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1 Introduction

One of the most interesting properties of supersymmetric gauge theories is the existence
of non-perturbative S-dualities that relate their weak- and strong-coupling behaviour.'
Recently, there has been much progress in understanding these dualities in conformally
invariant A/ = 2 supersymmetric gauge theories in four dimensions, especially following
the seminal work of Gaiotto [2]. In that work, the four-dimensional N' = 2 theories were
realized as compactifications of the six-dimensional (2,0) theory on a punctured Riemann
surface X. One of the important results of this approach was to identify the complex
structure moduli space of ¥ with the space of gauge couplings modulo the action of the
S-duality group. For linear quiver gauge theories in the weak coupling limit, the Riemann
surface degenerates into a collection of three-punctured spheres connected by long thin
tubes, and the sewing parameters are identified with the bare coupling constants of the
superconformal gauge theory.

This approach is fruitfully contrasted with the original solution of N' = 2 gauge theo-
ries due to Seiberg and Witten [3, 4], where the quantum effective action on the Coulomb
branch is obtained from an algebraic curve describing a Riemann surface, and an associated
holomorphic differential. For generic vacuum expectation values of the scalar fields in the
adjoint gauge multiplet, the quantum effective action describes a N = 2 supersymmetric
theory with gauge group U(1)", where r is the rank of the original non-abelian gauge group.
The matrix of effective couplings 7;; between the various U(1)’s is identified with the period
matrix of the Seiberg-Witten curve. For gauge groups with large r, it becomes difficult to
use the Seiberg-Witten curve and the corresponding differential to do explicit calculations.
In such cases, however, it is possible to make progress using equivariant localization meth-
ods [5-8] which allow one to compute the prepotential, the dual periods and the period
matrix of the effective action order by order in an instanton expansion. Interestingly, the

'For a recent review we refer the reader to [1].



instanton counting parameters in this expansion have a natural interpretation as the bare
coupling constants of the superconformal gauge theory [2, 9].

Whichever approach one uses to study the low-energy theory, a natural question to ask
is whether the non-perturbative S-duality group can be used to solve for the effective action.
For N' = 2* theories (i.e. mass deformed N = 4 theories) with unitary gauge groups it has
been shown [10-13] that the constraints coming from S-duality take the form of a modular
anomaly equation whose solution allows one to reconstruct the prepotential on the Coulomb
branch order by order in the mass of the adjoint hypermultiplet to all orders in the gauge
coupling. To achieve this result one has to organize the low-energy effective prepotential
as a semi-classical expansion in inverse powers of the vacuum expectation values of the
scalar fields in the gauge vector multiplet and realize that the coefficients of this expansion
satisfy a recursion relation whose solution can be written in terms of quasi-modular forms
of PSL(2,Z) acting on the bare gauge coupling. These modular forms resum the instanton
series and therefore provide an exact result. It is of particular importance that N' = 2*
theories are characterized by the absence of any renormalization of the coupling constant,
even non-perturbatively; thus, the bare coupling is the only coupling that is present in the
effective theory. This procedure has been applied also to N' = 2* theories with arbitrary
gauge groups in [14-16], where it has been observed that for non-simply laced algebras the
effective prepotential is expressed in terms of quasi-modular forms of congruence subgroups
of PSL(2,Z).

In this work we study N/ = 2 gauge theories with gauge group SU(N) and 2N fun-
damental flavours, generalizing the analysis of the SU(3) gauge theory with six flavours
recently presented in [17]. When all flavours are massless, these SQCD theories are super-
conformal. However, unlike the case of N' = 2* theories, the bare gauge coupling in N = 2
SQCD is renormalized by quantum corrections which arise from a finite 1-loop contribution
as well as from an infinite series of non-perturbative contributions due to instantons. In
general these corrections are different for the various U(1) factors and thus one expects to
find several effective couplings in the low-energy theory.

This paper is divided into two parts. In the first part, we work in the limit where
all flavours are massless, and calculate various observables of the effective theory such as
the prepotential, the period integrals and the period matrix, using equivariant localization.
In particular, we work in a special locus of the Coulomb branch which possesses a Zy
symmetry and which we call “special vacuum” [18]. In this special vacuum, the period
matrix has fewer independent components than it does at a generic point of the moduli
space. More precisely, when all quantum corrections are taken into account there are [%]
distinct matrix structures which correspond to [%} renormalized coupling constants in the
effective theory.? Of course, at leading order such renormalized couplings are all equal to
the bare coupling, but when 1-loop and instanton corrections are taken into account, they
begin to differ from one another. Given that the S-duality group naturally acts on the bare
coupling, an obvious question to ask is how S-duality is realized on the various parameters of
the quantum theory. The answer we provide in this paper is that on each individual effective

2Here [ -] denotes the floor function.



coupling S-duality acts as a generalized triangle group (see for example [19]). Moreover,
using this insight, we propose a non-perturbatively exact relation between the bare coupling
and the renormalized ones that takes a universal form in terms of the j-invariants of the
triangle groups. We perform several successful checks of this proposal by comparing the
instanton contributions predicted by the exact relation with the explicit results obtained
from multi-instanton localization. As a further evidence in favour of our proposal, we show
that the action of S-duality on the renormalized couplings is fully consistent with the action
on the bare coupling as obtained from Gaiotto’s analysis [2]. We believe that our results,
and in particular the exact relation we propose, can play an important role in the study
of these SQCD theories at strong coupling [20]. This is because the j-invariants have a
well-understood behaviour near those cusp points where the coupling constants become
large and the usual weak-coupling expansion cannot be used.

In the second part of the paper we consider the case where the fundamental flavour
hypermultiplets are massive. For generic masses the Zy symmetry of the special vacuum
is broken; to avoid this, we restrict our analysis to Zy-symmetric mass configurations so
that the modular structure uncovered in the massless limit gets deformed in a natural and
smooth manner. In particular, with these Zy-symmetric mass configurations we find that

N

the [%] matrix structures of the massless theories are preserved, while the [7

couplings simply receive further contributions proportional to the hypermultiplet masses.

] effective

Building on earlier literature [21, 22], this analysis was already carried out for the SU(2)
theory in [11, 12], where it was shown that the prepotential can be written in terms
of quasi-modular forms of the modular group PSL(2,Z). Moreover, after expanding the
prepotential in powers of the flavour masses, it was realized that the coefficients of this
expansion satisfy a modular anomaly equation that takes the form of a recursion relation,
similar to that of the N/ = 2* case. These results have been recently extended to the SU(3)
theory with six massive flavours in [17], where it has been shown that the prepotential, the
dual periods and the period matrix are constrained by S-duality to obey again a recursion
relation that can be written as a modular anomaly equation. In this case, the solutions of
this equation are quasi-modular forms of I'1 (3), which is a subgroup of the S-duality group
that is also a congruence subgroup of PSL(2,7).> Here we further extend these results
to the general SU(N) theory with 2N massive flavours and show that the constraints
arising from S-duality can always be written as a recursion relation for any N. However,
beyond this step, the analysis crucially depends on the arithmetic properties of the S-
duality group. It turns out that for N = 2,3,4 and 6, the S-duality group acting on each
quantum coupling always has a subgroup which is a congruence subgroup of PSL(2,7Z).
For these theories, which we call arithmetic, the discussion proceeds along the same lines
described in [17] for the SU(3) theory, with one important modification: in the higher rank
cases, the S-duality constraints are written as coupled modular anomaly equations. These
coupled equations are nevertheless integrable and their solutions turn out to be polynomials
in meromorphic quasi-modular forms of congruence subgroups of PSL(2,7). For all non-

3The relevance of T'1(3) and of its modular forms for the effective SU(3) theory with six flavours was
already observed long ago in [23-25].



arithmetic theories, instead, S-duality acts as generalized triangle groups and one would
need to use their automorphic forms to solve for various observables. Here, we restrict our
analysis only to the massive arithmetic cases, leaving the study of the non-arithmetic cases
for the future.

The paper ends with a discussion of the results and some future directions for work,
and with two technical appendices.



Part 1
Massless N/ = 2 SQCD and duality groups

In this part, we discuss N = 2 SQCD theories with massless fundamental hypermultiplets.

2 Massless superconformal QCD theories and special vacuum

We begin by reviewing the main features of N' = 2 SQCD theories with unitary gauge
groups U(NV). These theories are superconformal invariant if the number of flavours is 2N .

As usual, we can combine the bare Yang-Mills coupling ¢ and the #-angle into the
complex variable

0 . 4r
+172, (21)

TOZ% g

so that the instanton counting parameter qg is defined as
qo = ™70 (2.2)

The low-energy effective dynamics of these N' = 2 theories is completely determined by
the prepotential, which we now describe.

2.1 The prepotential

The prepotential F admits a decomposition into classical (tree-level), perturbative (1-loop),
and non- perturbative (instanton) contributions:

F = Fclass + Fl—loop + Finst - (23)
2.1.1 Classical contribution

For the U(N) gauge theory the classical prepotential is given by
N
Flass = immo tr (A)? = in7g Z A2 (2.4)
u=1

where the vacuum expectation value of the adjoint scalar A is
(A) = diag (A1, , AN) - (2.5)

For unitary gauge groups the A,’s are unrestricted, while for special unitary groups we
have to impose the tracelessness condition

N
> A,=0. (2.6)
u=1

Throughout this paper we satisfy this constraint by taking

Y f —1,-- ,N-1,
A = a or wu 27)
—(a1+---+any-1) for u=N.

When referring to the SU(NV) theory we will use the indices i,7,--- € {1,--- ,N — 1} to
label the Cartan directions.



2.1.2 Perturbative contribution

The perturbative (1-loop) contribution to the prepotential is independent of the bare cou-
pling 79 and is given by

N N
Fracep = YAy —A,) —2N Y y(Au), (2.8)
uFv=1 u=1
where (see for example [26])
2 x?
v(z) = ey log (A2> . (2.9)

Here A is an arbitrary mass scale, which actually drops out from Fi_joop due to conformal
invariance.
2.1.3 Instanton contribution

The non-perturbative contributions to the prepotential can be explicitly calculated using
the methods of equivariant localization [5-8] (see also [27] for technical details) and are of

the form -
k=1
where
N
up =y Al (2.11)
u=1
forr =1,--- , N are the Casimir invariants of the gauge group. The function F}, represents

the k-instanton contribution to the prepotential and, on dimensional grounds, must have
mass dimension 2.
2.2 The special vacuum

In the following we will study the massless SQCD theories in the so-called special vac-
wum [18] which is defined as the locus of points on the moduli space where

u =0 for r=1,--- ,N—-1. (2.12)

For SU(N) theories the condition u; = 0 is nothing but (2.7), while the other conditions
select vacuum configurations with special properties.*

The special vacuum restriction (2.12) can be implemented by choosing the vacuum
expectation values of the adjoint SU(N) scalar as

a;=wa (2.13)

fori=1,---,N — 1, where

w=enN . (2.14)
We thus see that the special vacuum can be parametrized by a single scale a and that it
possesses a Zy symmetry.

“In the SU(2) theory there is clearly only one condition, namely u; = 0 and the notion of special vacuum
does not apply in this case. Despite this fact, most of the subsequent formulas formally hold also for SU(2).



2.3 Observables in the special vacuum

We now discuss the properties of some observables in the special vacuum, starting with
the prepotential.

