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ABSTRACT: We study the D3/D(—1) brane system and show how to compute instanton
corrections to correlation functions of gauge theories in four dimensions using open string
techniques. In particular we show that the disks with mixed boundary conditions that are
typical of the D3/D(—1) system are the sources for the classical instanton solution. This
can then be recovered from simple calculations of open string scattering amplitudes in the
presence of D-instantons. Exploiting this fact we also relate this stringy description to the

standard instanton calculus of field theory.
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1. Introduction

Recently a lot of effort has been put in investigating various properties of (supersymmetric)
field theories using string theory and in particular D-branes. At the same time, a similar
effort has been devoted to extend and “lift” to string theory many of the methods that have
been developed over the years to study field theories. As a result of these investigations, a
strong and fruitful relation between string and field theory has been established.

Quite generally one can say that in the limit of infinite tension (o’ — 0) a string theory
reduces to an effective field theory with gauge interactions unified with gravity. Even if the
precise dictionary between string and field theory is not always straightforward, the simple
idea of taking o/ — 0 has been throroughly exploited to investigate the perturbative sector
of various field theories using string techniques which, indeed, turned out to be very efficient
computational tools (see e.g. ref. [[[])). In this perturbative framework, one typically starts



from string scattering amplitudes computed on a Riemann surface 3 of a given topology.
In general, a N-point string amplitude Ay is obtained from the correlation function among
N vertex operators Vg, ,..., Vs, each of which describes the emission of a field ¢; of the
string spectrum from the world-sheet. Schematically, we have

An = /Z<V¢>1 "'V<Z5N>E (1'1)

where the integral is over the positions of the vertex operators and the moduli of ¥ with
an appropriate measure, and the symbol (- - -)5; denotes the vacuum expectation value with
respect to the (perturbative) vacuum represented by X.

Let us now focus on the simplest world-sheets, namely the sphere for closed strings
and the disk for open strings, and let us distinguish in the vertex V, the polarization ¢

from the operator part by writing

Vo=0Vs. (1.2)
Then, for any closed string field ¢cjoseqa We have
(Véerosea )sphere = 0, (1.3)
and for any open string field ¢open We have
(Véopen )disk = 0. (1.4)

The relations ([[.3) and ([[.4) imply that the closed and open strings do not possess tadpoles
on the sphere and the disk respectively; hence these are the appropriate world-sheets to
describe the classical trivial vacua around which the ordinary perturbation theory is per-
formed, but clearly they are inadequate to describe classical non-perturbative backgrounds.

However, after the discovery of D-branes [B] the perspective has drastically changed and
nowadays also some non-perturbative properties can be studied in string theory. The key
point is that the Dp branes are p-dimensional extended configurations of type-II and type-I
string theory that, despite their non-perturbative nature, admit a perturbative description.
In fact, they can be represented by closed strings in which the left and right movers are
suitably identified [J]. Such an identification is equivalent to insert a boundary on the
closed string world-sheet and prescribe suitable boundary reflection rules for the string
coordinates [M]. Thus, the simplest world-sheet topology for closed strings in the presence
of a Dp brane is that of a disk with (p + 1) longitudinal and (9 — p) transverse boundary
conditions. Moreover, due to the boundary reflection rules, on such a disk we have, in

general,
<V¢ closed>di5kp ;é 0. (15)

A Dp brane can also be represented by a boundary state |Dp), which is a non-perturbative
state of the closed string that inserts a boundary on the world-sheet and enforces on it the
appropriate identifications between left and right movers (for a review on the boundary
state formalism, see for example ref. [f]). If we denote by |Peosed) the physical state
associated to the vertex operator Vs ., we can rewrite ([L.H) as follows

<¢C1056d|Dp> 7& 0. (16)



Thus, the boundary state, or equivalently its corresponding disk, is a classical source for
the various fields of the closed string spectrum. In particular, it is a source for the massless
fields (like for instance the graviton h,,) which acquire a non-trivial profile and therefore
describe a non-trivial classical background. A precise relation between such a background
and the boundary state has been established in refs. [fj, f[]. There it has been shown that if
one multiplies the massless tadpoles of |Dp) by free propagators and then takes the Fourier
transform, one gets the leading term in the large distance expansion of the classical p-brane
solutions carrying Ramond-Ramond charges which are non-perturbative configurations of
type-1I or type-I supergravity. For example, applying this procedure to the graviton tadpole

<thy>di5kp = <th|Dp>a (17)

one obtains the metric of the Dp brane in the large distance approximation from which the
complete supergravity solution can eventually be reconstructed. These arguments show
that in order to describe closed strings in a D-brane background it is necessary to modify
the boundary conditions of the string coordinates and, at the lowest order, consider disks
instead of spheres.

A natural question at this point is whether this approach can be generalized to open
strings, and in particular whether one can describe in this way the instantons of four
dimensional gauge theory. To show that this is possible is one of the purposes of this
paper. The crucial point is that the instantons of the (supersymmetric) gauge theories in
four dimensions are non-perturbative configurations which admit a perturbative description
within the realm of string theory. Thus, in a certain sense, they are the analogue for
open strings of what the supergravity branes with Ramond-Ramond charges are for closed
strings. In this analysis a key role is again played by the D-branes; this time, hovever, they
are regarded from the open string point of view, namely as hypersurfaces spanned by the
string end-points on which a (supersymmetric) gauge theory is defined. For definiteness,
let us consider a stack of N D3 branes of type-1IB string theory which support on their
world-volume a N = 4 supersymmetric Yang-Mills theory (SYM) with gauge group U(N)
(or SU(N) if we disregard the center of mass). Then, as shown in refs. [B] ], in order to
describe instantons of this gauge theory with topological charge k, one has to introduce k
D(—1) branes (D-instantons) and thus consider a D3/D(—1) brane system. The role of D-
instantons and their relation to the gauge theory instantons have been intensively studied
from many different points of view in the last years (see for example refs. [0, [1], [2 [4]
M3, [3, [[6, [[q, [§); for recent reviews on this subject see refs. [P0}, P1], and references
therein). In the D3/D(—1) brane system, besides the ordinary perturbative gauge degrees
of freedom represented by open strings stretching between two D3 branes, there are also
other degrees of freedom that are associated to open strings with at least one end-point on
the D-instantons. These extra degrees of freedom are non-dynamical parameters which,
at the lowest level, can be interpreted as the moduli of the gauge (super)instantons in
the ADHM construction [RJ]. Furthermore, in the limit o’ — 0 the interactions of these
parameters reproduce exactly the ADHM measure on the instanton moduli space [R].



In this paper we further elaborate on this D-brane description
of instantons and show that it is not only an efficient book-keeping \
device to account for the multiplicities and the transformation \
properties of the various instanton moduli, but also a powerful tool |
to extract from string theory a detailed information on the gauge /
instantons. First of all, we observe that the presence of different P
boundary conditions for the open strings of the D3/D(—1) system X~
implies the existence of disks whose boundary is divided into dif- Figure 1: The sim-
ferent portions lying either on the D3 or on the D(—1) branes (see  plest mixed disk with
for example figure ). These disks, which we call mixed disks, are two-boundary changing
characterized by the insertion of at least two vertex operators as- operators indicated by

sociated to excitations of strings that stretch between a D3 and a  the two crosses. The
solid line represents the
D3 boundary while the
dashed line represents
the D(—1) boundary.

D(—1) brane (or viceversa), and clearly depend on the parameters
(i.e. the moduli) that accompany these mixed vertex operators.
Moreover, due to the change in the boundary conditions caused
by the mixed operators, in general one can expect that

(Vb open )mixed disk 7 0. (1.8)

In this paper we will confirm this expectation and in particular show that the massless
fields of the N/ = 4 gauge vector multiplet propagating on the D3 branes have non-trivial
tadpoles on the mixed disks; for example, for the gauge potential A,, we will find that

(VA4, )mixed disk 7 0- (1.9)

Furthermore, by taking the Fourier transform of these massless tadpoles after including
a propagator [f, fi], we find that the corresponding space-time profile is precisely that of
the classical instanton solution of the SU(NN) gauge theory in the singular gauge [P4], B5].
For simplicity we show this only in the case of the D3/D(—1) brane system in flat space,
i.e. for instantons of the N' = 4 supersymmetry, but a similar analysis can be performed
without difficulties also in orbifold backgrounds that reduce the supersymmetry to N' = 2
or N =1.

We can therefore assert that the mixed disks are the sources for gauge fields with an
instanton profile, and thus, contrarily to the ordinary disks (see eq. ([L.4])) they are the
appropriate world-sheets one has to consider in order to compute instanton contributions
to correlation functions within string theory. We believe that this fact helps to clarify the
analysis and the prescriptions presented in refs. [[], [§] and also provides the conceptual
bridge necessary to relate the D-instanton techniques of string theory with the standard
instanton calculus in field theory.

This paper is organized as follows. In section P we review the main properties of the
D3/D(—1) brane system, discuss its supersymmetries and the spectrum of its open string
excitations. In section f] we derive the effective action for the D3/D(—1) brane system by
taking the field theory limit o/ — 0 of string scattering amplitudes on (mixed) disks. In this
derivation we introduce also a string representation for the auxiliary fields that linearize the



supersymmetry transformation rules, and discuss how the effective action of the D3/D(—1)
system reduces to the ADHM measure on the instanton moduli space by taking a suitable
scaling limit. In section Y we present one of the main result of this paper, namely that
the gauge vector field emitted from a mixed disk with two boundary changing operators is
exactly the leading term in the large distance expansion of the classical instanton solution
in the singular gauge. We also discuss how the complete solution can be recovered by
considering mixed disks with more boundary changing insertions. In section ] we complete
our analysis by considering the other components of the A' = 4 vector multiplet and obtain
the full superinstanton solution from mixed disks. In the last section we show how instanton
contributions to correlation functions in gauge theories can be computed using string theory
methods, and also clarify the relation with the standard field theory approach. Finally, in
the appendices we list our conventions, give some more technical details and briefly review
the ADHM costruction of the superinstanton solution.

2. A review of the D3/D(—1) system

The k instanton sector of a four-dimensional N =4 SYM theory with gauge group SU(N)
can be described by a bound state of N D3 and k D(—1) branes [f, P|. In this section we
review the main properties of this brane system, and in particular analyze its supersym-
metries and the spectrum of its open string excitations.

In the D3/D(—1) system the string coordinates X (7,0) and ¥ (1,0) (M = 1,...,10)
obey different boundary conditions depending on the type of boundary. Specifically, on the
D(—1) brane we have Dirichlet boundary conditions in all directions, while on the D3 brane
the longitudinal fields X* and ¢¥* (u = 1,2,3,4) satisfy Neumann boundary conditions,
and the transverse fields X% and * (a = 5,...,10) obey Dirichlet boundary conditions.
To fully define the system, it is necessary to specify also the reflection rules of the spin
fields SA, which transform as a Weyl spinor of SO(10) (say with negative chirality). As
explained for example in ref. [f], these reflection rules must be determined consistently from
the boundary conditions of the 1»*’s. Introducing z = exp (7 +ic) and zZ = exp (7 — io),
and denoting with a ~ the right-moving part, it turns out that on the D(—1) boundary

SA(z) =e §A(z)| (2.1)

zZ=z

while on the D3 boundary

SA(z) = ¢ (TU125)4(z) (2.2)

Z=Z

Here, € and ¢’ are signs that distinguish between branes and anti-branes. However, only
the relative sign e¢’ is relevant, and thus we loose no generality in setting ¢ = 1 from now
on.

