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Abstract

We construct noncommutative principal bundles deforming principal bundles with
a Drinfeld twist (2-cocycle). If the twist is associated with the structure group then we
have a deformation of the fibers. If the twist is associated with the automorphism group
of the principal bundle, then we obtain noncommutative deformations of the base space
as well. Combining the two twist deformations we obtain noncommutative principal
bundles with both noncommutative fibers and base space. More in general, the natural
isomorphisms proving the equivalence of a closed monoidal category of modules and its
twist related one are used to obtain new Hopf-Galois extensions as twists of Hopf-Galois
extensions. A sheaf approach is also considered, and examples presented.
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1 Introduction

Given the relevance of Lie groups and principal bundles, the noncommutative analogues
of these structures have been studied since the early days of noncommutative (NC) geom-
etry, first examples being quantum groups and their coset spaces. The algebraic structure
underlying NC principal bundles is that of Hopf-Galois extension, the structure group G
being replaced by a Hopf algebra H (e.g. that of functions on G, or more in general a nei-
ther commutative nor cocommutative Hopf algebra). Presently, in the literature, there are
many examples of NC principal bundles, most of them can be understood as deformation
quantization of classical principal bundles, see e.g. [9,8]. Our NC geometry study of prin-
cipal bundles is in this deformation quantization context, and specifically Drinfeld twist (or
2-cocycle) deformations 16]. We provide a general theory where both the base space
and the fibers are deformed, this allows to recover previously studied examples as particular
cases, including a wide class of NC principal bundles on quantum coset spaces, as well as
the NC instanton bundle on the 6-sphere S‘é 24].



Drinfeld twist deformation is indeed a powerful method. It applies to any algebra A that
carries an action of a group (more in general a coaction of a Hopf algebra K). Given a twist
on the group one first deforms the group in a quantum group and then canonically induces
via its action a deformation of the algebra. Similarly, modules over algebras are twisted into
modules over deformed algebras, in particular into NC vector bundles. This program has
been successfully extended in [4] to the differential geometry of NC vector bundles. It has
led to a theory of arbitrary (i.e., not necessary equivariant) connections on bimodules and
on their tensor products that generalizes the notion of bimodule connection introduced in
[28,[19]. The construction is categorical, and in particular commutative connections can be
canonically quantized to NC connections. As sharpened in [5, 6] the categorical setting is
that of closed monoidal categories.

In the next level of complexity after algebras and (bi)modules we find (A, H)-relative Hopf
modules, i.e. (bi)modules with respect to an algebra A and comodules with respect to an Hopf
algebra H (in particular we will be concerned with the example A®H, that in the commutative
case corresponds to the algebra of functions on the total space of a principal bundle tensored
that on the structure group). They are the first objects of our interest because principality
of NC bundles is bijectivity of a map (the so-called canonical map) between relative Hopf
modules.

In this paper we thus first deform the category of (A, H)-relative Hopf modules by con-
sidering a twist associated with H itself (this is the special degenerate case where K = H).
Next we consider the case where there is a different Hopf algebra K that coacts on A and on
(A, H)-relative Hopf modules, and study how to twist deform this category using twists on
K, and then using twists both on K and on H. Studying this category we are canonically led
to twist deform classical principal bundles into NC principal bundles and more generally
to prove that NC principal bundles are twisted into new NC principal bundles. The key
point is to relate the canonical map between the twisted modules to the initial canonical
map, so to deduce bijectivity of the first from bijectivity of the second. This is achieved via
a set of isomorphisms that are explicitly constructed and have a categorical interpretation as
components of natural isomorphisms.

Considering a twist on the “structure group” H leads to a deformation of the fibers of the
principal bundle; this result was also obtained in [27] with a different proof that disregards the
natural categorical setting we are advocating. Considering a twist on “the external symmetry
Hopf algebra” K (classically associated with a subgroup of the automorphism group of the
bundle) leads to a deformation of the base space. Combining twists on H and on K we obtain
deformations of both the fibers and the base space.

The categorical context of relative Hopf modules and of their twist deformations we set
up is furthermore used in order to prove that principal H-comodule algebras (i.e. Hopf-
Galois extensions that admit the construction of associated vector bundles) are deformed
into principal H-comodule algebras (Corollary [3.19), here principality is captured by a linear
map that is not in general K-equivariant and that has to be properly deformed. This defor-
mation is explicitly given and shown to be related to the natural isomorphism proving the
equivalence of the categories of Hopf algebra modules and of twisted Hopf algebra modules
as closed monoidal categories. This same categorical context is relevant for planned further
investigations in the geometry of NC principal bundles, in particular in the notion of gauge
group and of principal connection. Indeed both gauge transformations and connections, as
is the case for connections on NC vector bundles [4], will not in general be K-equivariant
maps.



Complementing the global description of principal G-bundles as G-manifolds with extra
properties, there is the important local description based on trivial principal bundles and on
transition functions. We therefore also present a local theory of twists deformations of NC
principal bundles, based on a sheaf theoretic approach that complements the initial global
approach. The explicit example of the O-sphere Sj, is detailed.

Finally we observe that the present study is mainly algebraic so that the examples treated
are either in the context of formal deformation quantization, using Fréchet Hopf-Galois
extensions on the ring C[[7]] (cf. the main Example , or obtained via abelian Drinfeld
twists associated with tori actions on algebraic varieties. However these latter NC algebras
can be completed to C*-algebras by the general deformation construction of Rieffel [32];
furthermore, also deformations of smooth manifolds based on nonabelian Drinfeld twists can
be constructed nonformally [7]. It is then promising to combine these nonformal deformation
techniques with the algebraic and categorical ones here developed in order to consider
nonformal deformations of principal bundles. This is even more so because, contrary to
the well established theory of NC vector bundles (consider for example finite projective C*-
modules over C*-algebras), a general characterization of NC principal bundles beyond the
algebraic level and in terms of NC topology is still missing. In particular we are interested in
the wide class of nonformal NC principal bundles that could be obtained via twists based on
an external symmetry Hopf algebra K. The present paper is also motivated by this program
and can be seen as the first step toward its accomplishment.

The outline of the paper is the following: in §2.1] we recall the basic definitions and
results about Hopf-Galois extensions, while in we review some results from the theory
of deformations of Hopf algebras and comodule algebras by 2-cocycles and extend them
to the category of relative Hopf-modules, relevant to our study. The main results of the
present paper are contained in §3; in three successive subsections we study deformations of
H-Hopf-Galois extensions by 2-cocycles on the structure group H (, on an external Hopf
algebra K of symmetries (§3.2), and the combination of these deformations (§3.3). In §4we
apply the theory developed to deformations of quantum homogeneous spaces (§4.1I) and to
encompass sheaves of Hopf-Galois extensions (§4.2), providing also examples. Appendix
reviews the close relationship between the theory of 2-cocycles and that of Drinfeld twists,
and Appendix [B| clarifies the relationship between one of our deformation maps (the -
map) and the natural transformation which establishes that twisting may be regarded as an
equivalence of closed monoidal categories. Appendix[C|presents a complementary study of
the twisted sheaf describing the instanton bundle on S‘é.
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2 Background

Notation: We work in the category of IK-modules, for K a fixed commutative ring with unit
1x. We denote the tensor product over K just by ® Morphisms of K-modules are simply
called K-linear maps. In the following, all algebras are over K and assumed to be unital and
associative. The product in an algebra A is denoted by my : A® A — A,a®b + ab and the
unit map by 4 : K — A, with 14 := n4(1k) the unit element. Analogously all coalgebras are
assumed to be over K, counital and coassociative. We denote the coproduct and counit of a
coalgebra Cby Ac : C - C®Cand ¢c : C — Krespectively. We use the standard Sweedler
notation for the coproduct: Ac(c) = cyy ® ¢y (sum understood), for all ¢ € C, and for iterations
of it Ag =([{d®A¢) o Ag‘l 1CH Ccy®Co ® - ®Cpury, 1 > 1. We denote by * the convolution
product in the dual K-module C" := Hom(C,K), (f * f')(c) := f(cq)f'(ce), for all ¢ € C,
f, f/ € C'. Finally, for a Hopf algebra H, we denote by Sy : H — H its antipode. For all maps
mentioned above we will omit the subscripts referring to the co/algebras involved when
no risk of confusion can occur. Many of the examples presented will concern co/algebras
equipped with an antilinear involution (x-structure); we will assume all maps therein to be
compatible with the *-structure. To indicate an object V in a category C we frequently simply
write V € C. Finally, all monoidal categories appearing in this paper will have a trivial
associator, hence we can unambiguously write V1 ® V>, ® - - - ® V,, for the tensor product of n
objects.

2.1 Hopf-Galois extensions

We briefly collect the algebraic preliminaries on Hopf-Galois extensions required for our
work. Let H be a bialgebra (or just a coalgebra). A right H-comodule is a K-module V with a
K-linear map 6" : V — V ® H (called a right H-coaction) such that

({d®A) o =V eid)os", ([d®e)od’ =id. 2.1)

The coaction on an element v € V is written in Sweedler notation as 6" (v) = v, ® vy, (sum
understood). The right H-comodule properties (2.1) then read as, for allv € V,

Vo) ® (V) ® (V) = (V) ® (V) ® V) =t Vo) ® Uty ® Ve , (2.2)
Vo €(0w) = ©.
We denote by M the category of right H-comodules, with the obvious definition of right
H-comodule morphisms: a morphism between V, W € MH is a K-linear map ¢ : V. > W
which satisfies 5" o ) = (¢ ® id) 0 6" (H-equivariance condition). If H is a bialgebra, then
MH is a monoidal category: given V, W € MY, then the tensor product V ® W is an object in
MH with the right H-coaction
VW . VeW — VeW®RH, (2.3)
VW = U @ We @ VW -

The unit object in M is K together with the coaction given by the unit map of H, i.e.,
O :=nyg: K-> K®H =~ H.

If A is a right H-comodule and also an algebra it is natural to require the additional
structures of product my : A® A — A and unit 4 : K — A to be morphisms in the category
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M (with A® A € MH via %4 as above). Explicitly, a right H-comodule algebra A is an
algebra which is a right H-comodule and such that

M omy = (ma®id) o 6%, 64 ona = (na®id)o oK. (2.4)

This is equivalent to require the coaction 6* : A — A® H to be a morphism of unital algebras
(where A ® H has the tensor product algebra structure), for alla,a’ € A,

aa) =) 5Ma) , 0%(1a) =14®1y . (2.5)

A morphism between two right H-comodule algebras is a morphism in M which preserves
products and units. We shall denote by A the category of right H-comodule algebras.

If V is a right H-comodule and also a left A-module, where A € AH it is natural to require
the A-module structure (or A-action) »y : A®QV — V, a®v + ary v to be a morphism in the
category M, ie. 8V ovy = (by ®id) 0 6® (with A ® V € M via ®V as above). We thus
define the category of relative Hopf modules:

Definition 2.1. Let H be a bialgebra and A € A An (A, H)-relative Hopf module V is a
right H-comodule with a compatible left A-module structure, i.e. the left A-action »y is a
morphism of H-comodules according to the following commutative diagram

6A®V

ARV ARV®H (2.6)
DVl lP\/@ld
Vv o VoH
Explicitly, foralla€e Aandv € V,
([Z >y 7))(0) ® (a >y U)(l) = a(o) >y U(o) ® a(l)v(l) . (27)

A morphism of (A, H)-relative Hopf modules is a morphism of right H-comodules which is
also a morphism of left A-modules. We denote by 4 M the category of (A, H)-relative Hopf
modules.

Remark2.2. If V is aleft A-module then V®H is a left (A® H)-module via the left (A® H)-action
(@a®h)(v®h’):=avyv®hh’, foralla € A, veV, h,i’ € H. The commutativity of the diagram
(2.6) is equivalent to

8V (avy v) = 5%a)d" (v), (2.8)

ie., 6V is a left A-module morphism, where the left A-action on V ® H is via M:A>AQH
and the left (A ® H)-action above.
Analogously to Definition [2.1) we define the categories of relative Hopf modules MuH

and AM

Definition 2.3. Let H be a bialgebra and A € A,



(i) The objects in the category M4 are right H-comodules with a compatible right A-
module structure, i.e. V is an object in M4 if the right A-action <y is a morphism of
H-comodules according to the following commutative diagram

V §5VeA
®A VRA®H (2.9)
<Vl l<v®id
b’V
Vv V®H
Explicitly, foralla € Aand v € V,
(Z) % ‘1)(0) ® (U v a)(1) = V) v Ao @ Vg - (2-10)

The morphisms in the category My are morphisms of right H-comodules which are
also morphisms of right A-modules.

(ii) The objects in the category aM! are right H-comodules with a compatible A-bimodule
structure, i.e. the commuting left and right A-actions satisfy respectively and .
The morphisms in the category 4 M A are morphisms of right H-comodules which are
also morphisms of A-bimodules.

Given a left A-module V and a K-module W, the K-module V ® W is a left A-module
with left action defined by rygw := >y ® id, i.e.

pyew cAQVOW — VW, (2.11)
aQUew +— @ryo)Qw.

Lemma 2.4. If V € AM" and W € MY, then the right H-comodule V ® W equipped with the left
A-action given by 2.11) is an object in 4 MH.

Proof. We prove that the compatibility condition (2.7) between the left A-action »ygw (see
(2.11)) and the right H-coaction 6V®" (see (2.3)) is satisfied:

((avy v) @ W), ® ((@avy v) ® W),

= (avy v)(o) W ® (ary U)mwm

(avyew (v® w))(o) ® (arvew (VO w))a)

= (a0 v Ye) @ W) ® aa) V)W)
= g >vew (00 ® We) ® aq v W,
= agrvew (V® w)(o) ® a4 (v ® w)(l) ’

where in the third passage we have used that holds for the left A-action »y and the right
H-coaction 6. m]

Remark 2.5. More abstractly, Lemma states that 4 M is a (right) module category over
the monoidal category M, see e.g. [29]. Indeed, we have a bifunctor (denoted with abuse of
notation also by ®) ® : aME x MH — , M which assigns to an object (V, W) € AM x MH
the object V® W € 4 M constructed in Lemma 2.4/ and to a morphism (f : V3 — Va2, ¢:
Wi — W») in g MH x MH the AMH—morphism feg: VieW; = Vo®@Ws, vew — f(v)®g(w).
(It is easy to check that f ® g is a morphism of left A-modules).
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Analogously, given a right A-module V and a K-module W, the K-module W ® V is
a right A-module with right action defined by <wgy = id ® <. We omit the proof of the
corresponding

Lemma 2.6. If V e M4 and W € MH, then the right H-comodule W ® V equipped with the right
A-action given by <wgy = id ® <y is an object in MAH .

Remark 2.7. Analogously to Remark q Lemma [2.6/states that M4 is a (left) module cat-
egory over the monoidal category MH. We denote again with an abuse of notation the
corresponding bifunctor simply by ® : M x M S M,

Remark 2.8. Combining Remark [2.5/and Remark we have a bifunctor (denoted again by
the same symbol) ® : AMI X MAH — JMUH. Precomposing this functor with the forgetful
functor AMuH x gAMa? — JMH x M4H we obtain another bifunctor (denoted once more
by the same symbol) ® : g M x 4Ms" — s My, Notice that this bifunctor satisfies the
associativity constraint, however it does not structure 4Ma!! as a monoidal category since
there exists no unit object I € 4Maf. We therefore consider the tensor product over the
algebra A, ®, : AMAT X AMAHE - gMpH (obtained via the standard quotient procedure)
that turns 4 M into a monoidal category with unit object A € aMAH.

In the following H will be assumed to be a Hopf algebra.

Definition 2.9. Let H be a Hopf algebra and A € A'. Let B C A be the subalgebra of
coinvariants, i.e.
B=A“"={peA|s"b) =bo1p). (2.12)

The map

x:=(m®id)o (id®p oY) :AesA — A®H, (2.13)

’ 7 7
a®ga ua(0)®a(1)

is called the canonical map. The extension B C A is called an H-Hopf-Galois extension
provided the canonical map is bijective.

The notion of Hopf-Galois extensions in this general context of (not necessarily commu-
tative) algebras appeared in [22]. It generalizes the classical notion of Galois field extensions
and with a noncommutative flavor it can be viewed as encoding the data of a principal
bundle. We refer the reader to the references [26], [10, Part VII] and examples therein. See
also Example 2.13|below.

In the special case when A is commutative (and hence also B C A is commutative), then
A ®p A is an algebra and the canonical map x is an algebra morphism. In general however
A is noncommutative and also B is not contained in the center of A, so A ®g A does not even
inherit an algebra structure. As we shall now show, in the general case the canonical map x
is a morphism in the category of relative Hopf modules 4 M 4.

The tensor product A ® A is an object in AMAH because of Lemma (take V = A with
left A-action given by the product in A and W = A) and of Lemma (take V = A with
right A-action given by the product in A and W = A); the compatibility between the left and
the right A-actions is immediate: c((a ® a’)c’) = ca®a’c’ = (c(a®a’))c’, for all a,a’,c, ¢’ € A.
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The right H-coaction 6"®* : A® A - A® A ® H descends to the quotient A ®5 A because
B C A is the subalgebra of H-coinvariants. We denote the induced right H-coaction by §®54.

The left and right A-actions on A ® A also canonically descend to the quotient A ®g A, hence
they are compatible with the right H-comodule structure (cf. and (2.9)) and therefore

AR®pAc€ AMAH.

The tensor product A ® H is also an object in 4 M 4. First we regard the Hopf algebra H
as the right H-comodule H defined to be the IK-module H with the right adjoint H-coaction

H=Ad:H— H®H, h+> hyp®S(hy) h, . (2.14)

(The notation H is in order to distinguish this structure from the Hopf algebra structure).
Then, since A € 4M" and H € MY, Lemma implies that A® H € AMH, Explicitly the
right H-coaction 6"®2: A® H » A® H® H is given byEI(Cf. (2.3)), forallac A, he H,

5**Ha®@h) = ag ® o ® ag) () hy € AOH®H . (2.15)
Finally, A ® H is a right A-module with the action

usH: A®H®A — A®H, (2.16)

a®h®c +— acy®hcy .
This right A-action is easily seen to be a morphism in M', indeed the diagram

SA®HRA

ASH®A A®H®A®H 2.17)
<AgH L L <A®H®id

6A®E
A®H A®H®H

is commutative. Here, according to (2.3), 6"®H®A(a®@h®c) = a ® hp) ® ¢ ® 4 S(hy)he ca), for
alla,c € A, h € H. This shows that A® H € M. Since the left and right A-actions commute
we conclude that A® H € MG

Proposition 2.10. The canonical map x = (m ®id) o (id ®p 64) : A®p A — A ® H is a morphism
in oM with respect to the AM A -structures on A®g A and A ® H described above.