2.3.1 The prepotential

In the special vacuum several simplifications occur when one evaluates the prepotential.
For instance, the classical prepotential (2.4) vanishes and the Z y-invariance of the special
vacuum implies that for large a the prepotential has a semi-classical expansion of the form

— Jn(40)

F= anN

(2.15)

n=1

The coefficients f,,’s must have mass dimension equal to (nN + 2); however, since the

flavours are massless, the only available scale is @ and it is not possible to give f, the re-

quired mass dimensions. Thus the prepotential identically vanishes in the special vacuum.?®

2.3.2 Dual periods
In the SU(N) theory the dual periods al are defined by

! 277186%

(2.16)

As in the special vacuum all a;’s are proportional to each other, this is also true of the dual
periods. For example one can verify that

a?zf(w+w2+--~+wi)a%_1 (2.17)
for any ¢ = 1,--- , N — 1. Therefore, in the special vacuum without any loss of generality

we can choose the following conjugate pair of variables: (a%fl, a1). To simplify notation,
we will omit the subscripts and denote these just by (a”,a).
The classical contribution to aP is given by
agass =70 (0‘1 + as +---+ QCLN_I)

=cNToa, (2.18)
where the second line follows upon using the special vacuum values (2.13) which lead to

(1-w)
— .

N = (2.19)

w

The classical dual period receives both 1-loop and instanton corrections, even in the mass-
less theory. Physically, this corresponds to a non-perturbative redefinition of the bare
coupling constant 79 into a new renormalized coupling constant that we denote 7. This

5The case N = 2 is clearly an exception. Indeed, the prepotential of the massless SU(2) theory is
proportional to a2, which has the right mass dimension and is Zo-symmetric (see for instance [11, 12]).



renormalized coupling constant is defined in such a way that the quantum corrected dual
period takes the simple form
a® =cenTa, (2.20)

namely the same classical expression (2.18) with 7y replaced by 7. The latter admits the
following non-perturbative expansion

o0
2miT = 2miTo + im + logbo + » b qf - (2.21)
k=1
In this expression, the logarithmic term represents a finite contribution at 1-loop, while
the term proportional to qé’ is the k-instanton contribution.
2.3.3 The period matrix
In the SU(N) theory the period matrix 2 is the (N — 1) x (N — 1) matrix defined as
1 9*F

= — . 2.22
" 2mi 8ai6aj ( )
The classical part of the period matrix is simply given by
chass = 7_OC (223)
where
-1
e 1
c=|. .. . (2.24)
11 ...2

is the Cartan matrix corresponding to our parametrization of SU(N).

For N > 3 this simple structure is lost [24, 28] when perturbative and instanton
contributions are taken into account, even in the special vacuum. For example, at 1-loop
from (2.8) one finds

i
T

Vtoop = (1og(2N) C+ g) (2.25)

where the matrix elements of G are given by [24]

s
i = 2logsin [ — ),
g og sin (N)
Gij = logsin <ZN7F> + log sin (‘?\7) — log sin (W) fori#j .

For N = 3 it is easy to see that G is proportional to the Cartan matrix C, but this relation

(2.26)

does not hold for N > 3. Indeed, a closer inspection of (2.26) reveals that it is possible to
identify [%] different matrix structures. A similar result is found even after the instanton
contributions are taken into account. Thus, in general the complete period matrix €2 can
be written as

Q=1 My +7179 Mog+--- (2.27)

-~

N
[5] terms




where the M}, ’s are independent matrix structures and the 7, are distinct complex couplings
that characterize the effective theory. Of course, one could in principle use any basis of
matrices My, to write €2, but a particularly insightful choice is the one that “diagonalizes”
the action of the S-duality group. In such a basis, under S-duality each M, stays invariant
and each 73 transforms individually as

1

T —> —
Ak Tk

(2.28)

for some positive Ai. We will explicitly show in a series of examples that the spectrum of

km
— A ain2
A = 4sin ( N ) . (2.29)

Note that for N € {2,3,4,6} all the \;’s take integer values. We call these cases arithmetic.
If instead N ¢ {2,3,4,6}, then the A\;’s are not necessarily integer. We refer to the latter
as the non-arithmetic cases. Moreover, we will find that for any N the coupling 71 in (2.27)

Ak is given by

coincides with the coupling 7 that appears in the expression (2.20) for the dual period aP.
In order to show these facts, we now turn to a detailed discussion of the S-duality group.

3 The S-duality group

The S-duality group of N/ = 2 SQCD has been derived in [29]. Here, we focus on the
massless case in the special vacuum, for which the Seiberg-Witten curve takes the following
hyperelliptic form

y? = (2 —un)? — ha?V . (3.1)

Here up is the only non-zero Coulomb modulus labeling the special vacuum and h is a
function of the gauge coupling given by (see for example [17, 27])

4qo
h= 0T )2 (3.2)
The Seiberg-Witten curve degenerates when its discriminant vanishes and from (3.1) it
is easy to see that this happens at Ao = 0,1,00. The monodromies around these points
generate the S-duality group [29]. We will take this to be our working definition of the
S-duality group in what follows. In section 5 we will rederive this result by a completely
different method.
We begin by choosing a canonical homology basis of cycles for the U(N) theory de-
scribed by (3.1), which we denote by hatted variables. Specifically, we introduce & and B
cycles with the following intersections

é‘umé‘v:/@umﬂvzo )

1 =10 ---0
. 0 1 -1---0 (3.3)
(aum/@U): . . .. . )
10 0 1



for u,v =1,--- , N. These cycles are not linearly independent since

N N
 4y=0 and ) B,=0. (3.4)
u=1 v=1

In the special vacuum there is a natural Zy symmetry that rotates this basis clockwise
and is generated by

o (3.5)

élu — dufly
Bv — B’u—l .

Physical observables are insensitive to this Zy rotation.

The action of S- and T-transformations on this basis of cycles has been determined
in [29] from the monodromy around the points h = oo and h = 0, respectively, and is
given by

b — B, Gy = G
S and T - A (3.6)
Bv%&v—ly Bvﬁﬁv‘i‘&v_dv—l-

In the SU(N) theory we can choose the independent cycles as follows:

~

oy = Oy and ,Bj = Z Bz (3.7)

for i,57 =1,--- ,N — 1. Using (3.3) one can easily check that this basis is symplectic, in
the sense that o; Ny = 3; N B; = 0 and «; N B = d;5.

The restriction of the S and 7" transformations to the SU(N) basis (3.7) follows directly
from (3.6). If we represent them as (2N — 2) x (2N — 2) matrices acting on the (2N — 2)

vector (g), we find
0 B 1 C
S (—(Bt)_l 0 > and ( 0 1 ) (3.8)

where
-1-1-1--- -1
0 —1—-1--- —1
B=|0 0 -1 —1f, (3.9)
0O 0 0 - -1

and C is the Cartan matrix (2.24). It is interesting to observe that
S?=V, (3.10)

where V' is an Sp(2N — 2,7Z) matrix that implements the Zy transformation (3.5) on the
SU(N) basis of cycles (v, 3;), given by

V= <(V;)_1 3) (3.11)

~10 -



where

—1-1-1--- -1
1 0 0 -0

y=(0 1 0. 0. (3.12)
0 0-- 10

Notice that VN = 1. Such a transformation leaves the period matrix invariant and is a
symmetry of the theory. This means that S effectively squares to the identity.

3.1 S-action on period integrals and gauge coupling

From the transformations (3.8) on the homology cycles we can straightforwardly deduce
how S and T act on the periods a; and their duals a?, which are the integrals of the Seiberg-
Witten differential associated to the curve (3.1) over the cycles «; and (; respectively.
Focusing in particular on the S-transformation, we find
D e .
S(ay) = (B a)j,

! (3.13)

where B is the matrix in (3.9). Thus, for our conjugate pair of variables (a%y_,,a1) = (aP,a)
we have )
S(@P) = —an_1 = ——a,
(@7) = —av—1 =3 (3.14)
S(a) =a? = —waP,

where in each line the second equality follows upon using the special vacuum relations (2.13)
and (2.17). As expected, the period and dual period integrals are exchanged under
S-duality.

This result is quite useful since it allows us to deduce how S-duality acts on the gauge
coupling 7. Indeed, if we take into account the link (2.20) between aP and a, and apply to
it the S-duality transformations, we find

S(aP) = —eny S(r)waP = —c% S(1)Twa . (3.15)

Consistency with (3.14) implies that

1
with )
2 3 (1-w) .9 T
A R w ” sin” (3.17)

Here we have used (2.19) and (2.14). This is precisely the case k = 1 of the general
formula (2.29), and thus we conclude that the coupling 7 that appears in the relation
between a and aP is actually 71, according to our definition in (2.28). As we have already
noticed, in the arithmetic cases N € {2,3,4,6}, the constant A in (3.17) takes integer values.

- 11 -



4 The arithmetic theories

In this section, we collect the results obtained from localization calculations for the lower
rank SQCD models and accumulate evidence for our conjecture regarding the form of
the period matrix and the S-duality transformations of the quantum couplings that we
anticipated at the end of section 2.3. While the SU(2) and SU(3) theories have already
been studied in the literature, for completeness we start by briefly recalling the main results

for these cases.

4.1 N =2

In this case, the period matrix is just a complex constant given by
Q= 27’1 (41)

where 7 is the only effective coupling of this theory. Using multi-instanton calculations
(see for example [9, 27]), one can show that

13 , 23 ,

. . 1
27717—1ZIOgQO“‘m—_lOglG“‘5‘]0"’@‘](}“‘@(]0"'a (4.2)
which can be inverted order by order to give
2 n(4r)\®
g =—-16q1 (1+8q1 +44q¢7 +---) =—16 () ) (4.3)

where ¢; = €™ and 7 is the Dedekind 7)-function. The non-trivial relation between g¢q
and the effective coupling for the SU(2) theory was first noticed in [30, 31].
The analysis of the previous section shows that under the S-transformation, the period

matrix transforms under a symplectic Sp(2,7Z) transformation:°
S Q= ! (4.4)

From this it follows that the effective coupling 71 transforms as

1
S — —— 4.5
T1 47_1 ) ( )

in agreement with (2.28) since A\; =4 for N = 2. Using this in (4.3), we get

1
S  q@-——. (4.6)
40

Furthermore, by computing the dual period we find
aP = 2711a (4.7)

in agreement with the general formula (2.20) for w = —1.

6See section 5.1 for a more detailed discussion of S-duality for the SU(2) theory.

- 12 —



4.2 N =3

In this case the period matrix turns out to be proportional to the SU(3) Cartan matrix

Q=r (f ;) (4.8)

where 71 has the following instanton expansion (see for example [17, 27])

4 14 1948
o2rim = log qo + i — log 27 + = qo + — g2 3

IR0 B 4.
9 81 %0 T 19683 %0 (4.9)

As for the SU(2) case, the SU(3) theory in the special vacuum has a single 7;-parameter even
after the quantum corrections are taken into account. On inverting the above expansion,
we get

3 12
Go=-2Tq1(1+12¢ +90¢7 +---) = —27 (nn((:l))> (4.10)
1

2mm - Again, we have provided a non-perturbatively exact expres-

where, as before, ¢ = e
sion in terms of n-quotients. Using the Sp(4, Z) matrices derived in section 3, one can check
that S-duality leaves the SU(3) Cartan matrix invariant and acts on 7y as [17]:

1

S — —— . 4.11

Tl 37'1 ( )

in agreement with (2.29) since Ay = 3 for N = 3; using this in (4.10), we easily see

again that

1

S - —. (4.12)
q0

Finally, on computing the dual period in this case we find

a® =iv3ra (4.13)

27i

which confirms the general formula (2.20) since for SU(3) w =e75 .