Since the presence of the D3 branes breaks SO(10) to SO(4) x SO(6), we decompose
the spin fields S4 as follows

SA 5 (Sy Sa, 5% 54, (2.3)



where S, (S%) are SO(4) Weyl spinors of positive (negative) chirality, and S4 (S4) are
SO(6) Weyl spinors of positive (negative) chirality which transform in the fundamental
(anti-fundamental) representation of SU(4) ~ SO(6) (see appendix ] for our conventions).
Then, the D(—1) boundary conditions (R.1) become

Sa(2)Sa(2) = 8a(2) Sa(2)| . S%2)S) = 542)5M2)| . (29)
while the D3 boundary conditions (P.J) become
Sa(2) Sa(z) =& Sa(2) Sa(2) . 54(2) SA4(z) = —¢' §%(z) S4(2) . (2.5)

These reflection rules are essential in determining which supersymmetries are preserved or
broken by the different branes.
2.1 Broken and unbroken supersymmetries

Let us recall that the charge ¢ corresponding to a holomorphic current can be written in
terms of the left and right bulk charges @ and @ as

1=Q-Q= % (/ dz j(z) — /dzﬁi(z)) : (2.6)

where the z (Z) integral is over a semicircle of constant radius in the upper (lower) half
complex plane. The charge ¢ is conserved at the boundary if the following condition

i(z) = j(2) (2.7)

Z=z

holds. On the contrary, the other combination of bulk charges

~ 1 . ~
(=Q+0= 5 ([ait)+ [aio) (28)
is broken by the boundary conditions (P.7)). In this case, when the integration contours are
deformed to real axis, the integrand does not vanish and thus it contributes to ¢’ with the

/ dz (j + J)
boundary

This corresponds to the integrated insertion on the boundary of the massless vertex op-

following amount

(2.9)

Z=z=x

erator (j + j)(x) which describes the Goldstone field associated to the broken symmetry
generated by ¢'.
Let us now return to the D3/D(—1) system, and consider the bulk supercharges

' 1 i ~ A 1 YA
Q1 = o dZJA(Z) , Q= o dz JA(Z) , (2.10)

where j“‘i GA) is the left (right) supersymmetry current. In the (—1/2) picture, we simply

have
JA(2) = 84(z) e 2(2) (2.11)

(and similarly for the right moving current) where ¢ is the chiral boson of the superghost
fermionization formulas [Rq].



Decomposing the spin field as in (R.3)), and using the reflection rules (.4) and (£.5),
from the previous analysis it is easy to conclude that for ¢/ = —1

e the charge Q%4 — Q% is preserved both on the D3 and on the D(—1) boundary.
Adopting the same notation as in [[§], we denote by €44 the fermionic parameters of
the supersymmetry transformations generated by this charge;

e the charge Q% + @é‘A is broken on both types of boundaries. The corresponding
parameter is denoted by pga;

e the charge Qo4 — @aA is preserved on the D(—1) boundary but is broken on the D3
boundary. The corresponding parameter is denoted by £*4;

e the charge Qo4 + @aA is preserved on the D3 boundary but is broken by the D(—1).
The corresponding parameter is denoted by n®4.

If ¢ = 1, the chiralities get exchanged and the charges Qa4 — @a 4 and Qa4 + @a A are
respectively preserved and broken on both boundaries, while the charges Q%4 — @‘j‘A and
Q‘j‘A—l—@‘j‘A are preserved only on the D(—1) boundary and on the D3 boundary respectively.
This exchange of chiralities is consistent with the fact that the two cases e’ = F1 correspond
to instanton and anti-instanton configurations in the four-dimensional gauge theory.

2.2 Massless spectrum

In the D3/D(—1) brane system there are four different kinds of open strings: those stretch-
ing between two D3-branes (3/3 strings in the following), those having both ends on a
D(—1)-brane ((—1)/(—1) strings), and finally those which start on a D(—1) and end on a
D3 brane or vice-versa ((—1)/3 or 3/(—1) strings).

Let us first consider the 3/3 strings. In the NS sector at the massless level we find a
gauge vector A* and six scalars ¢ which can propagate in the four longitudinal directions
of the D3 brane. The corresponding vertex operators (in the (—1) superghost picture) are

Vi) = A p) V5D (25p). (2.12)
Vi) = ¢ () Vi (zp), (2.13)
where
_ 1 —o(z) i Y(z
Vi (5p) = 5 tulz) e o e X (2.14)
Ve (zp) = %%(z) e "9 P XY () (2.15)

with p, being the longitudinal incoming momentum. Here we have taken the convention
that 2ra’ = 1; in the next section when we compute string scattering amplitudes we will
reinstate the appropriate dimensional factors.

In the R sector at the massless level we find two gauginos, A® and A44, that have op-

posite SO(4) chirality and transform respectively in the fundamental and anti-fundamental



representation of SU(4). In the (—1/2) picture, the gaugino vertex operators are

Vi) = 4oV (i), (2.16)
V() = Raa) VY (23p), (2.17)
where
Viad 2 (2:0) = Sal2) Sa(z) e 29 e X7 () (2.18)
VO (zip) = §%(2) §4(2) 0 39 o X ) (2.19)

The massless fields introduced above form the N = 4 vector multiplet and are connected
to each other by the sixteen supersymmetry transformations which are preserved on a D3
boundary and whose parameters are {54 and %4, namely

SAF = i€sa(6") NG + ™A (oM) ;A7

i g

SACA — 577514(0#1/)60:};“” +1§BB(U“)BQ(EG)BA3M§O@,
_ i - ' _

OAaa = 55614(5“’/)6@}?#” - 177613(‘7“)6@(2&)3143#‘9@ )

0% = —i€4A(BYABAS, + i (2 45N P, (2.20)

where ¢ and & are the Dirac matrices of SO(4), and ¥ and ¥ are those of SO(6). (see
appendix @ for our conventions).

The transformation laws (R.20) can be obtained by reducing to four dimensions the
supersymmetry transformations of the N'= 1 SYM theory in ten dimensions. However,
they can also be obtained directly in the string formalism by using the vertex opera-
tors (R.19)-(2.13) and computing their commutators with the supersymmetry charges that
are preserved on the D3 brane. For instance, taking the vertex operator (R.16) for the gaug-
ino A®? and the supersymmetry charge ¢4 = Q%4 — @d‘A, both in the (—1/2) picture, we
have

S P
€ad VPG = G f 5% V)

2mi
_ _fdAAﬁB]é 2dy (Sa( )SA(y)e—%qﬁ(y))<SB(Z)SB(Z)6—%qb(z)eipu)(u(z)>
= (~ikaa(o™)30%4) ﬁwu<z>e—¢<z>eipv)(”<z> (2.21)

where in the last step we have used the contraction formulas (A.19). Comparing with (P.19),
we recognize in the last line of (P.21]) the vertex operator of a gauge boson with polarization

e Al = ifaa(a")* AL (2.22)
in agreement with the first of eqs. (R.2(). Thus, we can schematically write (-21]) as follows

(€4, VA] = Vsa. (2.23)



By proceeding in this way with all other vertex operators, we can reconstruct the entire
transformation rules (R.2(). Since in this approach the supersymmetry generators act on
the vertex operators, and not on their polarizations, in order to derive the transformation
rule of a given field we have to work “backwards” and apply the supercharges to the vertices
of the fields which appear in the right hand side of the supersymmetry transformations.

If one considers N coincident D3-branes, all vertex operators for the 3/3 strings acquire
N x N Chan-Paton factors T and correspondingly all polarizations will transform in the
adjoint representation of U(NV) (or SU(N)). In this case, the supersymmetry transformation
rules (R.2(0) must be modified accordingly, and in particular in the variation of the gauginos
one must replace F},,, with the full non-abelian field strength, the ordinary derivatives with
the covariant ones and also add a term proportional to [gpa, gob].

Let us now consider the (—1)/(—1) strings. Since now there are no longitudinal Neu-
mann directions, the states of these strings do not carry any momentum, and thus they
correspond more to moduli rather than to dynamical fields. In the NS sector we find ten
bosonic moduli. Even if they are all on the same footing, for later purposes it is convenient
to distinguish them into four a* (corresponding to the longitudinal directions of the D3
branes) and six x® (corresponding to the transverse directions to the D3’s). Their vertex
operators (in the (—1) superghost picture) read

VEDE) = () e (2.24)
VIiD(z) = X—a%(z) e ) (2.25)

V2

In the R sector of the (—1)/(—1) strings we find sixteen fermionic moduli which are
conventionally denoted by M4 and \g4, and correspond to the following vertex operators
(in the (—1/2) superghost picture)

Vi 2 (2) = MO S, (2) Sa(z) e 39 (2.26)
VYD (2) = Aga §9(2) $4(z) 59 (2.27)

The moduli we have introduced so far are related to each other by the sixteen supersym-
metry transformations which are preserved on a D(—1) boundary. These can be obtained
by reducing to zero dimensions the N' = 1 supersymmetry transformations of the SYM
theory in ten dimensions. However, since we will be ultimately interested in discussing the
instanton properties of the four-dimensional gauge theory living on the D3 branes, we write
only the moduli transformations which are preserved also by a D3 boundary and whose
parameters have been denoted by £44. They are

dga = i€qa (51)% MﬁA,
0eX® = —i&an (B P A%,
5§*MGA =0, (55)\0'“4:0. (2.28)
Also these supersymmetry transformations can be obtained by commuting the charge ¢4
with the vertex operators of the various moduli, in complete analogy with what we have



shown in (R.21)). For example, we have
(€0, Var] = Vi (229)

If we consider a superposition of k& D(—1) branes, the vertex operators (£.25)-(R.27)
acquire k x k Chan-Paton factors tV and the associated moduli an index in the adjoint
representation of U(k). Moreover, the supersymmetry transformations of the fermionic
moduli M4 and A4 get modified and become

1-
0g M4 = =285 ()7 () [Xa» an)] (2.30)

1 — 1 :
55 Aga = 1 §aB (Eab)BA [Xa> Xp) + 1 5/3,4 (5-#“’)@ [aua ay] - (2.31)

Notice that these transformations being non linear in the moduli cannot be obtained using
the vertex operator approach previously discussed. However, in the next section, we will
show that this is actually possible after introducing suitable auxiliary fields.

Finally, let us consider the 3/(—1) and (—1)/3 strings which are characterized by the
fact that four directions (those that are longitudinal to the D3 brane) have mixed boundary
conditions. These conditions forbid any momentum and imply that in the NS sector the
fields ¥* have integer-moded expansions with zero-modes that represent the SO(4) Clifford
algebra. Therefore, the massless states of this sector are organized in two bosonic Weyl
spinors of SO(4) which we denote by w and w respectively. The chirality of these spinors
is fixed by the GSO projection, and depends on whether the D(—1) brane represents an
instanton or an anti-instanton. In the instanton case, i.e. for ¢’ = —1 in (2.F), it turns
out that w and w must be anti-chiral, and thus the corresponding vertex operators (in the
(—1) superghost picture) are

=
=

—~
N

SN—
I

" we A(2) Sd(z) e 90 ,
VIV (2) = ws Alz) S4(z) e ) . (2.32)

Here A(z) and A(z) are the bosonic twist and anti-twist fields with conformal dimension
1/4, that change the boundary conditions of the X# coordinates from Neumann to Dirichlet
and vice-versa by introducing a cut in the world-sheet [R7].