Proof. We show that the canonical map is a morphism of right H-comodules, for alla,a’ € A,
6A®E(X (@ ®p al)) = "' ® ') = api’ o ® ' ¢y ® a0y’ ()S(@ )

= a0 ®a ) ®ana’ o = (x ®id) (a0 ®p @) ® awa’ )
= (x ®id)(6"**(a @p 1)) .

It is immediate to see that x is a morphism of left and right A-modules. m]

!Similarly on the tensor product A ® H we also have the H-comodule structure §® induced by the right
regular coaction (coproduct) of H. Notice that if A is isomorphic to the H-comodule B ® H with right coaction
idg ® A (hence in particular if A is cleft, see page , then the H-comodules (A ® H, 54%H ) and (A ®H, 6A®ﬁ) are
isomorphic. The isomorphism is givenby A H - A®H, (a®h) — (ah; ® hy), with inverse A H - A®H,
(a®h) = (aS(h1) ® hy), where ah indicates the action of H on A =~ B ® H given by right multiplication.



Example 2.11. Let A = H be the right H-comodule algebra with right H-coaction given by the
coproduct A. Since (¢ ® id)A(h) = h, for all h € H, we have H®H ~ K. The canonical map
X : H® H - H® H is an isomorphism with inverse x 1 (h ® h’) = hS(W’ ,)) ® I, for all h € H
and i’ € H. Hence, K C H is an H-Hopf-Galois extension. Notice that S(h) = (id®e)x ' (1®h),
for all h € H; actually a bialgebra H is a Hopf algebra if and only if y : H® H - H® H is an
isomorphism.

Example 2.12. Let B be an algebra with trivial right H-coaction, i.e. 65(b) = b ® 1 for all
b € B. Let, as in the previous example, H be the right H-comodule algebra with the coaction
given by the coproduct A. Then A := B ® H is a right H-comodule algebra (with the
usual tensor product algebra and right H-comodule structure). We have A“H ~ B and
X:(B®H)® (B®H)*B®H®H - BH®H, b®h®h — b@hl';, ® K, is easily seen to
be invertible; hence B C A is an H-Hopf-Galois extension.

Example 2.13. Let G be a Lie group, M a manifold and n : P — M a principal G-bundle
over M with right G-action denoted by rp : PX G — P, (p,g) — pg. (All manifolds here
are assumed to be finite-dimensional and second countable). We assign to the total space
P its space of smooth functions C*(P) and recall that it is a (nuclear) Fréchet space with
respect to the usual C*-topology. Even more, the Fréchet space A = C*(P) is a unital Fréchet
algebra with (continuous) product m := diag) : A®A — A and unit 1 := t, : K- A
Here A® A ~ C*(P x P) denotes the completed tensor product and the product and unit are
defined as the pull-back on functions of the diagonal map diag, : P — P X P and the terminal
map tp : P — pt to a point. Similarly, B = C*(M) is a Fréchet algebra and H = C*(G) is a
Fréchet Hopf algebra with co-structures and antipode defined by the pull-backs of the Lie
group structures on G. (In a Fréchet Hopf algebra also the antipode, counit and coproduct
A : H —» H®H are continuous maps). The right G-action rp : P X G — P induces the
structure of a Fréchet right H-comodule algebra on A and we denote the (continuous) right
H-coaction by 6% := 1}, : A — A®H. The H-coinvariant subalgebra is A" = C*(P/G) and
A®H ~ B = C®(M) is the pull-back of the isomorphism M =~ P/G of the principal G-bundle
P — M. The canonical map in the present case may be obtained by considering the pull-back
of the smooth map

PxG—PxuP, (99— (p.rg), (2.18)

where PxpP := {(p,q) € PXP|n(p) = n(q)}is the fibered product. This map is anisomorphism
of right G-spaces, because the G-action on the fibers of P is free and transitive. It follows that
the canonical ma X:AQA — A@H is an AM ! -isomorphism, hence B C A is a Fréchet
H-Hopf-Galois extension.

The previous two examples correspond to (algebraic versions of) the principal G-bundle
G — ptover a point and to the trivial principal G-bundle M X G — M over M.

An H-Hopf-Galois extension B := A® C A is said to have the normal basis property
if there exists an isomorphism A ~ B ® H of left B-modules and right H-comodules (where
B ® H is a left B-module via mp ® id and a right H-comodule via id ® A, cf. Example [2.12).

2 The jopological/:censor proci}lctA over B is defined as follows: Consider the two parallel continuous linear
maps m®id and id®@m from AQ B®A to A®A, which describe the right and respectively left B-action on A.

We set A®p A = A®A/ Im(mRid — id ® m), where " denotes the closure in the Fréchet space A®A. Notice that
A®y A =~ C(P xy P).

10



This condition captures the algebraic aspect of triviality of a principal bundle. We recall
that the normal basis property is equivalent to the existence of a convolution invertible map
j: H — A (called cleaving map) that is a right H-comodule morphism, i.e.

oj=(j®id)oA. (2.19)

A comodule algebra A for which there exists a convolution invertible morphism of H-
comodules j : H — A is called a cleft extension of A°H. Given an isomorphism 6 : B H > A
of left B-modules and right H-comodules, then a cleaving map j : H — A and its convolution
inverse j: H — A are determined by

jiH— A, h+— 6(1&h), (2.20)
JiH— A, h+— (id®¢)o(idep 0 ox l(1®Hh).

(In order to prove that j * j = 114 o € use A-linearity of x™1, then that 0 is an H-comodule map
and then recall the definition of x. In order to prove that j* j = 14 o ¢ it is convenient to set
x~Y(h) = <> @h=%> for allh € H, then use (y ' ®id)(id®A) = (id ® 54)x~!, observe that since
0 is an H-comodule map so is 0~! and hence (id ® ¢ ® id)(0~! ® id)6* = 071, and that, due to
left B-linearity of 0, (id ® e)(@‘l(a(o))e(l ®aq)) = aforalla € A. See e.g. [26, Theorem 8.2.4]).

To conclude this subsection, let us recall the definition of principal comodule algebra
which, as it is the case for principal bundles, allows for the construction of associated vector
bundles (i.e. associated finitely generated and projective B-modules). Among the equivalent
formulations we consider the one here below [[15] (see also [10, Part VII, §6.3 and §6.4])
because it will be easily seen to be preserved by twist deformations.

Definition 2.14. Let H be a Hopf algebra with invertible antipode over a field K. A principal
H-comodule algebra is an object A € A" such that B := A®! C A is an H-Hopf-Galois
extension and A is equivariantly projective as a left B-module, i.e. there exists a left B-module
and right H-comodule morphism s : A — B ® A that is a section of the (restricted) product
m:B®A — A,ie. suchthatmos=id4.

In particular if H is a Hopf algebra with bijective antipode over a field, the condition of
equivariant projectivity of A is equivalent to that of faithful flatness of A [33]. Moreover,
by the Theorem of characterization of faithfully flat extensions [34], if H is cosemisimple
and has a bijective antipode, then surjectivity of the canonical map is sufficient to prove the
principality of A.

2.2 Deformations by 2-cocycles

We review some results from the theory of deformations of Hopf algebras H and their
comodule (co)algebras by 2-cocycles y : H® H — K. The notion of 2-cocycle is dual to that
of Drinfeld twist. In Appendix |A| we detail this duality for the reader more familiar with
the Drinfeld twist notation. We omit some of the proofs of standard results, see e.g. [16]
and also [21, §10.2], or, in the dual Drinfeld twist picture, [25, §2.3]. We also extend results
from the category of H-comodules to those of relative Hopf (co)modules and bicomodules
(cf. Proposition Proposition and Proposition which will be relevant to our
construction in §3

11



2.2.1 Hopf algebra 2-cocycles

Let H be a Hopf algebra and recall that H ® H is canonically a coalgebra with coproduct
Arga(h ® k) = hyy ® kgy ® hp ® ko) and counit eggr(h ® k) = e(h)e(k), for all h,k € H. In
particular, we can consider the convolution product of K-linear maps H® H — K.

Definition 2.15. A K-linear map y : H® H — K is called a convolution invertible, unital
2-cocycle on H, or simply a 2-cocycle, provided y is convolution invertible, unital, i.e.
y(h®1) =¢e(h) =y (1 ®h), forall h € H, and satisfies the 2-cocycle condition

V(80 ®hw) Y (Sahe ®k) =y (hy ®ka) ¥ (8§ ® hoke) , (2.21)
forall g,h,k € H.

The following lemma is easily proven. The stated equalities will be used for computations
in the next sections.

Lemma 2.16. Let y : H® H — K be a convolution invertible K-linear map, with inverse denoted
byy : H® H — K. Then the following are equivalent:

(i) y satisfies
(i) 7 (gwha ®K) 7 (8o ® hey) = 7 (& ® hoka) 7 (hey ® k) , for all g,h,k € H
(iii) y (§wha) ® k) 7 (8 ® hoke) = 7 (§ ®hw) y (hey ® k) , forall g,h,k € H
() y (8w ® hoke) 7 (§ohe ®ke) =y (8§ ®hw) 7 (hyy ®k) , forall g,k € H

Given a 2-cocycle y, with the help of (iii) and (iv), it is possible to prove that the maps

uy:H— K, hr—y(hy®S(hy)) , (2.22)
1/_17/ :H— K P h > ')7(5(]’1(1)) ®h(2)) P

are the convolution inverse of each other.

Proposition 2.17. Let y : H® H — K be a 2-cocycle. Then
my(h®k) :=h -y k:=y (hy ®ku) hoke 7 (he ®ke) , (2.23)

for all h,k € H, defines a new associative product on (the IK-module underlying) H. The resulting
algebra H, := (H,m,,1y) is a Hopf algebra when endowed with the unchanged coproduct A and
counit € and with the new antipode S, := u, * S * ii,. We call H,, the twisted Hopf algebra of H by .

Remark 2.18. The twisted Hopf algebra H, can be “untwisted” by using the convolution
inverse 7 : H® H — KK; indeed, y is a 2-cocycle for H,, and the twisted Hopf algebra of H,, by
y is isomorphic to H via the identity map (see Corollary [A.4).
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2.2.2 Twisting of right H-comodules

The deformation of a Hopf algebra H by a 2-cocycle y : H® H — K affects also the category
M of right H-comodules. Indeed, if V € MH with coaction 8V : V — V®H, then V with the
same coaction, but now thought of as a map with values in V ® H,, is a right H,-comodule.
This is evident from the fact that the comodule condition (cf. (2.1)) only involves the coalgebra
structure of H, and H, coincides with H as a coalgebra. When thinking of V' as an object
in M we will denote it by V, and the coaction by 6 : V,, — V,, ® H,. Moreover, any
morphism ¢ : V — W in M can be thought as a morphism ¢ : V,, - W,, in M"; indeed,
H-equivariance of ¢ : V. — W implies H,-equivariance of ¢ : V,, = W,, since by construction
the right H-coaction in V agrees with the right H,-coaction in V,,. Hence we have a functor

r: M M (2.24)

defined by I'(V) := V), and I'(¢) := ¢ : V;,, - W,. Furthermore this functor I' induces an
equivalence of categories because we can use the convolution inverse y in order to twist back
Hy to(Hy); =Hand V, to (V,); = V.

The equivalence between the categories M and M extends to their monoidal structure.
We denote by (MFr,®”) the monoidal category corresponding to the Hopf algebra H,.
Explicitly, for all objects V,, W), € M (with coactions 6" : V,, —» V,, ® H, and 6" : W,, —
W, ® H,), the right H”-coaction on V,, ® W,,, according to (2.3), is given by

VW Vv, @' W, — V,® W,®H,, (2.25)
0 ®V w | — U(O) ®y W(O) ® U(l) V W(l) 7
Theorem 2.19. The functor T : MH — M induces an equivalence between the monoidal categories
(M, ®) and (M, ®Y). The natural isomorphism ¢ : ® o ([ xT) = T o ® is given by the M-
isomorphisms
pvw:V, W, — (VeW),, (2.26)

VW = U ®@we ¥ (Vg ® wyy) ,
for all objects V, W € MH.

Proof. The invertibility of ¢y w follows immediately from the invertibility of the cocycle y.
The fact that it is a morphism in the category M is easily shown as follows:

(pvw ®id) (5V)'®yw’” (v®” w)) Vo) ® Wy T (V) ® W) ® Y (Vi ® W) Vi Wee) 7 (V) ® W)
= U ® We ® VW) T (Ve ® W)
5V (v ® W) 7 (V0 ® W)

VW (pyw(v ® w)) ,

where the coaction 6("®W) is given by 6V : v ® w +— v, ® Wy, ® V) Wy, (cf. (2.3)). Hence
T, ) : MH,®) — (Mr,®) is a monoidal functor.

The monoidal categories are equivalent (actually they are isomorphic) because y twists
back Hy to H and V), to V so that the monoidal functor (I, ) has an inverse T, @), where
T : M% — MH is the inverse of the functor I' and avy,wy (V) @ (Wy)y = (Vy, @' W)y,
VR W = Vg & W Y (Ve ® W) O
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If V. e MH carries additional structures, i.e. if it is an object in A7, s MH, M4H or
aMAH (with A € AH), then these additional structures are also deformed by the 2-cocycle
y : HOH — K. Let us illustrate this for the category A of right H-comodule algebras: Recall
that an object A € A is an object A € M together with two M -morphisms, m: A A — A
and 1 : K — A, which satisfy the axioms of an algebra product and unit. Using the functor
I' of Theorem we can assign to this data the object ['(A) = A, € M and the two
My -morphisms T(m) : [(A ® A) — T'(A) and (1)) : T(K) — T'(A). The deformed algebra
structure m,, 1, on A, € A is now defined by using the components ¢__ (cf. ) of the
natural isomorphism ¢, and the commutative diagrams

my My

Ay QY Ay Ay K Ay (2.27)
(pAfAl % 2] %
A® A)y I'(K)

in the category M. The deformed product m, is associative due to the 2-cocycle condition
of y, and 7, is the unit for m, since y is unital. Explicitly we have that 1, = 1 and the
deformed product reads as

my,: A, @ A, — Ay, a® a +and' oV (a,y®ad y) =1ae,a" . (2.28)

This construction provides us with a functor T : A? — Ar; indeed it can be easily checked
that T'(y) := ¢ : A, — A; is a morphism in Ay for any A”-morphism ¢ : A —» A’. Using
again the convolution inverse y of y we can twist back A, to A. In summary we have obtained

Proposition 2.20. Given a 2-cocycle y : H® H — K the functor T : AT — A induces an
equivalence of categories.

By a similar construction one obtains the functors (all denoted by the same symbol)

I M- A],MHV, I: MyH - MA},HV and T : JMuH — AVMAJ,H’/. Explicitly, the deformed
left A,-actions are given by

by, t A @V, — V), (2.29)

a® v = (a0 >v 00)7 (@n ®vy) ,
while the deformed right A, -actions read as

w, V@A, — V,, (2.30)
v®'a > (v v ag) Y (v ®am) -

The A,-module and A, -bimodule properties follow again from the 2-cocycle condition and
unitality of y. Moreover the bifunctors ® described in the Remarks[2.5 2.7jand 2.8l on module
categories are preserved, i.e., the Mr-isomorphisms , that in the context of Theorem
IZ.E define the natural isomorphism ¢ : ® o (I' xI') = T o ®, now are respectively A},MHV,

MAYH‘/ and 4 My, Hy_isomorphisms; they define the natural isomorphism ¢ : ® o (I' XT) =
I' o ® where here I' is any of the three functors described above, and where ® is the tensor
product corresponding to the Hopf algebra H, .
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For example we here prove that, for all V € oM and W € MH, the MH-isomorphism
pvw : V, & W, — (V® W), given in (2.26) is an A},MHV—isomorphism. On the one hand,
from definition (2.29) we have

pvw ((@>v, v @ w)) (231)
pvw ((a >v ve) ® W) 7 (ag ® vy)
(a0 >V V) ® Wy 7 (40)00) @ W) ¥ (A ® V)

ovw (avv,ew, (08 w))

where in the third line we used (2.7). On the other hand, we have

a>wew), (Vo ® W)y (Ve @ wy) (2.32)
(@0 >V Vo) ® Wy 7 (aq) ® 00y Wa)) T (V) ® W) -

a>wvew), (Pvw( & w))

These two expressions coincide because of the 2-cocycle condition (cf. (ii) in Lemma [2.16).

In summary, we have obtained

Proposition 2.21. Given a 2-cocycle y : H® H — K the following functors induce equivalences of
categories:

(i) T:aMH > AVMHV ; the left Ay -actions are defined by .
(ii) T : Ma™ — Mg By, the right A, -actions are defined by :

(iii) T : gMaH — A},MAyHV ; the A, -bimodule structures are defined by and .

In all three cases we have that the maps in are isomorphisms in the corresponding categories
( AYMHV, MAVHV and A),MA},HV respectively); they are the components of the natural isomorphism
@ :® o (I'xT) = T o®, where the bifunctors ® are defined in the Remarks 2.5 [2.7]and

In particular (i) and (ii) induce the following equivalences of M- and M -module categories:
(M7, ®) = (4, M, ®7) and (M4",®) = (My, ", @7).

We finish this subsection by studying the twisting of the category CH of right H-comodule
coalgebras. An object C € CH is an object C € MH together with two M"-morphisms
Ac : C = C® C (coproduct) and ¢c : C — K (counit), i.e.

5®C o Ac = (Ac®id) 0 6¢, X oec = (ec®id) 0 8¢, (2.33)

which satisfy the axioms of a coalgebra. Morphisms in CH are H-comodule maps which
are also coalgebra maps (i.e., preserve coproducts and counits). Given now a 2-cocycle
y: H® H — K, we can use the functor I' : M — M in order to assign to an object C € CH
(with coproduct Ac and counit ¢c) the object C,, € CHr with coproduct Ac, and counit €cy
defined by the commutative diagrams

AC)/ &Cy
M L(pcc k \:
(C®0), I'(K)
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in the category M. Notice that ¢c, = &c and that the deformed coproduct explicitly reads
as
ACy . CV i C)/ ®)’ CV , CH (C(l))(O) ®V (C(z))(o) )4 ((c(l))(l) ® (C(z))(l)) . (235)

It is easy to check that C, is an object in C"r and that the assignment I' : C — C™ is a
functor (as before, I' acts as the identity on morphisms). In summary, we have obtained

Proposition 2.22. Given a 2-cocycle y : H® H — K the functor T : C" — CHr induces an
equivalence of categories.

