[h]]-modules H[[~]], A[[~]], B[[~]] and K[[~]] as described in general in
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Section 3, and obtain a noncommutative topological H[[~]]γ-Hopf-Galois extension σB[[~]] =

σA[[~]]
coH[[~]]γ
γ ⊂ σA[[~]]γ, in particular the structure group G has been deformed in a quantum

group Gγ that is described by the Hopf algebra H[[~]]γ, and similarly the base space M is
deformed in a noncommutative base space σM decribed by the algebra σB[[~]].

Example 4.16 is very general and it is interesting to specialize it to specific cases. For
example deformations of homogenous spaces into quantum homogeneous spaces are ob-
tained via this combined twist deformation of the structure group and of the base space
[1]. Another application is in the formulation of gravity on noncommutative spacetime. We
consider a 4-dimensional manifold which admits a Lorentzian metric. We correspondingly
have the principal SO(3, 1)-bundle of orthonormal frames and also the principal ISO(3, 1)
bundle of orthonormal affine frames. Hence we can consider Drinfeld twists of the univer-
sal enveloping algebras U(so(3, 1)) and U(iso(3, 1)) of the Lorentz and Poincaré groups, for
example the abelian twists discussed in [2], [19] or even the nonabelian one (of extended
Jordanian type) studied in [7, §V]. These twists give deformations of the structure groups
of the principal bundles relevant in gravity. Gravity theories on commutative spacetime in
the vierbein formalism obtained by gauging a quantum Poincaré group have been studied
in [10]. The present construction would allow to consider also non local (globally nontrivial)
aspects of these gravity theories. It is interesting to further twist deform the base space of
these principal bundles, this is a first step in order to obtain a vierbein gravity theory on
noncommutative spacetime with quantum Lorentz group invariance.
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