In the R sector of the 3/(—1) and (—1)/3 strings the fields ¢* have half-integer mode
expansions so that there are fermionic zero-modes only in the six common transverse direc-
tions. Thus, the massless states of the R sector form two fermionic Weyl spinors of SO(6)

!The fact that w and @ must be anti-chiral can be understood by observing that the vertices (P.32)
are local with respect to the supercurrent jé‘A(z) associated to the only conserved supercharges ¢®4 of the
D3/D(—1) strings. Indeed, using the OPE’s summarized in appendix H we have

I VD) = [59:) 51 (2)e 2] Aly) $° () e )]

1 [ & Af) o= 20w
7 [ AW S*w)
where the ellipses stand for regular terms. If one had chosen the other chirality (corresponding to chiral
moduli we and @), one would have obtained a branch cut in the OPE with the supercurrent j*(z) and
thus locality would have been spoiled. On the contrary, the chiral moduli would be local with respect to
the supercurrent joa(z) that is conserved for an anti-instanton (i.e. for &’ = —1 in (@))
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which we denote by p and [ respectively. Again, it is the GSO projection, together with
the requirement of locality with respect to the conserved supercurrent, that fixes the SO(6)
chirality of © and ji. The appropriate choice for instanton configurations is that they must
transform in the fundamental representation of SU(4) so that their vertices (in the (—1/2)
picture) are

V#( A(z)Sa(z) e~ 29(2) )
VYD (2) = 5 Az) Sal(z) e 29 (2.33)

In the presence of N D3 and k D(—1) branes, the vertices (P.32)) and (R.33) acquire Chan-
Paton factors (,; and (% transforming, respectively, in the bifundamental representations
N x k and N x k of the gauge groups.

The unbroken supersymmetries of the D3/D(—1) system act on w and p by the fol-
lowing transformations

Sewa = —ilaap”, (2.34)
1 _ .
Sept = — —=E&up (24P xq, 2.35
&M /2 an (X9) Xa ( )
and similarly for w4 and 4. The linear supersymmetry transformation (.34) can be

obtained in the string operator formalism by commuting the charge ¢®4 with the vertex
operator V,; indeed we have

€0,V,] = Vi (2:36)
On the contrary, we have

and to derive the non-linear transformation (P.35) from the string vertex operators suit-
able auxiliary fields are required. Furthermore, the presence of w and w modifies the
supersymmetry transformation of Ag4 by a non-linear term

g Aaa ~ Eaaw, (2.38)

which also requires auxiliary fields in order to be derived in the string operator formalism.
We conclude by mentioning that under the eight supercharges ¢/, , that are preserved by
the D3 branes but are broken by the D-instantons, the moduli w, w, p and i are invariant
and that [n¢', V] = 0.

3. Effective actions and ADHM measure on moduli space
In this section we compute the (tree-level) string amplitudes in the D3/D(—1) system by

using the vertex operators previously introduced, and discuss the field theory limit o’ — 0
that yields the effective actions and the ADHM measure on the instanton moduli space.
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As a first example, let us consider the (color ordered) amplitude among one gauge
boson and two gauginos of the 3/3 strings. This is obtained by inserting the vertex opera-

tors (B.19), (R.16) and (P.17) on a disk representing N D3 branes and is given by
—1/2) 1 ,(=1) {,(=1/2
Agian) = <<ng / )VIL(1 )ng / )>>

_ [Lidzi /o (-1/2) (-1) (-1/2)
=y m@/ﬂ () Vi) VP () (3.1)

In this expression dV,. is the projective invariant volume element

dz, dzy dz,
(Za - Zb)(zb - Zc)(zc - Za)

dVipe = (3.2)

and the prefactor Cy4 represents the topological normalization of a disk amplitude with the
boundary conditions of a D3 brane. In general, the normalization C},1 for disk amplitudes
on a Dp brane can be determined using for example the unitarity methods of ref. [R§], and
if we take (2ra/)'/? as the unit of length, it reads

1 1
2,2 2
2m2a’ Tpi1 gy

Cpy1 = (3.3)
where gp1 is the coupling constant of the (p + 1)-dimensional gauge theory living on the
brane world-volume which is given by

p=3
9;2)+1 =4n (47T2o/) 2 gs (3.4)
in terms of the string coupling constant g,, and x4 is the Casimir invariant of the funda-
mental representation of the gauge group of the Dp branes. Here we follow the standard
conventions and normalize the SU(N) generators T on the D3 branes with x4 = 1/2 , i.e.

T(TI T = %5” (3.5)
and the U(k) generators tV on the D-instantons with 2 = 1, i.e.?
tr(tV V) = 6UV . (3.6)
With this choice we have 1 1
Cy = P 2 (3.7)

where g%M = g2 = 4y, is the gauge coupling constant of the four-dimensional SYM theory,

and
1 1 2 _ Q72

2m2a? g2 g5 Gy

Notice that the normalization C4 of a D3 amplitude is dimensionful, whereas the normal-

Co = (3.8)

ization Cy of a D-instanton amplitude is dimensionless and equal to the action of a gauge
instanton.

%In this way the one-instanton case (k = 1) can be simply obtained by removing the trace symbol from
all formulas without extra numerical factors.
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To compute the amplitude (B.1)), we must further remember that in section P] all vertex
operators have been written with the convention that 2wra’ = 1, and thus suitable dimen-
sional factors must be reinstated in the calculation. This can be systematically done by
rescaling all bosonic fields of the NS sector by a factor of (2ra’)!/2 so that they acquire the
canonical dimension of (length) !, and by rescaling all fermionic fields of the R sector by a
factor of (2ma’)?/* so that they acquire the canonical dimension of (length) ~3/2. Taking all
these normalization factors into account and using the contraction formulas of appendix f]
we find .

21 = ] A
AGgany=——5"Tr <AaA A7 A4 ) (3.9)
Iym
where the d-function of momentum conservation is understood. The complete result is ob-
tained by adding to (B.9) all other inequivalent color orderings, and thus the total coupling

among two gauginos and one gauge boson is given by

_ g\z(—llvl Tr <AdA [z{(aﬂ, ABA]> . (3.10)
All other interactions among the massless 3/3 string modes can be computed in a similar
way. After taking the limit o’ — 0 with gy held fixed in all string amplitudes and taking
their Fourier transform, one finds that their 1PI parts are encoded in the (euclidean) action
of the N' = 4 SYM theory?

1 1 - 1
Ssym = 55— [ d'z TI"{—F;?V — 2864 PP A + (Dugpa)® — = [a, 03] —
VM 2 2

—1(E)AP Raalpw A%] — (545 A% [pn A7) } 3

which is invariant under the non-abelian version of the supersymmetry transformation
rules (R.20).

Let us now turn to the interactions among the (—1)/(—1) strings which are obtained
by evaluating correlation functions on disks representing k& D(—1) branes. For example,

the color ordered coupling among A4 4, a, and M a4 corresponds to

Aar) = <<V)571/2) vy VJ\(471/2)>> (3.12)

where the vertex operators are given in (R.24), (B.26) and (R.27) with suitable factors of
2ma’ inserted as discussed above in order to assign the canonical dimensions to the various
fields. In (B.1J) the expectation value is computed in analogy with (B.I)) but now the overall
normalization is Cj given in (B.§), as is appropriate for a disk with a D(—1) boundary. After
adding all color orderings, one finds that the total coupling under consideration is

_ gigtr <>\dA [&i‘w, MBA]) (3.13)

3Remember that in euclidean space the 1PI part of a scattering amplitude is equal to minus the cor-
responding interaction term in the action. Moreover, the terms of higher order in o’ in the scattering
amplitudes represent string corrections to the standard field theory.
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where the trace is now taken on the indices labeling the &k D(—1) branes. Interestingly, the
various normalization coefficients have conspired to reproduce the (dimensionful) coupling
constant gy with no other factors of o’ left over. If we proceed in a similar way and take
the field theory limit o/ — 0 with go held fixed, we find that all irreducible couplings of
the (—=1)/(—1) strings are encoded in the effective action

S(fl) = Scubic + Squartic (314)

where

i - 1 1.
S = 23 e A%, = 3 (5 Aoy e ] = 5 (900 M e M)
(3.15)
and

1 1 1 1
Squartic = - g_g tr{Z [amau]Q + 5 [a;uXa]z + Z [XaaXb]z} . (3'16)

This action, which is the reduction to zero dimensions of the A" = 1 SYM action in ten
dimensions, vanishes in the abelian case of a single D(—1) brane, ie. for £ = 1. It is
interesting to observe that the quartic interactions in (B-I6) can be decoupled by means of
auxiliary fields. In fact, Squartic is equivalent to

1 1 1 1
S = g—ztr{in + 5 Dl [0, "] + 5 Viig + Yia [, X] +
0

1 1
T Zip + 5 Zab [Xa,xb] } (3.17)

where 7 is the anti-self dual 't Hooft symbol and D, Y and Z are auxiliary fields with
dimensions of (length)~2 which reproduce the quartic couplings of (B.16) after they are
eliminated through their equations of motion. It is worth remarking that, in order to
decouple the interaction tr [au,a,,]Q, because of Jacobi identity it is enough to introduce
three independent degrees of freedom which correspond to an antisymmetric tensor D, of
a given duality. For definiteness we have chosen this tensor to be anti-self dual and thus
have written D, = D1,

The cubic couplings of S’ can be obtained in the string operator formalism by intro-
ducing the following vertices for the auxiliary fields (in units of 2ra’ = 1)

V() = 1 Doy (D)
V() = Yia ()" (2)
V() = 2 Za (202 (315)
These NS vertices are written in the O-superghost picture and, even if they are not BRST
invariant,* they provide the correct structures and interactions. Fox example, the (color-

4The lack of BRST invariance of the vertices ( should not be regarded as a serious problem since,
when dealing with auxiliary fields, one is effectively working off-shell. Vertices similar to those of (B.1§)
(but in the (—2) superghost picture) have been considered in ref. @]
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ordered) coupling among the auxiliary field D and two a’s is reproduced by

A(Daa) = % <<V1()0) V(=D Va(fl)>> =— 2—;3 tr (D, N a”) (3.19)
where a symmetry factor of 1/2 has been inserted to account for the presence of two alike
vertices, and the auxiliary field has been rescaled with (27a’) to make it of canonical
dimension. All other cubic interactions of the action (B.17) can be obtained in a similar
way.

The vertex operators (B.1§) are useful also because they linearize the supersymmetry
transformation rules of the various moduli which can therefore be obtained completely
within the string operator formalism. In fact, using the method described in section £, one

can show for example that
[£4, VD] = Vs a (3.20)
where Vi, 5 is the vertex (B:27) with polarization

1 — [V 3 —C
6E>\dA:_Z£BA (O"u )ﬁchn;w- (321)

If the auxiliary fields D, are eliminated through their equations of motion following from
S’, then (B.21)) reproduces exactly the last non-linear term in the supersymmetry trans-
formation rule (B.31). Similarly, the other terms in (R:31)) and (P-30) can be obtained by
computing [gq, VZ] and [gq, Vy].

Let us now analyze the interactions of the (—1)/3 and 3/(—1) strings. In this case
the novelty is represented by the fact that the vertex operators (M) and (m contain
the twist and anti-twist fields, A and A, which change the boundary conditions of the

longitudinal coordinates X*. Thus, for consistency in any correlation function a vertex
operator of the (—1)/3 sector must always be accompanied by one of the 3/(—1) sector.
This gives rise to mixed disks whose boundary is divided into an even number of portions

5

with different boundary conditions.” The simplest case is the mixed disk represented in

figure [l where a pair of twist/anti-twist operators divides its boundary in two portions
with D3 and D(—1) boundary conditions respectively. The topological normalization for
the expectation value on such a mixed disk is Cy given in (B.§), i.e. the normalization of
the lowest brane.