Example 2.23. The right H-comodule H is a comodule coalgebra with coproduct and counit
canonically inherited from the Hopf algebra H, i.e., Ay = A and ¢y = ¢. For ease of notation
we will omit the indices and denote by o2, A, ¢ the comodule coalgebra structure of H.
Cocycle deformations of H will be relevant in

2.2.3 Twisting of left K-comodules

Of course, similar twist deformation constructions as in are available for left Hopf
algebra comodules rather than right ones. We briefly collect the corresponding formulae as
they will be needed in §3] As we later consider also the case where two (in general different)
Hopf algebras coact from respectively the left and the right, we denote the Hopf algebra
which coacts from the left by K.

Let K be a Hopf algebra. A left K-comodule is a K-module V together with a K-linear
map p” : V - K® V (called a left K-coaction) which satisfies

(A®id)opV =(d®p")op”, (e®id)op’ =id. (2.36)

The Sweedler notation for the left K-coaction is p" (v) = v,_;) ® v, (sum understood), with the
K-comodule properties (2.36) reading as, for allv € V

(V1) ® (O1) ®Vo = Uy ® (V) Ly ® (Vi) = V) @ Vry ® V), (2.37)
e0)ve = U.

We denote by K M the category of left K-comodules; the morphisms in ¥ M are K-linear maps
that preserve the left K-coactions, i.e. a K-linear map ¢ : V — W is a morphism in XM
provided that

pV oy =(@idey)op¥. (2.38)

Notice that XM is a monoidal category with bifunctor ® : KM x M — XM defined by
equipping the tensor product (of IK-modules) V ® W with the tensor product coaction

pV®W:V®W—>K®V®W, (2.39)

VR W = VW) @ Vo) @ Wy -

The tensor product of morphismsisagain f®g: VW - V' @W', v@w — f(v)® g(w) and
the unit object in XM is K together with the left K-coaction p¥ := nx : K - K® K =~ K given
by the unit in K.
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Let 0 : K® K — K be a 2-cocycle on K (we use the symbol ¢ in order to distinguish it
from 2-cocycles on the Hopf algebra H). Proposition2.17provides us with a deformed Hopf
algebra K,. We can further construct a functor £ : “M — X M by assigning to an object
V € K Mthe object £(V) := ,V € X« M, where ,V has the same underlying K-module structure
of V and left K -coaction pOV i oV = K; ®,V that, as a K-linear map, is given by the left
K-coaction p” : V. — K® V. On morphisms ¢ : V — W we have Z(¥) := ¢ : ,V — ;W.
Analogously to Theorem 2.19| we have

Theorem 2.24. The functor ¥ : XM — * Minduces an equivalence between the monoidal categories
(*M,®) and (% M, °®). The natural isomorphism ¢ : °® o(T xT) = T o ® is given by the KsM-
isomorphisms
Pl VBN — J(VeW), (2.40)
Ug®w > 0 (’U(,l) ® 'Z/U(,l)) U(o) ® w«]) P

for all objects V, W € X M.

The category KA of left K-comodule algebras and the categories K M, KMy and K4 My
of relative Hopf modules are defined analogously to the case where the Hopf algebra coacts

from the right. As in Remark and in Remark K, M and KM, are respectively right
and left module categories over the monoidal category M. As in Proposition and
Proposition we obtain

Proposition 2.25. Let 0 : K® K — K be a 2-cocycle on K. Then the monoidal functor (%, ¢") :
(M, ®) = (%2 M, °®) leads to the following functors, which induce equivalences of categories:

(i) L : KA — Ko A; the deformed products are defined by
o AR A — LA, (2.41)
a°Qa’ +— o (ay®a' ) aga’ g =1 a.ea" .
(i) Z: X M — K 4 M; the left ;A-actions are defined by
bV cA®V — 5V, (2.42)
a G®U 0 (a(_l) ® U(_])) a(o) >V U(O) .
(iii) T : KMy — Ko M 4; the right ;A-actions are defined by
4y VI®A— ,V, (2.43)
(% U®LZ >0 (U(_l) ® a(_l)) U(U) 174 (1(0) .
(iv) Z: Ky My — Ko A M _4; the ;A-bimodule structures are defined by and .

In the cases (ii), (iii) and (iv) we have that the maps in are isomorphisms in the corresponding
categories (X AM, Ks M_p and %o s M_a respectively); they are the components of the natural
isomorphism ¢! : °® o (L X L) = L o ®, where the bifunctors ® are the left comodule analogues of
those in Remarks and

In particular (ii) and (iii) induce the following equivalences of “M- and XsM-module categories:
(CaM,®) = (%, aM, 7®) and (“Ma, ®) = (M 4,°®).
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2.24 Twisting of (K, H)-bicomodules

Let K and H be two (in general different) Hopf algebras. As our last scenario we consider the
situation where we have IK-modules V together with a left K-coaction p” : V —» K® V and a
right H-coaction 6V : V — V ® H which are compatible in the sense of (K, H)-bicomodules,
ie.,

(P ®id) 06" = (id®5")opV . (2.44)

Evaluated on an element v € V this condition reads
(Vo)) ® (V) ® Vay = Vi) ® (Vo)) ) ® (V0)) gy =1 Uity ® Vo) ® Vi - (2.45)

We denote by M the category of (K, H)-bicomodules, where M -morphisms are K-linear
maps that are both MH-comodule and ¥M-comodule morphisms. It is a monoidal category;
the tensor product of V, W € KM is the object V ® W € KMH with left K-comodule structure
p"®W given in (2.39) and right H-comodule structure 5"®" given in (2.3). Notice that 6"®"
and pV®W are compatible in the sense of ,

(""" ®id) 0 6V (v ® w)

(V0) )W) sy @ (V) o) ® (W) ) ® VeyWay

= VW) ® V) @ Wip) & Uy W

= VWi ® (V) g ® (W) ® (V) ) (W) gy

= VW ® 07 (v ® W)

= (([d®s"*)op"*Vwew), (2.46)

for all v € V and w € W, where in the second and third passage we have used that both V
and W are objects in “MH and so their coactions satisfy the compatibility condition (2:45).

Givena2-cocycleo : K®K — Kand a2-cocycley : H®H — KK, wehaveby §2.2.3jand §2.2.2
the monoidal functors (Z, %) : KM, ®) — (K MH, °® ) and (T, ¢) : KM, ®) - M, @7).
We therefore can construct two monoidal functors

@)oo : (M, @) — M, %07,
T, @) o (Z,¢) : (M, ) — Eomr, 507 . (2.47)

Proposition 2.26. The two monoidal functors in are equal.

Proof. As functors, L o I' is equal to I' o X as both functors act as the identity on objects and
on morphisms. Thus, we just have to prove that the diagram

PoVeW

o V)/ G®V o'W)/ (O’V o‘® o’W);/ (248)
PV, L lr«paw)

z
(Vo & Wy) — 2 (vew),
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in Kopqtty commutes, for all objects V, W € KMH; indeed,

gofl,W(quV/aW(v ‘R w)) = (Paw(v@ ®w) 7 (va) ® W)
=0 ((U«»)H) ® (ww))(,l)) (V)0 ® W),y 7 (00) ® W)
=0 (V) @ W) (V) ® (W), 7 ((77(0))(1) ® (w<0))(1))
=0 (v ® W) Pyw(ve ® W)
= pun(ph, w, (078 W),

forallv € V and w € W. In the third equality we have used the bicomodule property (2.45)
for Vand W. O

In short the above proposition states that it does not matter if we first deform by ¢ and
then by y or if we first deform by y and then by o.

Let us now consider the category KA of (K, H)-bicomodule algebras, where objects and
morphisms are in KaH if they are in Al KA and EMH. For A € KAH, we further consider the
categories of relative Hopf modules 4 M, “M4H and K4 M4, where by definition objects
and morphisms are in 4 M4 if they are ing M, K4 M4 and KM (the categories Ky MH and
KM 4! are similarly defined). In complete analogy to Propositions [2.20} 2.21{ and [2.25/ and
because of the compatibility between the K- and the H-coactions we obtain the following

Proposition 2.27. Let 0 : K® K — Kand y : H® H — K be two 2-cocycles. Then the monoidal
functor (T, ) o (Z, ") = (Z,¢°) o (T, ) : *XMH — Ko My leads to the following functors, which
induce equivalences of categories.

(i) ToXL =Yool : KA — KeAty; the deformed products are defined by
oty 1 oA, °® A, — A, , (2.49)
a°®"a’ v 0 () @' ) o o) 7 (a0 @ a'y) = a8y a’ .
(i) ToZ=Xol: M - Ko A, My the left ;A -actions are defined by
A I e A (2.50)

a°®" v +— 0 (acy ® V() g >y Vo T (40 @ V) -
(iii) ToL =Yool : KMuH — K“MGA}/HV ; the right ;A -actions are defined by
Lv, 1oV @ Ay — 5V, (2.51)

0°®" a4+ 0 (V) ®ay) Vo w g 7 (Ve ®4dq) -

(iv) ToL =Yool : KMuH — KGJAVMUAVHV; the ;Ay-bimodule structures are defined by
and (2.51).

In the cases (ii), (iii) and (iv), F((p‘;/,w) o @, v, w are isomorphisms in the corresponding categories

(K“JAyMH}’, K“MGAJ/HV and X, A)/MJA),HV respectively); they are the components of the natural iso-

morphism T(p%) o : °® o (T o ZXT o X) = I o ¥ o ®, where the bifunctors ® are the bicomodule

analogues of those in the Remarks and

In particular (ii) and (iii) induce the following equivalences of M- and s My -module categories:
KoM, ©) = (K7 4 M, 5@7) and (SMaH, @) = (M4 P, 7).
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3 Twisting of Hopf-Galois extensions

Suppose B = A® C A is an H-Hopf-Galois extension with total space A, base space B and
structure Hopf algebra H (see Definition[2.9). We are interested in studying how the invertibility
of the canonical map x behaves under deformations via 2-cocycles. We are in particular
interested in deforming classical principal bundles (cf. Example in order to obtain
noncommutative principal bundles or quantum principal bundles, i.e., principal comodule algebras
(cf. Definition [2.14) obtained via deformation of principal bundles. Let us observe that if we
consider a 2-cocycle on the structure Hopf algebra H and use it to twist the data (A, B, H), the
deformation of the base space B turns out to be trivial as a direct consequence of the triviality
of the right H-coaction on coinvariants. In the language of noncommutative principal bundles
this means that by twisting a classical principal bundle with a 2-cocycle on H, we only have the
possibility to obtain a noncommutative principal bundle with a classical (i.e. not deformed)
base space. In order to obtain a more general theory, which also allows for deformations of the
base space, we shall also consider the case of A carrying an external symmetry (described by
a second Hopf algebra K) that is compatible with the right H-comodule structure. Indeed, by
assuming the total space A to be a (K, H)-bicomodule algebra, we can use a 2-cocycle on K to
induce a deformation of A, which in general also deforms the subalgebra B of H-coinvariants.

Notice that it would be also possible to develop this theory by assuming the existence of
an action of a Hopf algebra U (dual to K) and use a twist ¥ € U ® U, rather than a 2-cocycle
on K, to implement the deformation (see the discussion in Appendix[A). Nevertheless, we
shall use here the language of coactions as usual in the literature on Hopf-Galois extensions.

Example 3.1. In the setting of Example a natural choice for the Hopf algebra U is the
universal enveloping algebra of the Lie algebra of G-equivariant vector fields on P, i.e. the
Lie algebra of derivations of A = C*(P) which commute with the right G-action. The Hopf
algebra U describes the infinitesimal automorphisms of the principal G-bundle 7 : P — M.
A natural choice for the Hopf algebra K would be the Hopf algebra of functions on a finite-
dimensional Lie subgroup of the group of automorphisms ¢ : P — P of the bundle.

We therefore consider the following three scenarios:

A deformation based on a 2-cocycle on the structure Hopf algebra H. Here the to-
tal space A and the structure Hopf algebra H are twisted, while the base space B is
undeformed.

A deformation based on a 2-cocycle on an external Hopf algebra K of symmetries of A
with H-equivariant coaction. Here the total space A and the base B are twisted, while
the structure Hopf algebra H is undeformed.

The combination of the previous two cases. Here the total space A, the structure Hopf
algebra H and the base space B are all twisted in a compatible way:.

In all these cases we shall show that Hopf-Galois extensions and principal comodule alge-
bras are respectively deformed into Hopf-Galois extensions and principal comodule algebras.
In particular principal bundles are deformed into noncommutative principal bundles. Our
proof relies on relating the canonical map of the twisted bundle with the canonical map of
the original bundle via a commutative diagram in the appropriate category.
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3.1 Deformation via a 2-cocycle on the structure Hopf algebra H

Lety : H®H — Kbe a 2-cocycle on H which we use to deform H into a new Hopf algebra H,,
with the same co-structures and unit, but different product and antipode given in Proposition
Using the techniques from we can deform A € A into A, € A by introducing
the twisted product (2.28). As we have already observed above, the algebra structure of the
subalgebra of H-coinvariants B C A does not change under our present class of 2-cocycle
deformations, since the coaction of H on the elements of B is trivial. In other words, the
subalgebra of coinvariants B, = A;OH)’ of A, is isomorphic (via the identity map) to B = A®H

as an algebra (see (2.28)).

We shall relate the twisted canonical map x, : A, ®£ Ay — A, ® H, with the original

one y : A® A — A ® H by understanding both as morphisms in the_category AyMAyHJ'.
Our strategy is as follows: First, we notice that applying the functor I' : 4 My — A)/MAVHV

from Proposition (iii) on the original canonical map y (which is a morphism in 4 M4,
cf. Proposition , we obtain the morphism I'(x) : (A®p A)y = (A®H), in 4, MAVHV . Next,

we relate the two morphisms I'(x) and x, in A, MAyHV via the natural transformation ¢__
(cf. (2.26)) and an isomorphism ® introduced in Theorem 3.4 below after a few technical
lemmas. The role of the isomorphism ® is to relate the two twist deformations of H into right
H,-comodule coalgebras: H,, and H,; recall Example While H,, is the deformation of the

H-comodule coalgebra H, in H, we first deform the Hopf algebra H to H, and then regard

it as an Hy-comodule coalgebra. The isomorphism G is related to the natural isomorphism
proving the equivalence of the categories of Hopf algebra modules and twisted Hopf algebra
modules as closed categories, cf. Appendix

Let us now discuss the construction in detail. By Proposition we have that the
canonical map x : A® A — A ® H is a morphism in o Mu!. Applying the functor T :
aMuH — A},MAVHV from Proposition (iii) we obtain the AyMAyHV—morphism I'(x)=x:
(A®p A)y = (A® H),, where (A ®p A), = I'(A®p A) and (A ® H), = I'(A ® H) are objects in
A},MAJ/HY, while A ® A and A ® H are in »4 MH. Explicitly, the left A,-action on (A ®g A),
reads

>(A®pA), Ay ®/ (A ®p A)y — (A®p A)y , (3.1)
c® (@®pd’) > oo ®a o7 (Co ®and'y) -
The right H, -coaction on (A ®g A), is given by the right H-coaction on A ®g A, and the right
A,-action reads
<(A®BA)V : (A ®B A)y ®V A)/ — (A ®B A)V y (32)
(@a®pd)® ¢ r— ag®d ooV [@na'n®cy) -

Analogously, on (A ® H), the left A, -action reads

>(AsH), | Ay Q' (A ®I;I)y — (A ®ﬂ)y , (3.3)
c® (@®h) +—  coap ®hy Y (ca ®anShy)he) ,

the right H,-coaction on (A ® H), is given by the right H-coaction on A ® H, and the right
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A,-action reads

AgH), : A® I;I)y QY Ay — (A® ﬂ)y , (3.4)
@®h)® c > agCco ® hpca 7 (aaSha)he ® cy) -

We proceed with the second step and introduce the isomorphism ® mentioned above
relating the two deformations of H when thought of as a Hopf algebra or as a right H-
comodule coalgebra H. We first need the following technical lemmas. Recall the definition
of u, and its convolution inverse from (2.22).

Lemma 3.2. Every 2-cocycle y : H® H — K satisfies

1y (ha))P(S(hey) ® k) = y(ha ® S(he)k) , (3.5)
ity (hq)y (he ® k) = 7 (S(hq) @ hpk) (3.6)
7 (8ha) ® S(he)k) = 7 () ® hay) uy(he) 7 (Sthe) ® ka) V(80 ®ke) , (3.7)

forall g, h,k € H.

Proof. Recalling the definition of u, and Lemma we have (3.5). Similarly from
Lemma we have (3.6). From Lemma (iil) we also obtain (recall 7 *y = e ® ¢€)

Y (§h®k) =7 (80 ® hw)y (hey ® ka) ¥ (80 ® hke)
for all ¢, h, k € H. Use of this identity and of proves (3.7):

Y (8ha ® S(hp)k) V(80 ®h)y (hey ® S(he)ka) v (8o ® M S(hu)ke)
= V(8w ®hw)y (he ®S(he)ka) vy (8o ®kw)
= V(8w ®hw) uy(hy) 7 (She) ®kw) v (8e ®ke) -

O

Lemma 3.3. Let H be the right H-comodule coalgebra with adjoint coaction 2 = Ad : H —
H®H, h> hy ® S(hay) h). Then the twisted right Hy-comodule coalgebra H y has coproduct

Ay(h) = hgy ® hy, 7 (S(he) ® hw) uy(he) 7 (S(he) ® he) ¥ (S(ha) ® he) - (3.8)

Proof. By the general theory, the twisted right H,-comodule coalgebra H, has coproduct

given by A, (h) = he ® h)y (S(ha)he ® S(h)he) (see (2.35)), then follows by applying
above. O

On the other hand, the twisted Hopf algebra H, can be considered as a right H,-comodule
coalgebra, denoted by H,, via the H,-adjoint coaction

B = Ay Hy — Hy® Hy , b Iy ® S, (y) -y iy (3.9)

and the coproduct A : H, — H, ® H,, h > hy, ® h,.
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Theorem 3.4. The K-linear map

®:H, —H, , h— heuy(hy) 7 (She) ®ha) (3.10)

-y 4
is an isomorphism of right H,-comodule coalgebras, with inverse

G H, — ﬂ , = hey ity (hey) Y (S(ha) ® hy) (3.11)

Proof. It is easy to prove by a direct calculation that = is the inverse of 6. We now show
that ® is a right H)-comodule morphism, for all & € H,,

(® ®id)(Ad, (k) =
= (5(}1(2)) ® Sy(h(l)) y h(s)
= O(hy) ® uy(ho)S(he)iy (he) -y he
= 1ty (he)hy 7 (S(hy) ® hio)) ® 1ty (hr))ily (hs))y (S(hiw) & hao)) Sy (S(he) ® o)
= h (S(he) ® hp) ® y (ha)y (S(ha) ® hs)) S(he)he Y (S(he) ® hag)
=ty (ha)ha ® S(he)heV (S(he) ® he) = Ad(GH)),

where in the fourth passage we used uy(h¢)it,(hs) = €(hs), and in the fifth hgp(S(he) ®
ha)y(S(hy) ® hs) = hse(hy)e(hs). Next, we prove that ® is a coalgebra morphism, i.e.
(G B)oA=A)06,

(G ® G)oAo G (h) ity (he) O (he) ® O(hy)y (Shy) ® he)

= 1y (he)ty(he)Y (S(he) ® he) he @ O(he)y (S(ha) ® h)

= 7 (S8(he) ®hw) he & G(hs)y (S(ha) ® h)

= 7 (S(he) ® hw) he) @ hayuy (hs)7 (S(he) ® he) v (S(ha) ® he)
= A,

forallh e H o The last equality follows from comparison with (3.8). O

Remark 3.5. If we dualize this picture by considering a dually paired Hopf algebra H’ (and
dual modules) then the right H-adjoint coaction dualizes into the right H'-adjoint action,
C 4 & =Sy for all (, & € H'. If we further consider a mirror construction by using
left adjoint actions rather than right ones, then the analogue of the isomorphism ® is the
isomorphism D studied in [2] and more in general in [4]. Explicitly, as explained in Appendix
the isomorphism ® is dual to the isomorphism D relative to the Hopf algebra H'” “? with
opposite product and coproduct; this latter is a component of a natural transformation
determining the equivalence of the closed monoidal categories of left H'? “P-modules and
left (H;) “P-modules.

