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ABSTRACT. This paper investigates the stability properties of the spectrum of the classical Steklov problem
under domain perturbation. We find conditions which guarantee the spectral stability and we show their opti-
mality. We emphasize the fact that our spectral stability results also involve convergence of eigenfunctions in a
suitable sense according with the definition of connecting system by [22]. The convergence of eigenfunctions
can be expressed in terms of the H' strong convergence. The arguments used in our proofs are based on an
appropriate definition of compact convergence of the resolvent operators associated with the Steklov problems
on varying domains.

In order to show the optimality of our conditions we present alternative assumptions which give rise to a
degeneration of the spectrum or to a discontinuity of the spectrum in the sense that the eigenvalues converge to
the eigenvalues of a limit problem which does not coincide with the Steklov problem on the limiting domain.
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1. INTRODUCTION
In this paper we consider the spectral stability of the classical Steklov problem [19], namely

Au =0, in (),

1
M) Uy = Au, on 0f},

where u,, denotes the normal derivative of v on 0€2 and A is a real parameter, see [16] for a survey on this
subject. Here and in the sequel, the domain for the Steklov problem will always be a bounded domain in RV
with NV > 2 with appropriate conditions on the regularity of its boundary.

By a solution of (1) we mean a function v € H'() such that

) /Vu~Vvdm:)\ wvdsS, for any v € H(Q),
Q 0

where H' () denotes the standard Sobolev space of functions in L?(£2) with first order weak derivatives in
L?(82). Ttis well-known that (1) can be interpreted as an eigenvalue problem with respect to the parameter \:
we recall that X is an eigenvalue for (1) if (1) admits a nontrivial solution in the sense of (2). That nontrivial
solution is called eigenfunction for A.

We recall that the set of the eigenvalues of (1) is a countable set of isolated nonnegative real numbers
which may be ordered in an increasing sequence diverging to +-co. As customary, we agree to repeat each
eigenvalue as many times as its multiplicity:

3) O=Xp <A<\ <L

We also recall that the first positive eigenvalue A; admits the following variational characterization

) fQ |Vo|? dz
4 A = f =
@) ! velﬁ(n) Joq v?dS
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where H(Q2) := {v e H'(Q)\ Hj(Q) : [, vdx =0}. By aclassical argument it can be shown that all the
other successive eigenvalues admit a minimax characterization as shown in more details in Section 2.5.

In this article we study the stability of the eigenvalues and eigenfunctions of (1) with respect to domain
perturbation. More precisely if {{2. }o<c<c, is a family of domains which converges to a domain £ in a suit-
able sense, denoting by {\5}5° ,, { A, }22 the eigenvalues of the Steklov problem in 2. and {2 respectively,
we say that we have stability for the eigenvalues, if for any n > 1, A, — A, as € — 0. We are also interested
in what we will call spectral convergence of S: to .S where S, S denote the resolvent operators associated
with (1) in €2, and 2 respectively, see Section 2.3 for the precise definitions of these operators. Exploiting
the results contained in [22], one can deduce that spectral convergence of those operators implies not only
convergence of eigenvalues but also convergence of the corresponding eigenfunctions in a suitable sense, see
Theorem 2.5 for more details.

We note that the behaviour of the eigenvalues of (1) subject to domain perturbation has been discussed
in [8] which provides sharp conditions for their stability. Sufficient conditions ensuring the stability of the
resolvent operators (associated with the corresponding Dirichlet-to-Neumann map) in a class of star-shaped
domains are given in [21] where the question whether one could obtain the same results in a general setting
is considered “out of reach”. We also cite the two very recent papers [9, 10] concerning the asymptotic
behaviour of the Steklov problem on dumbbell domains and the stability of the Weinstock inequality respec-
tively.

We recall that Weinstock proved in [23] that the disk maximizes the product between the perimeter and
the first Steklov eigenvalue in the class of simply connected planar sets. The related stability issues con-
sidered in [10] have in some sense an inverse meaning if compared with ours, since in that paper, stability
means that the distance between two domains tends to zero when the difference of the perimeter normal-
ized Steklov eigenvalues tends to zero. Their main result shows instability in the above sense, which means
that they prove that in any tubular neighborhood of a planar domain €2, one can find a domain €2, with al-
most the same perimeter normalized Steklov eigenvalues of another domain w, conformal to €2; this means
that the Hausdorff distance between the deformed domains (2. and w remains large although the perimeter
normalized Steklov eigenvalues of the perturbed domains 2. converge to the ones of w, i.e.

Per(Q:)X;, — Per(w)Ay

n

ase — 0

where Per(-) denotes the perimeter of a planar domain and A}, and A% denote the Steklov eigenvalues in
Q. and w respectively, according with the notation introduced in (3). In the same paper, one can also find
a stability result in which the difference of the least non trivial Steklov eigenvalues of the unit disk and of
a conformal domain with perimeter 27 respectively, up to translations, can be controlled by the Hausdorff
distance of the two domains provided that the norm of the corresponding conformal map is bounded by a
constant.

The aim of the present paper is to study not only the stability of the eigenvalues as done in [8] but also
the stability of the eigenfunctions, and to give an answer to the question raised in [21] by proving stability
results for the resolvent operators mentioned above in a more general class of domains. Moreover, we prove
that our conditions are sharp by analysing the behaviour of the resolvent operators in a limiting case and we
study the degeneration phenomena appearing when the strength of the boundary perturbations exceeds the
threshold corresponding to that case. We also apply our results to the homogenization of problem (1) subject
to periodic boundary perturbations.

Our results are in the spirit of the results of [1, 2, 3, 13] concerning the solutions of second order linear and
nonlinear boundary problems with Robin type boundary conditions. Namely, in [13] the authors consider
the problem

—Au = f(u), inQ,
Uy + Pu =10, in 909,

where [ is a fixed positive constant and provide stability and instability results for the solutions w upon
perturbation of ). In particular, they identify the conditions on the perturbations of {2 which cause the
degeneration of Robin boundary conditions to Dirichlet boundary conditions. They also discuss the case



SPECTRAL STABILITY OF THE STEKLOV PROBLEM! 3

where a deformation of the coefficient 3 appears in the limiting problem. Similar results have been obtained
in [1, 2, 3] for nonlinear boundary conditions of the form wu, + g(z,u) = 0.

We observe that the resolvent operators .S; act on functional spaces which depend on the parameter
so that, in order to provide a reasonable notion of compact convergence for operators acting on different
functional spaces, we make use of suitable “connecting systems” which allow to pass from the varying
Hilbert spaces defined on €2 to the limiting fixed Hilbert space defined on 2. This approach is made possible
thanks to a number of notions and results which go back to the works of F. Stummel [20] and G. Vainniko [22]
and which have been further implemented in [4, 12]. See also the recent paper [7]. All these notions are
discussed in detail in Section 2.1. These abstract results are based on the notion of E-compact convergence
of operators, possibly acting on different Hilbert spaces.

In order to prove stability results and the corresponding E-compact convergence of the operators S., we
consider domains €, € belonging to uniform classes of domains with C%! boundaries - see Definition 2.6
- and we require that the boundaries of 2. converge to the boundary of € in the sense of (16)-(17). We
observe that if the boundaries of (2. converge to the boundary of 2 in C! then conditions (16)-(17) are
satisfied. Conditions (16)-(17) make possible the construction in Section 2.4 of a family of linear continuous
operators E. : H'(Q) — H'(€.), i.e. the connecting system, which allows us to treat operators defined
on H'(Q.) and H'(€2) simultaneously. In fact, the family of operators {E.} is a connecting system in the
sense of [22] provided that H'(€2.) is endowed with the equivalent norm

1/2
lulle := (/ |Vu|? de —I—/ u? dS) for any u € H'(£,).
Qe 0

In particular, the family of operators { E. } makes possible the definition of the notion of E-convergence for
a sequence u. € H'(€).) to a function u € H(Q), i.e.

5) |lue — Eculle — 0, ase — 0,

which allows to overcome the problem of having different functional spaces to deal with. We note that,
similarly to [15], the operators E. are constructed by pasting together suitable pull-back operators defined
by means of appropriate local diffeomorphisms.

In is important to observe that the operators E. satisfy the following property: for any € > 0 there exists
an open set K. C 2N Q. such that (E.u)(x) = u(z) for all z € K, and such that [(2. UQ) \ K| — 0 as
e — 0. (Here and in the sequel | A| denotes the Lebesgue measure of any measurable set A C R™.) This,
combined with (5), implies the more familiar strong convergence

(6) |ue — ullgr1.nq) — 0, ase =0

as we state in Proposition 4.4.

The main results of the paper are contained in Section 3; we proceed by describing in detail the meaning
of their contents.

The first main result is Theorem 3.1 in which we prove the spectral stability of (1) under the validity of
conditions (16)-(17). More precisely we prove the E-compact convergence of S. to S as ¢ — 0. On the
base of the general Theorem 2.5, this implies the spectral convergence of S. to S, hence the convergence of
the eigenvalues and the F'-convergence of the eigenfunctions in the sense of Theorem 2.5. In particular the
eigenfunctions converge in the sense of (6).

The subsequent results aim to show the optimality of conditions assumed in Theorem 3.1.

Theorem 3.2 can be considered an extension of Theorem 3.1 since we assume again the validity of (16)
but we replace (17) with the weaker condition (46). Indeed, if we assume the validity of (16) and (17)
simultaneously then (46) holds true with v; = /1 + |V g; |2 so that the function +y defined in (47) satisfies
v = 1 on 0f2. In such a case the eigenvalues \;, converge to \,, as ¢ — 0 and spectral stability is proved. But
whenever the function v Z 1 on 0f2, convergence of the eigenvalues to the natural limit problem fails to be
true thus giving rise to a discontinuity phenomenon. In Proposition 3.4 (ii), we exhibit an explicit example
where the function v £ 1. We note that, assumption (46) is, mutatis mutandis, the condition used in [13,
Theorem 4.4] and in [2, 3].
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Then in Theorem 3.3, we assume the alternative conditions (53)-(54) and we prove degeneration of eigen-
values by showing that A — 0 as ¢ — 0 for any n > 1. An explicit example in which (53)-(54) hold
true can be found in Proposition 3.4 (iii). We also note that condition (54) was used in [1, 13] to prove the
degeneration of the Robin problem to the Dirichlet problem.