Let us now consider a 3-point amplitude originating from the insertion of a (—1)/(—1)

state on a mixed disk, like for example
_ —1/2) y(~1/2
Afwrp) = <<Vu€ RAARE A >>> . (3.22)
This correlation function can be computed in a straightforward manner by using the OPE’s
of appendix [A], and the result is

Awwrp) = ?tr (wg" A A,ufh) (3.23)
0

®String amplitudes on mixed disks have been previously analyzed in ref. [@, @] to study the gauge
interactions of the non-BPS D-particles of the type-I1IB theory.
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where we have explicitly indicated also the index u of the fundamental representation
of SU(N) carried by the “twisted” moduli. Again all normalizations have conspired to
reconstruct the coupling constant gy with no other factors of o’ left over. Thus, this
amplitude survives in the limit o/ — 0 with gy fixed, and must be added to the zero-
dimensional effective action §_1). Other terms of this effective action could arise from

amplitudes involving the vertex operators (B.1§) of the auxiliary fields. For example, we
have

A = VIV

1 _ A _ . 21
= St <w; D. w6u> ()% = = tr (D W) (3.24)
90 90

where in the last step we have introduced the k x k matrices

(W), = wgt (), (3.25)

with 7¢ being the Pauli matrices. We remark in passing that the coupling (B-24) modifies

the field equations of D, by a term proportional to W,.. Thus, when the auxiliary fields are

eliminated from the supersymmetry transformation rule (8.21)), the structure (R.38) can be
reproduced.

If we proceed systematically and compute all amplitudes on mixed disks which survive

in the field theory limit, we can reconstruct the following effective action for w, w, p and p

" 2i ~A u — Au & c 1 Na ~A  Bu : — au., a
S" = g—2tr <,u wWea' + Wl ) A—D. W+ 5(2 YAB Iy 17" Xa — 1 Xa Wan WX ¢ .
0
(3.26)

Notice that the auxiliary fields Y and Z do not appear in this action. In fact, all mixed
amplitudes involving them vanish either at the string level, or in the field theory limit.
We point out that in analogy with what we have done before, also the quartic interaction
of (B.26) can be decoupled by introducing a pair of auxiliary fields X4, and Xs. Their
corresponding vertex operators, which are proportional to S*)®A and S%)®A respectively,
can be used to derive the non-linear supersymmetry transformations rules (.3) in the
string operator formalism. However, since these auxiliary fields do not play any other role,
we will not introduce them in our analysis.

We can summarize our findings by saying that the total effective action for the moduli
produced by the D-instantons is given by

Smoduli = Scubic + Sl +S " . (327)

As we have thoroughly discussed, the zero-dimensional action (B.27) arises from string
scattering amplitudes on D(—1) branes in the limit o’ — 0 with gg fixed, whereas the
four-dimensional SYM action (B.11) is obtained from string amplitudes on D3 branes in
the limit o/ — 0 with gy fixed. However, as is clear from (B.4), gym and go cannot be
kept fixed at the same time: indeed, when o’ — 0 either gy — 0 if gg is fixed, or gg — oo
if gym is fixed. This simple fact shows that while a system made of D3 and D(—1) branes
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is perfectly well-defined and stable at the string level, its field theory limit, instead, is more
subtle and requires some care. Since we are interested in analyzing the four-dimensional
SYM theory, we clearly must keep fixed gyy when o/ — 0, and hence we should consider
the zero-dimensional moduli action in the strong coupling limit gg — oo. If we take this
limit in a naive way, we obtain a rather trivial result because the action (B.27), which is
inversely proportional to g3, becomes negligible and all effects of the D-instantons inside
the D3 branes disappear. However, there is another possibility that yields more interesting
results: it consists in taking go and (some of) the moduli to infinity. In particular, if we
take

go /
a=v2gpd, =Y, M==M, A= N,
90 X=X \/5
D=D", Y =V2gY, Z=g07",
w=2, o= 9N 0 no= 2w (3.28)

\/5 \/5 ) :U':E:U’a M:\/iﬂa

and keep the primed variables fixed when gy — 00, we can easily see that the moduli
action (B.27) survives in the field theory limit, and becomes

1 N .
Smoduli = tr {Ylia +2 Yl,ua [a/ﬂ, Xla] + Z Z/c?b + Xla W e w' ™ Xla +

i - - A 1 - A
5 Ea 1P N e = 7 (54 M4 M) +

W

+i (/;,ﬁ w,du + W g M,Au + {M/6A7 aba}) ,dA -
—iD. <W’c + 17, [a", "] ) } . (3.29)

If we integrate out the auxiliary fields Y’ and Z’, the action (B.29) reduces exactly to
the sum of the actions Sk and Sp defined in egs. (10.70b) and (10.70c) of ref. P2 (up
to a redefinition of x/, — —ix/). The action (B.29) provides the ADHM measure on the
moduli space of the k-instanton sector of the N =4 SU(N) SYM theory; in particular, the
equations of motion for D! are precisely the three non-linear ADHM constraints

W'+ i, [o",d"] =0, (3.30)

while the equations of motion for A% are the fermionic constraints

A g M 4 [M’ﬁA, a};a} =0 (3.31)

of the ADHM construction. From now on, to avoid clutter we drop the ’ from all moduli,
but we keep the traditional notation for a’ and M’.6

5The procedure to obtain the ADHM measure that we have explained consists of two distinct steps: the
first is the field theory limit on the D(—1) branes, the second is the strong coupling limit accompanied by a
rescaling of the D(—1) fields which survive the first step. However, it is also possible to obtain the ADHM
measure directly in a single step. This can be done by using always adimensional polarizations rescaled as
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In this section we have explicitly reviewed that the D3/D(—1) system accomodates all
instanton moduli of a four-dimensional supersymmetric gauge theory. It is worth pointing
out, however, that the ADHM measure on moduli space does not follow automatically from
this construction. In fact, as we have shown, this measure emerges only by taking the field
theory limit of the D3/D(—1) system in a very specific way, which includes a rescaling of

), and

some of the string moduli with the dimensionful coupling gg, as indicated in (]B.28

the strong coupling limit gy — oo.

4. The instanton solution from mixed disks

The disk diagrams considered in the previous section do not exhaust all possibilities, since
there exhist also mixed disks with the emission of 3/3 strings. In this and the following
sections we explicitly analyze such mixed diagrams and show that they are directly related
to the classical instanton solutions of the four-dimensional SYM theory. In particular
we show that the D(—1) branes effectively act as a source for the various fields of the
gauge supermultiplet and that the (—1)/(—1) strings together with the boundary changing
operators associated to the 3/(—1) and (—1)/3 strings provide the correct dependence of
the instanton profile on the ADHM moduli. For simplicity we will discuss in detail only
the case of instanton number £ = 1 in a SU(N) gauge theory. However, no substantial
changes occur in our analysis if one considers higher values of k. Moreover, in the following
we will set again 2w’ = 1 since all dimensional factors cancel out in the final results.

4.1 The gauge vector profile

g

Let us begin by considering the emission of the
gauge vector field Aﬁ from a mixed disk. The simplest

diagram which can contribute to this process contains D ) \\
two bosonic boundary changing operators (Vz and V,,) R \
and no D(—1)/D(—1) moduli, as shown in figure P i !
The amplitude (in momentum space) associated to ,I

4

this diagram is

Al (pyw,w) = << (—p) Vug’l)>>

V(D O

w I
Au

(4.1)

where, like for any mixed disk, the expectation value
is normalized with Cy. Since we want to describe the
source for the emission of a gauge boson, in the cor-

relation function ([L.1]) we have inserted a gluon vertex

follows
1/2
D = s2pD, Y =2V, Z =7,
_ &)1/2 a __(g_S>1/2 o 1 _(&
_(271' s W, w= 2 s W, #= 2

Figure 2: The mixed disk that de-
scribes the emission of a gauge vec-
tor field Aft with momentum p rep-
resented by the outgoing wavy line.

)1/2 /2 M', )\ = g—3e/2 N,
1/2 s\ 1/2
) 3a/2/1«/7 0= (29_71-) Sa/Qﬂ/7

with a < 0, and then letting s — 0. It turns out that the action which survives in this limit is precisely
given by eq. () The standard dimensions of the ADHM moduli can then be recovered by introducing

suitable factors of (2ra’).
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operator with outgoing momentum and without polarization, so that the amplitude (JE1])
carries the Lorentz structure and the quantum numbers that are appropriate for an emitted
gauge vector field. Moreover, the gluon vertex is in the 0 superghost picture. This can be
obtained by performing a picture changing on the vertex (R.14)) and reads

Vfg(z; —p) =2i T! (0X, —ip-ip,) o i X(2) (4.2)

where T is the adjoint SU(N) Chan-Paton factor.” The vertices for the w and w moduli
are instead in the (—1) superghost picture, and are given in (R.32). However, due to the
rescalings (B28), an overall factor of (g,/27)"/? must be incorporated in each of these
vertices in order to interprete their polarizations as the w and w moduli of the ADHM

construction. Using the contraction formulas of appendix [A], and taking into account (see

eq. (A21))) that
(Ber) T XC) Azy)) = — e (2 - 2)71/2 (13)

where xy denotes the location of the D-instanton inside the world-volume of the D3 branes

(see also eq. (A21))), one easily finds that the amplitude ([.1)) is given by
ALpr,w) = (1) 75 (w0 () 0,) %0 = i Il . w)e 70 (4.)

where, in the last step, we have introduced the convenient notation J,fu(w,w) for the
moduli dependence. Note that the various factors of g5 and 7’s coming from the rescalings
and from the normalization Cjy of the mixed disk have canceled out completely in this
calculation.

As we have discussed before, the mixed disk of figure fJ represents the source in momen-
tum space for the emission of the gauge vector field in a non-trivial background. To obtain
the space-time profile of this background, we simply have to take the Fourier transform
of the amplitude Aﬁ (p;w,w) after attaching to it the gluon propagator d,,, / p?. Thus, the
classical field associated to the mixed disk of figure J is

d*p 1 .
I _ I/ . — ip-x
Au(m) - / (27’[’)2 Au(pawaw)ﬁep

=2 (g ()% ) (45

This result can also be rewritten in terms of the antisymmetric “source” tensor J,f“ as

follows g
1 I (- p lpy ip-(x—x I (- v
Ay (z) = Jy, (0, w) /W ) elPr(@=z0) — (0, w) 0" G(x — x0) (4.6)
where o i )
d*p eP\F=%o 1
G0 = [ G = 7

is the scalar massless propagator in configuration space.

The gauge field Aﬁ(w) in (.§) depends on the 4N moduli w* and W, up to an overall

0 0

phase redefinition w ~ e’w and w ~ e7%w, and on the position zfy of the D-instanton inside

"The overall factor of 2i, which is not determined by the picture changing, is fixed by requiring the
appropriate normalization of the three gluon amplitude.
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the world-volume of the D3 branes. This amounts to 4N + 3 real parameters which are
precisely those of the unconstrained instanton moduli space in the ADHM construction.
In fact, upon enforcing the three bosonic ADHM constraints W¢ = 0 (see eq. (B.30) for
k = 1), these parameters reduce exactly to the 4N moduli of the SU(N) instanton, namely
the position of its center zf, its size p and the 4N — 5 varibles that parametrize the coset
space SU(N)/S[U(N — 2) x U(1)] and specify the orientation of a SU(2) subgroup inside
SU(N). To see this explicitly, let us define

20% = W%, w, (4.8)

(te)", = g (e () 0%, (49)

Then, it is not difficult to show that these matrices generate a SU(2) subalgebra of SU(N),
i.e. [te,tq] = i€cge te, provided the ADHM constraints W€ = 0 are satisfied. In conclusion,
we can rewrite the gauge field ([L5) as follows

—c (‘T - xo)y

T 20T (4.10)

Aﬁ(m) = 4p> Tr(T" t,)
In the case of SU(2) the indices I and ¢ can be identified and, taking into account the trace
normalization, we obtain
(z —x0)"
(x —zo)t
In this expression we recognize precisely the leading term in the large distance expansion
(i.e. |z — zg| >> p) of the classical BPST SU(2) instanton [P4, P with center z¢ and size
p, in the so-called singular gauge, namely

c _ 2 —c

A;(-T) = 2P2 T_];CUJ (1’ _ .’1}0)(21.[(; aiol.O)Q + pQ]
T —x9)” 2
= 20 E:v — :1:2;4 <1 (@ —pgco)2 o > ' (412)

Notice that such a configuration has a self-dual field strength, despite the appearance of
the anti self-dual 't Hooft symbols 7y,,.