After these preliminaries we can now relate the twisted canonical map x, with the original
one x.

Theorem 3.6. Let H be a Hopf algebra and A an H-comodule algebra. Consider the algebra extension
B = A®H C A and the associated canonical map x : A®g A — A ® H. Given a 2-cocycle
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y : H®H — K the diagram

A8l A, — A ®H, (3.12)
jid@y(ﬁ

Paa Ay QY H,
j%,ﬂ

(AepA)y, — X~ (AgH),

in o, Ma, ™ commutes.

Proof. A straightforward computation shows that 44 : A, ® A, — (A ® A), descends
to a well-defined isomorphism on the quotients ¢4 4 : A, ®£ Ay — (A®p A)y, ie. the left
vertical arrow is well defined. We prove that the diagram commutes. We obtain for
the composition (id ®” ®) o x, the following expression

a0 o ® O@ o)y (an @ a’ 1)

(id & ©)(xy(a &) a'))
= o' 0 ® @'y (@ o)y (S(u(’3)) ® “f5)) 7(an®d'y) .
On the other hand, from (2.26) and (2.14) we have
Pan@®h) = a0 ® hey (ag ® Stha)he) |

so that for the composition (p;llH o I'(x) o pa,a we obtain (recalling that I'(x) = x)

P (TO(paata®y a’))
- @Z}E(a(o)a'(o) ®d 1) (ay @ )
=ag o ® d' gy (a(Da'(l) ® S(g(’z))a&)) % (ﬂ(z) ® “f5>)
= g’ o ® a' wy (A ®@a’ ) uy(a’ o)y (S(a’@)) ® ﬂf5)) 14 (ﬂm ® ﬂf@) 7 (ﬂ<3> ® a(,7)) ’

where we have used (3.7). The last two terms simplify, giving the desired identity.

From the properties of the canonical map (Proposition[2.10) and from Proposition [2.21]it
immediately follows that all arrows in the diagram are 4, M -morphisms. In below
we introduce a right A)-module structure on A, ®” H, such that A, ®" H, is an object in

AVMAYHV, and show that all arrows in the diagram are also morphisms in AYMAJ,HF’. O

Corollary 3.7. B = A C A is an H-Hopf-Galois extension if and only if B ~ ACVOHy CAyisan
H,-Hopf-Galois extension. Moreover, B C A is cleft if and only if B C A, is cleft.

Proof. The main statement follows from the invertibility of the morphisms ¢4, 44 and
® in diagram . For the statement about cleftness, recall, from the end of that the
Hopf-Galois extension B C A is cleft if and only if there exists an isomorphism 6 : B H — A
of left B-modules and right H-comodules, where here B ® H is the object in sMH with left
B-action given by mp ® id and right H-coaction given by id ® A. Now, due to the functor
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r:gMi > ByMHV from Proposition (1), the BMH-isomorphism O defines the ByMH?’-
isomorphism I'(0) : (B ® H), — A,, which composed with the ByMHV—isomorphism ©B,H
defines the , MHy-isomorphism 6, : B, ® H, — A,; explicitly,

B, ® H A
y ® Iy y
(PB'Hl T(0)
(B®H),

O

Notice that since on B = A®H C A the H-coaction is trivial, it follows that @pH = id and
as [K-linear maps 6, = 0.
Remark 3.8. Montgomery and Schneider in [27, Th. 5.3] prove the above corollary by using
that as K-modules A® A = A, ® A, and A® H = A, ® H,, and showing that the canonical
map x is the composition of x, with an invertible map. The proof is not within the natural
categorical setting of twists of Hopf-Galois extensions that we consider.

Recalling from Definition the notion of principal H-comodule algebra it is easy to
show that deformations by 2-cocycles y : H® H — K preserve this structure.

Corollary 3.9. A is a principal H-comodule algebra if and only if A, is a principal H,-comodule
algebra.

Proof. Thesp, My -morphism m,, : B,® A, — A, isrelated to the g MH-morphism m : BRA —
A viam, =T(m) o ¢pa. Given now a gM7-morphism s : A — B® A that is a section of m, we
define the p, My -morphism 8y = (PE}A oI'(s) : Ay = B, ® A,. We obtain the commutative
diagram

id=I'(som)

m

A T—"—~B,® A,

Rﬁom l %

(B A),

Ay

in the category B, MHy from which it follows that s, is a section of m,. The reverse implication
follows using the convolution inverse y of y that twists back A, to A and (B® A), to B® A,

so that, given the section s, of m,, the section of m is T(ppa o Sy) =@paosy:A—>B®A. O

3.1.1 Completion of the proof of Theorem (the right A, -module structure on A, ®" H y)

We here complete the proof of Theorem 3.6} i.e., we show that the diagram is a diagram
in the category A}/MA},HV (not just in 4 M™). This is the case if all morphisms in are
in AVMAVHV- By Proposition it is clear that the morphism y; is in A}/MAyH7/, and using
Proposition (iii) we observe that also ¢4 4 and I'(x) are morphismsin 4, M AyHV. In order
to prove that the remaining morphisms id ® ® and ¢4 g in the right column in (3.12) are
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morphisms in 4, My, Hy, we just have to introduce a right A,-module structure on A, ®” H,
and prove that these morphisms are morphisms of right A,-modules (Lemma 3.11). Indeed,
since they are also A, MHy -morphisms and furthermore they are bijective, then A, ® H y isan

objectin 4, Ma, By because it is the target of the first (or equivalently because it is the source
of the second), and id ® ® and ¢4 g are then 4, MAyHl’-isomorphisms.

We are therefore left to introduce a right A, -module structure on A, ® H, and prove that
id ® ® and @4 g are right A)-modules morphisms (Lemma . To this aim let us recall
that the right A-action on A® H is given by (a®h) <aen ¢ = aco ®hcyy, foralla,c € Aand h € H
(cf. 2.16)). Applying Proposition[2.21](iii), we observe that the right A,-module structure on
(A® H), is given by

@®h) <uem), ¢ = aoCeo ® heca 7 (a0 Sha)he ® ce) , (3.13)

foralla € A,h € Hand c € A). Again by 1) the right A,-module structure on A, ® H,,
reads o

(a ®y h) <Ay®}’i c=a .y C(O) ®y h 'V C(l) 7 (314)

for alla,c € A, and h € H). The right Aj-module structure on A, ® I;Iy is induced by the

Hopf algebra structure on H , that is inherited from the Hopf algebra structure on H, and the
isomorphism ® of Theorem Explicitly, we have the following Corollary of Theorem 3.4}

Corollary 3.10. The right H,-comodule coalgebra isomorphism ® : H, — H y defines the K-linear
isomorphism & : H, — H,, (with slight abuse of notation we use the same letter &) that induces on
H,a Hopf algebra structure from the Hopf algebra structure on H,. Explicitly, we define the product
my on H, via the commutative diagram of IK-linear maps

MH,,

H,®H, H, (3.15)
7117/
H,®H, H,

and the antipode S H,onH, via the commutative diagram of K-linear maps

SH,,
H, H, (3.16)
61 l ] ®
S,
H, H,

By construction, H, and H , are isomorphic Hopf algebras via the isomorphism ©.

As a simple consequence of this corollary, every right H,-comodule is also a right H, -
comodule; just use the isomorphism ® between the Hopf algebras H) and H, in order to turn
a right H,-comodule structure into a right H -comodule structure. In particular, we have
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that the right H)-comodule algebra A, is a right H y-comodule algebra with coaction given
by

Y= (d®6)osh 1A, — A, ®H (3.17)

a > ag® 6(a) .

Using this right H -comodule structure on A, we canonically define the right A,-module
structure on A, ® H, by (cf. ),

(a® h) U, H, € = ®y Co Q M, (h® G(cy))) - (3.18)
Lemma 3.11. The vertical arrowsid® ® and ¢ 4 y in diagram areright A, -module morphisms.

Proof. Using (3.14), (3.18) and (3.15) we immediately obtain that id ® ® is a morphism of
right A,-modules:

“Ay®VHy
A, & H, ®A4, A, ® Hy (3.19)
ide’ G ®id j lid@y(f)
“A}@?’gy
Ay® H, ®A, Ay®H,

We now show that s p : Ay ® H, — (A ® H), is a morphism of right A,-modules. (This is
automatic in the case of Hopf-Galois extension because of the invertibility of all maps in the
commutative diagram (3.12)).

The structure of right A, -modules of A, ® H , Was given just above in (3.18). We compute

it explicitly by using the expression of the product in H, and of the map (R

(a®h) UeH,C = A8 Co®My (h® 6(cy))
= a ey, ¢ ® O(huce)y (he ® c) ¥ (hs ® c) ity (he)y (S(ha) ® h)
= a &y, ¢ ® hCyy (NuCa) ® S(c)S(he)hacs) ¥ (he ® ca) ly (he)Y (B ® ce) Y (S(ha) ® )

where in the last passage we used the expression, ©(g) = ¢)7(g0) ® S(w)gw), for all g € H,
that immediately follows from the definition of ® using (3.5). Now we apply in the form

y (he) ® coy) 1y (M) = 7 (S(hey) ® hgcy) and then, by applying Lemma to the resulting
term

Y (hCe ® S(c)S(he)hecs) 7 (S(he) ® haca)

the above expression becomes

a @y o ® ey (o ® S(cw)S(he)hace) 7 (She) @ heceS(ew)S(huhecn) v (S(ha) @ hao)

7 (he) ® )
= a1 ®y C) ® huyC)y (Cay ® S(co)S(he)hecw) 7 (S(ha) ® hecs) ¥ (S(ha) ® h) 7 (he) ® c)
= a &y, ¢ ® hsC)y (o) ® S(C))S(hiw)hieCa) 7 (S(he) ® hycs) v (S(he) ® hgc) 7 (S(ha)he ® ¢)

where in the last passage we have used the cocycle condition (iv). Finally by simplifying the
convolution product term 7 (S(h) ® hiycis) ¥ (S(he) ® hgce) we obtain

@®h) <p,erm, ¢ = a ey co®hecey (Co ® S()S(te)hucw) 7 (S(ha)he ® c) - (3.20)
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The invertible map ¢4 y is a right A, -modules isomorphism if this expression coincides with
(p;llH(((p AH@ ®h)) <agm), ¢). Recalling the right Aj-module structure of (A ® H),, explicitly
givgn in (3.13), we have

(P;ﬁ,l}_{ ((@A,Ii (@ ®h) «aeH), C) = 7 (4 ® S(ha)hes) (P;‘;,lﬂ (@00 ® hecw) 7 (anSthe)he ® co)
=7 (a@ ® S(ha)he) ¥ (@@ ca) ® S(ce)S(he)heCa) A0 Co @ huce Y (a0 S(he)he © ) -

By using to expand the term y (a4)cq) ® S(Ca))S(he)he ), the above expression becomes

0CoY (A ® Cay) ® hisCayty (€))7 (S(Ca) ® S(hu)hce) ¥ (A ® S(he)hece) 7 (a6 S(he)he ® ci)
7 (@ ® S(hoy)heo))
= a0 Co Y (@0 ® ) ® hisCaytty (€)Y (S(cs) ® S(hy)hio ) 7 (Shahey ® €))7 (A ® S(he)hi)
7 (e ® S(hay)he)
= a0 Co Y (A0 ® ) ® hgCaytty (€)Y (S(c) ® S(hy)hwces) 7 (S(hay)hes & ce))
= a8y, ¢y ® hCaytty (€)Y (S(cw) ® S(he)huwcw) 7 (S(ha)he ® cs)

where in the second step we have used Lemma[2.16/(iv). Finally, by using the expression
of 97, (@ ®h)) saem), ¢) coincides with (B.20) above. o

3.2 Deformation via a 2-cocycle based on an external symmetry K

In this section we first define the notion of external symmetry (with Hopf algebra K) of
an H-Hopf-Galois extension, and study the corresponding category. Then we deform this
extension with a 2-cocycle on K.

Consider a Lie group L acting via diffeomorphisms on both the total manifold and the
base manifold of a bundle P — M, these actions being compatible with the bundle projection
(hence L acts via automorphisms of P — M). We say that L is an external symmetry of
P — M. Considering algebras rather than manifolds (cf. Example 2.13), we term a Hopf
algebra K an external symmetry of the extension B C A, if A is a (left) K-comodule algebra
with B a K-subcomodule algebra. If we consider principal G-bundles P — M then we also
require G-equivariance of the L-action on the total manifold leading to algebras A that are
(K, H)-bicomodules algebras, whose category is denoted XA and defined in §2.2.4| before
Proposition

We are thus led to term a Hopf algebra K an external symmetry of an H-Hopf Galois
extension B = A®! C A, if A € KAH and if B = A®! is a K-subcomodule. It immediately
follows that B = A®H is a (K, H)-subbicomodule algebra.

The requirement that B = A®H is a K-subcomodule of A holds automatically true in
particular if K is a flat module. We recall that K is a flat K-module if any short exact sequence

of K-modules 0 » U 5>V 5 W - 0 implies the short exact sequence of K-modules

i i idg®j
0—- KU 1di®>l KoV L®>] K® W — 0. In particular all modules are flat if K is a field or the

ring of formal power series with coefficients in a field.

Proposition 3.12. Let H and K be Hopf algebras, let K be flat as K-module, and let A € XA, then
B = A°H is a K-subcomodule algebra.
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i 5A—idA®7]H

Proof. The short exact sequence 0 —> A®!! Im(6* —ida ® ) — 0,
whereidg ®ng: AQK~A - A®H, a — a®1y, defines the algebra of H-coinvariants ACH,
If K is flat we have the associated short exact sequence

ide®@i idk®(6"~ida®np)
0 — K@ AcH X! aI<®A_K___£>K®Im(6A—idA®T]H)—’0-

Now the compatibility between the H- and K-coactions 6 and p” (cf. ) implies that, for
allb € A®?, we have (idx®5*)[p2(b)] = (pA ®@idp)[64(b)] = pA(b)® 11 = (Idxk ®ida®7H)[p? ()]
and therefore pA(A«H) € ker[idg ® (6" — ida ® ni)] = K ® A“H, where the last equality is
due to the exact sequence. This proves that B = A“H is a K-subcomodule of A, and hence a
K-subcomodule algebra. ]

Consider now an object A in KAH, with right H-coaction denoted by 64 : A » A®H, a
a0 ®4ay, and left K-coaction by p? : A — K®A, a — a_y,®a,. We trivially have H € AT with
the K-coaction pE :H— K®H, h+ 1k ® h. Since the category of (K, H)-bicomodules Kt
is a monoidal category and A, H are in particular objects in *X M, then A® A and A ® H are
objects in KMH, Moreover A® A and A ® H € Ky MuH since the left and the right A-actions
are K-comodule morphisms, indeed we easily prove commutativity of the diagrams:

ASARH AQH®A

A®A®H—" K@A®A®H  A®H®A— K®A®H®A (321)
"A®Hl lid@:m@y “A@Hj lid®<A®H
pA®ﬂ pA®H
A®H K®A®H A®H K®A®H

and of the corresponding ones for A ® A (the proof that A® H and A ® A € K4 M and that
A®A € KM, can be also seen to follow from the property that K 4 M and K My are respectively
right and left module categories over the monoidal category X M).

Furthermore, since B is a K-subcomodule then it is easy to see that the K-comodule
structure of A® A is induced on the quotient A ®;g A, that is therefore an object in the relative
Hopf module category X s M. We have thus proven the following

Proposition 3.13. Let H and K be Hopf algebras, A € KA" and B = A®H be a K-subcomodule.
Then A ®g A and A ® H are objects in X ; Ma™.

Explicitly the K-coactions on A ®p A and on A ® H read
p®4 ARp A — K®(A®p A), a®pcr— aycin® (ag @B Co) (3.22)
and
p®EAQH —K®A®H, a®h+— a y®ay,®h. (3.23)
The canonical map preserves this additional structure:

Proposition 3.14. If A € XA" and B = A“H is a K-subcomodule, then the canonical map x :
A®p A — A®H is a morphism in Ky My,
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Proof. Recalling from Proposition that the canonical map x is a morphisms in 4 My",

we just have to show that it preserves the left K-coactions, i.e. pA®2 o y = (id ® x) o p 54,

This indeed holds true:

PA®H(X (a ®p c)) = (ac)yy ® (aco) ) ® cqy

= ac1)(C) 1y ® 40)(€0) ) ® Cary
= A1)Cn) @ ) @ C

= acyCen ® X (a0) ®B C)

= (id® Y)(p"* (a8 o)),

where in the third and fourth equality we have used the equivariance condition (2.45). O

Let us now consider a 2-cocycle 0 : K® K — K on K. We deform according to Proposition
the Hopf algebra K into the Hopf algebra K,;. Using the machinery of §2.2.3|and §2.2.4]
we can also deform the (K, H)-bicomodule algebra A into the (K, H)-bicomodule algebra
+A € KA (choose in Proposition the trivial 2-cocycle y(h ® h’) = ¢(h) e(h’) on H). If
B = A®H is a K-comodule then it is a (K, H)-bicomodule algebra and is as well deformed
into the (K,, H)-bicomodule algebra ,B := ,(A®H) = (;A)**!! € &AM As a consequence we
have the twisted canonical map ,x : ;A’®,8,A — ;A’® H, which by Proposition is a
morphism in X 4y M _4H.