4.3 N=4

We now turn to the SU(4) theory. As always, the classical period matrix is proportional
to the Cartan matrix of the gauge Lie algebra but this time another independent matrix
structure appears when one takes into account the 1-loop and the instanton corrections.
We have explicitly checked up to three instantons that it is possible to write the quantum
period matrix as

Q=1 M+ 1M, (4.14)

where M; and M3 are two 3 x 3 matrices given by

110 101
Mi=1121 and Ms=100 0], (4.15)
011 101
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and the two couplings 71 and 75 have the following instanton expansions

141 , 311

3
2miTy =1 i —log64 + = — g4 4.16
mT1 = log go +1m — log +SQO+1024‘]0+4096C]0+ ) (4.16a)
27y = log o + i — 10g 16 + = go + = g2 + —o g3 + (4.16Db)
m1T2 = 10gqo T 1T g 2(10 64% 192610 : :
On inverting these expansions we find
2 n(21) o
q0:—64q1(1—|—24q1+300q1+--'):—64< ) ) (4.17a)
n(71)
2 n(472) i
go=—-16g2(1+8q2 +44¢5+---) = —16 , (4.17b)
n(72)
where we have introduced the notation
g = 2™ (4.18)

for £ = 1,2. Once again, as for N = 2 and 3, the bare coupling can be expressed as a
quotient of n- functions of the renormalized couplings. Notice that the gg-expansion of 19 is
the same as that of the effective coupling of the SU(2) theory (see (4.2)). Although this co-
incidence may appear surprising at first glance, it is actually a consequence of the fact that
this pair of couplings transform in the same way under S-duality. We will explicitly show
this below, but this result can be anticipated by noticing that the general formula (2.29)
implies that Ao for N =4 and A\ for N = 2 are both equal to 4.7

Let us now consider the action of S-duality on the period matrix (4.14). Using the
Sp(6,Z) transformations (3.8), we find that M; and My are left invariant while

1

R
Ak Tk

(4.19)

with Ay = 2 and A\ = 4, exactly as predicted by (2.28) and (2.29). Using these transfor-
mations in (4.17), we can check also in this case that

1
S - —. (4.20)
q0
By computing the dual period aP = a3D in terms of a = a7, we find
a® = (i—1ma (4.21)

in agreement with (2.20) for w = i.

44 N =6

We now turn to the last arithmetic case, namely the SU(6) theory. We have verified using
localization techniques up to two instantons that in the special vacuum the period matrix
can be written as a sum of three independent structures as follows

Q=1 M1+ 1 Ms+ 13 Ms, (4.22)

"Indeed, for all even N, /\% =4.
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where

1 1 1 1 1 1 2 2 2
3 3309 -5 L3013 30303
L1130 11041 00000
Mi=| 3 141 L[, My=[00000| Ms=|2020 2] (423
0 £+ 11 1 130114 00000
1 1 1 1 1 1 2 2 2
5 V32 3 3 1031 30303
and
5 485
2mimy = logqo +im —log 432 + = g0 + @q(%--- ; (4.24a)
4 14
27717'2zlogq0+i7r—log27+§Q0+gqg+'”7 (4-24b)
1 13
27rirgzlogqo+i7r—1og16+§q0+@q§+m : (4.24c)

We easily recognize that the gp-expansion of 7 is the same as that of the effective coupling
of the SU(3) theory (see (4.9)), and that the gp-expansion of 73 is the same as that of
the coupling 75 appearing in the SU(4) theory which, as we already remarked, is also the
same as the coupling 71 of the SU(2) theory. Again these facts are a consequence of the
symmetries of the formula (2.29) which imply that these pairs of couplings have the same
transformations under S-duality.

Inverting the expansions (4.24), we obtain

qo = —432q1 (14+120¢; + 414043 +---), (4.25a)
2 n(3m)\ "
go=—27q2(1+12¢g2+90¢q5 +---) = =27 ; (4.25b)
n(72)
2 2 n(4r3)\®
qo=—16g3 (1 +8¢5+44¢5+---) = —16 () ) (4.25¢)
3

where we have used the notation (4.18). We observe that there appears to be no simple way
to express qo in terms of n-quotients of 7;. However, we will revisit this issue in section 5
where we will provide for all SU(/V) models a universal formula for go in terms of modular
functions of any renormalized couplings 7, thus including also the 71 of the SU(6) theory.

Let us now consider the S-duality action on the period matrix (4.22). Under the
Sp(10,Z) transformation given in (3.8), we find that the three matrices (4.23) remain
invariant while the couplings transform as

1
Ak T

S T — (4.26)
with A} = 1, Ay = 3 and A3 = 4 in full agreement with (2.29). Exploiting the n-quotient
expressions in (4.25), one can easily prove that the S-transformations of 7 and 73 lead

again to

1
S : qg— —. (4.27)
q0
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Finally, by computing the dual period aP = a5D in terms of a = a1 in the special vacuum,
we obtain

aP® = —am (4.28)

which confirms once more (2.20), since for SU(6) we have w = e™/3.

Besides the S-duality action we should also consider the T-duality transformation of
the effective couplings which is simply®

T :© m—71+1. (4.29)

Thus the previous results can be summarized by saying that in the arithmetic cases the
duality transformations act as fractional linear transformations on each of the 7, and form
a subgroup of PSL(2,R) generated by

RN (11
S—(_m 0k> and T_<O 1) (4.30)

with A\, € {1,2,3,4} as given by (2.29). We call this subgroup I'*(A;). For Ay = 1 this is
the usual modular group PSL(2,Z).

5 S-duality and j-invariants for the arithmetic theories

In this section we collect the results obtained so far and explain how our definition of S-
duality fits in the general discussion presented in [2]. If we describe the SU(NV) theory in
the special vacuum by the Seiberg-Witten curve in the Gaiotto form

UN
S O &)

then S-duality can be described as an action on the (z,t) variables given by [2]

S (x,t)— <—t2:c, 1) , (5.2)

which effectively amounts to an inversion of the bare coupling:?
1
S qgo — — . (5.3)
4o

We have already seen in various explicit examples that the rule (5.3) is implied by the S-
duality transformations of the renormalized couplings 7, of the arithmetic theories, namely

1

S T =
Ak Tk

(5.4)

8See section 5.1 for the SU(2) case, which has a distinct T-transformation.
°The curve (5.1) retains its form if (5.3) is accompanied by ux — (—1)Yun/qo.
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with A\x € {2,3,4}. Actually, all these cases can be combined together by observing that
the n-quotients in (4.3), (4.10), (4.17), (4.25) can be written as

do = — ()T (’m) - (5.5)

from which the inversion rule (5.3) immediately follows upon using the transformation
properties of the Dedekind n-function under (5.4). The only case that is not covered by
this formula is the relation between ¢y and 71 in the SU(6) theory, given by the first line
of (4.25), for which there seems to be no simple expression in terms of 7-quotients.'® How-
ever, the argument based on the transformation properties of the curve (5.1) is completely
general; thus, also in this case the S-duality transformation 7 — —1/7; should imply, for
consistency, an inversion of gg. We will solve this problem in the following subsections,
and in doing so we will actually find a new way of writing a non-perturbatively exact re-
lation between the bare coupling and the effective ones. This will turn out to be valid not
only in all arithmetic cases, including the SU(6) theory mentioned above, but also in the
non-arithmetic theories, thus opening the way to make further progress. Before doing this,
however, we briefly revisit the SU(2) theory in order to clarify some issues that are specific
to the N = 2 case.

5.1 The S-duality group of the SU(2) gauge theory

In the SU(2) gauge theory with four fundamental flavours there is only one renormalized
coupling constant 71, which is related to the bare coupling constant by the non-perturbative
relation (5.5) with A\; = 4. This might seem unfamiliar, given that it was already proven
in [4] that the S-duality group for this theory is the full modular group PSL(2,Z). We now
explain how this enhancement takes place within the formalism of our paper.

Let us rewrite the non-perturbative relation between the bare coupling and the renor-
malized coupling using the standard Jacobi #-functions as follows:

v=-(25m) 69

One can check that this coincides with the n-quotient expression in (4.3). We have already
seen that the S-transformation acts as follows on the renormalized coupling 7:
s N (5.7)
T - .
! 4t 1
The key point is that only for the SU(2) theory, there is a shift symmetry of the form
1
T 7'1—>71+§. (5.8)

This is because, in the presence of massless hypermultiplets in the doublet pseudoreal
representation, the SU(2) theory enjoys a shift symmetry of the effective -angle:

0—60+m, (5.9)

“Note that in this case we have A1 = 1 which cannot be used in (5.5).
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which implies (5.8) (see for example appendix B.3 of [32]). Defining 7 = 27, we see
that (5.7) and the above shift become, respectively, 7 — —1/7 and 7 — 7 + 1, which
generate the modular group PSL(2,Z) in full agreement with the original analysis of [4].

Using the non-perturbative relation (5.6), the T-transformation (5.8) leads to the fol-
lowing action on the bare coupling constant:

q0

T : q — .
g —1

(5.10)

Note that this symmetry transformation exists only for the SU(2) gauge theory because
in all other cases the T-action leaves the bare coupling invariant, since it shifts 7 by an
integer. Combined with the S-transformation, which inverts gg, one can check that

TST g — 1—qo . (511)

We now show that this is completely consistent with the Gaiotto formulation of the
S-duality group on the bare coupling constant. The Gaiotto curve for the SU(2) case is [2]:

2 U2

IEENGETE o

x
In this expression there is a symmetry between the poles at t = 0 and ¢t = 1.} Thus,
besides (5.2), there is another transformation which leaves the curve invariant, namely [2]

T : (z,t)—=(z,1-1) . (5.13)

It is easy to check that T precisely generates the transformation (5.11). Therefore, in
the SU(2) theory the S-duality group is enhanced to the full modular group PSL(2,Z), on
account of the half-integer shift of the 7-parameter.

5.2 Renormalized couplings and j-invariants

Let us now return to the issue of finding a non-perturbative relation between the renor-
malized coupling 71 of the SU(6) theory and the bare coupling constant. The new and key
ingredient is the Klein j- invariant function j(7y) for the modular group PSL(2,Z) which
is the S-duality group for the 71 coupling of the SU(6) theory. The j-invariant has the
following weak-coupling expansion

1
Jj(11) = — + 744 4 196844 q; + 21493760 q% 4+ (5.14)
q1

with ¢1 = €™ and is such that
j(i) = 1728, j(e?) =0 and j(ioo) =0 . (5.15)

The j-invariant is also called hauptmodul (see for example [33]), and is such that all rational
functions of j are modular.

HFor generic N, there is a higher order pole at ¢ = 0.

~ 18 —



Using (5.14), it is possible to verify that

Vi(m) — 1728 — \/jj(m)
V() — 1728+ \/j(m1)

which is precisely the same expansion appearing in the first line of (4.25) that was obtained

= —432¢q; (1 + 120q; + 4140¢7 + - - -) (5.16)

by inverting the instanton series. Based on this evidence, we propose that the exact relation
between the bare coupling gy and the renormalized coupling 7 is

_ Vi(m) — 1728 — \/j(m1)
Vi) — 1728+ \/j(m1)

Further evidence in support of this proposal is its behaviour under 73 — —1/7;. This is

qo (5.17)

derived from the monodromy of j around the fixed point of this action, i.e. 7 = i, namely

(j(n) - 1728) oy o2 (j(n) . 1728) : (5.18)

which implies the inversion of ¢y as it should be.

This approach is easily generalized, since hauptmoduln have been studied for the du-
ality groups I'*(\) of the arithmetic theories.!? Indeed, following [34] for \;, € {1,2,3,4}
we introduce the functions j), given by

ji(r) = (EA‘(T))g : (5.19a)

n¥(7)
r 12 1272
jaT) = <7;7((2:>)> + 64 <77n((2:))> , (5.19h)

o= ()T e

4 472
ja(r) = <"(7)> 116 (77(47)) ] . (5.19d)

n(47) n(7)

where in the first line F, is the Eisenstein series of weight 4. It is possible to check that

J1 coincides with the j-invariant introduced above, while js, j3 and j4 are generalizations
thereof.' Notice that in (5.19b)—(5.19d) we find precisely the n-quotients appearing in the
relations between the bare coupling gy and the renormalized couplings 7. Solving for these
quotients in terms of the jy,’s and inserting the result in (5.5), we obtain

dne (k) — i = V/in (k)

qo = - — : (520)
\/ ])\k (Tk) - d)\k + V ])\k (Tk)
where
dy' =256, d3' =108, d;j'=64. (5.21)

12Recall that the duality group is generated by S and T as defined in (4.30).
130ur definition of the j-invariants differ from those in [34] by a constant term, which does not affect its
invariance under the duality group.
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Figure 1. The fundamental domain F’ of T*(\g). The point 7',;4 is the fixed point of the S, 7 is
the fixed point of ST, while ¢ is the fixed point of 7.