More generally, from the mixed disk amplitude ([.5)) with the ADHM constraint (B.30)
enforced, we can reconstruct the following anti-hermitian SU(N') connection

(Aula)s = =1 Au(0)! (1) = i )% 0y =200 (113

which is precisely the leading term in the large distance expansion of the one-instanton
connection of the ADHM construction [@] in the singular gauge

(Au(@)", = wi @) 0 (2 = o)’

v 3 w0 [P T A (4.14)
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This analysis clarifies the interpretation of the string amplitude associated to the mixed
disk of figure fl. However, a few comments are in order. Firstly, we would like to remark
that the amplitude ([.1)) is a 3-point function from the point of view of the two dimensional
conformal field theory on the string world sheet, but it should be regarded instead as a
1-point function from the point of view of the four-dimensional gauge theory on the D3
branes. Indeed, the two boundary changing operators Vi and V,, in ([.T]) just describe the
non-dynamical parameters on which the background depends, i.e. the size of the instanton
and its orientation inside the gauge group. To emphasize this point, we introduce the

convenient notation

Al(psw,w) = (Vag (-p)) (4.15)

D(w,w)

where D(w,w) is the mixed disk produced by the insertion of Vg and V,,. Secondly, the
fact that the instanton connection is in the singular gauge should not come as a surprise,
but on the contrary it should be expected in this D-brane set-up. In fact, as we have
seen, the gauge instanton is produced by a D(—1) brane which is a point-like object inside
the D3 brane world-volume, and thus it is natural that the instanton connection arising
in this way exhibits a singularity at the location zg of the D-instanton. We recall that
in the singular gauge all non-trivial properties of the instanton profile come entirely from
the region near the singularity through the embedding of a 3-sphere surrounding x( into
a SU(2) subgroup of SU(N). This is to be contrasted with what happens in the regular
gauge, where all non-trivial properties of the instanton come instead from the asymptotic
3-sphere at infinity. Furthermore, in the singular gauge the instanton field falls off as 1/x3
at large distances, thus guaranteeing the convergence of many integrals, like for example
that of the topological charge.

An obvious question to ask at this point is whether
also the subleading terms in the large distance expan-

sion of the instanton solution can have a direct interpre- w
tation in string theory. Since these higher-order terms
contain higher powers of p?, they are naturally asso-
ciated to mixed disks with more insertions of bound- @

ary changing operators. For example, the diagram one

should consider to study the emission of the vector field w

at the next-to-leading order is a mixed disk with two
Figure 3: The mixed disk for the

more vertices V,, and Vi as shown in figure . However .
w w & E > second order contribution to the

extending the closed string analysis of ref. [B] to the gauge vector.
present case, one can argue that in the limit o/ — 0 this

diagram reduces to a simpler one in which two first-order diagrams are sewn with a 3-gluon
vertex of the SYM theory, as shown in figure f| In appendix [ we will explicitly compute
this diagram and find that, for example for SU(2), the corresponding emitted gauge field is

Ao ()@ — gtz (@~ 20)”
M(.YJ) p nuy (1’ — xO)G ’

that is exactly the second-order term in the large distance expansion of Ay (z) in (4.19).

(4.16)

The higher order terms in this expansion can be in principle computed in a similar manner
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and eventually the full instanton solution can be reconstructed. This analysis shows that
the relevant building block for the complete solution is actually the leading term at large
distance which corresponds to the “source” diagram of figure P] whose evaluation, as we
have seen, is extremely simple.

What we have described above is the open string ana-
logue of the procedure introduced in refs. [fi, [] for closed
strings. There, the so-called boundary states [f, were
recognized to be the sources for the various massless fields
of the closed string spectrum in a D-brane background, and
the classical supergravity D-brane solutions were obtained
by taking the Fourier transform of the various tadpoles pro-
duced by the boundary states. Similarly here, the mixed
disks have been shown to be the sources for the emission
of open strings in a background whose profile is precisely
that of the classical gauge instanton. Just like the boundary

state approach has been very useful to obtain information

on the classical geometry associated to complicated D-brane
Figure 4: In the field the-

ory limit the mixed disk of

figure B| reduces to this con-
non-standard classical backgrounds of the gauge theory. figuration which accounts for

configurations, also the present method based on the use
of mixed disks could play a very useful role in determining

the second order term in the

4.2 Insertions of the translational zero-modes large-distance approximation

It is a familiar fact that in the instanton background there ©of the instanton solution for
are collective coordinates associated to the presence of bro- the gauge vector.
ken translational symmetries. From the string point of view,
these zero-modes describe the motion of the D-instanton within the D3 branes and corre-
spond to the vertex operators of a’ (see eq. (B.24)) which, in the 0 superghost picture, are
given by

v =d, 0,x". (4.17)

These vertex operators can be used to establish in a stringy way a relation between a’ and
the instanton collective coordinate xg. Indeed, if one considers all disk diagrams obtained
from that of figure P by inserting any number of vertices Va(,o) along the D(—1) part of
the boundary, and then resums the corresponding perturbative series, one finds that all
occurrences of xg are replaced by zo+a’. This fact could be proved by adding to the action
of the D(—1) open strings the following marginal deformation along the boundary

08 =

2ma!

/dT [Va(,o)(a =m,T)— Va(,o) (c=0,7)]. (4.18)

However, it is quite difficult to treat this interaction in a non-perturbative way, since it is
not easy to find an exact solution of the new equations of motion for the string coordinates
with the required boundary conditions and regularity properties. For this reason it is
convenient to exploit the open-closed string duality and translate the problem into the
closed string language. This amounts to represent the D-instanton localized at zy with a
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boundary state |[D(—1);zq) (see for example ref. [BJ] for more details) and to perform a
world-sheet modular transformation that interchanges the roles of ¢ and 7. Then, adding
the marginal deformation ([.1§) to the D(—1) open strings is equivalent, in the closed
string channel, to

P exp (— /O do aj, 8TX“> ID(—1); xo), (4.19)

2ma!

as one can easily see by generalizing the discussion of ref. [[[]. Notice that the path ordering
is a consequence of the Chan-Paton factor that must be added to the vertex operator (|1.17)
when k > 1. For k = 1 instead, the path ordering is trivial and the expression ({L.19) can
be easily evaluated. In particular, one finds that the relevant zero-more part is given by

e 6w — w0) |p = 0) = 0} (& — o — ) [p = 0), (4.20)

which clearly shows that all occurrences of zy are to be replaced by xg+d’, as desired. For
this reason in the following we will not distinguish any more between x¢ and a’.

5. The superinstanton profile

The procedure we have discussed in the previous section can be easily extended to the other
components of the N' = 4 vector multiplet, thus allowing to recover the full superinstanton
solution from mixed disks. Indeed, acting with the supersymmetry transformations that are
preserved also by the D(—1) branes, one can obtain from the diagram of figure ] those that
describe the emission of the gauginos and the scalar fields, and hence their classical profiles
as function of the supermoduli. On the other hand, acting with the supersymmetries that
are broken by the D(—1) branes, one can shift the supermoduli in the classical solution
and account in this way for the fermionic zero-modes of the superinstantons.

5.1 Unbroken supersymmetries

The simplest diagrams which contribute to the emission of a gaugino are mixed disks with
one bosonic and one fermionic boundary changing operators. The two possibilities are
represented in figure | The amplitude (in momentum space) associated to the diagram
(a) is given by

A (prao, p) = <VﬂéA(_p)>>D(* o (v Vi, () Vo) 6

w,

where D(w, p) is the mixed disk created by the insertion of Vi and V), and is easily
evaluated to be

1_\‘5“4’[(1); W, p) =1 (Tj)vu MA“ wdv e Po (5.2)

Notice again that in the amplitude (f.1]) we have inserted a gaugino emission vertex with
outgoing momentum. Similarly, the amplitude corresponding to the diagram (b) is

AdA’I(p;ﬂ’w) = <<VA£¢A(_p)>>D(w,g) - i(TI)Uu w ﬂé; e o, (5.3)
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Figure 5: The two mixed disks that contribute to the emission of a gaugino /_Xé 4 with momentum
p represented by the outgoing solid line.

An alternative method to compute these amplitudes is based on the use of the supersym-
metries which are preserved both on the D3 and on the D(—1) boundary and have been
denoted by £ ¢ in section J. Exploiting the fact that these supersymmetries annihilate the
vacuum, we have the following Ward identity

([ga.va] varemvi )+ (Vi [€a. v p)| Vi) +(Va vy (-p) [0 V0] ) = 0. (5.9)

where for simplicity we have understood the picture assignments.® The only new ingredient
appearing in (p.4) is the commutator in the second term; this can be computed from (J.2)
and reads

[5@1 > VAL(_p)] = 5_5,4 bv (5uu)3d VAQA(_p) . (5'5)

Then, using (R.36) and (.37), we can rewrite the Ward identity (f.4]) as follows

Eape @) 5 (Vo Var, (=P Vi) + (Vi Vag (=0) Vo ) =0 (5.6)

which allows to obtain the gaugino amplitude in terms of the gauge boson amplitude (|£.4)
with w replaced by its supersymmetry variation dzw given in (2.34)). In this way we can
immediately get (p.2), and with a similar relation also (p.3) can be retrieved.

The space-time profile of the emitted gaugino is then obtained by taking the Fourier
transform of the sum of the amplitudes (p.9) and (p.3) multiplied by the free fermion
propagator i]zfﬁ'o‘/p2 = ip”(&,,)ﬁa/pQ, that is

d'p (x . i
QAT _ AT A I o ip-a
A% (z) /(%)2 (Aﬁ (p; @, 1) + A (pvu,w)) poal

: v U — u _ \fBa (1‘ - )V
= 2 (1) (gt i+ g, ) @) (5.7

Just as the gauge field ([.1(]), also the gaugino (f.7) naturally arises in terms of uncon-
strained parameters which become the instanton moduli when they are restricted to satisfy

8The latter are (—1/2), 0 and (—1) for V,, VA[L and Vi respectively, and (—1/2) for the supercharges.
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the ADHM constraints (B.30)) and (B.31)). In particular, once the fermionic constraint (B.31])

is imposed, it is immediate to extract from (f.7) the following matrix-valued gaugino profile

(x —x0)”
(x —xo)*~

In this expression we recognize exactly the leading term in the large distance expansion of

A @), = =AM @) (1) = (0,)° (w™ i+ ™ )

(5.8)

the gaugino instanton solution in the singular gauge (see for example appendix [B])
(x — x0)”
3
(x — 0)? [(90 —20)* + PQ}

The subleading terms can be obtained from diagrams with more sources, in complete

(5.9)

(A=A (@))", = (0)% (w i, + )

analogy with what we did for the gauge field.