Finally, we provide a more clear picture of the conditions contained in Theorems 3.1-3.3 by considering a
particular case in which the domains 2. and €2 are in the form

Q. ={(@,an) eRY ;2 e W, -1 <ay < g-(z)}, Q=W x (-1,0)

where W is a cuboid or a bounded domain in RN~1 of class C%1, g.(2') = e*b(a'/¢) for any 2’/ € W
and b : RV~1 — [0,400) is a nonconstant Y -periodic function with Y = (—3, %)Nfl
RN~1. Note that this type of periodic perturbations is classical in homogenization theory, in particular in the
study of boundary homogenization problems, see e.g., [5, 14] and the references therein. In this particular
situation, the conditions introduced in Theorems 3.1-3.3 find a clear representation depending on the value
assumed by the exponent or. More precisely, it is proved in Proposition 3.4 that the assumptions of the three
main theorems correspond to the cases a > 1, @« = 1 and 0 < a < 1 respectively. Taking into account what
was shown in Proposition 3.4, the statements of Theorems 3.1-3.3 can be unified in a single result contained
in Theorem 3.5. This theorem shows spectral stability for o > 1, degeneration in the case 0 < o < 1 and
a discontinuity phenomenon in the limiting case o = 1 in the sense that the eigenvalues of (59) converge to
the eigenvalues of the modified problem (60) whose eigenvalues are given by the eigenvalues of (59) divided
by the constant Cy, = [, \/1 + |[Vb(2')|? dz'.

We note that in our previous paper [15], we considered the spectral stability of certain Steklov problems
for the biharmonic operator. Although the proof of Theorem 3.1 is based on a method similar to the one
used for the proof of the corresponding stability results in [15], the part of the present paper concerning the
discontinuity and the degeneration phenomenon - namely, Theorems 3.2, 3.3 - is completely different and is
specifically designed for problem (1).

We conclude this section by explaining how this paper is organized. In Section 2 we state some well-known
basic results about spectral stability for operators defined on abstract Hilbert spaces, we introduce the main
assumptions about the perturbed domains €2, and the limit domain {2, we contruct the resolvent operator
S associated with (1), we construct a connecting system acting from H'(€2) into H'(€).) and finally we
show that the classical minimax characterization of eigenvalues applies to the Steklov spectrum. Section 3
is devoted to the statements of the main results already described above. Section 4 is devoted to the proof of
Theorem 3.1 and to the statement and the proof of Proposition 4.4. Sections 5-6 are devoted to the proofs of
Theorems 3.2-3.3 respectively, Section 7 to the proof of Proposition 3.4 and finally Section 8 to the proof of
Theorem 3.5.

the unit cell in

2. PRELIMINARIES AND NOTATION

2.1. A general approach to spectral stabilty. The study of the spectral stability of (1) is reduced to the
study of suitable families {B;}o<c<<, Of non-negative compact self-adjoint operators defined in Hilbert
spaces H. associated with the domains (2.

In order to follow this approach we recall here the notion of E-convergence. As already mentioned in the
Introduction, we follow the approach of [22] and the successive development by [4], [12].

According to the notation used in [4] (see also [15]), we denote by . a family of Hilbert spaces for
e € [0,e0] and we assume that there exists a family of linear operators E. : Ho — H. such that

7 | Eaully, = lullpg,  forallu e Ho.

Definition 2.1. We say that a family {u. }o<c<c,, With us. € He, E-converges tou € Ho if |[us — Ecul|y. —
0 ase — 0. We write this as u. i> U.
Definition 2.2. Let {B. € L(H.) : € € (0,e0]} be a family of linear and continuous operators. We say that

{B:}o<e<e, converges to By € L(Ho) as € — 0 if Boue — Bou whenever u. — u. We write this as
EE
B&‘ — Bo.
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Definition 2.3. Let {u: }o<c<c, be a family such that u. € H.. We say that {u. }o<e<c, is precompact if for

. E
any sequence €, — 0 there exist a subsequence {e,, } and u € Ho such that Ue,, — U

Definition 2.4. We say that {B;}o<e<e, with B: € L(H.) and B. compact, converges compactly to a
compact operator By € L(Ho) if Be EE By and for any family {u. }o<-<c, such that u. € H,,

uEHHg == 1)
. . .. . . C
we have that { Bzu. }o<c<e, is precompact in the sense of Definition 2.3. We write this as B: — By.

We now recall some notations already used in [15]. If B is a non-negative compact self-adjoint oper-
ator in a infinite dimensional Hilbert space H, its spectrum is a finite or a countably infinite set and all
non-zero elements of the spectrum are positive eigenvalues of finite multiplicity. When the spectrum is a
countably infinite set, the eigenvalues can be represented by a non-increasing sequence (i, n € N, such that
lim,, o0 tt, = 0. As usual we agree to repeat each eigenvalue in the sequence p,, n € N as many times as
its multiplicity.

We also define the notion of generalized eigenfunction: given a finite set of m eigenvalues i, . . . , ntm—1
with pty, # ptn—1 and fnim—1 # fntm, we call generalized eigenfunction (associated with g, - . ., fbntm—1)
any linear combination of eigenfunctions associated with the eigenvalues fiy,, . . ., fhn+m—1-

We now state the following theorem which is a simplified rephrased version of [22, Theorem 6.3], see also
[4, Theorem 4.10], [6, Theorem 5.1], [12, Theorem 3.3] and [15, Theorem 1].

Theorem 2.5. Let { B; }o<-<¢, and By be non-negative compact self-adjoint operators in the Hilbert spaces
He, Ho respectively. Assume that their eigenvalues are given by the sequences ji,(¢) and p,(0), n € N,

respectively. If B. <, By then we have spectral convergence of B: to By as € — 0 in the sense that the
following statements hold:

(i) For everyn € N we have i, (€) — un(0) ase — 0.
(ii) If un(e), n € N, is an orthonormal sequence of eigenfunctions associated with the eigenvalues
Un () then there exist a sequence ¢y, k € N, converging to zero and an orthonormal sequence of

eigenfunctions u,(0), n € N associated with 1,(0), n € N such that u,(e,) N U (0).
(iii) Given m eigenvalues Mn(o)a cet 7Mn+m—1(0) with Nn(o) ?é Mn—l(o) and Mn+m—1(0) 7& ,un-i-m(o)

and corresponding orthonormal eigenfunctions u,(0), . .., Uup4+m—1(0), then there exist m orthonor-
mal generalized eigenfunctions v, (€), ..., Vnym—1(€) associated with ji,(€), . .., fintm—1(€) such
that vn-i(€) =2 unsi(0) foralli =0,1,...,m— 1.

2.2. Classes of domains. According to [15], in order study the spectral convergence for the Steklov eigen-
value problem, we shall consider uniform families of domains with some prescribed common properties.
In this perspective we recall the notion of atlas from [11], see also [5, Section 5] and [15, Section 2.2].
According to [5, 11], givenaset V' C RY and a number § > 0 we write

(8) Vs:={zx eV :d(z,0oV)>d}.

Definition 2.6. [11, Definition 2.4] Let p > 0, s,s" € N with s’ < s. Let {V;}3_, be a family of open
cuboids (i.e. rotations of rectangle parallelepipeds in R ) and {r; }3*-:1 be a family of rotations in RY.
We say that A = (p, s, s, {Vj}§=1> {rj}jzl) is an atlas in RN with parameters p, s, s', {Vj}izl, {rj}j-:l,
briefly an atlas in RN. Moreover, we say that a bounded domain Q2 in RN belongs to the class Ck”(.A) with
k € N and ~ € [0, 1] if the following conditions are satisfied:
(i) Q@ CUj_1(Vj), and (V;), N Q # O where (V), is meant in the sense given in (8) ;
1) V;noQ#0 for j=1,...,s and V;NOQA =0 for s +1<j <s;
(i) forj=1,...,s we have

rj(V}):{xeRN:aij<3:Z-<b7;j,i:1,...,N}, jZl,...,S;

ri(V;NQ) ={z=(2/,zy) e RN : 2/ € Wj,an; <y < gi(2)}, j=1,...,s
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where ' = (z1,...,zn-1), W; = {2’ € RN-1 . aij < x; < byj,i =1,...,N — 1} and the
functions g; € C*V(W;) forany j € 1,...,8 withk € NU {0} and 0 < v < 1. Moreover, for
j=1,...,5 weassume that an; + p < g;(z') < bnj — p, forall ' € W;.
Finally we say that ) if of class C*7 if it is of class C*7(A) for some atlas A. In the sequel C** will be
simply denoted by C*.

Let  be a bounded domain in R of class C%!. The Hilbert space H!(2) is naturally endowed with the
scalar product

/Vu-Vvdx—i—/uvdw for any u,v € H'(Q).
Q Q

However, taking into account the structure of problem (1), it appears reasonable to replace the classical scalar
product of H'(€) with another one in which the scalar product in L?(£2) of the two functions u,v € H'(Q)
is replaced by the scalar product in L?(992) of their traces on 0f. In the next lemma we recall that these two
scalar products are equivalent in H'(€).