Eq. (5.20) has the same structure as (5.17); however, this is more than a formal analogy.
On consulting figure 1, one sees that the location of the corners of the fundamental domain
— which are the fixed points of the S, ST~!, and T transformations — are given by

T — , T — + — R T = 10 s 522
respectively. Furthermore, one can show that [34]
() =dils () =0, and (7)) = oo, (5:23)

which is a direct generalization of (5.15), while from the monodromy of j), around the
fixed points of S, namely

(3 = d5t) = e (j(m,) — d5) (5.24)

one easily deduces from (5.20) that gy gets inverted under S-duality, as expected.

In table 1 we collect the relevant properties of these j-invariants together with their
expansions around the cusp point at infinity. In particular we observe in the last column
that the weak-coupling expansions of the bare coupling gg are in perfect agreement with
the results presented in section 4.

6 SU(N) theories and triangle groups

We now proceed to generalize the discussion of the previous sections to SU(N) SQCD
theories with arbitrary N. To this end, we note that for the arithmetic cases — A\ €
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Ak d;kl g-expansion of jy, 4dy, qo

1 | 1728 | ¢7! + 744 + 196884 ¢ + 21493760 ¢* 4 - - - | (1 +120¢ +4140¢* + - - -)
2 | 256 g "+ 104 4+ 4372 ¢ + 96256 ¢> + - - - q(1+24q+300g%+---)
3 | 108 q 14424+ 783q+86724¢% + - -- g1+12¢+90¢%+---)

4 | 64 ¢ 4244+ 276q +2048¢% + - - - g1 +8q+44¢2+---)

Table 1. Relevant parameters for the j), functions, their ¢-expansions, and the weak-coupling
expansion of the bare coupling ¢y defined in (5.20).

A |1 12]3)] 4

pr | 3146|000

Table 2. The correspondence between A, and py according to (6.2) in the arithmetic cases.

{1,2,3,4} — the S-duality groups I'*(\y) are particular instances of Hecke groups. A Hecke
group H(p) is a discrete subgroup of PSL(2,R) whose generators T' and S satisfy

S*=1, (ST)"=1 (6.1)

where p is an integer > 3.'* When p = 3 the Hecke group is the modular group PSL(2,Z).
Using the results of section 4, it is not difficult to realize that I'*(\;) = H(py) where

A = 4 cos? <7T> . (6.2)

Pk
For the four arithmetic cases the correspondence between A\, and pj is summarized in
table 2.

Notice that these are the only cases in which both A\; and pj are integers. By combin-

ing (2.29) and (6.2), we find L1

o =5 N (6.3)
for k=1,..., [%] This formula can be formally extended beyond the arithmetic cases
where, in general, p;y becomes a rational number.

The Hecke groups H(p) also exist when p & {3,4, 6, c0}; moreover they admit a general-
ization into the so-called triangle groups [19] which we conjecture can be further extended
for rational p. In the following we show that the action of the S-duality group on the
renormalized couplings of the SU(N) SQCD theories for arbitrary N is precisely that of
a generalized triangle group. Furthermore, we show that the j-invariant or hauptmodul
associated to these triangle groups appears in the non-perturbative relation between the
bare coupling and the renormalized ones, exactly as in the arithmetic cases.

The constraints (6.1) are usually implemented by
~ 1 ~ ~ T
S: 77— —= and T : 7 = T+2cos|—| .
T p
By setting 7 = 2 cos ( ) 7, we see that on 7 the group H(p) coincides with I'*()\) with A = 4 cos®(%).

~ s
P P
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6.1 A short digression on triangle groups

We follow closely the presentation of [19], often considering special cases of their formulas
for our purposes.

Triangle groups are defined by a triple of integer numbers m; that form the so-called
type t = (mi,mg2,m3) and correspond to the orders of the stabilizers. These groups
are Fuchsian, i.e. they are discrete subgroups of PSL(2,R). The type t defines a set of
angular parameters v; = 1/m;, which are related to deficit angles 7v; at the cusps of the
corresponding fundamental domain. In what follows, we will analyze in particular types
of the form t = (2,p,00) corresponding to the Hecke groups H(p) if p is an integer, and
to their generalizations if p is a rational number. In the latter case the associated triangle
groups are not discrete.

Let us first consider a type t = (m1,m2,00). Using Theorem 1 of [19], we define the
parameter dy according to

b —1 —Lcos L’f“/ d -1 —Lcos 2#%
dt—lzb/d/H<2—2cos(2ﬂ'l];>> ’ ( ' ) H <2—2€OS<2dﬂ;€>) ’ ( d>

k=1 =1
(6.4)
where the primed variables are given by
a  1+4wv—w d 1+ 4w
with v; = 1/m;. Introducing the rescaled variable
~_ g
=1 6.6
7= (6.6)

with ¢ = €*™7, the hauptmodul J; for this triangle group has a weak-coupling expansion
in ¢ of the form

1 oo
Jt(T):§+ZCkEIk- (6.7)
k=0

The coefficients ¢ are uniquely determined by the following Schwarzian equation

1—vf 1—v  vi+0i-1
JE (Je —1)2  J(Jg—1)

— e Jy + 30 = g < (6.8)
Here the dots denote the logarithmic 7-derivatives. The hauptmodul that will be relevant

1

for us is the one whose weak-coupling expansion begins with ¢7. This is simply obtained

by rescaling Jy according to
Ji(7)

Je(T) = 5 (6.9)

Let us check these formulas for t = (2,3, 00) which corresponds to H(3) = PSL(2, Z).
When p = 3 the corresponding A is 1 as we see from table 2, and thus instead of the

subscript ¢ we can use the subscript 1 in all relevant quantities. In this case we have

1 1
=g and vy = 3 (6.10)
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and
a’ 7 d 11

e _ L - == 6.11
vooo12 d 12 (6.11)
Substituting this into (6.4), we find
dyt =1728, (6.12)
while the Schwarzian equation (6.8) becomes
e 22 .4 (32—41J; + 36J7
211 +3J1 =J 6.13
1J1+ 1 1 < 36J12(J12—1) ( )
Solving for J; and rescaling the solution with d; according to (6.9), one gets
1
Ji(t) = 1728 Jy(7) = — 4+ 744 + 196884 ¢ + - - - (6.14)
q

which exactly matches the expansion of the absolute j-invariant of the modular group
(see (5.14)).

In a similar way one can check that for t = (2,p,00) with p € {4,6,00}, the above
formulas correctly lead to the expressions of the j-invariants and the d parameters of
the other arithmetic cases that are summarized in table 1. However, as we have already
mentioned, these same formulas can be used also for other integer values of p and formally
extended to the case in which p is a rational number. As a first example of this extension
we consider the SU(5) SQCD theory.

6.2 N=5

Using localization techniques we have computed the prepotential and the period matrix of
the SU(5) theory with 10 massless flavours up to 2 instantons. In the special vacuum we
find that the period matrix €2 can be conveniently written as a sum of two independent
structures, in agreement with the general formula (2.27). Defining

3 5
AL = 4sin? T = 4cos2l—ﬁ = \2[(\/5—1> ,
; 0 v (6.15)
T T
Ao = 4sin? 2" = 4 2*2—<5 1)
9 sin” — cos” 15 5 Vi+1),
the quantum corrected period matrix can be written as
Q=11 M1 +1 M,y (6.16)
where
20 1A AL 2 a1 A5
5 Al 5 5\/5 A 5 A1 )\%
L2 v oA Noo2u M1
_ 1 1 A] _ 5 5 55 A1
M N o2 oo |0 MTELL e o A | (6.17)
5 A2 M M A 55 5 5
a1 2y vE1L M 2
5/5 5 A1 5 )\% A1 5 A1
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and

V5 2
. . 2 8qo 1445
2 =1 -1 25v'5 — +t——+- 6.18
miT = logqo +1im og[ f(ﬁ_1> ]+ 5% + 125 +o (6.18)
VB
. . 2 12q0 | 24q;
2 =1 —log |25V5 | ——— — + 6.19
T TRt Og[ \[<\/5+1> ]+ 25 ' 125 (6.19)

This structure is less cumbersome than it appears at first sight. Indeed, one can check
that the parameters A\; and Mg in (6.15) are another instance of the general formula (2.29)
and that

M+ My =C (6.20)

where C is the Cartan matrix of SU(5). Moreover, the classical and the logarithmic terms of
71 and 73 exactly coincide with the results already reported in [24]. But, most importantly,
using the S-duality transformations described in section 3, one finds that the matrices M
and My remain invariant while the effective couplings transform simply as

1
and ™ — —

T — — .
171 A2 T2

(6.21)
These observations show that the SU(5) theory has the same general features we encoun-
tered in the arithmetic cases. Therefore it is natural to expect that also this theory can
be understood along the same lines, and in particular that it is possible to write non-
perturbatively exact expressions for the relations between the bare coupling and the renor-
malized ones in terms of hauptmoduln. We now confirm that these expectations are correct.

Let us first put & = 2. The form of A9 in (6.15) indicates to us that the relevant Hecke
group is H(10). Indeed, for ¥ = 2 and N = 5, equation (6.3) yields po = 10 so that the
type of the triangle group is to = (2,10, 00). Using this in (6.4), with a little bit of algebra
we obtain

V5 +

while from (6.8) we get the following rescaled hauptmodul

VB
a7 =4 |25vE (22— — 76.2385 - - (6.22)
A2 1

1 191 673 qo 701 ¢3

jAQ(m):ng%d—Aermd—%erd—% (6.23)

with ¢o = €?™72, This function is such that
Iaa () =dy) . ixn() =0 and j,(15) = oo (6.24)
where 7'2A B:C are the cusp locations in the 7o-plane given by (5.22) with the current value

of A2. Notice also that the quantity in square brackets in (6.22) also appears in the 1-loop
logarithmic term of (6.19).

These facts and our experience with the arithmetic theories indicate that it is in fact
not too bold to propose that the relation between the bare coupling gy and the renormalized

— 94 —



coupling 79 be of the general form (5.20), namely

Vi) = = Vin®) g (34 6 g
g = 1 =1 14+ — 22 4 22 L) (6.25)

25dy, 625 diQ
Inverting this series and taking the logarithm, we obtain

. . 12 25

2mi Ty = log qo + im + log (4dy,) + ~=qo + —=qf + - - (6.26)
25 125

which precisely matches the instanton expansion for 7 in (6.19) obtained using equivariant

localization! Furthermore, from the monodromy around 7'54 which is the fixed point under

S, namely

(i) = d3}) = e (3(maa) — 43} (6.27)
we see that gy gets inverted, in agreement with the general expectations. This analysis
shows that the action of the S-duality group on the effective coupling o of the SU(5)
theory is that of the Hecke group H(10).