Let us now turn to the scalar components ¢! of it
the N' = 4 vector multiplet. The simplest diagram ~
which can describe their emission is a mixed disk with p \
two fermionic boundary changing operators, like the one \
represented in figure | The corresponding amplitude in I
momentum space is

or(p; o) = <<V¢g(—p)>> X- =

D(f,p)

_ <<V;£_1/2) Vi;l)(_p) Vu(fl/2)>> . . ' '
a Figure 6: The mixed disk describ-

_! (Tl)vu (Za)an pBu ﬂfi; e P20 (510) ing the emission of an adjoint scalar
2 ¢! of momentum p represented by

where D(ji, ;1) is the mixed disk created by the insertion the outgoing dashed line.

of V; and V),. Defining

1
P18 = — (R)AB g (5.11)

= —2\/5 s

we can rewrite (p.10]) as

AB, I( 1 B efip-:ro

o o) =~ 5 (17", ut P (5.12)

where the square brackets mean antisymmetrization with weight one. Alternatively, this
result can be obtained from the Ward identity

<<[gq’vﬁ] Vi, (=P) V“>>+<<Vﬂ [gq’vﬂéA(_p)} Vu>>+<<Vﬁ Vit (=p) [étq,vu]>> =0 (5.13)

which establishes a relation between the scalar and the gaugino amplitudes.? Indeed,
working out the commutators, we find

(Ve Var (-9 Vi) = 165 (554 (Vi Vo (<p) Vi) + (Vi Var (-9) Vg ) = 0, (5.14)
from which (f.19) easily follows upon using (5.2), (5.3)) and (R.34).

9In eq. () all vertex operators, as well as the supersymmetry charges, are in the (—1/2) picture.
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The space-time profile of the adjoint scalars is obtained by taking the Fourier transform
of the amplitude (p.13) multiplied by the massless scalar propagator 1/p2, namely

d* 1 .
AB,I _ P aB,1/ .- L ipax
"7 () / on)e ¢ (p; fi, 1) ol

I\v Au -B 1
Z—E(T)uﬂ[ Mgm- (5.15)

When the parameters are restricted to satisfy the ADHM constraints, this expression rep-
resents the leading term of the adjoint scalars in the singular gauge. Moreover, from (f.15)
one can see that

~AB/\\u — i AB.I e 1 (aw-B 1 [ap Bl 7u 1
(90 (:IT)) v — 1y (‘T) (T ) v 2\/5 K Ky 2 H K p(S v ($ _ 51?0)2 (516)
with
~ Ory— _ Ory—
15 || = < IN—2)x[N—2] O 2]><[2]> , (5.17)
’ Opjxiv—2)  lxp

which is indeed the leading term at large distance of the exact instanton solution (see for
example appendix [B]). As before, the subleading terms are given by diagrams with more
insertions of source terms.

We can summarize our findings by saying that the mixed disks with two boundary
changing operators represented in figures P}, [l and f] describe, respectively, the large distance
behavior in the instanton background of the vector Aﬁ, of the gaugino Aé 4 and of the scalars
goj{l p in the singular gauge, and that their space-time profiles can be written as

Ai(x) = JI{M 0"G(x — x9),
AT () = Jg’l (6”)50‘ 0,G(x — x0),
A8 L (x) = JABL Gz — 20), (5.18)

where the scalar Green function G(x — ) is defined in (|.7) and the various source terms
JI

v I AT and JAB-T are bilinear expressions in the instanton moduli which can be read

from (@), (-2), (B-3) and (B.10) respectively. Moreover, taking into account the fall-off at

infinity of the various fields, one can easily realize that the equations of motion that follow
from the SYM action (B.11]) in the Lorentz gauge reduce at large distances simply to free

equations,' i.e.

DAL =0, @ AT =0,  DOp*Pl=0, (5.19)

which indeed admit a solution of the form (p.1§) in the presence of source terms.

10 At first sight there is a problem with the large distnace behaviour of 9y ~ O(1/2°) which is the same
(and not a stronger) behaviour of 92A. However the eq.s ( are still valid since the dangerous terms
in A*B equation of motion, namely [@AB,(?unpAB], cancel identically: upon use of eq. () they become
porportional to eABCD[JAB, JCD] =0.
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5.2 Broken supersymmetries

Let us now consider the supersymmetries of the D3 branes which are broken by the D-
instantons, namely those that are generated by the charges ¢/, = (Qa A+ @aA) (see
section R.1)). As shown in (R.9), when one pulls the integration contour of a charge operator
to a boundary that does not preserve it, one obtains the integrated emission vertex for the
Goldstone field corresponding to the broken charge. In our case, the goldstino associated
to the breaking of ¢, by the D(—1) boundary is the modulus M 'ad " Therefore, by
acting with the broken supercharges ¢/, , on a given instanton solution, one can modify it
by shifting its supermoduli with M’ dependent terms. In particular, one can relate the
“minimal” emission diagrams of figures [, | and [, that contain no D(—1)/D(—1) moduli,
to diagrams which instead have additional insertions of M’ moduli [[{§]. Thus, the use of
the broken supersymmetries allows us to determine the M’ dependence and complete the
full superinstanton solution.

Let us see how this works in a specific example and consider the following Ward identity

([0 va | var, (=i ) + (Va |[M'd Vs ()| Vo )+ (5.20)

+{(Vavay, (-p) [M'd V| ) = —<vaAéA(—p)vw/vM,>>.
Differently from the identities (5.4) and (b.13]) associated to the preserved supersymmetries,
the right hand side of (.20) is non-zero as a consequence of the fact that the supercharge
¢’ is broken on the D(—1) boundary. A pictorial representation of this Ward identity is
provided in figure []. Using the fact that the commutators of ¢’ with V,, and Vy vanish (as
we already noticed at the end of section []), and that

M'd Vi, (=p)] = 1M (0,0 Vay (). (5.21)

we can deduce from (f.20) the following relation

A2y, w, M) = <<V7‘£A(_p) >>D(1D,w,M’) - <<V“7 Vag, (=p) Vo /VM'>> B

= —iM"P (0") 5 AL (py 0, w) (5.22)
w w w
T 25
\ \(/\\
-~ \ \
A ; A T
1 y —~
’ N, X\
K-~ K-~
w w

Figure 7: The Ward identity for the broken supersymmetries. The internal oriented line represents
the integration contour for the supercurrent M’(j+7). The diagram in the left hand side corresponds
to the term (Vi [M'q", Vi1 Vi) in (-20). The two diagrams in the right hand side are obtained
by deforming the integration contour. The first of them corresponds to —{[M’q", V]V Vi) —
(Vo Var  [M'q", Vi]) (where the minus sign is due to the clockwise orientation of the contours),
whereas the last diagram corresponds to the right hand side of (f.20).
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which reduces the calculation of the 4-point amplitude A%1(p;w,w, M’) to an algebraic
manipulation on the 3-point amplitude ({.1). Notice again that, despite the presence of
many vertex operators, the amplitude (p.22) is actually a 1-point function from the point
of view of the four-dimensional gauge theory, since the only dynamical field is the emitted
gaugino. To obtain its correspondlng space-time profile we multiply A ad (p; w,w, M")
by the propagator i géﬁa /p? and take the Fourier transform, getting

d4 B : ,(:7’04
AaA,I(m):/( p A-A7I(p;w,’w,M/)li2 olP®

2m)2 8
I(,. T
= M (" 6") 5" / Lp 2o A0 0) gy
B (27)2 p2
. —v z—oo 1 v
= —i M"Y (0"5) 5 0, Al (x) "~ §M’5A (c")5" Fi, (). (5.23)

In the last step we have used the fact that in the instanton solution (JL.4)) the vector field
Aﬁ is in the Lorenz gauge and that, due to the fall-off at infinity of the potential, the asso-
ciated non-abelian field strength F;fy simply reduces to 8MA£ — &,Aﬁ in the large distance
limit. Eq. (5.2J) shows that a mixed disk with one M’ insertion and one emitted gaugino
reproduces exactly the chiral fermionic profile that is created by acting with a broken su-
percharge on the instanton background according to the n-supersymmetry transformation
rules (2:20). Of course, with a repeated use of these supercharges, further insertions of M’
can be obtained and the entire structure of the superinstanton zero-modes can be recon-
structed (see for example eq. (4.60) in the recent review [RZ). Our analysis, which for
simplicity we have illustrated only in the simplest case, shows the precise relation between
these zero-modes and the mixed disk amplitudes with insertions of M’ vertex operators.
Finally, we recall that with the replacement

Mt — = (0") al, (5-24)

one can account for the superconformal zero-modes of the N' = 4 instanton solution

parametrized by the fermionic variables (.

6. String amplitudes and instanton calculus

In this section we want to explain what is the stringy procedure to compute instanton
corrections to scattering amplitudes in gauge theories and show its relation with the stan-
dard instanton calculus of field theory. The key ingredient will be the identification of the
instanton solution with the string theory 1-point function on mixed disks that we have
proven in the previous sections. Exploiting this fact, we will also be able to relate our
approach to the analysis of the leading D-instantons effects on scattering amplitudes that
has been presented in ref. [[[§]. Let us first recall a few basic facts on the relation between
string theory correlators, effective actions and Green functions in field theory. As we have
reviewed in section [, the tree-level scattering amplitude among n states of the 3/3 strings
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Figure 8: Pictorial representation of the “disk” D(M). For example, the second disk in the r.h.s.
corresponds to the amplitude A,z (see eq. ()) which in the field theory limit gives rise to the
term tr (i ﬂﬁwd“)\dA) of the moduli action.

(which we denote generically by ¢;) is given by!!

Apropn = <<V¢1 (p1) -+ Vs, (pn)>> = dn(pn) -+ d1(p1) <<V¢1 (p1) -+ Ve, (pn)>> (6.1)

where the correlator among the vertex operators is computed on a disk with D3 boundary
conditions (see for example eq. (B.1))). By taking the limit o/ — 0 and extracting the 1PI
part, we obtain the following contribution to the effective action

d'pr d*pn 1PI
- [ guon) - ono) (Vo) Vo[ 62
which, in turn, induces the following amputated Green function!?
1PI
(@100 0uon)| = (Vo) Vo wa))|, - (6.3)

If one computes the above correlators on world-sheets with more boundaries one obtains
the perturbative loop corrections to the effective action and Green functions.

We now want to investigate how the previous relations get modified by the presence
of k D-instantons. In this case, as we have thoroughly explained, the correlators of vertex
operators receive contributions also from world-sheets with a part of their boundary on the
D-instantons, and specifically, at the lowest order in the string perturbation theory, from
mixed disks. It is convenient to denote by D(M) the sum of all disks with all possible
insertions of the moduli M of the k instantons, as represented in figure . Each term in
this sum corresponds to an amplitude with no vertex operator of the 3/3 strings, and thus
it represents a vacuum contribution from the point of view of the theory on the D3 branes.
A noteworthy point is that also the first term in D(M), i.e. the pure D(—1) disk without
insertions, contributes. Indeed, as shown in ref. [[(], it evaluates to minus k times the
topological normalization Cj given in (B.§). Collecting all terms and using the results of
section [, we obtain that the vacuum contribution of the “disk” D(M) is such that

a’—0 82k
(pry = — SIM] = ——5— — Smoduii (6.4)
Y

where the moduli action is defined in (B.29)).

" Quitable symmetry factors must be included when not all field ¢; are different.

12For simplicity, we assume that the propagators are (¢:(p)¢;(k)) = (27)26*(p + k) %}; if this does not
happen, like for instance for the gauginos, appropriate changes are required, but these can be straightfor-
wardly implemented in our formulas.
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Figure 9: Mixed disk string diagrams correspond in the field-theory limit to interactions of the

first-quantized world-lines with the instantonic background.