Lemma 2.7. Let Q2 be a bounded domain in RN of class C%'. Then we have:

(i) there exists a constant C (N, Q) depending only on N and ) such that

/ u?dS < C(N,Q) </ \Vu]de—i—/qu:r) foranyu € H'(Q);
o0 Q Q

more precisely, if A is an atlas as in Definition 2.6 such that §) is of class C%1(A), the dependence
of C(N, Q) on  occurs through the atlas A and the C*' norms of the functions g; introduced in
the same definition.

(ii) there exists a constant C'(N, diam(Q2)) depending only on N and diam(2), where diam(2) denotes
the diameter of §Q, such that

/ u?dz < C(N,diam(9)) (/ |Vu|? de —I—/ u? dS) foranyu € H'(Q);
Q Q o0

(ii1) the following scalar product
/Vu'Vvd:E—i—/ wvdS  foranyu,v € H(Q)
Q o0

is equivalent to the original scalar product of H' (12).

Proof. Part (i) of the lemma is a well known result from classical trace theorems, see for example the book
by [18]. Part (ii) can be obtained in a classical way by using the divergence formula and the Holder-Young
inequality. Finally, part (iii) is an immediate consequence of (i) and (ii). O

Thanks to Lemma 2.7 the space H'(£2) may be equivalently endowed with the scalar product
) (u,v)o := / Vu - Vodz + / uv dS for any u,v € H'(Q)
and the corresponding norm ) .
(10) lullo :== (u,u)y/>  forany u e H'(S).

2.3. The functional setting. Assume that Q@ C RY (N > 2) is a bounded domain of class C*.

Similarly to [15], we introduce the following resolvent operator S : H(2) — H*(Q) associated with (1)
which turns out to be a nonnegative self-adjoint compact operator.

In order to costruct the operator S, we first introduce the operator 7 : H*(Q2) — (H'(£2))’ defined by

(11) (@) {Tu, ) () = / Vu - Vudx +/ uv dS for any u,v € H(Q).
Q o0

The operator 1" is clearly well-defined and continuous. Moreover by Lemma 2.7 (iii) and Lax-Milgram
Theorem, we also deduce that 7" is invertible and 7~ is continuous.
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Then we introduce the operator J : H1(Q) — (H'(Q))’ defined by

(12) (Hl(Q))/<JU, 'U)Hl(Q) = / uv dS for any u,v € Hl(Q) .
o0
Since the trace map
(13) HY(Q) — L*(09)
U — U|pQ

is well-defined and compact being OS2 Lipschitzian (see [18, Theorem 6.2, Chap. 2] for more details), then
the operator .J is also well-defined and compact.

We are ready to define the operator S : H'(Q2) — H' () as S := T~ ! o J. Clearly S is a linear compact
operator and moreover it is easy to see that it is also self-adjoint. Moreover one can show that iz # 0 is an
eigenvalue of S with corresponding eigenfunction w if and only if A\ := i — 1 is an eigenvalue of (1) with
corresponding eigenfunction .

2.4. Domain perturbations and construction of a connecting system. Let A be an atlas. Let {€2, }o<-<¢,
be a family of domains of class C%!(A) which converges to a fixed domain 2 of class C%!(.A) in a sense
which will be specified below. For any 0 < € < ¢ denote by

S.: HY(Q.) — HY(Q.)

the resolvent operators associated with (1) in €. according with the definition given in Section 2.3.

Since our final purpose will be to apply the abstract results of Section 2.1, we need to define a family of
operators F., which satisfy condition (7). In the specific case under consideration, this means that we have
to introduce linear operators E. : H(Q)) — H'(£2.) such that

(14) | Eeulle = |lullo ase — 0, foranyu € Hl(Q) ,

where

(15) (u,v)e := Vu-Voudz +/ uv dsS, for any u,v € H' (),
Q. 0.

Julle = (u,u)/?  foranyu € H ().

£

We recall that by Lemma 2.7 the norms || - || and || - ||o are equivalent to the original norms of H'().) and
H' () respectively. For this reason it will be convenient in the sequel, except when it is otherwise specified,
to endow the spaces H'(£2.) and H'(£2) with the scalar products (-, -). and (-, -)o respectively.

In order to prove (14), we proceed ad in [5], see also [15]. Denote by g;,g-; € C%*(W) the functions
corresponding respectively to 2 and €2, according to Definition 2.6.

Suppose that the following assumptions hold true: forany j = 1,...,s’and k € {1,...,N — 1}

: _ aga,' —
(16) tim 9o — gyllaqwyy =0, || %2 =0, ase 0
and
(17) Per(Q2.) — Per(92), ase — 0,

where Per(€2.) and Per(2) denote the perimeters of the domains 2. and {2 respectively, i.e. the (N — 1)-
dimensional measures of 0€2. and OS2 respectively.

Remark 2.8. We recall that condition (17) is a condition already used in [8] to prove convergence of the
eigenvalues of the Steklov operator. Moreover by the proof of [8, Proposition 3.2] one can deduce that,
assuming (16)-(17), the following pointwise convergence

(18) \/1 + |V ge j1? — \/1 + |Vgil? ae inW; ase—0,

holds true.
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Following the construction introduced in [5] and used in [15], we are going to define the family of operators
{E:}o<e<e, (up to shrinking ¢¢ if necessary) by using a partition of unity and pasting together suitable pull-
back operators associated with local diffeomorphisms defined on each cuboid of the atlas .A. Note that in the
simplified setting of one single cuboid, partition of unity would not be required and the operator E. would
be simply defined as in Remark 2.9 below.

Let k be a fixed constant satisfying k > 4 whose meaning will be explained below. Let us define

e i= max, 19e.5 = GillLoeqwyy s ke =kke,  Gej = Gej — ke,
and
K. ;:={(2',zn) € W, x (anj,bnj) : anj < zN < Gej(2')} forany j =1,...,s .

For any 1 < j < s’ we define the map h. ; : ;(Q- NV;) = R
0, if ajy S xzN < f]e,j(l'l)v

TN —Ge. i (x! 2 o~
(942 = 90" (222905 ) ) if5,(@) < on < gos(a).

(19) h&j(a:',wN) =

We observe that h. j € C%1(r;(Q. N'V;)) and that the map ®. ; : 7;(Q2 NV;) — r;(QNV;) defined by
®. (', xn) = (2/, 2N — he j(2', 2x)) is a homeomorphism of class C%!. When s’ +1 < j < s we define
®. ; :1r;(V;) — rj(V;) as the identity map.

Consider now a partition of unity {t; }1<;<s subordinate to the open cover {V; }1<;<, of the compact set
QU U.(0,60) {2 see [15, Page 12].

We also define the deformation ¥, ; : Q. NV; — QNV; by ¥, ; := rj_l o ®. ;orj;. In this way ¥, ;

becomes a C%! homeomorphism from Q. N V; onto Q@ NV forany j € {1,...,s}.

From the definition of A, ; and the restriction k> 4, we deduce that

1
(20) 3 < det(DV¥, j(x)) < foranyx € Q. NV;.

DO o

. Ohe j
In order to show this, we observe that det(DW. ;) = det(D®. ;) = 1 — F22 (2, 2n).

Given u € H'(Q) we put u; = tp;u forany j € {1,...,s} in such a way that u = Z§:1 uj. Then we
define

1) Bou:=) die;+ Y uj € H(Q)

j=1 j=s'+1
where

Uj(\Ingj(ﬂS‘)), ifzx e Qgﬂ‘/j,
(22) e j(2) =

0, ifzeQ\V;.

forany j € {1,...,s'}.

Remark 2.9. If Q2 and ). are in the form
Q={(,2y) eRY : 2/ € Wanday < zx < g(2')},
Q. ={(z,zy) eRN : 2/ e Wand ay < zy < g-(z')},

where W is a cuboid or a bounded domain in RN™1 of class C%' then the operator E. can be defined in the
following simple way

E.u(z) =u(®(x))  foranyx € Q.
where ®.(z',xn) = (', xn — he(2',xN)) and h, is defined by (19) with g. and g in place of g. ; and g;
respectively.
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We will show that the family of operators { E; }g<-<¢, is really a connecting system in the sense of [22].
We first introduce some notations and state a preliminary result.
Forany y € ¥, ;(00: NV; NV;) we put O ; ;(y) := \I!“(\I/;jl(y)) in order to define

(23) @s,i,j : \I’EJ(OQE NnV;N V}) — ®€,i,j (\I’E,j(aQE NnV;N V}))

as a diffeomorphism between two open subsets of the manifold 0f2.

Forany j € {1,...,s'} letT; : 9Q N V; — W; C R¥~! be the maps defined by
(24) Lj(y) == P(r;(y)) forany j € {1,...,5'}
where P : RY — RV~ is the projection (z/,zy) — 2. We observe that I'; ! : W; — 9 N Vj satisfies
I () = 17 (2, 95(2)))) for any 2/ € W

We now report below a result taken from [15, Lemma 7] which was stated, in that setting, with a C' 1,1
regularity assumption on the domains €. but we observe that the arguments used in its proof work with a
C%! regularity assumption and our condition (16) as well.

Proposition 2.10. [15, Lemma 7] Let A be an atlas. Let {Q:}o<c<c, be a family of domains of class
C%L(A) and Q a domain of class C%'(A). Assume the validity of condition (16).

Let {w: }o<c<z, C L?(00) be such that supp(w:) C 02NV for any e € (0, gq), for some i € {1,...,s'}.
Suppose that there exists w € L?(0SY) such that we — w in L*(0) ase — 0. Forj € {1,...,5'} let O,
be as in (23). For any € € (0, g¢) define the function

() = We(Oc,ij (y)) ify € U (00 NViNVj),
o ifyecdQ\ V. ;(02:NV;NV;).

Then 0 — wXxasanv;nv; in L?(09) as ¢ — 0.
We are ready to prove that the family of operators { E. } is a connecting system.