The following theorem relates the twisted canonical map ,x with the original canonical
map X.
Theorem 3.15. Let A € KA and B = A®H g K-subcomodule. Given a 2-cocycle o : K® K — K
the diagram

GA® g A—2 - AQH (3.24)
(Pﬁx,Al l(Pﬁ\,H
Z(x)
o(A ®p A) s(A®H)

- K, H
in"r AM_a" commutes.

Proof. First we notice that the left vertical arrow is the induction to the quotient of the
isomorphism (Pﬁx 4 0A®A — J(A®A) defined in (2.40); it is well defined thanks to the

cocycle condition (2.21) for 0. Next let us observe that (p o 1s the identity; indeed, since H is

equipped with the trivial left K-coaction & - 1x ® h and ¢ is unital, we have
(Pg,ﬂ(a U® I’l) =0 (a(_l) ® h(_1)) a(g) ® h(o) =0 (ﬂ(_l) ® 1]() ﬂ(o) ® h =a® h ,

foralla € ;A and h € H. Furthermore, it is clear by Proposition and §2.2.4|that all arrows
are morphisms in ¢4 M 4, so it remains to prove the commutativity of the diagram:

X(@Z,A(a ’®,8 ’1’)) =0 (a0 ®4a' ) x(ag @84 )
=0 (1) ®4' () 40/(@ 0) g ® (@ 0))
=0 (”(—1) ® (‘1'(0>)(_1)) 0@ 00y ® 1)
=a .00 (Qa
=ox(@°®,a"),
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for alla,a’ € ;A. O

Corollary 3.16. B C A is an H-Hopf-Galois extension if and only if ;B C ;A is an H-Hopf-Galois
extension.

Proof. The statement follows from the invertibility of the morphisms @4y and ¢4 4 in dia-
gram (3.24). m]

In order to prove that twist deformations of principal H-comodule algebras are principal
H-comodule algebras we need the following

Proposition 3.17. Let B € Kat v W e Kg MH and gHom™ (V, W) be the K-module of K-linear
maps V. — W that are left B-module maps and right H-comodule maps. Let 0 : K® K — K be a
2-cocycle on K, then there is a IK-module isomorphism

S: gHom™(V,W) — _pHom"(,V,,W) (3.25)
s — S(s)
defined by, forallv € ;V,
S(s)v) =0 (U<—2> ® 5(v) S(U«»)(,l)) (V) ) + (3.26)

with inverse ! : _gHom" (,V, ;W) — gHom™(V, W), § = G~1(3) given by, forallv € V,

e =0 (S(U<—2>) ® 5(77(0))(_1)) 15 (V)8(V0) ) - (3.27)
On K-comodule maps we have S = L.

Proof. Use of property for the 2-cocycle o shows that an expression equivalent to (3.26)
is S(s)(v) = Ug(v(2)3(S(v) ® (V) _y)) $(V) - Then it is easy to directly check that (3.27)
defines the inverse of S. The H-comodule property of S(s) is a straightforward consequence
of the H-comodule property of s and of the compatibility between the H- and K-coactions.
We now show that S(s) is a left ;B-linear map: forallb € ;B,v €V,

S(s)(b g0 v) = 0(biyy ® Vyy) S(5)(boyv)
=0(by®03)0 (b<—3)v(—2> ® 5(b<—2>v<—1))b(—l)s(v(m)(,]>) b(O)S(U(O))(O)
=0(b» ® V)0 (b<—1>v<—2> ® S5(vy)) S(U(m)(_l)) bs(v)
= 0(bis ®V(y) 5(by ®V(3) 0 (U<—2> ® 5(v-1) S(U(m)(_z)) (b ® 5(v) ) boS(Ve),
= 0(by) ®5(v0) ) 0 <U<—2> ® 5(v(-1) S(U«J))(_z)) bos(ve)
=be (0 (U<—2> ® 5(0) S(U«J))(_l)) S(U«n)(o))
=b s 5(s)(0v)

where in the second equality we used left B-linearity of s, and in the fourth Lemma
Finally if s is a K-comodule map then we immediately see that S(s) = X(s). ]
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Remark 3.18. Consider a Hopf algebra V dually paired to K. If V, W are left K-comodules,
then they are right V-modules and left ‘V°’-modules; let >y and > be the corresponding V-
actions, cf. Appendix[A.2(recall that V' is the Hopf algebra with opposite product, inverse
antipode and same coproduct and counit as V). The set of K-linear maps Hom(V, W) is
canonically a left V-module with the adjoint action V¥ ® Homy(V, W) — Homi(V, W),
(1,8) P> VP 5=y, e o050 SV (V) by

A twist G on V defines a 2-cocycle o on K (cf. in Appendix and a twist G% = G
on V%. In this case ,V,,W are right V9Y-modules and henceforth left V9% = (Vor)9”-
modules and so is Homg/(,V, ;W) with the V9 Op-adjoint action; also s(Homg(V, W)) is a left
V9 "-module. As proven in [4] Theorem 4.8, these last two are isomorphic left V9" -modules
via chof:, : o(Homy (V, W)) — Hom(;V, ;W). This map is the same as that in Propositionw
(with B and H trivial). Explicitly

choi(s) =0aqpPWoOSso gas(ga(n) by = S(s),

where G = g% ® g,,, and the product, coproduct and antipode are those of V. We refer to [4]
for further properties of this left deformation map.

The categorical viewpoint is also instructive. We first define the functor hom : (V'M)” x
VM — V"M, that on objects is given by hom(V, W) = Homg(V, W) (the V’-module of K-

linear maps V — W), while on morphisms V L X, WS vitis given by hom(f, g)(L) =

goLo f e hom(X,Y) for all K-linear maps L € hom(V,W). The functor hom is an internal
hom functor in the monoidal category (V'M, ®) because, for all V, the functor hom(V, -) is
right adjoint to the tensor product functor V ® —; a proof is in [5] §2.5, where the quasi-Hopf
algebra H there is the Hopf algebra V¥ “? (i.e., V with opposite coproduct and antipode).
Thus hom defines a closed monoidal category structure on (V’M,®). Similarly we have the

closed monoidal category ((Vgoj\/l, °®, hom,). Then, in this framework, the left VG _module
isomorphisms & : ;(Homk(V,W)) — Homx(;V,;W), that could be denoted &,,, are the
components of a natural isomorphism X o hom = hom, o (X X ¥) between functors from the
category ( VIM)” x VM to the category VM. Via this natural isomorphism VM and VM
are equivalent as closed monoidal categories.

Corollary 3.19. A is a principal H-comodule algebra if and only if ;A is a principal H-comodule
algebra.

Proof. The proof is similar to that of Corollary [3.9 with the caveat that since s is not a K-
comodule map we have to consider its deformation via the map . Hence we consider the
commutative diagram

JA o B®A—" - A
() “ba j (m)
sB®A)

where by definition ;s := S(s) o ((pg A)‘l. Left ;B-linearity and right H-colinearity of S(s) and
of (pl‘; , imply that also ;s is a map in , pMH. Furthermore it is a section of the (restricted)
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product ;m : ;B°® ;A — ;A since, for alla € ;A
(o © gs)(a) = (E(m) o S(s))(a)
=0 (’1<—2) ® S(acy) S(am))(,l)) m(s(ae) )
o (”(—2) ® 5(a-1) m(S(ﬂ(m))H)) m(s(ae)),

=0 <ﬂ<—2) ® S(a4)) 51(0)(_1)) 20) o)

=a

where in the third equality we used that m is a K-comodule map, and in the fourth that
mos =idg. o

Remark 3.20. Concerning cleftness of the extension ;B =~ JACH ¢ A if0:B®H — Ais
an isomorphisms of left B-modules, left K-comodules and right H-comodules then, as in
Corollary Y(0) : ;B® H — ;A is an isomorphisms of left ;B-modules, left ;K-comodules
and right H-comodules, with inverse Z(671). In general however 6 : B® H — A is not a left
K-comodule map, then we can consider S(0) : ;,B® H — ,A that is a map in GBMH ; if this
map is invertible then cleftness of A®H c A implies cleftness of JA“H c A, In the context of
formal deformation quantization this is always the case, and considering also S~! we obtain
that A“°H c A is cleft if and only if JAH ¢ LA is cleft.

Example 3.21 (The instanton bundle on the isospectral sphere S¢ [23,18].). The classical SU(2)-
Hopf bundle 7 : S” — S* over the four-sphere S* can be described in different ways. We
take here a pure algebraic approach well suited for the application of the deformation theory
developed above.

Let O(R®) be the commutative +-algebra over K = C generated by elements {z;, z, i =
1,...,4}. Let A := O(S’) be the algebra of coordinate functions on the 7-sphere S” obtained
as the quotient of O(IR®) by the two-sided *-ideal generated by the element Y z;zi — 1. Let
H := O(SU(2)) be the Hopf algebra of coordinate functions on SU(2) realized as the *-algebra
generated by commuting elements {w;, w?, i = 1,2} with },wiw; = 1 and standard Hopf
algebra structure induced from the group structure of SU(2).

The classical principal action of SU(2) on S” can be described at the algebraic level by the
data of the following right coaction of O(SU(2)) on O(57):

06N 06Ty — 087 ®0(SU(Q2)) (3.28)
U — U® w1 —w; u:= S t
wy W ! o -z, 7} —Z, Z

where ® stands for the composition of ® with the matrix multiplication. The map 596"
defined above on the algebra generators, and extended to the whole O(S”) as a *-algebra
morphism, structures O(S”) as a right O(SU(2))-comodule algebra. As expected, the subal-
gebra B := O(§7)°OSU@) = O(S7) of coinvariants under the coaction 59¢) can be identified
with the algebra of coordinate functions on the 4-sphere S*. Indeed the entries of the matrix

1+x 0 a B
11 0 1+x 8B ax
2| a g 1-x 0 [

B a 0 1-x

P:=uu" = (3.29)
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where
o= 2z1zy + Z2yz4) ,  Pi= 22025 —Z)24), X = 21Z) + 202y — 2325 — 247, , (3.30)

(and their *-conjugated a*, ", with x* = x), form a set of generators for B and from the
7-sphere relation )’ zz; = 1 it follows that they satisfy

aa+pp+xt=1.

Thus the subalgebra B of coinvariants is isomorphic to the algebra O(S*) of coordinate func-
tions on S*. The algebra inclusion O(S*) < O(S”) dualizes the Hopf map 7 : S — S*. The
algebra O(S”) is a non cleft Hopf-Galois extension of O(S*). Moreover, since O(SU(2)) is
cosemisimple and has a bijective antipode, then O(S”) is a principal comodule algebra (recall

the last paragraph of §2.1).

We now apply the theory developed above and deform this extension of commutative
algebras by using a symmetry of the classical Hopf bundle. Let K := O(T?) be the commu-
tative »-Hopf algebra of functions on the 2-torus T? with generators ¢/, = tjfl, j=1,2and
co-structures A(t;)) = t; ® t;, €(t;) =1, S(t;) = ti‘1 = t;. Let 0 be the exponential 2-cocycle on K
which is determined by its value on the generators:

. 10 o
a(tj ® tk) =exp(in®y) , O=3 (—6 0

5 ) , O€R (3.31)

and extended to the whole algebra by requiring o (ab ® ¢) = 0 (a ® ¢1)) 0 (b ® cn)) and 0 (a ® bc) =
o (ag ®c)o(ap ®Db), foralla,b,c € O(T"). Thereis a left coaction of O(T?) on the algebra O(S):
it is given on the generators as

P2 07y — 0T ®O(S7), zir 1:®2z, (3.32)

where (7;) := (t1, ], t2,t;), and it is extended to the whole of O(S7) as a -algebra homomor-

phism. It is easy to prove that the two coactions 696" and p0(57) satisfy the compatibility
condition (2.44), hence they structure O(S’) as a (O(T?), O(SU(2)))-bicomodule algebra; fur-
thermore O(S*) is a (O(T?),O(SU(2)))-subbicomodule algebra as can be easily checked on
its generators, or indirectly inferred from Proposition (since vector spaces are flat).
Explicitly the O(T?)-coaction reads

ar— hty®a, fr—oHEeF, x+—1®x. (3.33)

We can therefore apply the theory of deformation by 2-cocycles to both the comodule alge-
bras O(S”) and O(S*) (recall = and the discussion above Theorem . The resulting
noncommutative algebras, denoted respectively by O(Sg) and O(S‘é), are two representatives
of the class of 0-spheres in [14]. In particular, the classical Hopf fibration O(S*) < O(S7)
described above deforms to a quantum Hopf bundle on O(S‘é) o~ O(SZ)C"H with undeformed
structure Hopf algebra H = O(SU(2)). Indeed, from Corollary we further obtain

Proposition 3.22. The algebra O(Sé) is a principal O(SU(2))-comodule algebra.
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The noncommutative bundle so obtained is the quantum Hopf bundle on the Connes-
Landi sphere O(S‘é) that was originally constructed in [23], and further studied in the context
of 2-cocycles deformation in [8]. The principality of the algebra inclusion O(S5) < O(S7)
was first proven in [23 §5] by explicit construction of the inverse of the canonical map.
Proposition 3.22] follows instead as a straightforward result of the general theory developed
in the present section (out of the principality of the underlying classical bundle).

3.3 Combination of deformations

We now consider the combination of the previous two constructions. This leads to Hopf-
Galois extensions in which the structure Hopf algebra, total space and base space are all
deformed.

As before, we let H and K be Hopf algebras and A € KAH a (K, H)-bicomodule algebra,
with B = A®! a K-subcomodule. Let 0 : K& K > Kand y : H® H — K be 2-cocycles
and denote by K; and H, the twisted Hopf algebras and by ;A, := ;(A,) = (;A), € Ko Aty
the deformed (K, Hy)-bicomodule algebra, see We also have the deformed (K, H,)-
bicomodule algebra ;B := ;B C ;A, of Hy-coinvariants in ;A,. The canonical map ;x, :
oA, @' Ay — A, °® Hyisa ko, AM, AJ,H?’—morphism because of Proposition 3.14, There

are two equivalent ways to relate it to the canonical map x : A®3 A — A ® H. We can apply
the functor X to the commutative diagram of Theorem [3.6/and then top the resulting
diagram with the analogue of the commutative diagram of Theorem or we can
first apply the functor I' to (3.24) and then top it with the analogue of (3.12).

Theorem 3.23. Given two 2-cocycles 0 : K® K — Kand y : H® H — K the diagrams

aXy

aXy

o(Ay) @B o(Ay) o(Ay) ® Hy (sA), "B (;A)y (+A), “®” Hy
Py Phy ity id’e” &
y Z(xy
U(AV ®}B A)/) X;) U(A)/ ®y H‘)/) qD(TA/&TA ((TA))/ U®')/ E,y
Z(ide? ®) PAH
o T(oX) 5
Z((PA,A) G(Ay ®}’ ﬂy) (OA ®JB oA)y _— (UA ®H)V
4 13
Hoasy o rEw) o
X
(A ®5 A)y) — 2 (A® H),) (:(A @5 A)y ((A®H),
(3.34)

inko AM, AJ/HV commute and have the same external square diagram. Moreover:
(i) B C A is an H-Hopf-Galois extension if and only if ;B C ;A, is an Hy-Hopf-Galois extension.
(i1) A is a principal H-comodule algebra if and only if ;A, is a principal H,-comodule algebra.

Proof. Commutativity follows from commutativity of the internal diagrams, statements (i)
and (ii) also immediately follow combining the analogue statements for each of the 2-cocycles
y and o. The equality of the external square diagrams follows from diagram of
Proposition2.26|applied to the left vertical arrows, and from gogy,Hv = F((prLH) =id as well as

the triviality of the functor X on morphisms. m|
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Example 3.24 (Formal deformation quantization). Let G be a Lie group, M a manifold and
n : P — M a principal G-bundle over M with right G-action denoted by rp : P X G — P.
Then, by Example we have a Fréchet H = C*(G)-Hopf-Galois extension B = C®(M) =~
A“H c A = C*(P) with K = C. Let us further assume that there exists another Lie group L
acting on the G-principal bundle P — M, i.e. that there are left L-actions Ip : L X P — P and
Im : L XM — M, such that the diagrams

Ip Ipxid

LXP————P LxXPxG PxG (3.35)
ianl ln idxrpl Lrp
LxM—™ M LxP b p

commute. For example L may be a finite-dimensional Lie subgroup of the automorphism
group of the bundle, which comes with a canonical left action on P and M. Due to the left
L-actions on P and M we obtain a Fréchet left K = C*(L)-comodule structure on A and B,
which is compatible with the right H-coaction on A and the canonical map because of the
diagrams in (3.35), i.e. A = C*(P) is a Fréchet (K = C*(L), H = C*(G))-bicomodule algebra.

In order to deform this example into a noncommutative Hopf-Galois extension, in the
context of formal power series in a deformation parameter /i, we consider the formal power
series extension of the C-modules H, A, B and K, denoted as usual H[[%]], A[[%]], B[[%]] and
K[[%]]. The natural topology on these C[[/1]]-modules is a combination of the original Fréchet
topology in each order of 7 together with the 7i-adic topology, see e.g. [20, Chapter XVI].
The canonical map induces a continuous C[[/1]]-linear isomorphism (denoted with abuse of
notation by the same symbol)

X+ Al @y AL = C(P xwm P[] — A[lFI®HI[A]] = C*(Px G)[[A]],  (3.36)

where now ® denotes the completion of the algebraic tensor product with respect to the
natural topologies described above. Hence we have obtained a topological HI[[/]]-Hopf-
Galois extension B[[#]] =~ A[[A]]<HM] c A[[#A]].

Notice that for G a Lie group we have a (in general degenerate) pairing between the
universal enveloping algebra U(g) of its Lie algebra g and C*(G); it is determined by
evaluating at the unit element e € G left invariant vector fields on functions. Explicitly,
(-, ) U(g) X C*(G) — Cis defined by extending

(Lhy:=hie) , (oh):= %h(rp(e, exp(—t0)))|,_, - (3.37)

for all h € C®(G) and v € g, to all U(g) via linearity and requiring (&', By = (&, hyy X&', M)
for all &,& € U(g). The K-linear maps (v, -) : C*(G) — K are continuous and since the
coproduct A : C*(G) = H - H ®H ~ C®(G x G) is continuous also the K-linear maps
(&, -) + C(G) — K are continuous for all £ € U(g). (These maps are actually the Lie
derivative along &, Ls : C*(G) — C*(G), composed with the counit in C*(G); where L, is
the Lie derivative along the left invariant vector field defined by v € g, and L is extended to
all U(g) by Leer = Lg o Lg). Because of this pairing we can assign to a twist = f*®f, €
Uil e Ug)llnl] = (U(g) ® U(a))[[7]] a continuous 2-cocycle y : H[[n]]® H[[1]] — KI[#]]
by defining y(h ® k) = (£*, h) (£,, k) on the dense subset H[[i]] ® H[[/]] € H[[I]] ® H[[:]] and
extending it by continuity. (See Appendix [A] for more on the duality between twists and
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2-cocycles). Similarly we may consider a twist G € UO[ET® UOM[[A]] = (U() @ UO)[[A]],
where [ is the Lie algebra of L, and define a continuous 2-cocycle o : K[[1]] QK[[h]] — KI[A]].
We now twist the C[[h]]-modules HI[[]], A[[%]], B[[i]] and K[[/]] as described in gen-

eral in Section and obtain a noncommutative topological H[[#]],-Hopf-Galois extension
+B[[A]] = GA[[h]];OHHhH’/ C A[[n]]y. (The canonical map ;x, is a continuous isomorphism,
since y and all vertical arrows in the diagrams in Theorem|3.23|are continuous isomorphisms).