Let us now consider the correlators of 3/3 string vertex operators on D(M), which are

defined by

(Voipy) - Vo) = (6.5)

D(M)

dz; d
_COZ/H dvi . <V¢’1(21;P1)"'V¢>n(2n;Pn)VM1(y1)--~VMm(ym)>'

As is obvious from this definition, the string theory correlator depends on the k-instanton
moduli M, over which one has to integrate in order to account for all possible configura-
tions. This fact is intuitively clear, since in our description all possible mixed boundary
conditions are obtained by inserting the moduli.

The integration over M is the analogue of what one typically does in quantum field
theory, where the path integral describing a specific correlator is split into the sum of path

integrals restricted to the different topological sectors, namely
/D<z>¢1 p1)- - dulpn) e S = Z /Daas(k 0" (p1) -+ 56 (pn) eS80 (6.6)

where §¢*) denotes the fluctuation of ¢ around a classical background with topological
charge k and action Si. In this framework, the integration over all moduli of the non-trivial
background arises directly from the path-integral, as a trade-off for the integration over the
zero-mode fluctuations. However, from string theory we obtain a first-quantized description
in which the string world-sheet gives rise for @’ — 0 to the world-lines of a (super)particle
description of the Feynman diagrams of the field theory. In this description, the different
topological sectors can be described only by explicitly coupling the (super)particle to a
non-trivial background field A, through the insertion of

Tr Pexp < /y A (a(7); M) d7> (6.7)
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Figure 10: A connected amplitude with n external Vg, vertex operators in a D-instanton back-
ground receives contributions from topologically disconnected world-sheets, characterized by the
insertion of I; vertex operators for ¢ fields in each connected component, with >, l; = n.

and then integrating over the background parameters M. This procedure is pictorially
illustrated in figure [l for a specific disk amplitude.

The integration over the moduli M has several important consequences. First of all,
also world-sheets with disconnected components must be taken into account. For example,

besides the correlator (p.9), one should also consider the following one

(Vo (1) - - - Vg, (0n) Doy () D M) 5 (6.8)

which is disconnected from the two-dimensional point of view but connected from the
point of view of the four-dimensional theory on the D3 branes. Obviously, we can add
more disconnected components, and thus in general we have

T Ve 1) Ve o)) os) (Do)’ (69)

where the symmetry factor is due to the combinatorics of boundaries [[[0]. Summing over
all these terms, we therefore get

(Vor (1) - Vo (0n) hpagy et P (6.10)

However, this is not yet the full story. In fact, for the same arguments we should also
take into account diagrams in which the n vertex opertors Vg, (p;) are distributed among
various disconnected components. For example, besides the correlator (p.10) we should
also consider the following one

(Vor (01) Vi, 02) )0t (Vs (03) -+ Vg, (0n) Yoy et HP 0 (6.11)

This contribution appears to be totally disconnected; however, it is connected with respect
to the ¢’s because of the integration over the moduli M which all sit at the same point
where the stack of k D-instantons is located. Distributing the ¢’s in all possible ways, one

generates various configurations which are compactly represented in figure [[0}
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Figure 11: The dominant contribution to an amplitude with n external V4 vertex operators in a
D-instanton background is a product of tadpoles.

Since each expectation value on D(M) is proportional to Cy o g;' (see eqs. (B.5)
and (B.§)), the dominant contribution for small g, is the one in which a single vertex V is
inserted in each disk [, [§], namely

(Vor 0))prt) = (Ve (o) )payy 11200 (6.12)

whereas other terms, like for example (f.11]), are subleading for small g,.!3 Moreover, this
correlator is clearly 1PI. Thus, we can conclude that in the field theory limit, the dominant
contribution to the amputated Green function of n fields of the 3/3 string sector in the
presence of k D-instanton is given by (see figure [L1])

(@1(P1) - & (P [ =

= /dM (Vor (=PI rt) - (Vo (=Pn) (g P00 o (6.13)
Reinstating the propagators (see footnote [J) and Fourier transforming, we obtain the
following Green function in configuration space

(1(21) -+ Sn(@n)) it = / dM ¢S (213 M) - - B (0 M) e SIM (6.14)

where we have used (f.4) and defined

4
6k aia) = [ S 7 Vo - (6.15)
Using the results of sections [] and | we can identify the right hand side of (f.15)) with the
classical profile ¢!(z; M) of the superinstanton solution for the field ¢. For example, the
contributions from the simplest mixed disks, i.e. those with only two insertions of boundary
changing operators, account for the leading terms in the large distance expansion of the
superinstanton solution, as we have seen explicitly for & = 1 in egs. ([£5), (5-7) and (p.15).
The contributions from mixed disks with more boundary changing operators in the limit
o/ — 0 account instead for the sub-leading terms in the large distance expansion, as we
have shown for the gauge field in section ] (see also appendix [0). Thus, we can write

o3 M) = ¢ (2; M) (6.16)

13Notice that world-sheets with higher Euler number can also give contributions to the sub-leading orders.
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and conclude that the stringy prescription (f.14) of computing correlation functions in the
presence of D-instantons is exactly equivalent to the standard field theory prescription of
the instanton calculus

(G1(1) - - I (@n))ingt, = / AM 5 (s M) -+ ¢ (@ M) e 5 (6.17)

The effects of D-instantons on the scattering amplitudes of the gauge theory on the D3
branes can be encoded by introducing new effective vertices for the 3/3 fields ¢;’s which
suitably modify the SYM action (see also ref. [[[§]). These D-instanton induced vertices
originate from the amputated Green functions (p.13) upon including the polarization fields
for the external legs, and are clearly moduli dependent. At fized moduli, only the 1-point
functions are irreducible and so the gauge effective action induced by the D-instantons on
the D3 branes will be

4
St == [ 1555 60) Vpian]g (615)
é

where the sum is over all massless fields of the N/ = 4 vector multiplet. Since the tad-
poles (Vy(p))p(m) are generically of the form Jy,(M)eP™ (see for instance egs. (p.3)
and (p.10)),'* we can write this effective action simply as

Sz ==Y d(x0) Js(M) (6.19)
6

which manifestly shows that the 1-point functions on the mixed disks are sources for the
gauge fields at the instanton location. Using the expressions for the various tadpoles
computed in sections [ and [, it is easy to realize that

Says =~ Fluleo) (M) = KLa(ro) 4T (M) = @ha(eo) 747 (M) (6:20)
where the various sources are defined in (p.I§). This expression represents the non-abelian
extension of the action given for example in refs. [E, E]

We think that our analysis clarifies the role played by D-instantons on the scatter-
ing amplitudes of four-dimensional gauge theories already discussed in the literature. In
particular we have shown that the stringy procedure to compute instanton corrections to
correlation functions reproduces in the field theory limit the standard instanton calculus in
virtue of the identification (p.16). We hope that these ideas and techniques can be useful
also for practical calculations in the N' =4 SYM theory considered in this paper as well

as in gauge theories with lower supersymmetries.
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A. Notations and conventions

Notations: we use the following notations for indices:
e d =10 vector indices: M, N,... € {1,...,10};
e d =4 vector indices: p,v,... € {1,...,4};
e d = 6 vector indices: a,b,... € {5,...,10};

chiral and anti-chiral spinor indices in d = 10: A and A;

chiral and anti-chiral spinor indices in d = 4: « and &;

spinor indices in d = 6: 4 and 4 in the fundamental and anti-fundamental of SU(4) ~

SO(6).

Our choice for the group indices is the following:
e SU(N) colour indices: I,.J,... € {1,...,N2 —1};

e U(k) colour indices: U,V,... € {1,...,k?};

D3 indices: u,v,... € {1,...,N};
e D(—1) indices: 4,j,... € {1,...,k};
e SU(2) adjoint indices: ¢,d, ... € {1,2,3}.

d = 4 Clifford algebra: the euclidean Lorentz group SO(4) ~ SU(2)4 x SU(2)_ is

realized on spinors in terms of the matrices (0#), 5 and (7")%8 with
ot =(1,-i7), o' =0l =(1,i7), (A1)
where 7¢ are the ordinary Pauli matrices. They satisfy the Clifford algebra
Ouoy + 0,0, =26, 1, (A.2)

and correspond to a Weyl representation of the y-matrices,

A = ( 0 ””) (A.3)

ot 0

acting on the spinor

Va
v=(5): Ad
W (A.4)
Out of these matrices, the SO(4) generators are defined by
1, _ _ 1 _ _
Oy = i(auo,, —0,0,), O = 5(0'“0,, — 0u0,); (A.5)

the matrices 0, are self-dual and thus generate the SU(2) factor; the anti-self-dual ma-
trices 7, generate instead the SU(2)_ factor. Notice that the indices in the 2 of SU(2)4
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are denoted by « and those for the 2 of SU(2)_ by &. The charge conjugation matrix is
block-diagonal in this Weyl basis:

cos 0 — 0
C p— p— A.6
(4) ( 0 Cd ) ) < 0 €45 ) ( )
with €12 = g5 = 2 —€j5 = +1. Moreover we raise and lower spinor indices as follows
P =g, e =eaa0. (A7)

’t Hooft symbols: the explicit mapping of a self-dual SO(4) tensor into the adjoint
representation of the SU(2), factor is realized by the 't Hooft symbols N,; the analogous
mapping of an anti-self dual tensor into the adjoint of the SU(2)_ subgroup is realized by
M- One has

@) =i () @)% = 17 (7). (A8)
An explicit representation of the 't Hooft symbols is given by
77fw = ﬁfw = Ecpws n,v € {1,2,3},
M, = —Ng = 05, (A.9)
M = Mo T = Tl -
From it one can easily see that
nfw nd“” = 44§ (A.10)
nfw 77;0 = 0up Ovo — o Oup + Epvpo - (A.11)
Analogous formulas hold for the contractions of two 7’s with a minus sign in the € term
of (FCT).

d = 6 Clifford algebra: taking advantage of the equivalence SO(6) ~ SU(4), upon which
a positive (negative) chirality spinor corresponds to a fundamental (anti-fundamental)
SU(4) representation, we can represent the SO(6) spinor as

A= (ﬁj) (A.12)

on which the following gamma matrices act

o — (an E{)) . (A.13)

The matrices ¥¢ and ¢ realize the six-dimensional Clifford algebra
(EQ)AB(EI))BC + (Eb)AB(ia)BC _ 25@1) 5A ’ (A.14)

(with (£%) ap = (£¢B4)*). An explicit realization can be given in terms of 't Hooft symbols

Xt = (773’“7]3’772,“7]2’771,“71) ) Sa = (—ﬁsaiﬁB,—leaiﬁQa—771,i771) . (A15)
The charge conjugation matrix is off-diagonal in this chiral basis:
0o ¢f 0 —iéf
Clg) = A ) = 4. A.16
o=(ey 5 )= (o o' (A1
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d = 10 Clifford algebra: the ten-dimensional y-matrices F?{o) and the charge conjuga-
tion matrix C(yg) are expressed in terms of the four- and six-dimensional matrices as

Thg =" @1, Tl =7"®T,
I1%110) =7 eI, Cao) = Cy @ Cgy (A.17)

such that

c(lo)rg‘{o)c—l

a0 = —r?{O)T. (A.18)

Spin field correlators: From the general formulae of [B4]:

SV (80D () ~ L AB

B zZ—w
7

+1/2 —1/2
SAME@sE W) ~

T,Z)M F/JilAB

by decomposing the ten-dimensional fields into four-dimensional and six-dimensional ones,
we can derive the following “effective” OPE’s:

S92 Salu) ~ T (@ gupl), ) Salu) ~ L
S¢(2) SB(w) ~ — % S4(2) S (w) ~ % (E(Z)f_m—wzfib/(f})
Sa(2) Sp(w) ~ (Z_EQW Y2 (2) Sa(w) ~ % %
P (z) S (w) ~ % %)iﬁ—wsﬁszw), V(2) S4(w) ~ — % (E:Z)iB—jﬁ/(Qw)
Y (2) S% (w) ~ — % w, vit(z) S4(w) ~ %w (A.19)

Other OPE’s which do not appear in (|A.19) can be simply obtained by a suitable change
of the chiralities. From these OPE’s we can derive the following 3-point functions which
have been used in the main text

(5% (@)l 85(3)) = 5 (@) (1 = 2) V2 = 20) 2,
(S (Wb () (28)) = —5(E)™ (21 — )21 = 22) M ea = 20) "
(54007 (20) S (za)) = —= () (= 22) 21 = 3) V= 20) 2,
(Sala)b () (ea)) = == (8)an(er = 2) V21 =)V = 20) 2. (220

Twist field correlators: the (—1)/3 and the 3/(—1) strings have four Neumann-Diri-
chlet directions, namely those along the world-volume of the D3 branes. Thus, the string
fields X* have twisted boundary conditions; this fact can be seen as due to the presence of
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twist and anti-twist fields A(z) and A(z) that change the boundary conditions from Neu-
mann to Dirichlet and vice-versa by introducing a cut in the world-sheet (see for example
ref. P7]). The twist fields A(z) and A(z) are bosonic operators with conformal dimension
1/4 and their OPE’s are

A(Zl) A(ZQ) ~ (21 — 22)1/2 s A(Zl) A(ZQ) ~ — (Z1 — 2’2)1/2 s (A.21)

where the minus sign in the second correlator is again an “effective” rule to correctly
account for the space-time statistics in correlation functions.