We now turn to k = 1 and the quantum coupling 71. The form of Ay in (6.15) indicates
that we are dealing with a non-Hecke group. Indeed, setting k¥ = 1 and N = 5 in (6.3),
we get pp = 13—0 which leads to the type t; = (2, %, o0). Despite the non-integer entry of
t1, we still proceed and apply the formulas we have described in the previous subsection
to obtain dy, and the hauptmodul jy,(71). Specifically, from (6.4) after some algebraic
manipulations we get

NG
. 2
dyl =4 [25\/5 (\/3_1 = 655.8364 - - - (6.28)

while from the Schwarzian equation (6.8) we find the following rescaled hauptmodul

1 211 663 q1 227 ¢}

jAl(ﬁ):EJr%dTlera Md?/\l (6.29)
with ¢; = e?™71. This function is such that

in(i) =dyt, () =0 and () = o0 (6.30)
where TlA B:C are the three cusps in the ri-plane (see (5.22)). Plugging these results into

our universal formula (5.20), we get
2 ¢ 13 qf

() = dyt = /ix () @

= == 1 : ) . (6.31)
m + i) A ( 25dy,  5000d3,

Inverting this and taking the logarithm of ¢, we obtain

8 14
2mimy = log o +im +log (4dx,) + g0 + 150+ (6.32)
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which is in perfect agreement with the explicit result (6.18) derived from localization!
Again, from the monodromy around Tfl, which is the fixed point of S, we easily see that
under S-duality qg is correctly mapped into its inverse.

In conclusion, the SU(5) theory has two non-arithmetic couplings which are related to
the bare coupling by the same universal formula that holds in the arithmetic theories.

6.3 Generalization to higher N

The analysis of the previous subsection can be extended to arbitrary values of N. Even if
the algebraic manipulations become more and more involved as N increases, it is possible
to prove that the quantum period matrix can always be written as

5]

k=1
where each individual coefficient 75 transforms under the duality group according to
1
S ¢ T — and T : 7mp—1+1 (6.34)
Ak Tk

for some positive \j.

To show this, let us first consider N to be an odd number. In this case a careful
analysis [25] of the duality transformations on the homology cycles of the Seiberg-Witten
curve shows that S and T have to satisfy the constraint

(sTS'T)Y =1, (6.35)

Given (6.34), it is not difficult to show that

1 1
STS™'T = ) 6.36
<—)\k 1— )\k> (6.36)

The N power of this matrix projectively equals the identity, as required by (6.35), if

. km N —-2k)w
A\ = 4sin? <N) = 4cos? ((2N)> (6.37)
or N
A =dcos? (=) 6.38
k cos ( N ) (6.38)
The latter solution, however, leads to an additional constraint of the form (ST)Y = —1,

which is not found in the explicit realization of the S and T transformations as Sp(2N —2,7Z)
matrices [25]. This leaves us with the solution (6.37) which is precisely the spectrum we
conjectured and found to be true in all cases we have considered so far.

The matrices My, can be given an explicit expression too. The key ingredient for this
is the matrix G appearing at 1-loop (see (2.26)). Decomposing it into its [%] independent

G = g log sin <’j\7;> Gr., (6.39)

components according to
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it turns out that the matrices

- A — 4 in? [ 222 6.40

My =" Ane Go Zsm(N)ge (6.40)
=1 =1

satisfy the required properties. Notice also that these matrices add up to the Cartan matrix:

[

N4

M, =C. (6.41)
=1

ol

We have explicitly checked and verified these statements up to N = 15.
Having the spectrum of the allowed A;’s, from the cosine expression in (6.37) we see
that the type of the generalized triangle group that we should consider is

2N

whose second entry is in general a rational number. As we have seen in the SU(5) theory,
there are no obstructions in extending the formulas (6.4), (6.7) and (6.9) to types with
a rational entry. Thus, proceeding as we described in the previous subsections, we can
determine d;, and the hauptmoduln j;, corresponding to (6.42) and use the resulting
expressions into the universal formula (5.20) to find the exact relation between the bare
coupling qg and the renormalized one 7. If this procedure is correct, inverting this map
order by order in gg we should retrieve the multi-instanton expansion produced by the
localization method, exactly as we showed for N = 5. In appendix B we give some details
for the case N = 7, where again we finding perfect agreement. At this point, it should be
clear that our procedure works for arbitrary values of N. We regard the complete agreement
between these two approaches as a highly non-trivial and quite remarkable check on the
consistency of the procedure.

The above results are valid also when NV is even. In this case, the spectrum of A\ is
still given by (6.37) while the matrices G and My, are defined by (6.39) and (6.40) with
the caveat that for k = % one should use

Gy =C=> G and My=C—> M. (6.43)
k=

H
i
I

We have checked this is indeed the case up to N = 14.

6.4 Relation to earlier work

We now show that our analysis is consistent with earlier discussions of S-duality in con-
formal SQCD theories and that it extends them in several aspects. Consider the Seiberg-
Witten curve (3.1) for the massless case and in the special vacuum:

y? = (N —un)? — ha?N . (6.44)
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Using our results, we can write the function h in terms of the renormalized couplings

as follows:
46]0 1

(1+q)?  1—dy ja (%)

This shows that for any N the Seiberg-Witten curve can be expressed in terms of j-

(6.45)

invariants. Of course, any of the renormalized couplings can be chosen as long as the
appropriate j-invariant is used.
Let us now consider the behaviour of h near the cusp points (5.22). Using (5.23), it is
easy to find that
h(tk) — oo near T,?,
h(tg) =1  near 7, (6.46)
h(tg) =0  near ¥ .

Given the meaning of the fixed points, we conclude that the monodromy of h around oo,
1 and 0 yields, respectively, the behaviour under S, ST~! and 7. This is precisely what
we began with in section 3. There, we obtained the T" and S matrices by associating them
with monodromies around the points h = 0 and h = oo, respectively, and by following their
effects on the &- and B—cycles of the Seiberg-Witten curve. It is reassuring to rederive this
very same result by studying the action of the duality group on the quantum couplings 7.
This provides additional confirmation for our proposal (5.20).

There are a number of novel elements in our discussion compared with earlier works [24,
25, 29]. To begin with, we note that (5.20) represents a non-perturbatively exact relation
between the bare and renormalized coupling constants. As we have shown in a case-by-
case study, this completely specifies the manner in which all [%] coupling constants are
renormalized for all SU(NN) theories in the special vacuum.

Furthermore, we observe that previous investigations have focused on a specific renor-

malized coupling, which in our notation, is T[A]- For odd N, the type (6.42) corresponding
2

to k = [%] is (2,2N,00), which identifies the Hecke group H(2N), while for even N, the
type becomes (2,00, 00) corresponding to the Hecke group H(oco) which is isomorphic to
I%(2). Thus, we have successfully reproduced the observations of [25, 35, 36] that these
Hecke groups are relevant when considering the duality properties of SU(N) theories. How-
ever, as we have tried to emphasize, one does not need to single out any specific quantum
coupling 7y in order to understand the S-duality group. Indeed, one could choose to express
qo in terms of any of the 7;’s since the behaviour of the curve near the cusps is universal
and independent of this choice.

While this remains true away from the massless limit (provided the mass deformations
are turned on in a controlled manner), we find that expressing the observables in terms
of specific effective coupling constants 75 instead of the bare coupling gg expedites the
identification of modular structures. In particular, the choice of which effective couplings
to consider follows solely from S-duality constraints. This, in turn, makes it possible to
resum the non-perturbative data of the gauge theory into modular forms associated to
congruence subgroups of the full modular group. This analysis is the subject of part II.
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Part 11
Massive N = 2 SQCD and modular
anomaly equations

In this part, we discuss N' = 2 SQCD theories with 2N massive fundamental hypermulti-
plets in the special vacuum. In order to retain the Zy symmetry of the special vacuum,
we will consider only mass configurations that preserve this symmetry. Furthermore, we
will restrict our attention to the arithmetic theories. The reason for this is just a matter
of simplicity. Indeed, as we will see, in the arithmetic theories the S-duality groups I'*(\x)
contain subgroups that are also congruence subgroups of the modular group PSL(2,Z), so
that the analysis of the modular properties of the various observables can be done using
standard modular forms, without the need of introducing the more involved theory of au-
tomorphic forms. Since the SU(2) and SU(3) SQCD theories have already been considered
from this point of view in [11, 12] and in [17] respectively, we will discuss in detail the other
two arithmetic cases, namely N = 4 and N = 6, even if many of the subsequent formulas
are valid for arbitrary N.

7 Mass deformations and observables

While the classical prepotential (2.4) is unaffected by mass deformations, the 1-loop pre-
potential (2.8) becomes

N N 2N
Fiaop = Y 7(Ay— Ay) Z YAy +my) . (7.1)
uFv=1 u=1 f=1

Expanding for small masses, one obtains an expression in which the 2/N fundamental masses
appear through the Casimir invariants of the flavour group, namely

2N
¢
=3 (my) (72)
f=1
for £ =1,...,2N. As we mentioned above, in order not to spoil the Zy symmetry of the

special vacuum, we turn on only those flavour Casimirs that are Zy-symmetric. This can
be done by choosing the following mass configuration

f-1 cdl,--- ’N ,
my = witm fefl, } 73
wfilm ) fe{N+1772N}7
where w = e%, which in turn implies
Ty =N (m" +mY) and Tony =N (m* +m*) | (7.4)

with all other T, vanishing. In what follows, by special vacuum we will mean both the
restriction (2.12) on the scalar vacuum expectation values and the above choice of masses.
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As discussed in section 2.3, the Zy-invariance of the special vacuum implies that the
prepotential has a semi-classical expansion of the form (2.15), but now the coefficients f,
depend also on the mass invariants (7.4), namely

F= Z In (QO:Z];]:T;T2N) . (7'5)

The f,’s must have mass-dimension equal to (nN + 2), but since ¢ is dimensionless and
Txn and Tony have dimensions N and 2N respectively, it is not possible to satisfy this
requirement. As a result, in the massive case as well, the special vacuum prepotential
vanishes identically.

Let us now turn to the dual period aP. When the 1-loop and instanton corrections are
taken into account, we find

oo (1)

D _ CN gn (113N, Ton)

a —cNaTl—|—2—7ri g NniN—T (7.6)
=0

where ¢y is defined in (2.19). This form, which will be confirmed by the explicit examples
worked out in the later sections, can be argued simply using dimensional analysis because
g,(f) has mass dimension (Nn+ N) and can be constructed out of the Z y-invariant Casimirs
TN and TQN.

Finally, we consider the period matrix 2. Its decomposition in terms of the matrices
My that diagonalize the S-action remains valid

Q=7 M +FMa+---, (7.7)
but now the coefficients acquire terms proportional to the flavour Casimirs. In particular
one finds i = gT(Z’“) (i Tor Ton)

Tk:Tk—%;(Nn+N—1) N+ N (7.8)
fork=1,---, [%] Detailed examples will be given in the following sections.

8 S-duality in massive SQCD

To see the implications of S-duality in massive SQCD theories, we use the same approach
described in [17] for the SU(3) theory and introduce the following combination
X :=d° — CN QT|

_ N Gn (8.1)
T 927 aNn+N-1
n

where g, = g,(ll)(n; Tn,Ton). We now perform an S-duality transformation on the first line
of (8.1) and use (3.14), (3.16) and (3.17); after some simple algebra we get

1
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On the other hand, applying S-duality to the second line of (8.1) we get

S(X)= X% ( 5(9n) . (8.3)

27 —w aD)Nn-i—N—l
n

If we now substitute the expression (7.6) for a” and equate the two different expressions
for S(X) order by order in the large-a expansion, we can deduce how the coefficients g,
transform under S. From the leading term, we simply find

0) = (i\/rlTl)N_Q 90 5 (8.4)

where Aj is as in (3.17). For the higher order terms, however, we find non-linear contribu-
tions that lead to a recursion relation

S(gn) = (\/> ﬁ)NnJrN_Z <9n+

N N-1 I R
(8.5)
The summand on the right hand side is symmetric under m — (n—m—1), and thus S(gn)

can be more conveniently written as

S(gn) = (— (\Fﬁ)NnJFN_Q (gn+(Nn+N_2 > gmGn-m-1+ ) . (86)

4rimy

The presence of the (—1)" factor suggest to us that the notion of S-parity or charge under
S-duality will be a useful one. We define it to be (+1) when n is even and (—1) when
n is odd.