Recalling Remark the Hopf-Galois extension A[[/1]] Il c A[[n]] is cleft if and only if

AL ¢ A, is clet.

4 Applications

We apply the theory so far developed first to the study of deformations of quantum homoge-
neous spaces in including the explicit example of the even O-spheres Sé” in and
then to the study of deformations of sheaves of Hopf Galois extensions in providing the
example of the Hopf bundle over S‘é as a twisted sheaf in 3

4.1 Twisting quantum homogeneous spaces associated with quantum subgroups

The theory of twists, in particular the combination of deformations developed in can
be used to study deformations of bundles over quantum homogeneous spaces arising from
Hopf algebra projections. This is the subject of the present subsection.

Recall that given a Hopf algebra G, a quantum subgroup of G is a Hopf algebra H
together with a surjective bialgebra (and thus Hopf algebra) homomorphism n : G — H.
The restriction via 7 of the coproduct of G

8¢ :=(d®n)oA:G— G®H 4.1)

induces on G the structure of a right H-comodule algebra. The subalgebra B := G®H C G of
coinvariants is called a quantum homogeneous G-space. When the associated canonical map

Xx:G®G—G®H, g®g g, ®n(g,) (4.2)

is bijective, i.e. B C G is a Hopf Galois-extension, we call G a quantum principal bundle over the
quantum homogeneous space B. (See e.g. [21} §11.6.2], [11} §5.1]).

Given a quantum principal bundle B = G® C G over a quantum homogeneous space B
and a 2-cocycle y on H we can consider two different constructions:

- On the one hand we can lift the 2-cocycle y on H to a 2-cocycle j on G (see Lemma
below) and thus apply the theory of 2-cocycle deformations for Hopf algebras (§2.2.T)
to deform both G and H into new Hopf algebras G; and H,. It turns out that the
condition for H to be a quantum subgroup of G is preserved under deformation, i.e.
H, is a quantum subgroup of Gy, and thus there is an associated twisted quantum
homogeneous space Bj.

- On the other hand, we can direct the attention to the algebra inclusion B = G®H C G as
a Hopf-Galois extension, and twist it. In this case, we forget the Hopf algebra structure
of G and use y to deform G just as an object in A, as in Denote by G, the resulting
comodule algebra.
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These two deformations G5 and G, of G do not coincide. In particular, G, is not in general
a Hopf algebra and thus the base space of the twisted bundle is no longer a quantum
homogeneous space of the total space. Nevertheless the second construction can be reconciled
with the first one by applying a further twist deformation and thus considering a combination
of deformations as in §3.3, As a corollary of this second approach we obtain that By C Gy is
a Hopf-Galois extension. Indeed we show below that, given a 2-cocycle y on H, quantum
principal bundles B = G C G over quantum homogeneous spaces B deform into new
quantum principal bundles over new quantum homogeneous spaces.

We proceed by first showing that given a 2-cocycle y on H we can twist both the Hopf
algebras H and G is such a way to still have a quantum homogeneous space.

Lemma 4.1. Let y : H® H — K be a 2-cocycle on H. Then
y:G®G— K, ¢®¢ +— y(n(g) ®n(g)) (4.3)
is a 2-cocycle on G.

Proof. The proof relies on the fact that y is a 2-cocycle and 7 is a bialgebra homomorphism,
i.e. in particular Ay o m = (M ® m) o Ag and ey o T = . We have

y(leg)=y(lenQ) =en(n@) = (3),
and similarly 7 (¢ ® 1) = ¢g(g), for all g € G. For the cocycle property we compute
7 (80 ®hw) Y (8ohe ®k) = ¥ (1(gn) & nlhy))y (1(ge)m(he) ® (k)
Y (r(9), ® mlh),) v (R(9) gy e(h) oy ® T(K))
Y (n), ® n(k),)y (m(g) ® i)y m(K)y)

for all g, 1,k € G, and proceeding in a similar way one proves that y (hy) ® k) 7 (8 ® hoke)

has the same expression. The convolution inverse of y is 7_7(g ®h) =y (n(g) ® m(h)) as easily
proven by using again the fact that 7t intertwines the coproducts. m]

We can deform the algebra product and antipode in the Hopf algebra G, and H, by using
the 2-cocycles y and y respectively. By Proposition we obtain two new Hopf algebras
which we denote by G5 and H,,. Their algebra products are given respectively by

8y gl =Y (n(gﬂ)) ® 7_((g’(l))) g(z)g,(2)77 (ﬂ(g(3)) ® n(g,(s))) ’ (4-4)

forall g, ¢’ € Gy, and
by W =y (hgy®K o) hoh' o7 (hey ®H ) , (4.5)

for all " € H,. The map 7 : G — H remains a Hopf algebra homomorphism with respect
to the deformed Hopf algebra structures on G5 and Hy:

Lemma 4.2. The map
n,: Gy — H,, ¢+ 7n(g) (4.6)

is a surjective bialgebra homomorphism.
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Proof. Since the coproducts and counits of G; and H,, are not deformed by the twisting
procedure it is clear that 7, is still a coalgebra map. We can easily check that 7, preserves
also the deformed algebra product:

m(g58) = 7(n(gw) @ (g ) nge)n(g o)7 (T(ge) ® (g )
Y (7(8)y ® (&), ) (8T )7 (7R @ TH(Z ) ) = Q) -y (8,
forall g, ¢’ € G5 m|

It follows that the twisting procedure deforms the quantum homogeneous space B = G®H
. H, . .. .
into another quantum homogeneous space By = G; ”, which is isomorphic to B only as a
K-module but not in general as an algebra.

On the other hand, given a 2-cocycle y on H, we can deform H into the Hopf algebra
H, as above, but consider G simply as a right H-comodule algebra with coaction given in
and twist its algebra product accordingly to (2.28). In this way we get an H,-comodule
algebra, G,, with product

g% 8 =8w8 w7 (77(&2)) ® ﬂ(g’(2>)) , (4.7)

for all ¢,¢" € G,. By Corollary the extension B = G;OHJ' C G, is an H,-Hopf-Galois

extension if and only if the original extension B € G was H-Hopf-Galois. However, as
already remarked above, this twisted bundle has a total space which is just an algebra and
the condition for H, to be a quantum subgroup is lost, and so that of B to be a quantum
homogeneous space. To resolve this problem let us consider K = H as an external Hopf
algebra of symmetries coacting from the left on G. The Hopf algebra G is also a left H-
comodule algebra via

p¢ = (m®id)oA:G—H®G, g+ 1(gn)® 8w - (4.8)

Clearly, the left and right H-coactions p© and 6° satisfy the compatibility condition (2.44),
hence they structure G as an (H, H)-bicomodule. Assume B is a subcomodule for the left
H-coaction. We can therefore twist the product in G accordingly to Proposition [2.27] (i) (with
the special choice 0 = y : H® H — K) in order to get an (H,, Hy)-bicomodule algebra , G,
with product

gy 8 =y (ﬂ(ga)) ® 7"(8’(”)) 808 o7 (77(8@) ® 71(8/@)) , (4.9)

forall g, 8" € ,G,. Theorem 3.23/ then implies that B := yG;OHV ¢ ,G, is an H,-Hopf-Galois
extension if and only if B = G®H C G is a H-Hopf-Galois extension.

Proposition 4.3. The algebra G, is isomorphic to the algebra underlying the Hopf algebra G5 and
hence inherits from it a Hopf algebra structure. The subalgebra of coinvariants B is isomorphic to
the quantum homogeneous space By.

Proof. By comparing (4.9) with (4.4) we have that the algebras , G, and G; are isomorphic
via the identity map. For b,V € B;; we have

b5t =y (nlb) @ Tl 1)) bpb' 07 (1(be) ® (b)) = ¥ (1(by) @ (b)) bV ez s

because B = By as K-modules and hence 0,0’ are right H-coinvariant. Hence the result
yB ~ B)7. O
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As a direct consequence of Theorem we then obtain that quantum principal bundles
over quantum homogeneous spaces deform into quantum principal bundles over quantum
homogeneous spaces:

Corollary 4.4. The extension By C Gy of the quantum homogeneous space By is H,~-Hopf-Galois if
and only if the extension B C G of the quantum homogeneous space B is H-Hopf-Galois.

4.1.1 ;l)"hedclluantum homogeneous spaces Sé” and their associated quantum principal
undles

The O-spheres Sg” were introduced in [14] as noncommutative manifolds with the property
that the Hochschild dimension equals the commutative dimension. They were shown to be
homogeneous spaces of twisted deformations of SO(2n + 1, R) in [35]. Their geometry was
further studied in [13], see also [1]. We here revisit their explicit construction and as a corol-
lary of the previous section conclude that the Hopf algebra of noncommutative coordinate
functions O(SOg (21 + 1, R)) is a quantum principal bundle over the quantum homogeneous
space O(Sé”) of noncommutative coordinate functions on the sphere. We then immediately
conclude that the Hopf-Galois extension O(Sé”) C O(50¢(2n + 1,R)) is a principal comodule
algebra.

We begin by introducing the algebra of coordinate functions on SO(2n, R), on SO(2n+1, R)
and on their quotient S?". Let O(M(21,R)), n € IN be the commutative +-algebra over C with
generators a;;, bij,a;j = *(aj)), blfj = #(bjj), i,j = 1,...n. It is a bialgebra with coproduct and
counit given in matrix notation as

(4.10)

AM)=MeM , eM)=1, for M= (My):= ((111']') (bz‘j)) ,

v;) @)

where ® denotes the combination of tensor product and matrix multiplication, 1 is the identity
matrix and capital indices I, ] run from 1 to 2n. The Hopf algebra of coordinate functions
on SO(2n,R) is the quotient O(SO(2n, R)) = O(M(2n,R))/Io where I is the bialgebra ideal
defined by

lg=(M'QM-Q; MQM' - Q; detM)-1), Q:= (f Ig”)=Qf=Q—1. (4.11)

In matrix notation the *-structure in O(M(2n,R)) is given by *(M) = QMQ so that Iy is
easily seen to be a *-ideal. The *-bialgebra O(SO(2n,R)) is a *-Hopf algebra with antipode
S(M) := QM!Q~!. Notice that in O(SO(2n, R)) we have MM = 1 = MM, where T indicates
the composition of matrix transposition ! and *-conjugation.

Similarly, for the odd case let O(M(2n+1,R)), n € IN, be the commutative *-bialgebra with
generators (ZZ']', bz-]-,a;.‘]. = *(ai]-), b:] = *(bi]'), ui,vi,u’; = *(1/[1'),7);.e = *(Z)Z‘), i,j = 1,. ..n, and x = *(X).
The coproduct and counit are given as

(aij) (bij) (wi)
AN)=N®N , &(N)=1, where N :=|(}) (@) )] (4.12)
@) @) «x
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The algebra of coordinate functions on SO(2n + 1,R) is the quotient O(SO(2n + 1,R)) =
O(M(2n +1,R))/Jo where ] is the bialgebra *-ideal

0 1, 0
Jo=(N'ON-Q; NQN' - Q; det(N)-1), Q:= [nn 0 of. (4.13)
0 0 1

The *-structure can be written in terms of Q as *(N) = QNQ!. The +-bialgebra O(SO(2n+1, R))
is a »-Hopf algebra with antipode S(N) = QN'Q = N'.

The (commutative) Hopf algebra O(SO(2n, R)) is a quantum subgroup of O(SO(2n +1, R))
with surjective Hopf algebra morphism

(@) (bij) (w)
b;) @) W)
() @) «x

Hence there is a natural right coaction of O(SO(2n, R)) on O(SO(2n + 1, R)), given by (cf. (4.1)))

: O(SO22n +1,R)) — O(SO(2n, R)) ,

(aij) (bij) 0
— ) (@) 0] (414)
0 0 1

5:=(d®mA: 0(SO2n+1,R)) — OSOQn +1,R))® O(SO(2n, R)),
N — N&n(N).

The subalgebra B ¢ O(SO(2n + 1, R)) of coinvariants is generated by the elements in the last
column of the defining matrix N: u;, u7 and x. It is isomorphic to the algebra of coordinate
functions O(5?") on the even sphere S?* ¢ R?**!, indeed from N'N = 1 we have that the
generators of B (rescaling the u;’s by 1/ \/2) satisfy the sphere equation }. ; Ui + ¥ =1.

Finally, in this affine variety setting we can identify O(SO(2n + 1, R) X SO(2n,R)) with
O(SO(22n + 1,R)) ® O(SO(2n,R)), and O(SO(2n + 1,R) X SO22n + 1,R)) with O(SO(2n +
1, R)) ®g(s2r) O(SO(2n + 1, R)), hence principality of the SO(2n, R)-bundle SO(2n+ 1, R) — S2n
implies that the algebra extension O(S*") c O(SO(2n + 1,R)) is Hopf Galois with H =
0(S0(2n, R)).

Next we consider a 2-cocycle y on the quantum subgroup O(SO(2n, R)), or rather on its
maximal torus T”, and use it to deform the quantum homogeneous space O(S*") and the
principal fibration on it. Let O(T") be the commutative *-algebra of functions on the n-torus
with generators t;, t;* = #(t;) satistying t;t;" = 1 = t;"t; (nosumon j) for j = 1,...n. Itisa
Hopf algebra with

AMT)=T®T, e(T)=1, S(T)=T", T:=diagts,...tnt],...1).
We consider the exponential 2-cocycle y on O(T") defined on the generators f; by
y(ti®t) =exp(in0p) ; Op=-0eR (4.15)

and extended to the whole algebra by requiring y (ab®c¢) = y (a®c) Y (b ® ¢y) and y (a ® be) =
y(ag, ®c)y (ap ®D), for all a,b,c, € O(T"), (cf.[3.31). The Hopf algebra O(T") is a quantum
subgroup of O(SO(2n, R)) with projection

MeT, ie, ajm 6;1‘1' ; a;‘j — 6;1"; ;o bij—0 b;f]. — 0 (4.16)
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and hence the 2-cocycle y lifts by pullback to a 2-cocycle on O(SO(2n, R)) (see Lemma [4.1)),
that we still denote by y. Now to deform with y the Hopf algebra O(SO(2n, R)) into the
noncommutative Hopf algebra O(SOy(2n, R)). The twisted algebra product is given by (cf.

(2:23))
Mij Mg =y (Ti @ T)) MMy 7 (Ty® Tr), LK L=1,...2n.

Since y(T;® Tx) = (¥ (Tk® T1))™! and similarly for y, it follows that the generators in
O(50¢(2n, R)) satisfy the commutation relations

2 2
My M= (y(Ti9To) ) (7(Ty ® TL)) Mk My, LLKL=1,...2n.

Explicitly, setting Aj; := (y(Tr®T)))?, so that Aij = exp(2int6;;), and since P(T;®TL) = y(TL®T)),
they read

Aij vy g = Aighij ag -y @i, aij -y by = Agidij by - aij
ij vy b = Aighji b -y aij , 8ij -y ayy = Adji 4y -y aij
bij -y b = Aiehij b -y bij , bij -y by = Akidji by -y bij (4.17)

together with their *-conjugated. Itis also not difficult to show the equivalence of the quotient
conditions (4.11) with the relations

M. Q ,M=Q, M-,Q-, M =Q, detg(M) =1 (4.18)

where the quantum determinant is defined by

detoM) = Y (1D T Aoioy) Mio,y - Manos, - (4.19)
6€7)2n I<]
(g

A quick way to prove the orthogonality relations is to observe that the new antipode, obtained
according to Proposition 2.17, remains undeformed (sum on L, K, R, P indices understood)

Sy(Mp)) = uy(M)S(Mrk)it, (Mkj) = ¥ (Mir ® S(MRL)) S(MLk)y (S(MKP) ® MP])
=y (T[ ® TI) S(M[})? (T] ® T]) = S(M[]) , (4.20)

so that the orthogonality relations are the Hopf algebra relations m, o (S, ® id)A(M) = e(M)
and m, o (id ® S,)A(M) = €(M). In order to obtain the quantum determinant relation first
use Y(To, ® Ty)) = 7(Ty; ® To;)Agi0, to show that for each permutation 0 we have the equality
[i<jo50; Aaioy = iy 7(T1 ® T)y(To; ® Ty)). Next expand the twisted products in (4.19)
in terms of the commutative products using y (ab®c) = y (@ ®cu)y (b ®cp) as well as the
equivalent relation y(ab ® ¢) = 7(a ® c))7(b ® cyy) for all a, b, c € O(SO(2n, R)) and notice that
becomes the usual determinant of M.

From and we see that the twisted Hopf algebra O(SOy(2n,R)) can be de-
scribed algebraically as the algebra over C freely generated by the matrix entries M;; modulo
the ideal implementing the relations (4.18). The twisted Hopf algebras O(SOg(n1, R)) were
studied in [3] (see also [31]) and in [13] as symmetries of O-planes and spheres.

We can lift the 2-cocycle from the quantum subgroup O(SO(2#n, R)) to the Hopf algebra
O(50(2n +1, R)) by using the projection 7 in (4.14) (or equivalently we can consider the torus
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T" embedded in SO(2n + 1)). The resulting Hopf algebra is denoted by O(SOp(2n + 1, R)). It
is the Hopf algebra over C freely generated by the matrix entries Njj modulo the relations

2 2
Ny y Nk =(y(T®Te) ) (7(Ty®Tu)) Newy Ny, LLKL=1,...2n+1, (4.21)
where now T := diag(ty, ... t,, t’i, ...t;,1),and
N'»Q4N=Q,N+ Q- N=Q, dety(N) =1, (4.22)

where detg(N) is defined as in (4.19), just consider the permutation group $2;+1.