B. A short review of the ADHM construction and of zero modes around
an instanton background

Following the notation of refs. P2, B(J, we begin by introducing the basic objects in the
ADHM construction of the SU(N) instanton solution in four dimensions, namely the [NV 4
2k] x [2k] and [2k] x [N + 2k] matrices

A(z) =a+ bz, Az)=a+zb (B.1)

where x5 = x,, (0"),; and % = g, (6")% describe the position of the multi-instanton
center of mass, and all the remaining moduli are collected in the matrix a (see formula (B.3))
below). Finally, b is a [N + 2k] x [2k] matrix which can be conveniently chosen to be

0 )
b= (1 > , b= (0, Lj2x)x[24]) - (B.2)
(2k] x [2K]

The moduli space of the solutions to the self-dual equations of motion is characterized in

terms of the supercoordinates
w ui MAM
az( ¢ > , MAE<M,5A> , (B.3)
@B li
which satisfy the bosonic and fermionic ADHM constraints

AN = fi Yo
AMA = MAA (B.5)

@
=

with frxr an invertible k x k matrix.
The solutions to the self-dual equations of motion for the various fields in the N = 4

vector multiplet are given by

)

A, =T0, U
AM=UMAfb—bf MU
AAB___ B A Afr A\ 4B _
P = U (MPfMA = MAf MP) U
.. ( Nx[N] O ).U, (B.6)
Ok Ny L™ A[ kx[k] @ L2y
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in terms of the kernels Uy arx[n] and U[N}X[NJF%] of the ADHM matrices A and A.
In (B.6), the hatted gauge fields are taken to be anti-hermitian, AAB is the fermionic
bilinear

1 - _
AP = — (MAMP — MPMA) | B.7
el ) 7
and the operator L is defined as
1
L-Q= §{W07 Q} + [alh [aM7QH ’ (B8)

with (W9);f = wg o, .

For simplicity, from now on we concentrate on solutions with winding number k = 1,
which for SU(N) can be found starting from those for SU(2). For £ = 1 the ADHM
constraints drastically simplify; indeed, the bosonic constraint (B.4)) simply reduces to

(see eq. ([£§))), which is solved by

: Orn—
HwJH:Hw%H:pT<[f2Vm> (B.10)
[2]x[2]

where T' € SU(N)/SU(N —2). This is just the standard SU(2) instanton solution embedded
inside the SU(N) in the lower right corner. The matrices T' describe the orientation of
the SU(2) instanton inside SU(NN) with SU(N — 2) being the stability group of the SU(2)
instanton solution. If we temporarily set T' = 1, the vector field, which solves the equations
of motion in the singular gauge, can be written as

2
n u p — U v
(AM) v m (Uuu) v L (Bll)
where . .
o IN—2]x[N—2] O[v—2)x[2]
@i = ( R (B.12)
Op2)x [V —2] (Gu)g
and the center of the instanton has been set at xy = 0 for simplicity. If we remove

the T = 1 constraint and shift the instanton center, we find the general SU(N) solution
A\u = Tgu T~ which is given in (f14). As we have also found in the main text, an
explicit representation of our embedding is given by the matrices in (£9) where the w &S
are chosen according to (B.10).

We now turn to the fermionic the zero modes. Their number is 2k NA and obviously
depends on the number of supersymmetries. For compatibility with the rest of the paper
we will discuss the N' = 4 case. The N' = 2 and N/ = 1 cases can easily be deduced
from our discussion by restricting the range of the capital latin indices in the following to
A,B =1,2 and A, B = 1 respectively. It is well-known that in the SU(2) case the fermionic
zero modes are in the adjoint representation and that their explicit form can be found by
acting with the supersymmetry charges of the superconformal algebra on the instanton
solution, leading to

(50— G (5,)7 09 (07) 4 B (B.13

AaA:l
2
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These solutions can be singled out also for arbitrary winding numbers k, since they corre-
spond to solutions of the constraint (B.5) in which the fermionic matrix M* is taken to
be proportional to the matrices a, b introduced in (B.1]), namely

MAui _ O, M/ﬁf?j — bij n5A7 (B14)
and
P = g 00 EAA M/Bz?j = A (M) d (B.15)

for the supersymmetric and superconformal zero-modes respectively.

Besides the zero-modes (B.13), in the SU(N) case we have other 4N (N — 2) fermionic
zero-modes, which are the partners of the color rotations parametrized by w;*’s. They
transform in the fundamental representation of the embedded SU(2) and correspond to
the 2(N — 2) doublets in the decomposition of the adjoint representation of SU(NN) with
respect to SU(2). For example, for SU(3) we have 8 = 3@ 2@ 2 @ 1. Since there are no
solutions to the Dirac equation which are SU(2) singlets, and since we already know the
form (B.13) of the solution in the adjoint representation, we simply have to recall the form
of the SU(2) solutions in the fundamental. They are

o P €as
Yas = NEEvaL (B.16)
where s = 1,2 is an index which runs in the fundamental. The solutions for 2 are obtained
from those in (B.16) by raising the indices o and s. Let us now turn to the SU(N) case and
introduce the gauge invariant quantity (WE‘)J i = wd‘m w .. By definition, the infinitesimal
gauge rotations which leave this quantity invariant are those which satisfy
Sw,; w B.“j + @%,; dw ﬁ.“j =0. (B.17)
Using for dw and dw the transformations (P.3H), from (B.17) we get

N wﬁ'u] + gg‘A w’,; =0, (B.18)
from which we infer

phawy? =0, afu™ = 0. (B.19)
For k = 1, given the choice eq. (BY), this implies p4* = (uf,..., u%_,,0,0). Starting

from (B.16) we can now deduce the SU(N) formulae by replacing the index s in the

fundamental of SU(2) with an index v in the fundamental of SU(/N), and adding another
index u to label the N — 2 different solutions. For convenience the range of u will be
extended to N. For consistency with our previous notation, we also substitute € with pu.
Putting together doublets and anti-doublets, we finally find

Ko'zA u _ P Au 5a 6(jm ~A B.20
R3] = e (0 i) (B:20
where £ = (0,...,0, 6é‘6) is a natural extension of the Levi-Civita symbol to our case. To

go to the singular gauge we perform a SU(N) gauge transformation extending the standard
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SU(2) one, ie. g =z 0t /Va?, to ¢ =(0,...,0,z,0")/Va?, and get

AaA\u p Au o au - A
(A ) v $2($2 + p2)3 (M Ty +T 2 U)? (B21>
where 2% = (0,...,0,z, (a“)aB).
At last we discuss the inhomogeneous solutions of the equations of motion for the
adjoint scalars 345, These equations follow from the SYM action (B.11)'° and are

1 (~ ~
DzAAB——{AaA,AB}+---:O, B.22
@ 7 o (B.22)
where the ellipses stand for terms that contain A%4 or are trilinear in the scalar fields,
which are not relevant for our present analysis. A first part of the solution of (B.22) is
obtained by using for A% the supersymmetric zero-modes (B.13). This leads to

s __WE
@) = g (1.2

In the SU(N) case there is an additional contribution to (B.23) coming from the zero
modes (B.21]). For k =1 and T = 1, it is easy to see that

~ ~ u 402 1 -
aA § B P Au-B Ap -B| fu

where 6% is defined in (5.17). Substituting the tentative solution

B BT
@), = f(z,p) <,U[A - if)s U) (B.25)

in (B.22) and solving the resulting differential equation for f(z,p), one obtains

1

f(.%',p) = _2\/§(x2+p2) .

(B.26)

C. Subleading order of the instanton profile in the o/ — 0 limit

In section [l we mentioned that the subleading terms in the large distance expansion
of the instanton solution are naturally associated to mixed disks with more insertions of
boundary changing operators (see figure ), and that in the limit o’ — 0 they reduce to
simple tree-level field theory diagrams, in complete analogy with the gravitational brane
solutions as discussed in ref. [BJ]. As an example, in this appendix we explicitly compute
the second order contribution to the gauge field, which is represented by the diagram in
figure [l. For simplicity we just consider the SU(2) case. The necessary ingredients to
compute this diagram are:

15We recall that the fields appearing in the SYM action () are hermitian, while the hatted fields we
are now considering are anti-hermitian; the precise relation between the two is given by 38 = —i 4 and
similarly for the other components of the supermultiplet.
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e the ordinary 3-gluon vertex of YM theory

Vieki(p, g, k) =ie™ [(q — ) Oux + (P = a0 + (k= )y %] (C.1)
where all momenta are incoming, and

e the source subdiagram representing the leading order expression of the gauge field in
momentum space given in ({£4), namely

A (ps p) M = ip? 75, pY e (C.2)

The amplitude in figure [ is then obtained by sewing two first-order diagrams to a 3-gluon
vertex and reversing the sign of the momentum of the free gluon line to describe an outgoing
field. Taking into account a simmetry factor of 1/2, we have

. 1 dlq cde 1 1 1 .
A pip)® = 3 / Vieds(~p,a,p — 95 Alla ) A5 - asp) "]

2 | 2n)p? (p—q)?
; 4

— 1 4 cde—d —e —ipxo d q 1 o _N\T C.3
2,0 € Noulra€ /(27_‘_)2 q2(p_ q)2q (p Q) X ( : )

X | = 20)u00 + (4 + P)rdyur + (0= 20)u0]

where the momentum integral can be computed in dimensional regularization. To obtain
the space-time profile, we take the Fourier transform of AZ(p; p)(Z) multiplied by 1/p?, and
after some standard manipulations we find
d?p 1 (x —x0)

A @)@ = lim [ PP (ae (e )@ L gipr = _gtpe (F=20) Ca

( ;,L(x)) dligl (27[')d/2 ( ;,L(pﬂ p)) p2 © p 77;W (1’ _ x0)6 ’ ( )
which is exactly the second order term in eq. (f.12). The higher order terms in the large
distance expansion can in principle be computed in a similar manner and thus the full
instanton solution can eventually be reconstructed.
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