So far N has been generic, but to make further progress from now on we will restrict
our attention to the arithmetic cases for which A; is an integer. In fact, in these cases the
S- duality group I'*(A;) contains a subgroup, denoted as I'1 (A1), which is also a congruence
subgroup of PSL(2,Z). The modular forms of such a subgroup, which are well-known and
classified (see for instance [37, 38]), will play a crucial role in our analysis and will appear
in the exact expressions of the coefficients g,,. To see this, let us first recall that I'1 (A1) is
generated by T and S’ = STS~!, the latter acting on the effective coupling as

1

s - .
n 1—>\17'1

(8.7)

When )\ is an integer, this is indeed an element of PSL(2,Z). Combining the actions of §
and T, we can easily deduce how the conjugate periods a and aP transform under S’. The
result is

S§'(aP)=aP and §'(a) =a+ w(l —w)d" . (8.8)
Using these rules on X, from the first line of (8.1) we get

1

/ —_—
S(X)_ 1—)\17'1
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while from the second line of (8.1) we find

Nn+N-1
S"(gn) CN g
S0 27i Xn: (1 = A\y7p)a)NntN-1 + 2mi(1 — Mir1) ; aNm+N-2

(8.10)

Equating these two expressions, to leading order we obtain

S'(g0) = (1 = Mm)V 2 g0, (8.11)

while at higher orders we get a recursion relation very similar to the one obtained before
for S, namely

_ Nn+ N —2)
S'(gn) = (1 — Ayry) N2 (gn+( nggn m—1+ - ) . (8.12)

47(’17'1

Eq. (8.11) shows that go is a modular form of I'; (A1) with weight (N —2). As we will see
in the specific examples in the next section, such a modular form behaves under S exactly
as required by (8.4), thus proving the consistency of our analysis. On the other hand, the
presence of non-linear terms in the right hand side of (8.12) implies that the coefficients
gn for n > 0 are quasi-modular forms of T'y (A1) with weight (Nn + N — 2) that satisfy a
modular anomaly equation to which we now turn.

8.1 The modular anomaly equation

In [11, 12, 17] it has been shown that in the massive SU(2) and SU(3) theories the quasi-
modularity is due to the presence of the anomalous Eisenstein series Es. The same con-
clusion has been reached for the AN/ = 2* theories with arbitrary gauge groups in [13-15].
Therefore it is very natural to expect that for the massive higher rank SQCD theories too,
the Eisenstein series Fo plays a fundamental role.

Let us recall that Fs is a quasi-modular form of weight 2 such that

Es <— 1) = —(im)” <E2(n) + 6) : (8.13)

1 1TT1

In the arithmetic cases under consideration, it is always possible to form a linear combina-

tion of Fy and a modular form of I'1(A1), which under the S transformation 73 — — Ve
transforms in a way similar to (8.13). More precisely, if we denote such a combination by

Eg’\l), we will have

EQ) <_)\117'1> (\FTQ < )+m6ﬁ> . (8.14)

Notice that the existence of such a combination is a priori not obvious since the S-
transformation lies outside both the modular group and its congruence subgroup I';(A1).
Nevertheless this combination exists and the explicit examples for the relevant cases are
given in appendix A (see in particular (A.15), (A.24) and (A.30)).

Following [11, 12, 17] we propose that the coefficients g, depend on 71 only through

Eg‘l) and the modular forms of I'; (A1), in such a way that they are globally quasi-modular
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forms of I'y (A1) with total weight (Nn + N — 2). For simplicity, in the following we will
only exhibit the dependence on Eé)‘l) and just write g, [Eé/\l)]. Then, applying S-duality,

we have

S (0 [B5]) = (-1 Gy R 2 [ B 4 2

wat

(8.15)
= (1) iy A2 (gn[ﬁym 6o +>

inm 9 EP

where the second line follows upon expanding for large 7;. Comparing with (8.6) we obtain
the modular anomaly equation

dgn  Nn+N-2°2

8@5/\1) = o mZ::Ogm In—m—1 (816)
which has the form of a recursion relation. Indeed, given the initial condition that specifies
go as a modular form, the Eg—dependent part of g1 can be unambiguously obtained by
integrating the modular anomaly equation. This leaves room for a truly modular piece,
which can be fixed by comparing with the explicit instanton expansion obtained using
localization. Once ¢ is fully fixed, we can use it in (8.16) to find g2, and recursively
proceed in this way for the higher g,’s. This approach has been successfully applied to
the SU(3) theory in [17]. In the next sections we complete the analysis for the SU(4) and
SU(6) theories.

8.2 Coupled modular anomaly equations

We now consider the period matrix 2. As we mentioned in section 7, after including the
quantum corrections it can be decomposed as in (7.7) where, under S-duality, the flavour
deformed couplings 73 transform as

~ 1
S TR ——=

— . 8.17
ATk ( )

The fact that 7, behave like 75 is a simple consequence of the algebraic properties of the
matrices My. Applying S-duality to both sides of (7.8), we get

-1
1 I o~ Nm+N-1 @ 1 I s~ Nn+N-1_,
- 1— S N S
AkTh ( 2miTy, mzl alNm Jm—1 \eTi 2w 21 (—waP)Nn (gn—l)
(8.18)
which, after inserting the semi-classical expansion (7.6) for the dual period, yields the S-

duality transformation rules for the coefficients gﬁlk). In particular, at leading order we find

. N
S(ay”) = (ivaun) - a (8.19)

= (imTk)2 0
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while at higher orders we get

(k)) B (_1)11 (imTl)Nn—l-N[ ®

S(gy

(imTk)2 "
1 (Nm+N-1DNmn-m)=1) gy @

27Ty %: < Nn+ N -1 Im” In—m—1 (8.20)
1 (Nm+ N)(Nm+ N —1)

27Ti7'1 %: < Nn+N -1 9m’ Gn—m—1 +

When k£ = 1, both (8.19) and (8.20) reduce to (8.4) and (8.6), respectively. This is a simple
but important consistency check of our analysis.
We now perform a similar analysis for the S” transformation under which each effective
coupling 7 changes as
~ T
—- — . 8.21
Tk 1— A7k ( )
Since in the arithmetic theories the Ag’s are integers, this is a PSL(2,Z) transformation.
Using the general technique of comparing coefficients in the semi-classical expansions, we
(k).

obtain the following constraint for g,

1— M7 )N k
5P = L= AT 8.22
(9%") TESYESE 90 (8.22)

while for the higher coefficients gﬁk) we get

(o)) (1= M)V N
(gn ) - (1 o )\ka)Q In
1 (Nm+N—-1)(N(n—m)—1) (k) (k)
omimy ; < Nn+N -1 I In—m-1 (8.23)
2miTy %: ( Nn+ N -1 I Gn-m—-1 | +

Again it is not difficult to check that for k = 1 these two equations reduce respectively
to (8.11) and (8.12), as it should be.

From (8.22) combined with (8.19), we can infer that g(()k) is a ratio of a modular
form of T'; (A1) with weight N and a modular form of I';(\;) with weight 2. Likewise,
by combining (8.23) with (8.20) we deduce that for n > 0 the coefficients ggk) are quasi-
modular meromorphic forms of T'y (A1) and I';(\g) which receive contributions from both
Eg’\l) and Eé/\’“). Taking into account the factors multiplying the square brackets in (8.20)
and (8.23), we are led to the following ansatz:

n

. B . 0 ;. n—~¢
gk — ZGSN-i-N—QE,Q—i-Qn 210 ) <E§>\l)(7'1)) <E§>\k)(7k>> (8.24)
(=0
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where the coefficients G"""™* (11, 7%) are made of modular forms of 'y (A1) and T’y (\g) with
weights r1 and rp respectively. Using the anomalous transformation properties of the
second Eisenstein series, from (8.24) we get

" (V) \" mnoEg | wingEge )

and, after comparison with (8.20), we arrive at the following coupled equations

99y 1 (Nm+ N -D(N@n—m)—1) 4 x

GBI ST NasN-1 OO

w - (8.26)
Ogn, _iz (Nm+ N)(Nm+ N —1)
o) 12 Nnt No1 O et

2 m=0

In order for these equations to be consistent and integrable, it is necessary that the mixed
second derivatives computed from either line of (8.26) match. We find that this is indeed
the case, since we have

o ([ o o [ 99
=00\ 570w ) 570w { mrow ) T (8.27)
DEPI\ 9B | 9EM \ 9N

Given the structure of the modular anomaly equations (8.26), this is a non-trivial check

which makes it possible to “integrate-in” the quasi-modular terms in a consistent manner.

9 Resummation: the cases N =4 and N = 6

In this section we study in detail the SU(4) and SU(6) gauge theories along the lines
discussed before. Throughout this section, we use special cases of the formulas derived in
the previous section, i.e. setting N =4 or N = 6 as the case may be.

91 N=4

For the SU(4) theory the relevant parameters are:
w=i, e=i-1, k=12, M=2, Jlg=4. (9.1)

9.1.1 The dual period

We have computed the SU(4) prepotential, the dual periods, and the period matrix up
to three instantons using localization methods. From these results, after using the rela-
tion (4.17a) to rewrite the instanton counting parameter o in terms of the renormalized
coupling ¢, we find that the dual period can be written as

, (i—1) < gnlg; T, Ty)
o’ =(i-Nan+-—"3 " (9.2)
n=0
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in agreement with the general form (7.6). The first coefficients g,, are

T
goz1—;(1+24q1+24q%+96qf+---), (9.3a)

2

T T;
g1 = Z4 (@1 +26q; +84q; +--+) +5—Z (1—56q —2296¢] — 1366445 +---) , (9.3b)

where, as usual, we have set ¢; = >,

Our goal is to show that these expressions arise from a weak-coupling expansion of
quasi-modular forms of I';(2). Indeed, according to the discussion of the previous section,
we should have

S(gn) = (1" (iV2n) " [gn+ -]

(9.4)
S'(gn) = (1= 27)" " [gn + -]

In particular for n = 0 when there are no extra terms beyond leading order, these equations
tell us that g should be a modular form of T'1 (2) with weight 2 and S-parity (4+1). As shown
in appendix A there is only one such form, namely ]”2(2)r whose weak-coupling expansion is

£ =14 24q; + 24} + 964} + 24q] + 1444} - - . (9.5)

Comparing with (9.3a), we are led to conclude

9o =2 (9.6)

which, to be consistent with (9.4), implies also that Ty is invariant under both S and
S’ transformations, namely S(Ty) = S'(Ty) = Ty. We would like to stress that once we
assume that go is a modular form I'1(2) of weight 2, the only freedom we have is the
overall coefficient which is fixed by matching with the perturbative contribution. After
this is done, all non-perturbative terms are fixed by the Fourier expansion of the modular
form. The fact that these terms perfectly match the explicit multi-instanton results coming
from localization up to three instantons is a very strong and highly non-trivial test of our
general strategy.

To obtain the coefficients g, for n > 0 we can use the recursion relation (8.16), which
in the present case is

n—1
Agn 2n+1
~o) — 9m gn—m—1 (9.7)
OIS TP

where Ef) is the quasi-modular form introduced in appendix A (see in particular (A.15)).
Let us now determine g; which according to our general analysis should be a quasi-modular
form of of I'1(2) with weight 6 and with S-parity (—1) that solves the above modular
anomaly equation for n = 1, namely

g1
oEY

1
= 19(2) : (9.8)
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(2)

Integrating with respect to E,” and using the exact expression for gg obtained above,

we find

7
576
where by ‘modular piece’ we mean a modular form of I'; (2) with weight 6 and with S-parity

g1 = (fQ(i)r)Zﬁéz) + modular piece, (9.9)

(—1). As shown in appendix A there is only one such form, namely
(2) (2 _ 4 _ _ 2 3
foy fi2 =1—=56q1 —2296¢7 — 13664¢y + - - - . (9.10)
Comparing with the localization result (9.3b), obtain the following exact expression

T4

~o) 3
e | (BB = S22 |+ ff 2 (9.11)

g1 =
As before, all coefficients are fixed by matching with the perturbative terms and fol-
lowing that, all non- perturbative contributions follow from the Fourier expansions of
the modular forms. The agreement with the explicit multi-instanton results in (9.3b)
is rather remarkable.
The above procedure can be iteratively used to determine the higher coefficients g,,.
In this way we have determined up to g3, always finding perfect agreement with the local-
ization results.