Lemma 2.11. Let A be an atlas. Let {Q.}o<e<c, be a family of domains of class C%1(A), Q a domain of
class C1(A) and for any ¢ € (0, ¢ let E- be the map defined in (21). Assume the validity of (16)-(17).
Then the following assertions hold true:
() the map E. : HY(Q) — H(.) is continuous for any ¢ € (0, gq);
(ii) the family of operators { E¢ }o<e<e, satisfies (14).

Proof. This lemma is essentially an adaptation of [15, Lemma 2] with the obvious changes. For this reason
we only give an idea of the proof quoting the necessary references contained in the proof of [15, Lemma 2].
Since the proof of (i) easily follows from the definition of E., it is left to the reader.
It remains to show the validity of (14). Letw € H 1 (€2) and let @, ; be the functions introduced in (22).
Note that in order to prove (14), it is sufficient to prove the following convergences:

. 81151'81]5]‘ 8u2 8Uj L. ’
25 1 : : = —dzx V 1,... vk 1,...,N};
(25) ). D Oa oy oy, VI el VR E{L N
(26)
lim 8us’i%d = aui%daz Vie{l,...,s'},Vie{sd+1,...,s},Vke {l,...,N};

€T =
e—0 Q. al‘k aSEk Q (%k 8:Ek

27 lim &57i&£,de:/ wiu; dS Vi,je{l,...,s'},Vke{l,...,N}
=0 Jaq. o0

e—0

(28) lim - &E7iude:/aQuiude Vie{l,..., s}, Vie{s+1,...,s},Vke{l,...,N}.

We only give some details of the proof of (25) and (27) since (26) and (28) can be proved in a completely
equivalent way, actually easier.
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We first prove (25) in the case ¢ = j. For any z € 2. N'V; we have

29 : = v, —_
By (16) and the definitions of ¥, ;, ®. ; and h. ; we infer
‘115 7
(30) A Tea(@))] =0(1) ase =0, forany i,k € {1,...,N}.
Oz, Lo (V;NQk)
Exploiting (29)-(30), (20) and the fact that [r;(2 N V;) \ K. ;| — 0ase — 0 one gets
~ 2
G1) lim <8u> dr =0.
=0 J@nvi\r LK) \ 9Tk
On the other hand

N N\ 2 N\ 2 N2
(32) lim <a“”) dz = lim (a%) dx = / (8ul> d = / (8“1> da.
e—0 T;l(K&i) 8$k e—0 T,;l(Ksﬂ') 8(1/‘k QNv; 8{1/‘k Q aﬁﬂk

Combining (31) and (32) we conclude the proof of (25) in the case ¢ = j.

In order to prove (25) in the general case ¢ # j one can use a suitable decomposition of the domains of
integrations like in [15, Identity (39)].

Let us proceed with the proof of (27). Combining (16)-(17) (and hence (18)) with Proposition 2.10, we
obtain

lim Ue  Uej dS = lim wi(Wei(x)) uj (Ve j(x)) dS
e—0 895 e—0 agsmvimvj

= lim wi(Wei (W25 (1)) uj (y)We 5 (y) dS
=20 Jw_ ;(89:-nV;NV;)

:/ ui(y) uj(y)dS:/ uuj dS
oNViNY; o9

where we used the change of variables y = U, ;(x) and where we put

_ V14 [Varge,; (T;)1
V1+[Vegi(Ti(y))?
Here T'; : 00N V; — W; C RV~ are the maps defined in (24).
This completes the proof of the lemma. O

(33) Wei(y)

2.5. Minimax characterization for the eigenvalues of (1). We denote by {uy, },>0 an orthonormal system
of eigenfunctions with respect to the scalar product of L?(992), i.e. /. 50 UnUm dS = Opm, where uy, is an
eigenfunction of \,, for any n > 0. In particular we have

(34) (Upy U)o = / Vi, - Vg, de = / Uy U dS =0 foranyn,m >0, n #m
Q oN
and
(35) / \Vu,|?dz = A, / uldS =1 foranyn > 0.
0 Gly)

Let S : HY(Q) — H(Q) be the resolvent operator defined in Section 2.3. We observe that S is an
operator which acts from (HZ(Q))* to itself, i.e.

S (HH Q) = (HL(Q)*

where orthogonality is meant with respect to the scalar product (-, +)o.
Indeed, if we choose w € (H{(2))*, letting u = Sw, we have Tu = Juw, i.e.

(Hl(Q))/<TU, ’U>H1(Q) =(HL(Q)Y <Jw, U>H1(Q) for any v € Hl(Q) .
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This is equivalent to
(36) (u,v)g = / wvdS — foranyv € H'(Q).
o

In particular, if we choose v € H&(Q) in (36), we obtain that the right hand side of (36) vanishes and so it
does its left hand side, thus proving that u € (HZ(Q))*.

The invariance property of the space (Hg(€2))+ under the action of the self-adjoint compact operator .S
shows that the basis {u,, },,>0 defined before, is an orthogonal basis of (Hg())~.

A standard application of the classical minimax principle for eigenvalues allows to show that, for the
eigenvalues of (1), the following characterization holds true:

Vol|?d
(37) A, = Iin  max M
WeW, vew\{0} faQ” dsS

where for any n > 0
(38) W := {W C (H}(Q))* subspace : dim(W) =n 4 1}.

Actually, if w € (H(Q))* and v € HZ (), not only we have (w, v)o = 0 by definition of orthogonality,
but we also have

39) /Vw-Vvda::/ wvdS =0.
Q a0
We also prove that for any n > 0 the n-th eigenvalue \,, admits the alternative inf-sup characterization
Vol?dz
(40) A\p = inf sup Jo [VoFde

Vev, veEV\HL(Q) fangdS

where
V,, :={V C H*(Q) subspace : diim(V) =n+ 1and V ¢ Hg(Q)}.

Proposition 2.12. The eigenvalues of (1) admit the variational characterization (40).
Moreover we have:

() if V € V, satisfies V N HL(Q) # {0} then

Jo IVv[*da
(41) sup = T = +00;
veV\H}(©) Joq v?dS

(1) if V €V, satisfies V N H&(Q) = {0} then the supremum in (41) is finite and it is achieved;

(iii) the infimum in (40) is achieved so that we may write

“2) \ _ Jo IVo[*da
n = min Sup Yas .
VeV, 'UGV\H& (Q) faﬂ U2dS

Proof. We prove the three parts of the lemma separately.

Proof of (i). Let V be as in (i) and let v € V' \ [HJ () U (H}(Q))*].

Consider its orthogonal decomposition v = vg+v1 € HE (Q)® (HE(Q))*. Since v ¢ HYH(Q)U(HL(Q))*+
we clearly have that vy, v; # 0. Let us use v; = tvg + vy, t € (0, +00), as a test function in the Rayleigh
quotient appearing in (41). By (39) and the fact that vg has null trace on 02, we have

Vol2de 2 [, |Vuol?dz + [, |Vur|2dz
Jo [VuilPdz £ Jo [Vool Jo|Verl — 400 ast— +00.

Joq vidS S5 v1dS
This completes the proof of (i).




12 ALBERTO FERRERO, PIER DOMENICO LAMBERTI

Proof of (ii). First of all, if V' is as in (i) we have that V' \ H}(€2) = V' \ {0}. Due to the homogeneity
property of the Rayleigh quotient we clearly have that

sup fQLUszSU _ Jo |Vfu2|2d:v _ Jo |Vv2|2d:n . I8 |VU2|2dJ:
veEV\HA(Q) Joav?dS  wenior Joav?dS  weviullo=1 Joq v?dS  weVivlo=1 [yov3dS

where the last equality follows from the compactness of the unit sphere in a finite dimensional space.
Proof of (iii). Let 7()V,,) be the minimax value introduced in (37) and let 1()),,) be the inf-sup value
defined in (40). By (i)-(ii) we clearly have that

Vo|’dz
@3) IW) > IV) = inf p JalVeldr
VEVn,VNHG(Q)={0} vev\{0} faQ v2dS
where the inequality above follows from the fact that W,, C V,,.
On the other hand, for any V' € V,, with V N H(Q2) = {0}, let us consider the orthogonal projections
P:V = PV)CH}QandQ:V — Q(V) C (HI(Q))* so that

(44) v=Pv+Que H} @ (HI)) foranyv € V.

We claim that dim(Q(V')) = dim(V') = n + 1. By definition we have that the linear map () is surjective.
Let us prove that it is also injective. By contradiction suppose that () is not injective so that, being () linear,
there exists v € V' \ {0} such that Qu = 0 which inserted in (44) shows that v = Pv € H}(2) and this is
in contradiction with the fact that V' N H{(Q) = {0}. Being @ an isomorphism between vector spaces the
proof of the claim follows.