As from Lemma the quantum homogeneous space B = 0(5%") is deformed into the
quantum homogeneous space of coinvariants of O(SOg(2n + 1, R)) under the O(SOy(2n, R))-
coaction. This is the subalgebra By =: O(Sé”) C O(SOp(2n + 1, R)) which is generated by the
elements ;, u’ and x entering the last column of the matrix N. Their commutation relations
follow from (4.21))

ui-yuj:/\ijuj-yui ; u’{-yu; :)\iju;-yuj ; ui-yu;:/\jiu;-yui ,
while the orthogonality conditions li imply the sphere relation Y./, u7 -, u; + x* = 1. By
Corollary 4.4/lwe conclude

Proposition 4.5. The algebra extension 0(529”) C O(SO¢(2n + 1, R)) of the quantum homogeneous
space O(Sé”) = O(SO0p(2n + 1,R))9(SC62n.R)) jg Hopf-Galois.

Invertibility of the antipode and injectivity of O(SOp(2n + 1,IR)) as an O(SOy(2n, R))-
comodule imply that 0(5(29”) C O(SOy(2n + 1,R)) is a principal comodule algebra.

4.2 Twisting sheaves of Hopf-Galois extensions

In classical geometry a principal bundle over a topological space X can be given in terms of
the local data of trivial product bundles over the open sets of a covering of X and a set of
transition functions which specify how to glue the local trivial pieces into a (possibly non
trivial) global one. A local-type approach to noncommutative principal bundles was given
in [30] by using sheaf theoretical methods. A quantum principle bundle consists in the data
of two sheaves of C-algebras over a (classical) topological space together with a quantum
group, playing the role of the structure group, and a family of sheaf morphisms, satisfying
some suitable conditions, as local trivializations. The two sheaves of algebras have to be
regarded as the quantum analogues of the sheaves of functions over the base and total space
of a classical fibration. The basic idea behind is that of considering a quantum space as a
‘quantum ringed space” (M, Ou), i.e. a topological space M whose structure sheaf Oy is a
sheaf of (not necessarily commutative) algebras rather than of commutative rings.

A refinement of this sheaf theoretical approach to noncommutative bundles was proposed
in [12] in terms of sheaves of Hopf-Galois extensions. For simplicity let us here assume all
algebras are over a field.

Definition 4.6. Let X be a topological space and H a Hopf algebra. A sheaf & of (not
necessarily commutative) algebras over X is said to be a sheaf of H-Hopf-Galois extensions
if:
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(i) < is a sheaf of (say) right H-comodules algebras: for each open U C X, .27 (U) is a right
H-comodule algebra and for each open W C U the restriction map ryw : &7 (U) — &/ (W)
is a morphism of H-comodule algebras;

(ii) for each open U C X, &/ ()" C o/ (U)is a H-Hopf-Galois extension.

A sheaf &7 of H-Hopf-Galois extensions over a topological space X is called locally cleft if
there exists an open covering {U;};; of X such that o7 (U;) is cleft, Vi € I.

The sheaf o7 and its subsheaf &7 : U - &/(U)*H play the role of noncommutative
analogues of the sheaf of functions on the total space, respectively base space, of the bundle.
Notice that condition (ii) is equivalent to requiring just the algebra .«7(X) to be an H-Hopf-
Galois extension, indeed it was observed in [12] that the property of being Hopf-Galois
restricts locally: if on an open set U, the algebra extension <7 (U)* C «7(U) is Hopf-Galois,
then &/ (W)®H C /(W) is a Hopf-Galois extension for any W C U. (This is the algebraic
counterpart of the well-known classical fact that the restriction of a principal action is still
principal).

The notions of quantum principal bundle introduced in [30] and that of locally cleft
sheaf of Hopf-Galois extensions are closely related: every locally cleft sheaf of Hopf-Galois
extensions is a quantum principal bundle in the sense of [30]. On the other hand, a sufficient
condition for a quantum principal bundle in the sense of [30] to be a sheaf of Hopf-Galois
extensions (in fact, locally cleft) is that the restriction maps are surjective (see [12, §4]).

Since a (locally cleft) sheaf <7 of H-Hopf-Galois extensions is in particular a sheaf of
H-comodule algebras, given a 2-cocycle in H we can apply the functor I' in and obtain
a new sheaf .7, over the same topological space X. The sheaf .7, is a sheaf of H,-comodule
algebras and is defined by .2%,(U) := I'(«(U)) = (#/(U)),, with restriction maps given by
morphisms of H,-comodule algebras I'(ryw) = ruw : <, (U) — (W), for all W c U open
sets.

By Corollary we can conclude that .7, is a (locally cleft) sheaf of H,-Hopf-Galois
extensions if and only if </ is a sheaf of (locally cleft) H-Hopf-Galois extensions. The

subsheaves szf;,c " and &7 over X coincide (i.e. they are isomorphic via the identity maps).

Let now K be another Hopf algebra; we may assume the additional (restrictive) condition
for the sheaf < to be valued in the category of (K, H)-bicomodule algebras, i.e. &7 (U) € KA
for each open U and the restriction maps are morphisms of (K, H)-bicomodule algebras. In
this case we can deform &7 also by using a 2-cocycle ¢ on the external Hopf algebra K, or even
by using both 0 on K and y on H. With the same reasoning as above, by using the results
obtained in and the two sheaves ;4 and .7, obtained in this way are sheaves
of Hopf-Galois extensions if and only if the original sheaf <7 is. In general, the subsheaves

o2/l and g,xzfyw 7 of coinvariants will not coincide with 7. In the following subsection
we provide an example.

4.21 The Hopf bundle over S‘é as a twisted sheaf

We describe the Hopf bundle over Sj of Example as a twist deformation of a sheaf
of (K, H)-bicomodules algebras over the classical 4-sphere S*, where H = O(SU(2)) and
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K = O(T?). The algebras ;A = O(S ) and ;A“H = O(S ) will be replaced by a locally cleft
sheaf ;.27 of H-Hopf-Galois extensions over S*andits subsheaf o/ “H of coinvariant elements.
We here outline a bottom up approach based on local transition functions on opens of

S*, a complementary top down approach starting from the total space S” description of the
Hopf-Galois extension O(S*) € O(S”) is presented in Appendix

As a first step we define the trivial Hopf-Galois extensions

O(a, B, x,cth) € O(a, B, x, ¢ty @ H =: o7 (U)
O(a, B, x, csl) C O(a,B,x,cthy @ H =: o/ (Us)
O(a, B, x,ctt, ¢ty c O(a, B, x, ¢t ¢ty @ H =: o7 (Uys) (4.23)

where O(a B,x,ctl) denotes the *-algebra generated by the S* coordinates «, 8, x and by c&

with 2 2(1 x) (thus the generator x becomes redundant). Since x # 1 (i.e., cy # 0) except

in the north pole N, these coordinates generate the algebra of coordinate functions on the

open Uy := SH\(N} ~ R%. Similarly, the other coordinate algebras are over Us := S*\{S}, with
= %(1 +x), and Uys := Uy\{S} (cf. Appendix .

Next we introduce the restriction maps defining the sheaf .7 of locally trivial Hopf-Galois
extensions, and precisely the trivial restriction map

iN®id

rds 1O, B,x,ctY@H < O(a,B,x,ct!, i o H, (4.24)

(where iy denotes the canonical injection) and the nontrivial one (defined on the generators
and extended as *-algebra map)EI

r#s 0, B,x,cEY®H — O, B,x,ct!, i)Yo H, (4.25)

W, —w, 1 =B\ . (w1 —w,

1® ! *2 — glcs_l 'B* ® ! *2

wy W) 2 B «a wy W)
fel — i(f)el

where i; is the canonical injection O(«, 3, x, c+1) <& O(a, B, x, ¢y L), Itis straightforward to
check that these restriction maps are morphisms of H- Comodule algebras Since {0, Uy, U, Uyxs}
is a basis of the topology {0, Uy, Us, Uys, S%) the Hopf-Galois extensions in and the
restriction maps (4.24), uniquely define the locally cleft sheaf 7 on the topology
{0, Uy, Us, Uys, S*} (to 0 we assign the one element algebra, terminal object in the category of
algebras).

In particular the Hopf-Galois extension on the sphere S* is obtained as the pull-back (in
the category of *-algebras)

52{(54) = {(an,as) € o (Uy) X o/ (Us) | NNS(aN) = rSNS(as) (4.26)

3This restriction map encodes the information on the transition function gy, characterizing the two charts

0 -
Uy, Us description of the Hopf bundle 57 — $*. Indeed we have gys : Uys = SU(2), (a,B,x) = 3citcs! (ﬁ [f ),
a

(we use the same notation for the coordinate functions and the point coordinates).
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From Lemma in Appendix [C| (for the notation used see and (C.6)) and the H-
comodule algebra isomorphism (C.2) we immediately conclude that the pull-back o7 (S*) is
isomorphic to O(S”) as an H-comodule algebra. Then the subalgebra of coinvariants is O(S*)
and the Hopf-Galois extension «7(S*)®H C o7 (S*) describes the instanton bundle S” — S*.

Finally the sheaf <7 is a sheaf of (K, H)-bicomodule algebras, where the K-coactions are
given by

o O(a,B,x,cEHY®H — K®O(a,B,x,ci)®H, (4.27)

W, —wW; th 0)y. . (wg -w;
10| | 2| |7 16| 2
wy w; 0 t; Wy w;

a®l — tt;®a®l
pel — i, ®p®1

pZ :O(a,B,x,cEHY®H — K®O(a,B,x,cT)®H, (4.28)

W, —wWs; t 0)Y. (w1 -—w;
1® 2l ®1® 2
Wy w’i 0 t’i Wy wl

a®l — Ht,®a®l
el — HERp®1

with x® 1, ci'®1 and ¢! ® 1 coinvariant likewise pZ : O(a, ﬁ x, Lty H - K®
O(a, B, x, cJ—'1 +1) ® H is the extensmn of p obtained by defining ¢! ® 1 to be coinvariant.
Observe that the K-coactions p and p? differ from each other on 1 ® H, henceforth the
nontrivial restriction map r; is a morphism of K-comodule algebras.

We can now consider the 2-cocycle ¢ in (3:31) on K and use it to deform .7 (S*)°H C <7 (S*%)
to 5o/ (S*)°H C ;.27 (5*), and the commutative and trivial Hopf-Galois extensions in lb into
the noncommutative and trivial Hopf-Galois extensions

0, B,x,ctl) € ,O(a, B, x,cEN) ® H =: ;.07 (Uy)
sO(a, B, x,ctY) € ,O(a, B, x, c) ® H =: 5.7 (Us)
O, B,x,cEl, ¢ty C ,O(a, B, x, 2L, ) @ H =: 5. (Uys) - (4.29)

The corresponding restriction maps are Z( rds) =18t o (Uy) = o (Uys), Z( rds) =1
A(Us) — o/ (Uys) and Z(pr?) = pril : ol (SY) — ot (Uy), Z(prs) = pril : ol (SY) —
JZ% (Us); they are (K, H)-comodule maps and define the sheaf ,<7, that by construction is
locally cleft. Since the Hopf-Galois extension .« (S*)®H C ¢7(S%) is isomorphic to O(S*) C
O(S7) then 7 (S*)H C ,.o7(S%) is isomorphic to O(S‘é) c O(Sg), and the sheaf of Hopf Galois
extensions ;.7 gives a sheaf description of the Hopf bundle over S‘é addressed in Example

B.21l

A Twists, 2-cocycles and untwisting

We briefly outline the duality between the notions of Drinfeld twists [17, 18] and 2-cocycles
that was mentioned in Section 2.2|and illustrate the ‘untwisting procedure’.
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A.1 Drinfeld twists

Definition A.1. Let U be a bialgebra (or Hopf algebra). An invertible counital twist on U,
or simply a twist, is an invertible element ¥ € U ® U such that (¢ ®id)(F) =1 = (Id ® &)(F)
and

(FeeD[(A®id)(F)] =1F)EdA)(F)]. (A1)

We use the notations ¥ = f* @ f, e U®U and F ! =: £ *@f_, € U ®U (with summations
understood).

Given a twist ¥ € U ® U we can deform the bialgebra (or Hopf algebra) U according to
the following

Proposition A.2. Let F = f* ® £, be a twist on a bialgebra U. Then the algebra U with coproduct
Ar(&) = FAMEF ' = £ f P @ fupfy, (A.2)

forall & € U, and counit unchanged is a bialgebra, denoted Ug. If moreover U is a Hopf algebra, then
the twisted bialgebra U is a Hopf algebra with antipode S¢(&) = u¢5(é)u;}, where ug = £5(£,),

with inverse u = S(£ ) £_4.

Furthermore, if A is a left ¢/-module algebra via > : Y ® A — A, then the K-module A
with unchanged unit and twisted product

aega =(f*>a)(f_,>a'), (A.3)

for all a,a’ € A, is a left Ur-module algebra with respect to the same action. We denote
the twisted algebra by A#, with U#-module structure given by >, now thought of as a map
(L{}‘ ® Aq: - Ay-'.

A.2 Duality between twists and 2-cocycles

We here clarify how the two constructions of deforming by 2-cocycles and twists are dual to
each other. Suppose H and U are dually paired bialgebras (or Hopf algebras) with pairing
(,): UXxH - K, ie, forall {,C € U and h,k € H we have (EC,h) = (&, hyy){C, ha),
(&, hk) = (Eay, ){Ew), k), (&, 1) = eqi(E), (1qy, h) = en(h). Then to each invertible and counital
twist ¥ = £* ® £, € U ® U there corresponds a convolution invertible and unital 2-cocycle
y# : H®H — K on H defined by

yr(h®k) := (£%, h) (£a, k) , (A.4)

for all h,k € H, with convolution inverse y#(h ® k) = (£7%,h)(f_,, k), for all h,k € H. The
2-cocycle condition for y# follows from the twist condition for ¥; indeed condition (A.1)) in
the ¥ = £* ® £, notation reads as

1 @f, f,@f =1 Q@ £, ® f5 £, (A.5)
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so that

Y780 ® o) Y7 (ohe ®k) = (£Y,8w) (fa, ha) (F), 80 (F oy, hiwy) (£p, k)

= (£60),8) (Fafl o), 1) (£, k)

= (£, 8 (F faqy, h) (Fpfae, )

= (£, 00, hy) (faqy, B (£, ki) (Fay K

= (f%,9 (£, hay) {£p, ko) (£, k)

= 7o ®ky) Y7 (@ @ heke) - (A.6)
If we use F to twist the coproduct in U according to Proposition and y# to deform
the product in H as in Proposition then the deformed bialgebras (or Hopf algebras)

UF and H,,. are dually paired via the same pairing ( , ); indeed, it is easy to prove that
(AF(E),h® k) = (& h -y, k) forall £ € U and h, k € H.

Notice that if A is a right H-comodule algebra via 64 : A » A® H, a — ag ® ag, then
A is a left U-module algebra with left U-action>: UR A — A, (&,a) = &> a = awls,am).
Hence, we can twist the product in A by using ¥ as in (A.3) or by using y# as in (2.28). The

two constructions give the same algebra A¢ = A, ; indeed,
aey, a' = agd' g PFan ®d y) = aed o a0) (f-a,d' o)
(f%>a)y(f_a>a)=aesa, (A.7)

for all a,a’ € A. Finally we observe that for a 2-cocycle y# associated with a twist ¥ =
' ® £, € U ® U, the map ¢4 4 introduced in Theorem reads

Pan@®a)=E*>a)@(f>a)=F '>@ed), (A.8)

foralla,a’ € A, .

A.3 Untwisting with 2-cocycles

We show that if we twist a bialgebra (or Hopf algebra) H to H, via a 2-cocycle y on H we can
untwist H, to H via the 2-cocycle 7 on H,. More in general we have,

Proposition A.3. Let y be a 2-cocycle on a bialgebra (or Hopf algebra) H, and let H, be the
corresponding twisted bialgebra (or Hopf algebra). Then t is a 2-cocycle on Hy if and only if Ty is
a 2-cocycle on H. Furthermore, the twisted bialgebras (or Hopf algebras) (H, ). and Hr.,, coincide.

Proof. By definition 7 * y is a 2-cocycle on H if and only if for all g, i,k € H,
(T* )8 ® hw) (T* y) (8ol ®K) = (T y)(ha) ® k) (T * Y)(& ® hiwkey)

this equality equivalently reads

(g0 ®hw) Y (8o ® he) T(Sehe) ® kay) ¥ (Swha ® ke)
=1 (hoy ®ka) Y (ho ® k) T(a) ® heka) ¥ (8 ® huka) |
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and since ‘)/(g(l) ® h(l))g(z)h(z) = g(]) "y h(l) ‘)/(g(z) ® h(z)) for all g, h, the equallty hOldS if and Only if

(8w ®hw) T (8 @y he ® k) 7 (80 ® )y (8whe ® k)
=17 (hy ®ky) T (8 ®hey -y k@)) 7 (he) ®ke) ¥ (8o ® hwkw)

i.e., since y is a twist on H, if and only if 7 is a twist on H,:

(8 ®hy) T (8(2) y hey ® k) =7 (hy ®ky) T (8 ®he -y k<2>) :

It is straightforward to show that the twisted product -z, in Hr.), equals the twisted product
'y, in (Hy)_; indeed,

hrsy § = (T ) (o) ® kay) hoke) (T*y)(he) @ k) = T(hay ® ko) hey -y k) The) @ k) = -y k.

Since the antipode if it exists is unique we immediately have the statement for Hopf algebras.
O

Setting 7 = 7, since y * Y = ¢ ® ¢ is trivially a 2-cocycle, we conclude that the twisted
bialgebra (or Hopf algebra) H,, can be ‘untwisted” via the convolution inverse y:

Corollary A.4. If y is a 2-cocycle on the bialgebra (or Hopf algebra) H, then its convolution inverse
y is a 2-cocycle on the bialgebra (or Hopf algebra) H,, and (Hy))7 is isomorphic to H (through the
identity map).

B Equivalence of closed monoidal categories and the ®-map

In this section we show how the G-map of Theorem [3.4]is related (by duality) to the natural
transformation which establishes that twisting may be regarded as an equivalence of closed
monoidal categories.