9.1.2 The period matrix

In the special vacuum the period matrix € of the massive SU(4) theory can be compactly
written as

Q=71 M+ 72 My (9.12)

where the two matrices My, are given in (4.15) and

~ 1 dn+3
Tk:Tk—TmZ G+ gﬁf) (qo; T4, Tg) . (9.13)

This has the same form as (7.8), except that the coefficients are expressed in terms of the

(n)

bare coupling qo instead of the renormalized ones; this is the meaning of the g, notation.

From our explicit calculations, using the non-perturbative relation (4.17a) we find

9V (qo; T, Ts) = g (q1; Ta, Tx) (9.14)

where the g,,’s are the same coefficients appearing in the dual period, for which we have al-

(2)

ready given exact expressions. On the other hand, we find that the first g,, ' coefficients are

o Lo/ Lo 025 5 29 5
b =15 <1 190~ 5ps @0~ a0t ; (9.15a)
2
,\(2) T4 7 7 T 5 2 39 3
L 81— gn — —— 27 )
T 7o (q VR T L R R L T L
(9.15b)
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The challenge is now to show that, once the bare coupling is mapped into the renormalized

(2) (2)

ones, the resulting expressions g’ have good modular properties. In particular for g,”’,

according to the general analysis of the previous section (see (8.19) and (8.22) for N =4
and k = 2), we should have

(V2in)"

4
o _(1=2m) o
(2im)°

S(ay”) = and  S'(gy”) = (1-4m)* " o

These equations tell us that géz) is the ratio of a modular form of I';(2) in 7, with weight

4 and a modular form of I'1 (4) in 7o with weight 2, with total S-parity (+1). From the list

of the modular forms presented in appendices A for I';(2) and I';(4), we see that the most
general ansatz which satisfies these properties is

(2))2 (2)

T. fa”

(2) 14 (2,)+(1_)4,

B R

(9.17)

where the overall coefficient has been fixed to match with the perturbative result in (9.15a)
and z is a free parameter. By Fourier expanding the modular forms and expressing the
result in terms of the bare coupling ¢y, one sees that both meromorphic forms within
square brackets are identical and both match the gy expansion in (9.15a). In the following
we choose for simplicity # = 1, so that!®

o Ty (A7)

0o - 4
12 g

(9.18)

For the higher coefficients gg), we have to use the coupled modular anomaly equa-

tions (8.26). For n = 1 they become

99 3, o) 99”1 ()
—— = — (g and = ==g5 90, (9.19)
oED 28 (97) oE® 17

where 17752) and 17754) are the quasi-modular forms of I'1(2) and I';(4) defined in (A.15)
and (A.30) respectively. Integrating (9.19) we find

3 _y 1 .
952) = — (962))2E§4) + - g(()z) 90 E§2) + modular piece . (9.20)

As before, the ‘modular piece’ is determined by considerations of weight and S-parity and
by demanding agreement with the perturbative terms in (9.15b). Explicitly, we find

o 12 ((EDEY A (B2D)EY o (2D m (£2)7
9= 1344 @M T3 m 2 @ -
(fat) foi foi

15We could just as well have picked z = 0; the Fourier expansions do not distinguish between these

choices, and it is clear that the modular anomaly equations are not affected by this choice.
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Once again, the perturbative terms are enough to fix all coefficients that are not determined
by the modular anomaly equations; then, the instanton contributions follow by Fourier
expanding the modular forms. The perfect agreement with the explicit result (9.15b)
obtained from localization confirms in a very non-trivial way the validity of our procedure.

(2)

Using this approach iteratively, we have computed higher g,™" coefficients, finding

complete agreement with the multi-instanton results.

92 N =6

We now repeat the above analysis for the massive SU(6) theory. In this case the relevant
parameters are:

w=e3, cg=—1, k=1,2,3, AM=1, Ao =3, A3=4. (9.22)
9.2.1 The dual period

The large-a expansion of dual period of the massive SU(6) theory takes the form

gn(q1; Ts, Th2)
a® =—am — — Z S e (9.23)

Using localization methods we have computed the coefficients g, up to two instantons and
rewritten them in terms of the effective parameter ¢; by means the relation (5.17). The
explicit expressions of the first coefficients are

T
go = 36 (14 240g; +2160¢% +---) , (9.24a)
T
g1 =12T% (q1 + 258q7 + -+ ) + % (1 —264g; — 135432¢5 +---) . (9.24b)
Since A1 = 1 we expect to resum these expansions into standard modular forms of

PSL(2,Z). In particular, from (8.4) and (8.11) we have

S(g()) = (i T1)4go and S/(go) = (1 — 7'1)49(), (9.25)

which tell us that gg is a modular form of weight 4 with positive S-parity. The unique
form of this kind is the Eisenstein series Ej; thus, matching the perturbative contribution
we find

Ts

90 = & Ey . (9.26)

Again, all instanton terms are dictated by the Fourier expansion of F4 and are in per-
fect agreement with the localization result (9.24a). We also verify that go satisfies (9.25)
provided that Tg is invariant under S-duality, namely S(75) = S'(Ts) = Ts.

To obtain the coefficients g, with n > 0, we use the modular anomaly equation (8.16)
which in this case becomes

g 3n +2 2
8EZ = 12 Z 9m Gn—m—1 - (9'27)

m=0
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For example, integrating this equation for n = 1 and fixing the Es-independent part by
comparing with the perturbative contributions, we get

_ T

T12
=5 (Ef B2 — B4 Eg) + Sy P Fs - (9.28)

g1
Using the Fourier expansion of the Eisenstein series it is easy to check that the instanton
terms precisely match those in (9.24b). Proceeding iteratively in this manner one can
derive the exact expressions of the higher coefficients g,. In particular we have explicitly
computed a few higher g,, always finding perfect agreement with the localization results.

9.2.2 The period matrix

In the special vacuum the period matrix €2 of the massive SU(6) theory can be written
compactly as
Q=11 M1 +T2 M+ T3 M3 (9.29)

where the three matrices My, are given in (4.23) while, using a notation similar to that of
the SU(4) theory, the three effective couplings turn out to have the following semi-classical

expansion
_ 1 N 6n+5
T = Tk — % Z W gT(l )(QO§T67T12) . (930)

The coefficients §£L1) coincide with the g,’s already discussed, while the first coefficients for

k = 2 are

o _Tofp 7 - 319 5 9.31
% 5< 8% 359207 ) (5:312)
2
@) TTE 65 , T1p 7 443 o
_ AP S I - LA A SRS 31b
gt o8 <q0 ks +t oy (1T ga— 5950+ ) (9.31Db)

and for k£ = 3 are

) _ Loy 1 AT 5 9.32
90 5 ( Fd0~ gy d0t , (9.32a)
_(3) 5T¢ 23 5 Tio 5 227 ,

_ odgf 23 U D N R D il ) 32
91 132 (10 " 360% T T\ TP gD (9.32b)

We now show that these are the first few terms in the semi-classical expansion of rational
functions of quasi-modular forms. Since the procedure is similar to that of the SU(4)
theory, we will be brief in our discussion.

(2) (3)

Let us first consider gy~ and g; ", whose S and S’ transformations are

() = (in)° @ (o) = (1-7)° @

" (B O )P 03
: 6 6 :
g(,@ = (1) ®) g = =1 3
(57 (2i7)° " (57 (1—dm5)* "
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These formulas suggest that 982) should be expressed as a ratio of a modular form in 7y

with weight 6 and a modular form of I'1(3) in 7 with weight 2, with an overall S-parity
equal to (41). Likewise, g(()g) should be expressed as a ratio of a modular form in 7 with
weight 6 and a modular form of T'1(4) in 73 with weight 2, with an overall S-parity equal
to (+1). Using the results collected in appendix A, matching the weights and S-parities
and fixing the overall normalization in agreement with the perturbative contributions, we

find that a solution is

1
@ _ T 3 Es

3 _Ts Es
90

By Fourier expanding the modular forms and expressing the result with bare coupling qo,

we do not only recover the multi-instanton terms in (9.31a) and (9.32a) but also predict

all other higher instanton contributions.
As before, the coefficients g,(lk) with n > 0 are obtained from the coupled modular

anomaly equations (8.26), which in this case become

991" 25

99" 5w 2
_ - = 9.35

=2 d
0E, 229 9 an

where the quasi-modular forms Egg) for £ = 2 and Egl) for k = 3 are given in (A.24)
and (A.30), respectively. These equations can be solved in a straightforward manner and
the undetermined modular terms can be fixed by comparing with the perturbative contri-
butions in (9.31b) and (9.32b). In this way one obtains

o1 (fé,ll(;E)i LT URY LY ) o ZESZEC N
70 R ) B € 2 (n2)
(B ) R o

fo (527 12pt) 2 g

) )

Again, by Fourier expanding the right hand sides and expressing everything in terms of
the bare coupling ¢g, we retrieve the first instanton corrections in perfect agreement with
the localization results (9.31) and (9.32), and predict all successive non-perturbative con-
tributions. A similar analysis can be performed at the next orders; indeed we have checked

that the higher coefficients g,(f) are successfully determined by these methods.

10 Discussion and outlook

In this paper we have obtained two sets of largely independent, but complementary re-
sults. In the first part, we calculated the period matrix for massless N' = 2 SQCD theories
with gauge group SU(N) in the massless limit in a locus of vacua possessing a Zy sym-
metry. We uncovered an interesting modular structure that becomes manifest only when

the observables are written in terms of the [%] renormalized couplings 7;. In particular,
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we have shown that on each of these couplings, the S-duality group acts as a (general-
ized) triangle group. We also proposed a non-perturbatively ezact relation between the
bare coupling and the renormalized ones in terms of the hauptmodul of the corresponding

\/j/\k Tk‘ )\k \/j)\k Tk}
\/J/\k ) — d -i-\/])\k (k)

This relation correctly reproduces the instanton expansion and we showed that it is consis-

triangle group, namely

(10.1)

tent with expectations from S-duality. While previous investigations [25, 29] concentrated
essentially on only one of these effective couplings, which in our notation is 7y 57, our anal-

ysis shows that S-duality is more transparent if we consider all individual couf)lings 7. Of
course, we could select one of them and express all the others in terms of it using the exact
relation (10.1) via the bare coupling qo, but then the modular structure we have described
is hidden.

There are many questions that remain to be explored. For example, it would be
interesting to understand from “first principles” the spectrum of A, for which our case-
by-case analysis provides the simple answer

km
A\ = 4sin® — . 10.2
k Sin N ( )

Using the universal formula (10.1), questions about the strong coupling properties
of the gauge theory could be addressed in an explicit way because the behaviour of the
hauptmodul jy, around the strong coupling cusps in the 7, plane is well understood [19].

As an interesting curiosity, we observe that if we define

1
4d ), qo

Ji = - (10.3)
then, in the arithmetic cases (see table 1) the pairs (jy,, j}, ) satisfy remarkable identities,
called the Ramanujan-Sato identities, that take the form [39]:

1
ZSAk Gro) k+1/2 = iZS,\k W ) (10.4)
k

where the sf};B(k) are integers. It would be interesting to understand if these mathematical
identities hold also in the non-arithmetic cases and if they have any interpretation within
the gauge theory.