For any v € V' \ {0} with V N H(Q) = {0}, let us put vy = Pv and v; = Qu in such a way that v; # 0.
With this choice of V' and v, by (39) we obtain

JoIVvPPde [ [VuolPde + [, [V [*da - Jo Vv [2d
Joq v2dS Joq vidS = [oquidS

so that

45) i Jo IVv[*dx > . Jo IVw|*dz
veV\{0} [ v2dS T weQ(V)\[0} [Ho w?dS
since Q(V') € W,, being Q(V) C (H(Q))* and dim(Q(V)) =n + 1.
Since (45) holds for any V' € V,, such that V' N H, 6(9) = {0}, taking the infimum over V in (45), by the
equality in the right hands side of (43), we conclude that 1(V,,) > I(W,,). This combined with the inequality
in left hand side of (43) and with (37) proves that I(V,,) = I(W,) = A,.
Finally, the fact that the infimum in (40) is achieved follows from I(},,) = A,, combined with the particular
choice V' = span{uy, ..., u,} € V,: indeed, in this way the inequality
i Jo [Vv|2da
vEspan{uog,...,un }\{0} fBQ v2dS

becomes an equality if one chooses v = u,, and, in turn, the above maximum achieves the minimum in (40).
O

> I(Wn)

< An

3. MAIN RESULTS
We start with the following result on spectral convergence for problem (1):

Theorem 3.1. Let A be an atlas. Let {Q:}o<c<c, be a family of domains of class CO1(A) and let Q be
a domain of class C’O’l(A). Assume the validity of conditions (16)-(17). Then the spectrum of (1) behaves
continuously at € = 0 in the sense that the following conclusions hold true:

(i) denoting by X, the eigenvalues of the Steklov problem in §) and by X, the eigenvalues of the Steklov
problem in (). for any n > 1 we have

3 .
A, = A ase — 0;
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(ii) denoting by u, n > 1, a sequence of eigenfunctions associated with the eigenvalues )., and or-
thonormal with respect to (15), then there exist a sequence i, k € N, converging to zero and a
sequence of eigenfunctions uy, n > 1 associated with \,, and orthonormal with respect to (9), such

E
that usF — uy, as k — 400, foranyn > 1;
(iii) given m eigenvalues Ay, . .., Aptm—1 With Ay, # Ap—1, Antm—1 7 An+m and corresponding eigen-

functions Uy, . . ., Un+m—1, orthonormal with respect to (9), then there exist m generalized eigen-
functions vy, ... v, . 4 associated with A3, ..., A5 . 1, and orthonormal with respect to (15),

E .
such that vy, | ; — Up+; ase — 0T, foranyi=0,1,...,m — 1.

In the next theorem we relax assumptions of Theorem 3.1 by replacing condition (17) with

(46) A1+ |Varge |2 —~;  weaklyin L'(W;) ase—0

where y; € LY(W;) forany j = 1,...,s".
Looking at (46), it seems reasonable to define the function v : 92 — R, locally given by

(47) (y) = 75(T5(y))
V1+ Vg (Tiy)P?
where I'; is the map defined in (24), forany j = 1,...,s".
We observe that, arguing as in [2, Lemma 5.1, Corollary 5.1], one can deduce that the function ~ is well
defined being its definition not depending on local charts.
We now introduce the following weighted Steklov problem

{Au—O, in €2,

forany y € V; N 09

48
8 Uy = Ay(x)u, on ).

Let us denote by

(49) 0=2X(7) <A(y) <X(y) < < Aa(y) <.

the eigenvalues of (48).
We now define on the space H'(€2) the scalar product

(50) (u,v)y = / Vu - Vudz +/ ~yuv dS for any u, v € Hl(Q)
Q )
and the corresponding norm
(51) |ully = (u,u)}/*  foranyue H'(Q).
We observe that the boundary integral in (50) is well defined since by (16) and (46) we deduce that
v € L*(00).

We observe that the norm (51) is equivalent to the usual norm of H'(): indeed, for one estimate we can
combine the fact that v € L°°(912) with the classical trace inequality and for the other one Lemma 2.7 (ii)
and the fact that v > 1, as one can verify looking at [2, Corollary 5.1].

We now construct the operators 7%, J, simply by replacing the boundary integrals in (11) and (12) by
J. an Y uv dS. The operator Sy is again defined by 7" Lo Jy.

The family of operators E. : H'(Q) — H'(£.) can be defined exactly as in Section 2.4.

It can be proved that

(52) |Eeullc = |lully,  ase —0, for any u € H'()

thus showing that the family of operators {E.} is still a connecting system in the sense of Section 2.1
provided that H'(12) is endowed with the norm | - |,
The proof of (52) may be obtained by proceeding exactly as in the proof of Lemma 2.11 with the only
difference that in the concluding part of the proof of the lemma, the function W, ; weakly converges in
D . : i i .
LP(0Q2NV;NVj) to the function iEraE ol'jforany 1 < p < o0, as a consequence of [2, Remark 2.1].
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We are ready to state the following result.

Theorem 3.2. Let A be an atlas. Let {Q:}o<c<c, be a family of domains of class C%'(A) and let Q be a
domain of class C%'(A). Assume the validity of conditions (16) and (46).
Then the following conclusions hold true:

(i) denoting by \,,(7y) the eigenvalues defined in (49) and by X5, the eigenvalues of the Steklov problem
in Q. for any n > 1 we have
Ay, = An(7) ase —0;

(ii) denoting by u5, n > 1, a sequence of eigenfunctions associated with the eigenvalues )., and or-
thonormal with respect to (15), then there exist a sequence i, k € N, converging to zero and a
sequence of eigenfunctions u,, n > 1 associated with \, (), and orthonormal with respect to the

scalar product (50), such that uZ} A Uyp as k — +oo, foranyn > 1;

(iii) given m eigenvalues \p(7Y), - .., Antm—1(7) wWith Ap(7) # A—1(7), Atm—1(7) # Antm () and

corresponding eigenfunctions U, . . . , Un+m—1, Orthonormal with respect to the scalar product (50),

then there exist m generalized eigenfunctions vy, ... vy . 1 associated with ... A . 1, and
. E .

orthonormal with respect to (15), such that v;,  ; — Up4; ase — 0F, foranyi=0,1,...,m — 1.

We observe that Theorem 3.2 becomes an instability result whenever v # 1 on 0f2.
We now state another instability result in which we consider a family of domains {2 }o<-<¢, of class
C%1(A) and a fixed domain of class C%!(.A). We assume that the corresponding functions g. ; satisfy

(53) lim [gej = gjll oo (w;) = 0

but differently from the statements of Theorem 3.1 and Thorem 3.2, we assume the following blow up
condition of the surface element:

(54) (11_13(1)7-[]\7*1 <{x’€Wj : \/1+|V$rg€7j(x’)\2 St}) =0 forany ¢t > 0,

where we have denoted by HV~! the (N — 1)-dimensional Lebesgue measure.

Theorem 3.3. Let A be an atlas. Let {Q:}o<c<c, be a family of domains of class C%'(A) and let Q be a
domain of class C%! (A). Assume that (53) and (54) hold true. Then for any n > 1 we have that

A, — 0 ase — 0
where X;, denote the eigenvalues of the Steklov problem in €)..

In order to better compare the assumptions of Theorems 3.1-3.3, we consider a special case in which every
domain is covered by only one chart. Let TV be a cuboid or a bounded domain in RV ! of class C%!. Let
us assume that €2, is given by

(55) Qe :={(@,zn): 2’ e W, -1 <an <g:(z')}

where g.(2') = e®b(2' /¢) for any 2/ € W and the function b satisfies:

(56) be COYRNTY), >0 inRYL,  bisaY-periodic function
where Y = (—%, %)Nfl is the unit cell in RY~1. We also assume that

(57) HNL ({2 e RN [V b(2!)| = 0}) = 0.

We also put Q@ = W x (—1,0).
The next result shows how the exponent « introduced in the definition of g. plays a crucial role in deter-
mining the validity of one of the three coupled conditions (16) and (17), (16) and (46), (53) and (54).

Proposition 3.4. Let {Q.}.>0 be a family of domains like in (55) with g-(z') = £*b(a’/e) ife > 0, b
satisfying (56)-(57), and with Qg = Q = W x (—1,0). Then we have
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(1) if o > 1 then (16)-(17) hold true with W; = W, g. in place of g- j and g; =0, i.e.

09e
o0xp

=0() ase —0 foranyke{l,...,N},
Lee(W)

ti oy =0,

Per(€2.) — Per(2) ase — 0;

(i) if a« = 1 then (16), (46) hold true with W; = W, g. in place of gc j, g; = 0 and with the constant
function [, \/1+ |V b(y')|>dy’ in place of v;, i.e.

09e
oz

=0(1) ase—0 foranyke{l,...,N},
Leo(W)

lim [ ge[| oo () = 0, ’

V1+ Vg — / V14 |Vab(y)]2dy weakly in L*(W) ase —0;
Y

(iii) if 0 < a < 1then (53)-(54) hold true with W; = W, g. in place of g. j and g; = 0, i.e.

;i_r{(l) gell oo (wy = 0, lim HV 1 ({x' EW 1+ |Vyge(z)2 < t}) =0 foranyt>0.

e—0

Looking at the statement of Proposition 3.4 it becomes clear that, at least in the particular case of the
family of domains defined in (55), the three couples of assumptions (16) and (17), (16) and (46), (53) and
(54), becomes complementary.

We set now

(58) I.:={(2,g:(2")) : 2/ e W}, I:={(2',0):2' e W},

Yo =00\ T¢, ¥ :=00\T.

For any € > 0 consider the following modified Steklov problem:

Au=0, in ¢,
(59) u=20, on X,
Uy = AU, onl,,

with the notation g := €.
Let us denote by 1, the eigenvalues of (59) for any n € NU {0} and £ > 0.
We also consider the weighted problem

Au =0, in (),
(60) u=0, on X,
uy, = AChu, onl,

where C, = [, /14 [Vab(y/)|? dy'.

It is clear that, if we denote by ., (b) the eigenvalues of (60) for any n € N U {0}, then u,,(b) = ’é—%
Combining the arguments used in the proofs of Theorems 3.1-3.3 with the statement of Proposition 3.4,
we obtain a trichotomy result which better emphasizes the complementarity of conditions assumed in the

three main theorems.

Theorem 3.5. Let {Q). }c>0 be a family of domains like in (55) with g-(z') = £*b(a’ /¢) ife > 0, b satisfying
(56)-(57), and with Qg = Q = W x (—1,0).

Let 115, be the eigenvalues of (59) for any ¢ > 0 and let 1,(b) be the eigenvalues of (60). Then the
following statements hold true:

() ifa > 1then s, — pu as e — 0;
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0
(ii) if o = 1 then 5, — pun(b) ase — 0, i.e. p;, — % ase — 0;
b

(i) if0 < o < 1then i, = 0ase — 0.