Recall from Theorem 3.4|that & : H,, — P_IV is a right H,-comodule isomorphism, where
H, carries the Ad,-coaction and H. y the Ad-coaction (regarded as an H,-coaction). Assume

that H’ and H are dually paired Hopf algebras with pairing (, ) : H' ® H — K, and let y be a
2-cocycle on H with corresponding dual twist ¥ € H’ ® H'. Then the Hopf algebras H, and
H are dually paired and the right H)-comodules H, and H, are dually paired to the right

H/ -modules H_ and H. These coincide with H” as K-modules and by definition have right

H{ -adjoint actions respectively given by
D [ H;- ® H;- —_— H;: , C(®&— ST(E(l);c) C 5(2)¢ (B.1)
and
«: Ii;t ®H§E — I;Iif, , C®&EF S(&n) Ty - (B.2)
(The dual pairing extends also to a dual pairing between right H,-comodule coalgebras and

right H -module algebras).
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The isomorphism & : H, — H,, of Theorem 3.4/can be dualized to an isomorphism
® :Hy — H (B.3)
by setting (®’(&), h) = (&, ®(h)), for all £ € Ii;, and € H,. Explicitly, we have that

®'(&) = £ (& < £p) = £ S(£p,)) & £p,, (B.4)

for all £ € Hi. Recall that right H'-modules are equivalently left H'” “P-modules and right
H/_-modules are left (H'#)¥“" = (H'?“")goer-modules, where F¥¥ = F,1 = £ ,®£ . The
map &’ : Hz — H7_is therefore equivalently an isomorphism of left (HPP) gopeop-modules,

and using the left (H'" “PYgopeop-action it reads as
®'(&) = fﬁu)wp op & op SOPCOp(fﬁQ)COp) op g — (fﬁwpwl’g) op g (B.5)

Referring to [4, Section 3.2], it follows that ¢ is precisely the isomorphism Dgopeor for the
Hopf algebra H'"“” twisted by the twist #“". It has been shown in [5] that such D-maps
have a categorical interpretation in terms of the natural isomorphism which establishes that
twisting is an equivalence of closed monoidal categories. Hence, in conclusion, the dual of
our ®-map can be given a categorical interpretation.

C The twisted sheaf of the Hopf bundle over S‘é: top down ap-
proach

We complement the example of the twisted sheaf in §4.2.T|by presenting a top down approach:
we first describe S” as a ringed space, then on these algebras (rings) of coordinate functions
on opens of S” we induce the H-coaction leading to a sheaf A of H-comodule algebras (with
H = O(SU(2))). Next we show that this is a locally cleft sheaf of H-Hopf Galois extensions,
and as a corollary that it is naturally isomorphic to the sheaf .« of A ~ /. Finally, in
the last of the paragraphs titled in italics, the torus action on 7 : S” — S* is pulled back to
this sheaf description and the corresponding twist deformation is obtained. In Section
we study the subsheaf of H-coinvariants, it is generated by two copies (of the exponential
version) of the Moyal-Weyl algebra on IR‘é that describe S‘é as a ringed space.

As in §4.2.1) we consider the sphere S* with topology {0, Uy, Us, Uys, S*: it is generated by
the basis with (open) sets 0, Uy, Us and their intersection Uys. The topology on S* induces a
topology on S’ given by the opens t~!(U), with U open in S*.

We define a sheaf A of algebras on S* by assigning an algebra to each open of the basis
for the topology on S*. To the empty set @ we assign the algebra A(0) that is the one-element
algebra (where unit and zero elements coincide), while to the remaining open sets of the basis
we define A(U) as quotients of central real extensions of A = O(S’), the coordinate algebra
on S7 generated by the commuting elements z;, z: (i = 1,..4) satistying the sphere condition

The sheai A over S* of coordinate functions on opens of S’
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Y. ziz; = 1. Explicitly we define
A(Uy) = O(S7)[cN, c;,l] /<Z3z§ + 247, — c%, , ch;,1 -1y, (C.1)
AUs) = O )cs, c5 ] /(zlz’i + 207 — 2, ccst = 1),
AUys) = OS[e e5'] /(Zazg +z4z) — 2, iz + 2z — 2, oneyt =1, et = 1)

For each open set U C S%, A(U) is the algebra of coordinate functions on 7= }(U) c 7. Indeed
extending the algebra O(S”) by the generator c5! corresponds, geometrically, to restricting to
the subspace of 57 of those points with 23z} + 242} never vanishing. Now recalling relation
between coordinates on S” and on S*, we see that these are the points with x # 1, i.e.,
they are the points of 7=1(Uy) (we use the same notation for the coordinate functions and the
point coordinates). Conversely, enlarging the algebra with cy does not have a geometrical
significance, but it is a pure algebraic operation designed to add the square root of the posi-
tive real element z3z}, + 24z} = c3 already belonging to the algebra O(S”). The same discussion
is valid for the elements ¢!, so that A(Us) and A(Uys) are coordinate algebras on 717! (Us)
and 7t (Uys) respectively.

The assignment A : U — A(U), with restriction morphisms given by the canonical
inclusions iy : A(Uy) — A(Uys) and is : A(Us) — A(Uys) definesE] a sheaf of algebras over
S*. The algebra of global sections A(S*) is the pull-back

ASY) = {(a, a5) € AU) x AUS) lin(ay) = is(as)} = O(S7) (C2)

where X is the (categorical) product of +-algebras. In the last equality we have observed that
A(SY) is isomorphic to the coordinate algebra O(S”) of 7, indeed A(S?) is the diagonal of
O(S7) x O(§7) — A(Uy) x A(Us).

The H = O(SU(2))-comodule structure on A and the subsheaf 8 = A°H
We recall from Example that A(S?) is a right H = O(SU(2))-comodule algebra with right

coaction given by (cf. (3.28)):

* t

. (W1 —wW 21 yay) Z3 Z4

Ur—ue® Il B TR I, (C.3)
wy wl —22

(where ® denotes the composition of ® with the matrix multiplication) and that the H-
coinvariant subalgebra B = AH is generated by the elements

o= 2zizy +25z4),  Pri=2(zozy —ZjZ4), X 1= 21Z) + 222y — 2325 — Z4Zy, (C4)

(and their *-conjugated a*, 87, with x* = x) that satisfy a*a + *f + x> = 1. Thus the subalgebra
B = A%H of coinvariants is isomorphic to the algebra O(5%) of coordinate functions on S*.

“We also have the restriction morphisms A(U) — A(D) that are canonical (and characterize the one-element
algebra as the terminal object in the category of algebras).
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Since in particular the elements
2 * * 1 2 * * 1
Cy = 2323 + 242, = 5(1 -X), C5=21Z) +222, = 5(1 + X) (C.5)

are H-coinvariant, we then define, for each open set U C S*, the H-comodule structure on
A(U) via (C.3) and by requiring cy and ¢ to be H-coinvariant. In this way the canonical

inclusions A(S*) — A(Uy), A(S*) — A(Us), A(Uy) SN A(Uys) and A(Us) SN A(Uys) are
trivially right H-comodule algebra inclusions. We have thus shown that A is a sheaf of
H = O(SU(2))-comodule algebras. The H-comodule structure on A(S*) is obtained from
the pull-back (C.2), thought now as pull-back of H-comodule algebras; the isomorphism
A(S*) ~ O(S7) then becomes an H-comodule algebra isomorphism.

The subalgebras of H-coinvariants are given by

AU = O(a, B,x,ch) ,  AUNM =O(a,B,x,c') ,  AUys)™ = O(a, B, x, 2, cE)
(C.6)
where O(a, B, x, Cﬁl) denotes the *-subalgebra of A(Uy) generated by the elements a, g, x, cﬁl,
and similarly for the other basic open sets. Notice that A“H(U) = «7°°H(Ul) as defined in
(4.23). The algebra of global coinvariant sections is A(S*)*H ~ O(S*), and, similarly to (C.2),

it is isomorphic to the pull-back
{(by, bs) € AU x AU | in(by) = i5(bs)} - (C.7)

In we explicitly show that the subsheaf A« of coinvariant elements (complemented
by A(0)~° 1 = A(0)) is that of coordinate functions on the opens 0, Uy, Us, Uys, S4.

The sheaf A is a locally cleft sheaf of H-Hopf-Galois extensions
The H-comodule algebra isomorphism A(S*) =~ O(S”) shows that the global sections A(S”) are
an H = O(SU(2))-Hopf-Galois extensions of the global coinvariant sections A(S*)*° ~ O(S%).
Recalling the general theory, cf. this shows that the sheaf A of H-comodule algebras is
a sheaf of H-Hopf-Galois extensions.

In order to prove that A is locally cleft we consider the open covering {Uy, Us} of S* and
show that A(U,)*H ¢ A(Uy) and A(Us)°H C A(Us) are cleft extensions.

We first observe that the matrix elements

wY  —(wh)* zz -z
( Lo ] =q ( ’ f) (C8)
wy  (w)) z4 7z
generate a *-subalgebra of A(Uy) isomorphic to H = O(SU(2)); indeed this matrix has unit
determinant since cI;2 (z3z3 +242)) = 1. Similarly the matrix elements

(wi _(wé)*) = ;! (Zl _ZE) (C.9)
wy (W) * Nz ] ’

generate an H = O(SU(2)) *-subalgebra of A(Uy).

N »
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By using the matrix u in (C.3) and the matrix projector P = uu* (whose entries are the
generators of 5%, see (3.29)) we introduce “local trivialization maps”:

W, A(ly) — AU 9H Y : A(Us) — AU @ H (C.10)
1 0 21 -z
ur— ! Pecy! 0 1 ur— 1Pt Z
N N 1z3 = ! S S11 0|’
Z4 z; 0 1

(extended as *-algebra maps).

Lemma C.1. The maps Wy and Vs in are well defined algebra morphisms and are isomorphisms
of left A(Uy)°H-modules (respectively A(Us)*"-modules) and also of right H-comodule algebras,
where A(Uy)*H @ Hy and A(Us)*H ® Hs have H-coaction given by the coproduct, id ® A (cf. (2.3)).
Hence they structure A(Uy) and A(Us) as cleft Hopf-Galois extension.

Proof. Explicitly, these local trivialization maps are given by

Y, Aly) — AU)ToH (C.11)
-1
77— zﬁ’:z%(a@aﬂf—ﬁ*@ﬂﬁ)

-1

Z) > zy = %(ﬁ@)waV +a" @w)
73 > z) =@y
N ._ N
z4 F— z) =0y QW)
+1 +1 N |2 +1
oy P ooy ®lw|t=cy ®1,

5 Recall that the Hopf bundle 7 : 57 — §* trivializes on the two charts Uy, Us with trivializations (we use the
same notation for the coordinate functions and the point coordinates)

1 1 Z3 —ZZ
i (Uy) — Uy X SUQ), z=(21,22,23,24) +— |1(2), ————— .
(z3]* + |za?)2 V24 23
and

-1 1 Z1 —Z;
o (Us) — Us x SUQ), z=(21,22,23,24) — | 11(2), ———— . .
(121 +1z2P)2 V22 %

The datum of the transition functions characterizing the bundle is contained in the trivialization maps. In the
present case we have just one intersection Uys, defining the transition function

1 . 1
(Iz3]* + |z4/)2 (Zl —Zz) (Zs —24)
—— ,

:Uys — SUR), 71(z) —
8ns ¢ Uns (@) (2) (|21|2+|22|2)% n oz )\u z

ie.

w&w~€ﬁ¢@ f}
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and

v AU — AU)F@H (C.12)
zZ1 >z = QW
Zp o Zy =0 QW
o1
z3 V> z3:= %(a*@)wi + B @w;)
-1
Zy > Zy = %(—ﬁ@wi +a®w;)
i el =c'el.

Since

1 1
2@+ @) =5e01 , HE) -E)E =301,

2y (2)) +2)(23)" — z3(25)" — zy(z))" = (1 - 23)=x®1, (C.13)

the elements zY, ¢ generate A(Uy)*" ® H. Use of shows that Wy (Y. ziz}) = Y. z)(z)) = 1,
and W\(z3z} +242}) = z3(23)" +2,(2))" = c2 so that W, is a well defined algebra map. Itis a one
to one correspondence between generators and relations defining A(Uy) and generators and
relations defining A(Uy)*" ® H, hence it is a *+-algebra isomorphism. Identical expressions
hold for the elements Zf., cfl, so that also W; is a *-algebra isomorphism. It is evident from
that Wy and W, are H-comodule maps and left A(Uy)*H, respectively A(Us)*H-module

maps. m|

Notice that as a corollary of this lemma the sheaf A and the sheaf .7 of §4.2.1|are naturally
isomorphic sheaves of H-Hopf-Galois extensions on S*.

The K-comodule structure on A and the locally cleft sheaf of H-Hopf-Galois extensions ;A

Recall from Example that K = O(T?) denotes the commutative *Hopf algebra of coordi-
nates on the torus T2. For each open set U, the algebra A(U) carries a K-comodule structure
where the left K-coaction is the *-algebra map defined on generators by (cf. (3.32))

ur— diag(hy, t), b, ) @u , cr—ledc! , d'r—lec! (C.14)

(here ® denotes the composition of ® with the matrix multiplication). For each open U the
K-coaction and the H-coaction given in satisfy the compatibility condition and
thus A(U) is a (K, H)-bicomodule algebra. Furthermore the restriction morphisms of A are
morphisms of (K, H)-bicomodule algebras, so that A is a sheaf of (K, H)-bicomodule algebras.

We can now consider the 2-cocycle o in (3.31) on K and use it to deform the sheaf A.
According to the general theory in for each open set U C S*, A(U) is deformed into
a (Ky, H)-bicomodule algebra ;A(U) that is also an H-Hopf{-Galois extension. The resulting
sheaf of H-Hopf-Galois extensions ,A gives a sheaf-description of the Hopf bundle over S‘é
addressed in Example:3.21 because, since A(5%) ~ O(S”) and A(S*)°H ~ O(5*) (cf. discussion
after and before (C.7)), then ;. A(S*) = O(S7) and ;. A(SH)H ~ O(S}).

54



C.1 The spheres 5* and S} as ringed spaces

We show that the subsheaf of coinvariant elements .&7°H = A introduced in §4.2.1](see also
) is that of the algebras (rings) of coordinate functions on the opens Uy, Us, Uys, S* and
correspondingly, that the subsheaf of coinvariant elements ;7! arises from the Moyal-Weyl
algebra on ]R‘é.

Lemma C.2. Let (Uy) denote the commutative +-algebra generated by elements X1, X2, X3, X; to-
gether with p! satisfying p®(1+x12, +x2x3) = Land pt py = 1. Let (Us) denote the commutative
+-algebra generated by elements y1, y2, Y3, Y, together with pE! satisfying p72(1 + 11 vit+yy,) =1
and p;'ps = 1. The maps

¢N3=93(UN) — M(UN)COH (Ps:f%)(us) — JZ7(UL<;)COH
x1 — ac? y o ac?
% v — e (€15)
Pt P

(extended as *-algebra maps) define +-algebra isomorphisms.

Proof. The inverse maps are given by

-1, 7 +1 -2, — =2 .
ONEION >py s ar—=2npy; B 2x0py";

o' o pE ar—s 2y1pi?; B 2y2p57.

By using (1 — x) = 2¢2, valid in 7 (Uy)®H, it is easy to show that the map ¢y is an algebra
map, i.e. preserves the identity pi?(1 + x1x} + x2x;) = 1. An analogous computation, using
again (C.5), shows that ¢; is an algebra map. m]

Because of this lemma the algebras <7 (Uy)®H and o7 (Us)*H are interpreted as two (isomor-
phic) copies of the algebra of coordinate functions on R*. (Adding to the algebra generated
by x1,x2, X}, x;, the generators p3! is geometrically ineffective, similarly for p!). Specifically,
they describe the algebras of coordinate functions on the open sets Uy, Us, obtained via
stereographic projections from the North and South poles of the 4-sphereﬁ

Similarly, the following lemma shows that the algebra ./ (Uys)™H is that of coordinate
functions on R* minus the origin.

Lemma C.3. We denote by %(Uys) the algebra extension of %(Uy) by central real elements r*!,
satisfying 11 = 1, r* 1= x1x} + xox5. The map ¢y in (CI5) extends to an algebra isomorphism
Dns + B(Uys) — o (Uys) ™ by setting

T chS_1 , T cscg1 .

6 Using the same notation for the coordinate functions and the point coordinates, a point (a, a*, B, f*,x) € S*
maps via the stereographic projection from the North pole to the point (x1,x],x,x;) € R* with coordinates
x1 = a(l —x)7, x; = B(1 — x)"L. While, via stereographic projection from the South pole, it projects to the point
with coordinates y; = a(1 + x)™, y» = B(1 + x)™'. The coordinate function py! in Z(Uy), as p;! in B(U;), has
no geometrical significance since 1 + x1x] + x,x, has always a well defined and invertible square root (being
1+ x1x} + xx; > 1). Conversely, from aa* + pp* + x? = 1, it follows that r* = x;x} + 2o, = (1 +x)(1 —x)7" is
defined and is non-zero when the point (¢, o, 8, f, x) we started from belongs to S*\{N, S}. The algebra extension
of (Uy) by 2 considered in Lemma geometrically corresponds indeed to the restriction to the points in the
intersection of the charts Uy and U, of S*.
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Proof. Observe that ¢y(r?) = (1 +x)cy>. Then, since 2¢2 = (1 + x) (see (C.5)), we immediately
conclude that ¢y(r?) = ¢ys(r?). For the inverse map set ol : cF! > pElr™l. i

The restriction maps characterizing the subsheaf of coinvariants % ~ o7 are the compo-
sition of the canonical inclusions iy : .7 (Uy)®H < o7 (Uys)®H and is : o7 (Us)®°H — o (Uys)®°H
with the isomorphisms ¢y, ¢s and ¢l These restriction maps are #-algebra homomorphisms
and their explicit expression on the generators reads

rNNS : BUy) — B(Uys), xiF— xi, Pﬁl — Pﬁl ’ (C.16)
sws c B(Us) — B(Uys), yir— xi"_2 ’ .Us — Pﬂf“
The algebra of global sections %(S*) is the pull-back

B(S*) = {(bN, bs) € B(Uy) X B(Us) | 15(by) = rSNS(bS)} (C.17)
The algebra #(S?*) is generated by the elements (p32x;, p32Vi), (o3> x;, ps‘zy*) i=12and
(1 -2p?%,2p52 — 1) and is a copy of the coordinate algebra O(S*) = O(S”)H.

Using the isomorphisms of Lemma [C.2]and Lemma [C.3|it is immediate to induce from
7/ (U)°H the K = O(T?)-comodule structure on Z(U), (U = Uy, Us, Uys) and to see that
the restriction maps are K-comodule maps. Considering the twist on K we then
obtain the noncommutative algebra ;% (Uy) thatis the (geometrically trivial central extension
via the real elements p% of the) coordinate algebra on R?; i.e. the (exponential version of
the Moyal-Weyl) algebra defined by the commutation relations x; ;® x, = e~
Similarly for ,%(Us), and for ;%(Uys) that is the geometrically nontrivial central extension
of ;A(Uy) V1a the real elements r*!. These algebras and the restriction maps L(r7) = 2,
Z(rS,NS) S,NS, define the sheaf ;% of noncommutative coordinates algebras over S% ie
define S‘é as a ringed space.
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