In the second part, we considered massive SQCD theories with SU(N) gauge groups,
and restricted our analysis to mass configurations that respect the Zy symmetry of the
special vacuum. We then showed that in this case the modular structure of the massless
theory is deformed in an interesting manner. In particular we have proved that the pe-
riod matrix maintains the same structure as in the massless case, while the renormalized
couplings have a semiclassical expansion with mass dependent coefficients. In the arith-
metic theories, these coeflicients are constrained by S-duality to satisfy coupled modular
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anomaly equations whose solutions are meromorphic functions of quasi-modular forms of
the congruence subgroups of the modular group.

A natural question to pose is whether these results can be extended to all SU(N)
theories. Since in the non-arithmetic cases the S-duality group has no subset in common
with the modular group, we expect that the automorphic forms and Eisenstein series of
the (generalized) triangle groups should play an important role. This subject seems to be
of recent interest in the mathematical literature [19] and it might be worthwhile to explore
this possibility.

Another extension of our work would be to study the modular structure in the special
vacuum with generic masses or in the Q-deformed theory [5, 6]. An incentive to study
this problem comes from the AGT correspondence [32, 40]. Indeed, in the SU(2) theory
with four flavours the non-perturbative relation between the bare and renormalized cou-
pling plays an important role in writing the prepotential as quasi-modular functions. The
quantum-corrected coupling constant is used to rewrite the null- vector decoupling equa-
tion as an elliptic equation [41-43]. This in turn can be used to obtain the Q-dependent
corrections to the prepotential in terms of modular functions in the Nekrasov-Shatashvili
limit [44]. It would be nice to extend this approach to higher rank gauge theories using
the non-perturbative relation (10.1). In [45, 46] it was observed that for the SU(2) theory
the relation between the bare and the effective coupling is encoded in the Zamolodchikov
asymptotic recursion relation satisfied by the 4-point conformal blocks of the associated
two-dimensional Liouville theory. It would be interesting to extend this analysis to higher
rank theories in order to provide further checks on our formulas.

A more difficult but very interesting problem is to release the special vacuum con-
straints and analyse the theory at a generic point on the Coulomb moduli space, to see
how the modular structures we have obtained are generalized. We hope to return to some
of these issues in the near future.
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A Quasi-modular forms

In this appendix we collect a few results on the (quasi-)modular forms of the modular
group PSL(2,Z) and its congruence subgroups I'1(2), I'1(3) and I'1(4) which occur in the
arithmetic theories. We refer to the literature for the proofs of the various statements (see
for example [37, 38]) and only quote the main results that are relevant for the calculations
described in the main text.

The modular group PSL(2,Z) and Eisenstein series. The Eisenstein series Ey, are
holomorphic functions of 7 (with Im(7) > 0), defined as

[ S - (A1)

2¢(2n) 0.0} (m 4+ nt)?"

where ¢ denotes the Riemann (-function. For n > 1, the Es,’s are modular forms of degree
2n. In particular, under 7 — —1/7 they transform as

Ban (= 1) = 72" Banlr) = (~1" () " Ban(r) (A2

T

This shows that the S-parity of Fy, is (—1)". The E3 series is instead quasi-modular:

By (— i) = —(ir)? <E2(T) + 6) (A.3)

1TT

and has odd S-parity.

All modular forms of degree 2n > 6 can be expressed in terms of F; and Fjg; the quasi-
modular forms instead can be expressed as polynomials in Fy, F4 and Eg. The Fourier
expansions of the first Eisenstein series are

FEy=1-24q—72¢> —96¢> + -+ -,
Ey =1+ 240q + 2160¢° 4+ 6720¢% + - - - , (A.4)
Eg =1 — 504¢ — 16632¢> — 122976¢> + - - -

where g = 2717,
Let us now consider the subgroup I generated by 7" and S’ = STS™!. As the results

on the SU(6) theory reported in section 9 explicitly indicate, the following expression
f3!) =1+ 120¢ — 6120 + 7377604° + - - (A.5)

plays a crucial role in matching the modular structure of the period matrix with the multi-
instanton calculations. We notice that this expansion is accounted for if we write

D=

) = ()

The presence of the square root seems to suggest that the modular group can be viewed as

(A.6)

a two-sheeted cover of IV. Moreover we observe that everything is consistent by requiring
that fQ(l_)lr be a modular form of weight 2 under IV and with positive S-parity. This also
explains the notation we have used.
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The congruence subgroup I'1(2). To construct the modular forms of T';(2) we first
define the following functions

o= (355) =00 (55)

where 7n(7) is the Dedekind n-function. Their Fourier expansions are
fﬁ =1+ 48q + 624¢° + 1344¢> + - - -,
4(22 =1 —80qg — 400¢> — 22404 + - - - ,

(A.8)

where as usual ¢ = e?™7. These functions are modular forms I';(2) of weight 4 [37, 38], as
evinced by their behavior under the S’-transformation:

12 (1) = a2 (19

1-27
In addition, using the modular transformation properties of the Dedekind n-function and
in particular

1
n(— T> = —irtn(r), (A.10)
one can easily check that
1 .
12 (= 5 ) = £6v30) 1) (A1)

Thus ffi have weight 4 and S-parity (+1) and (—1) respectively, as the notation itself
suggests.
Now consider the square-root of fia, namely

1
FEL = (F2)7 = 1424 + 24¢° +96¢° + - . (A.12)
This is a modular form of I';(2) with weight 2 and positive S-parity. Indeed,
1 . 2
1) <— 27) = (iv2r)” 12 (r) . (A.13)
The modular forms of I';(2) form a ring generated by f2(2_i and ff_).

In order to study quasi-modular forms of I'1(2) let us consider the second Eisenstein
series F9 which satisfies

1 12
E, <— 2) = (47%) B5(27) + -
T . . ' (A.14)
By(27) = 5 Ba(r) + 5 f32(7) -
These equations naturally lead us to introduce the following combination
~ 1 3
EY = By + §f§?j = 5~ 120 - 60" — 484> 4 - . (A.15)
Using (A.13), it is easy to check that
=2 1\ _ 2 (52 6

which shows that E§2) transforms under S-duality similarly to E9 and has negative S-parity.
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The congruence subgroup I'1(3). To construct the modular forms of T';(3) we first
define the following functions

£ = (Z?:E,g)g T 27 <”ZE?T’;)>3 (A.17)

£8) =1 36¢ — 54q® — 252¢° + -

(3) (A.18)
f3) =1418¢+108¢° 4+ 234¢° + - - -,

2miT

where as usual ¢ = e“™7. These functions are modular forms I';(3) of weight 3 [37, 38].

Under the S’- transformation, they behave as

(3) T (3)
1-— Al
12 (155 ) = -3, (A19)
while under the S-transformation they change as
1
fé?i( 37) +(iv3r)° (7). (A.20)

as one can easily check using the modular properties of the Dedekind function. The last
equation shows that fé‘z have S-parity (+1) and (—1), respectively, as also the notation
suggests.

Now consider the cube-root of f§32, namely

1
A= (AY)5 =146¢+6¢° +-- . (A.21)
This is a modular form of I';(3) with weight 1 and negative S-parity. Indeed,

T (— 1) = —(iv37) /(7). (A.22)

3T
The modular forms of I'1(3) form a ring generated by f1(,— and f37, 3
In order to study quasi-modular forms of I';(3) we have to cons1der the second Eisen-

stein series F5 which satisfies
1 18
Es <— 3> (972) B (37) + —
T . i (A.23)

5 Ba(r) + 5 (f(0)

These equations naturally lead us to introduce the following combination

E2(3T) =

By = By + (A7) = 2-12q— 364" — 844>+ - . (A.24)

Using (A.22), it is easy to check that

EY) (— 31¢> ~(VBir)? ( '(r )+6>, (A.25)

1TT

which shows that E’ég) transforms under S-duality similarly to E9 and has negative S-parity.
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The congruence subgroup I';1(4). The ring of modular forms of I'1(4) is generated by
the weight-2 modular forms which we denote féﬁ. They are defined as

(27) = 1+8¢+24¢> +32¢° +- -+,

4
3 (A.26)
127) — 05(27) = 1—24q+ 24¢*> — 96¢> + - - -,

where the 6,’s are the standard Jacobi 6-functions and as usual ¢ = €*™7. Using the
modular properties of the #-functions and in particular

0, < i) — VT 04(r), 0 < i) — it bs(r), 6, < i) _ VTirb(r), (A27)
it is easy to show that
1
(- 5) =l (A.25)

Thus f2(4j)[ have S-parity (+1) and (—1) respectively.
In order to study quasi-modular forms of I'1(4) we have to consider the second Eisen-
stein series F9 which satisfies

1 2 241
E <— 47_) = (47’) E2(47') —+ ? , (A29)
By(dr) = Ba(r) + 5 f59(r)

These equations suggest to introduce the following combination

~ 3 5
EW =B+ 3 1~y = 5~ 120 364" —48¢° + - (A.30)
which under S-duality transforms in a way similar to Fo, namely

E§4>< 417) — —(2ir)? <E§4) + 6> . (A.31)

1T

This equation shows that E§4) is a quasi-modular form with weight 2 and negative S-parity.

B N=7

In this appendix we briefly report the results for the massless SU(7) SQCD theory in the
special vacuum.
The quantum corrected period matrix takes the form

Q=1 M1 +7To Mo+ 1My (B.1)

where ;
My = Z/\M Gy (B.2)

/=1
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with L S
Ak = 4sin® " = 4cos? (7= 2k)m

= (B.3)
and
20 1 1 12 01-101-1 0 010-10
00 -10 01 121 021 0 0 11-1-1
1-10 -1 0 1 110 00 0 1 1221 0
9=110 10 11| 2 looo o011 % |0 1221 1
10 0 -100 120 121 ~1-1110 0
21 1 1 02 110 =11 0 0 -101 0 0
(B.4)

These are specific examples of the matrices defined through eq. (6.39) of the main text.
Finally, up to two instantons we find that the three renormalized couplings are given by

. . 12 192
2miT = logqo +im + log (4d, ) + 1D + 5101 % 4o,
. . 20 370 ,
2miTy = log qo + im + log (4d),) + 7%+ 5g0p® T (B.5)
: . 24 474
2miTs = logqo + im + log (4d)\3) + 150 + 5201 % 4+,
with
dy, =4611.1803---, dy, =163.6225---, dy, =69.8572--- . (B.6)

It is worth noticing that all coefficients in the instanton expansion of the renormalized
couplings are rational. According to the general discussion of section 6, these formulas
should follow upon using the hauptmoduln of certain (generalized) triangle groups in the

universal formula (5.20). We now show that this is indeed the case for the SU(7) theory.

Let us start from k& = 3. Here we have \3 = 4 cos? 17 and thus the S-duality group

is simply the Hecke group H(14) whose type is t = (2,14, 00). Applying the formulas of
section 6.1, it is not difficult to find that the corresponding hauptmodul is

1 371 2587 g5 | 899 g}
= — _— _— _— e B_7
o= T osa, asted. T Tmeasdy (B.7)

where dy, is precisely the same number given in (B.6).
Now let us put & = 2. In this case we have Ay = 4 cos? % which implies that the
S-duality group is a generalized triangle group with type t = (2, %,

in the main text, the formulas for the hauptmoduln can be formally extended also when

oo). As we observed

the type has a rational entry. In this case we find

1,801 2571 gy 4435 ¢
@2 98dy, 38416d3 705894 d3,

Ixg = (B.8)

where dy, is exactly as in (B.6).

Finally for k = 1, we have A\; = 4 cos? E{—Z leading to a generalized triangle group with

type t = (2, %, oo). In this case the corresponding hauptmodul is

) 1 43 1 2521 q 2573 ¢¢
= — _— _— —_ . .. B'9
M= T o8y, T ssaed, T rossoad (B:9)

with dy, given in (B.6).
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If we now plug these expansions in the universal formula (5.20) and invert the resulting
series, we perfectly match the instanton results (B.5) obtained from localization, thus
confirming also in this case the consistency of our proposal.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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