4. PROOF OF THEOREM 3.1

Inspired by [15], we define a map which acts between the spaces H'(Q), H'(£2.) in a reversed way with
respect to E.. For any w € H'(£.) we put

w;(V 3 (x)), ifzeQnV;
(61) We j(x) =
0, ifzeQ\Vj.
forany j € {1,...,s'} and w; := ¢;w forany j € {1,...,s}. We define
s’ s
(62) Bew:=Y @.;+ »  wj
j=1 j=s'+1

In this way we have constructed a map B. : H'(Q2.) — H'(1Q).
Next we prove the following

Lemma 4.1. Let A be an atlas. Let {Q}o<c<c, be a family of domains of class C**(A) and Q a domain
of class C%'(A). Assume the validity of conditions (16)-(17). Let w. € H' () with 0 < & < €q, and
w € HY(Q) be such that w. B, w. If we put u. := Scw. and v := Sw, then Bou: — u in H(Q) as
e —0.

Proof. 'We divide the proof of the lemma into several steps. The argument used in this proof is essentially
based on the one presented in the proof of [15, Lemma 8].

Step 1. In this step we prove that ||u. || is uniformly bounded with respect to € € (0, £¢).

Indeed

1/2 1/2
63) HuEHg—/ wsuEng(/ wgds> (/ ugds> <l e
09 00 09

from which it follows that ||uc||c < ||we||c. Now we observe that ||w,||. is uniformly bounded since
(64) |welle < [Jwe — Bewlle + || Ezw|le = O(1) ase — 0

as one can deduce by Definition 2.1, (7), (14) and Lemma 2.11 (ii).

Step 2. We prove that { B-u. }o<e<¢, is bounded in H 1 () and, in particular, that it is weakly convergent in
H 1(Q) along a sequence ¢, | 0 as n — +o0. Indeed, by (61), (62), (16), (20) (30) and some computations,
one can prove that, up to shrinking ¢ if necessary,

(65) / |V (B.u.)|? da < C/ \Vue|? dx ase — 0
Q Qe
for some constant C' independent of . For the same reason one can prove that, up to shrinking ¢ if necessary,
(66) / (B.ug)?dS < C u?ds
o0 02

for some constant C' independent of . Combining (65)-(66), we deduce that there exists a constant C'
independent of ¢ such that || Bcuc||o < Clluc||c for any £ small enough. The boundedness of || Bzuc||o now
follows by Step 1.

Hence, we have that there exists % € H'(£2) such that, along a sequence &, | 0, B, u., — @ in H'(Q).
For simplicity in the sequel we only write B.u. — % as € — 0 for denoting this convergence along the
sequence {&, }. By passing to the limit in the following identity

(67) (usa Es@)s = / we EcpdS for any ¢ € Hl(Q) >

£
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in the next steps we will show that . = wu.
Step 3. In this step we pass to the limit in the left hand side of (67). We follow closely the argument

contained in the proof of Step 3 in [15, Lemma 8].
We define K, := (Uj/ 1 ;1(K )) U (U] g1 Vi ) and we split the left hand side of (67) in the follow-
ing way

(68) (Ug, EESO)S = QK5 (Uay EESD) + QQE\KE (uaa Ea(/)) + /(9(2 u:E.pdS

where K. ; denotes the set defined in Section 2.4 and, for any measurable set A C RY, Qa(,-) is the
bilinear form defined by

(69) Qa(u,v) :—/ Vu-Vvdz.
A
We also denote by @ 4(+) the quadratic form
(70) Qa(u) == Qalu,u) = /A |Vu|*dz .

Following the argument employed for proving [15, Estimate (82)] with () 4 replaced by our @) 4 defined in
(69) and (70), we obtain

(71) QK&(UE’EE(F)) = QK@:(U&:@) +0(1)
Similarly one can prove that
(72) Qk.(Beue, ) = Qk.(us, ) + 0o(1) ase — 0.

For more details about (72) see the proof of [15, Estimate (84)].
Combining (71) and (72) we obtain

(73) Q. (us, E.p) = Qi (Beug, ) + o(1) ase — 0.

Now, proceeding as in [15, Estimates (86)-(87)], for the second term on the right hand side of (68), we have
(74) Qo k. (e, E-p) = o(1) ase —0.

Similarly we also have

(75) Qo\k. (Beue, p) = o(1) ase — 0.

Combining (74)-(75) with (73) we infer
(76) QQS (u&‘a ) QK5 (B u€7 ) + QQ\KE (B€u67 ()0> + 0(1) = QQ(B6US7 90) + 0(1> ase — 0 .

Let us consider now the third term in the right hand side of (68). We proceed as follows:

(77) / ucBep dS = Z/ e ()01 (e s(x)) dS
K2 =1 eanviny,
/ (00 mvm/)ag’j(y) PP (W (1) We 5(y) dS
ig=1"Yei(

with W, ; as in (33). By (17) and its consequence (18), we deduce that the trivial extension of W, ; to the
whole 0f) converges almost everywhere to the function xsonv;-
Therefore, by (16), (18) and Proposition 2.10, we obtainas ¢ — 0

(78) / usF.0dS = Z /asmvmv Ue ;i (y) wi(y) dS + o(1)

Qe i,7=1

= Z/ Boue ;i dS + o(1) = / Beue odS +0(1).
= Joany; 20
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Since B.u. — @ in H'(f2), inserting (76) and (78) into (68) and exploiting the continuity of the trace map
from H'(Q2) into L2(952), we obtain

(79) (uév E.p)e — Qﬂ(ﬁa ©) +/ updS = (ﬁ7 90)0 ase — 0.
oN

Step 4. The next purpose is to pass to the limit in the right hand side of (67).
First of all we observe that thanks to Lemma 2.11 and the fact that w; £> w

1/2 1/2
(80) ‘/ we E-pdS — EewEsgodS’ < (/ lw. —E€w|2dS> : (/ E€g0]2dS>
00 00 0 0

< ||lwe — Ecw||e || Ecp|le = o(1) ase = 0.

Proceeding as for the proof of (78) one can prove that

(81) E.owE.pdS — we dS ase — 0.
0N 0N

Combining (80) and (81), we conclude that

o0

Step 5. In this last step we complete the proof of the lemma.
Inserting (79) and (82) into (67) we deduce that

(U, )0 = / wedS forany p € H'(Q).
o

We have shown that @ and w are solutions of the same variational problem which admits a unique solution as
the reader can easily check. This proves that & = w. In particular this means that the weak limit % does not
depend on the choice of the sequence ¢, | 0, thus proving that the convergence B.u. — wu does not occur
only along a special sequence but as € — 0 in the usual sense. This completes the proof of the lemma. O

(82) / we BepdS — wep dS ase — 0.
00,

Lemma 4.2. Let A be an atlas. Let {0 }o<c<c, be a family of domains of class C**(A) and Q a domain
of class C%1(A). Assume the validity of conditions (16), (17). Let w. € H () with 0 < ¢ < eo, and

we H! (Q) be such that w, i) w. If we put u. := S:we and v := Sw then u, £> u. In particular this
implies that S¢ EE S ase — 0 in the sense of Definition 2.2.

Proof. We use the notation for Q (-, -) and Q 4(+) introduced in (69) and (70).

We write
(83) e — Eeull? = fJuell? — 2(ue, Ecw)e + | Eeull2.
By (76), (78) and (79) and the fact that B.u. — u in H'(Q) as proved in Lemma 4.1, we obtain
(84) (ues Beu)e = (Beue, u)o + 0(1) = (u,u)o = |Jull§ -
Moreover, by Lemma 2.11 we have
(85) | B2 = [lull§-

We now prove that ||u||? — [|ul|2. We write
(36) el = [ weueds = [ Bavucds+o)
Qe 00

where the second identity can be obtained by proceeding exactly as in (80) and exploiting the fact that
|uelle = O(1) as e — 0 as we have shown in Step 1 of Lemma 4.1.
We claim that

(87) E.wu.dS — wudS = (u,u)o = ||ul?.
00 o0
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Once (87) is proved, combining (84)-(87) with (83) the proof of the lemma follows. Therefore, in order to
complete the proof of the lemma, we only have to prove the validity of (87).
In order to estimate f 00, E.wu. dS we proceed as follows:

(88) E.wu.dS = Z / (U i(x))ue () dS
2. = Jon. mmv
Z / 0 (Ve (V21 (9))) e (5)We s (9) dS
521 ve s (09:0vi0v;)

with W ; as in (33).

Applying Proposition 2.10 to w, exploiting the fact that B.u. — uin H'() and recalling that by (17), the
trivial extension of W ; to the whole 02 converges almost everywhere to the function xsony; as explained
in Step 3 of the proof of Lemma 4.1, as ¢ — 0, we have

EwuedS = Z / wille j dS + o(1)
0% =17 99nviny;
S/
= Z/ w;Beue dS + o(1) = 2/ wiudS +o(1) = / wudS +o(1).
i=1 7 0QNV; i—1 7 oaNy; o0
This completes the proof of (87). U

Lemma 4.3. Let A be an atlas. Let {Q }o<c<¢, be a family of domains of class C*'(A) and Q a domain of
class C%'(A). Assume the validity of conditions (16), (17). Let w. € H*(Q.) with 0 < € < ¢ be such that
|wel|le = 1. Then {Szwe Yo<e<e, is precompact in the sense of Definition 2.3. In particular, by Definition 2.4

and Lemma 4.2 we have that S, <, S.

Proof. Asin Lemma 4.1 we put u. := Scw.. Since ||w.||c = 1, proceeding as in the proof of Lemma 4.1,
one can show that B.u. —  along a sequence, for some & € H'(£2). We divide the remaining part of the
proof into four steps. We observe that, as in the proof of Lemma 4.1, u,. satisfies (67) for any ¢ € (0, gg].
Step 1. In this step we pass to the limit in the right hand side of (67).
We proceed as follows:

(89) / w.E-pdS = Z/ we,i(2)pj (Ve j(x)) dS
09, 321 00enviny;
¥ / we (W2 H)s (1) We j(v) dS
321 ) Ve 5 (09:0VinV;)

with W, ; as in (33). As in the proofs of Lemmas 4.1-4.2, we have that the trivial extension of W ; to the
whole OS2 converges almost everywhere to the function xsony; and it remains uniformly bounded as e — 0
thanks to (16).

Since ||we||: = 1, by (61) we deduce that

|@We 4]0 = O(1) ase — 0, foranyi € {1,...,5'},

see Step 2 in the proof of Lemma 4.1 for more details.
Hence, by the classical trace inequality for the space H'(£2), we also have

“@51’5”H1/2(8Q) = O(l) as ¢ — 0 for anyi S {1, ceey S/} .

Since the embedding H'/2(9Q) C L?(99) is compact, {1 ; }o<c<e, is precompact in L?(99).
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Then, along a sequence €, | 0, we may assume that w,, ; — Fj in L%(082) as k — +oc. For simplicity,
in the rest of the proof of the lemma we will omit the subindex k and we simply write @ ; — Fj in L?(9)
ase — 0.

Letting O ; j be as in (23), we see that W, ;(O.; ;(y)) = wm-(\I'E ; (y)) forany y € ¥, ;(0Q NV; N Vj).

Then, applying Proposition 2.10 to @ ;, by (89) we obtain

90 E-pdS /
(90) /Mw © %Z

icpde:/ FedS ase —> 0
P17 e0nviny; a0

where we put F' = Zf;l F;.

Step 2. In this step we pass to the limit in the left hand side of (67).

One can proceed as in the proof of Step 3 in Lemma 4.1, where that argument was only based on the fact
that ||u|l. = O(1) as € — 0, as in the present case. Thus, (79) still holds true.

Combining (79), (90) with (67), we infer

91) (@, p)o= [ FedS  forany e e H(Q).
0N

Step 3. In this step we pass to the limit in the right hand side of the following identity

(92) (Ugyue)e = / Wele dS' .
00,
As we did for (89), we write
(93) / wette dS = Z / we i (V23 (1)) e j (y)We 5 (y) dS
90 i1 ) ¥ (02:0VinY)

with W, ; as in Step 1, and @, ; as in (61).

Proceeding as in the proof of the validity of (65) and (66), we deduce that ||u. j|jo = O(1) as ¢ — 0.
Therefore, passing to the limit along a subsequence {¢y,, } of the sequence { } introduced in Step 1, for any
j €{1,...,s'}, there exists a function U; € H*(2) such that u., ; — Uj; in H'(€2) as n — +oc.

With the same notations of Step 1, we simply write e — 0 to denote the convergence along the subsequence
{ek,, }- By (93) and the compactness argument of Step 1, we then have

(94) / weu dS — Z/ FU;jdS  ase—0.
Qe

321 Jeenviny;

Since B.u: = Zjlzl U ; on S, from compactness of the trace map from H'(2) into L?(9S2) and the

uniqueness of the strong limit in L?(952), one immediately obtains % = Z;J:l Uj on 9%, which inserted into
(94) gives

(95) / Wele dS — FudS ase — 0.
00 o0

Step 4. In this step we conclude the proof of the lemma.
Choosing ¢ = w in (91) and combining this with (92), (95), we obtain as € — 0 along an appropriate
sequence

9 el = [ weweas s [ Fads = .
00 o0N

On the other hand, by (67), (90), (91) with ¢ = u, we obtain as ¢ — 0 along the same sequence converging
to zero,

©7) (uE,EEfl)Ez/ wEEEEZdS—>/ Fuds = (]2,
00 o0
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Combining (96) and (97) with Lemma 2.11 (ii), we obtain

e — Eet]2 = [Juel|? — 2(ue, B + | Bl - 0.

This proves that, along a sequence converging to zero, we have u, L dor equivalently that {S.w; }o<-<¢,
is precompact in the sense of Definition 2.3. The proof of the lemma now follows from Lemma 4.2 and
Definition 2.4. O

The proof of the theorem now follows combining Lemma 4.3, which states the validity of the compact

convergence Sg < s , with the abstract result stated in Theorem 2.5.

As a bypass product of a number of results proved in this section, we have the following proposition which
we believe has its own interest since it clarifies even more the meaning of E-convergence with respect to the
operators E. used above.

Proposition 4.4. Let A be an atlas. Let {§): }o<c<c, be a family of domains of class C%1(A), Q a domain
of class C%1(A) and for any e € (0, 0] let E. be the map defined in (21). Assume the validity of condition

(16), (17). Ifu. € HY(QL), w € HY(Q) is such that ue —= was e — 0 then
(93) ’

ase — 0.

te — Ul g1 o.n0) — 0 and [Jue — Ecull 1290,y — 0,

Proof. Let K. C €2, N {2 be as in the proof of Lemma 4.1. Recall that F.u = u on K_.

We focus the attention on the proof of the first convergence in (98) since the second one is a trivial conse-
quence of the definition of || || and the definition of E-convergence, see (15) and Definition 2.1 respectively.
In the rest of the proof, we denote by C positive constants independent of ¢ which may vary from line to
line. Combining (16) with Lemma 2.7 (ii) and arguing as in the proof of Lemma 2.11 by exploiting the fact
that |(2: N Q) \ K;| — 0 ase — 0, we obtain

lue — ullgro.no) < llue — Eeullgia.no) + | Beuw — ull o)
< lue = Ecul| g,y + [1Eeu — ull g1 o.no)\ k.
< C|lue — Ezulle + o(1) = o(1) ase — 0.
This completes the proof of the proposition. O

5. PROOF OF THEOREM 3.2

The proof of Theorem 3.2 can be obtained with a slightly different approach if compared with the proof of
Theorem 3.1. For simplicity we only mention the main differences.

One can show that Lemmas 4.1-4.3, with assumption (17) replaced by (46), still hold true with the appro-
priate changes: the difference consists on the fact that the operator S of Section 4 has to be replaced here by
the operator S, and the scalar product (-, -)o in H'(£2) has to be replaced by the scalar product (-, )., defined
in (50) (the same has to be done with the associated norms). For simplicity we do not write down in details
the adaptations of the proofs of those three lemmas but we prefer to draw the attention only on the more
delicate parts appearing in them.

We divide our explanation in three steps each of them corresponding to one of three lemmas mentioned
above.

Step 1. In this step we state and prove the counterpart of Lemma 4.1: let w, -, W, Ue = SeWe, u = Syw
and let B. be as in (62). We have to show that B.u. — uin H'(Q) as e — 0.

According with the notation used in the proof of Lemma 4.1, let & be the weak limit in H'(Q) of B.u.
along a sequence converging to zero.

Let us proceed with the adaptation of (77)-(78).

In the present setting we know that by (46)-(47), W ; — xoanv; weakly in L' (0€2) but thanks to (16)
and [2, Remark 2.1] we actually have

(99) Wej — v xoany; weakly in LP(0)) ase — 0 foranyl <p < oo.
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Looking at (77) we have that, along a sequence,

(100) Uc; is strongly convergent in L7(0€2) forany 1 < ¢ < %

since |[TUe j|| g1 () = O(1) as € — 0, where 28{,\7__21) is the critical trace exponent or equivalently the critical

Sobolev exponent for the embedding H'/2(9Q) c L?(d€) with the usual understanding that 2%\/:21) = 00

for N = 2. Finally we also have that goz(‘lim(\ligjl () — @i xoanv,nv, strongly in L?(9S2) thanks to
Proposition 2.10.
Hence we may conclude that (78) has to be replaced by

| ucbipas - Z/amw s 0) i) Wey ) a5 +o(1) = [ ipyas.

Qe 1,j=1

Indeed, we recall that Z _q U j = Beue on 022 and that, in view of (100), the trace of B.u. is convergent

2(N 1)

to the trace of u strongly in L7(99) forany 1 < ¢ < , being B.u: — U weakly in H'(2).

This means that (79) has to be replaced by

(101) (te, Ecp)e — (W, )+

as € — 0 along an appropriate sequence.
Similarly one can prove that (82) has to be replaced by

(102) / wsEggodS—>/ Ywe dS
Q. o0

as ¢ — 0 along an appropriate sequence.
Combining (101) and (102) we conclude that @ satisfies

(U, )y = / ywep dS
o0

and hence it coincides with the function u. The independence of u = wu on the sequence converging to 0
shows that B.u. — u in H'(Q) as ¢ — 0 in the usual sense thus completing the proof of Step 1.

Step 2. In this step we state and prove the counterpart of Lemma 4.2. We have to show that S, EE S, as
¢ — 0. The main point is to prove the validity of the claim corresponding to (87):

(103) E.wu:dS — ywudS = (u,u), = HuH%
Qe o0

where w,, w, u. and u are as in Step 1.
To this purpose one has to pass to the limit in (88). This can be done thanks to (99), (100) and the fact that

fwz(\li/m(\ll;j1 (y))) = wi xoanv,v; strongly in L?(9€2) thanks to Proposition 2.10. Following the proof of

Lemma 4.2, we easily obtain (103) and consequently also the convergence . L, was e — 0. This proves
that S, E) Syase — 0.

Step 3. In this step we state and prove the counterpart of Lemma 4.3. Let w, be such that ||w. || = 1 and
let u. = Scw.. We have to prove the F-convergence of u. along a sequence.

We have to pass to the limit in (89) and (93) under the present assumptions.

Concerning (89) we have that w.;(¥_1(y)) — F; Xoanv;ny; strongly in L?(092), as explained in the
proof of Lemma 4.3, so that by (99) we obtain

E?]
/ w: B.pdS — vy FpdS
0% o0

as € — 0 along a sequence. The left hand side of (67) can be treated as in Step 1 thus giving rise to the
identity

(104) (ﬁ,w)wz/ VFpdS
o
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where w is as in Step 1.

The second crucial point in the adaptation of the proof of Lemma 4.3 is to pass to the limit in the right
hand side of (92) or equivalently in (93). We have again the two factors w“(\I/;jl(y)) and T ; that can be
treated as above but this time we have the term . ; in place of ¢; which however is strongly convergent in

L1(0Q) forany 1 < ¢ < 2(N 1) as explained in Step 1. We then conclude that

||u5||§:/ w5u5d5—>/ 2Fids = [a]?
00 o0

as ¢ — 0 along a sequence where in the last identity we used (104) with ¢ = .

Proceeding as in the proof of Lemma 4.3, we infer that u, L Gase >0 along a sequence thus proving
that {S;w, }o<c<e, is precompact in the sense of Definition 2.3.

Combining the three steps above, we conclude that S¢ i> S+ as € — 0 thus completing the proof of the
theorem as a consequence of the abstract result Theorem 2.5.
6. PROOF OF THEOREM 3.3
We first state and prove two preliminary results.
Lemma 6.1. Let Q and {Q: }o<-<c, be as in the statement of Theorem 3.3. Assume that (53) and (54) hold
true. Let {v: }o<e<co C HL (RY) be a family of functions such that

loc
/ \Vv€|2da:+/ v?dr = O(1), ase — 0,

for some bounded domain D satisfying D D QU Q..
Then we have:

(i) there exist ey, | 0 and v € H(Q) such that (vey )@ — v weakly in H'(Q);
(i1) iff@ﬂsk, v2 dS = O(1) as k — +oo then v € Hi(Q).

e€(0,e0]

Proof. For simplicity, throughout the proof of the lemma, the restrictions (ve )|, and (v )| will be simply
denoted by v..
We first observe that

(105) vl gy = O(1)  ase =0

being @ C D. The proof of (i) then follows by the reflexivity of H* ().
In order to prove (ii) we have to show that the function v introduced in (i) belongs to Hg (2). By compact-
ness of the trace map from H*(Q) into L?(9€2) we deduce that

(106) Vg, = U strongly in L?(99) ask — 4oo.
Letting forany j = 1,...,s
I.;:= rj_l ({(z',zn) : 2’ € Wj and zn = g ;(2)}) C 09,
Uj:=r;" ({(z,2n) 1 2" € W and zy = g;(2')}) C 09,

we(z) := vs(rfl(x)) , w(x) = v(rfl(x)) for any = € r;(12)

Wiej = {a:’ eW;: \/1 + |V gej(@)]? < t} , Wi =Wi\Wij,
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omitting for simplicity the subindex k& we have

(107)

O(1) _/mavgdsz/r
“

Inspired by [13] we estimate the first term in the second line of (107):

v? dS = /W w?(w',g&j(ac’))\/l + |V ge j(2')]? dz’
j j

£,

wg(x’, Ge,j ($/))\/1 + |vx’gs,j ($/)‘2 dz' + / w? (»Tla Ye,j (33,))\/1 + ‘V:r’gs,j (x/)|2 da’ .

. (&
15 Wt,s,j

(108)

(/,
(.

The second term in the right hand side of (108) converges to zero thanks to (106) and the third term does the
same since the measure of W . ; converges to zero thanks to (54). For what it concerns the first one we have

1

we (2, e i () — we(w’,gj(x'))lzdx'> + (/ |we (2, gj(2")) — W(w’ygj(x’))ﬂdx)

W

1
<t

VI

W (@, g;(a')) daz/)

1E5J

(109)

| el ges@) — wnlel, gy )P’ < [ lgu@) = g5t

W W;

9e, (27/)
/ ’ 8{;’;8 (a:',t)}th da’

g;(z')

< llges — g5l /D Vo2 = O(1) - lges — g5l ) — 0

as ¢ — 0 thanks to (53). This proves that the left hand side of (108) tends to zero as ¢ — 0 along the
prescribed sequence.

Combining this fact with (107), we infer that there exists a positive constant C' independent of € and ¢ such
that

(110)
C > / wg(x’,gg’j(x’))\/l + | Varge i (2')]? da’ +o(1) > t/ w?(m’,gm(x')) dz’ +o(1) .

c
t,e,j t,e,j

We claim that

(111) / w?(m’, g&j(a:/)) dz’ = / w2(x/, gj(ml)) dr’ +o(1).

t,e,J t,e,j
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Indeed by (106) and (109) we have

( /| w§<x’7ga,j<x’>>dx’>%—< /| w2<x’,gj<x’>>d:c’>

t,e,j t,e,J

N

2

< ( /| |we<x',g€,j<x'>>—w(sc’,gj<a:'>>|2d:c')

t,e,j

1 1
3 3
< (/ we (', ge j () — we(a', gj (")) dw’) + (/ |we (', gj(a")) — w(a’, g;(«))? dw’) =o(1),
W; W;
thus proving the validity of (111).

Inserting (111) into (110) and taking into account that

/ w?(2', gj(2)) dx’ = o(1) ase — 0,
Wt,s,j

as explained after (108), we obtain

> t(/ ) w? (2, gj(x')) do’ + 0(1)> +o(1) = t(/w w?(2, gj (")) da’ +0(1)> +o(1)

te,j J

as ¢ — 0, which implies

C 1
/ w? (2, gj(z')) do’ < +to() +o0(1) forany ¢t > 0,
W;
as ¢ — 0. Here the quantities denoted by o(1) do not depend on ¢. Letting ¢t — +oo, forany j = 1,...,¢,
we infer that the trace of w on r;(I';) vanishes identically which, in turn, implies that the trace of v vanishes
identically on I';. Since the vanishing of v on I'; occurs for any j € {1, ..., s'}, this shows that v € H{(Q).
O
Lemma 6.2. For any integer n > 0 there exist n + 1 functions @y, . .. o, in C®(RN) such that, for any
bounded domain Q@ C RN, @q, ..., @, are linearly independent when restricted to OS) in the sense that if
ag, ..., an € R are such that
(112) appo(z) + -+ anpn(x) =0 forany xz € 09,
thenag = --- = a, = 0.
Proof. 'We may construct explicitly the functions ¢, . . . , ¢, choosing for example
(113) wo(x) =1 foranyx € RV,

or(x) =z§ andforany z = (z1,...,zn5) € RY, forany k € {1,...,n}.

Let us prove that this functions are linearly independent when restricted to 0f2.

To this purpose, let ag, . . ., an, € R be such that (112) holds true and define the polynomial in one variable
P(t) = ag + >_p_, axt®. Consider also the corresponding function ® : RY — R defined by ®(z) = P(z)
forany x = (r1,...,2x) € RV,

Suppose by contradiction that (ag, . . .,ay) 7 (0,...,0) so that P is not the null polynomial.

Since the degree of the polynomial P is at most n, let ¢1,...,¢,, 0 < m < n, be its real roots with the
convention that when m = 0 the polynomial P has no real roots. Then we have that

(114) {z eRY : ®(z) =0} = Uﬂk
k=1

Withﬂk:{l‘:(xl,...,l‘]v) ERN:xlztk}.
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By (112), (113) and (114), we deduce that 92 C UZLI II. This means that the boundary of the domain
() is contained in a finite union of parallel hyperplanes of R™Y and this contradicts the fact that € is bounded.
Indeed, there exists ¢ € R\ {t1,...,t,} such that the hyperplane II. := {z = (z1,...,2n) : 1 = ¢}
intersects the set €2, hence also 992 if €2 is bounded, but this contradicts the condition 9Q C [ J;L, II;, found
above. O

End of the proof of Theorem 3.3. Let n > 1 and consider the corresponding eigenvalues A:,. Let
©0, - - -, o, be 1.+ 1 functions as in Lemma 6.2. We introduce the following family of subspaces of H!(€2.)

Ve = span{(¢o)|qa.; - - - (¥n)a. } -

By Lemma 6.2 we know that ¢y, ..., ¢, are linearly independent as functions defined over 9€). and in
particular as functions defined over .. This implies dim(Vz) = n + 1 and V. N H(Q:) = {0} for any
e € (0, ).
Therefore by (ii)-(iii) in Proposition 2.12, we infer
Jo. |Vv|?dzx
(115) AP < max

veVa\{0}  [yq, v2dS

Let ag, ..., a; € Rbesuch thatv. := 37 aSep; satisfies

(116) fQ |Vv5] dz fQ |Vv|2das
faﬂ v2dS uevg\{o} Joq, v2dS
It is not restrictive, up to normalization, to assume that >°"_(a ) =1.

Let D be a bounded domain such that D > QU J,. (0,20] Q. whose existence easily follows by (53).
First of all, by the Cauchy-Schwarz inequality we have

(117) / Vo, [2dz < Z/ \Vop;?dz = O(1)  ase =0,
D —0/D

/U?d$<2/<p?d:v20(1) ase — 0.
D =/p

We claim that

(118) / v2dS — +oo  ase — 0.
Qe

Suppose by contradiction that there exists a sequence &5, | 0 such that |, 90 v?k dS remains bounded as
€k

k — +4o0.
Then, by (117) and Lemma 6.1, we deduce that there exists v € H'(£2) such that

(119) ve, = v  weaklyin H'(Q)

and moreover v € H}(£2). Actually the weak convergence in (119) is strong since the sequence of functions
{(ve, )} lives in a finite dimensional space. By possibly passing to a subsequence, we may assume that
there exist ao, . . ., a, € R such that

(120) a’t — aj as k — +oo, forany j € {0,...,n}.

Clearly the normalization condition Z;‘:O(aj’“)Q = 1 implies

n

(121) D (a;)* =1.

J=0
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Combining (119) and (120) we deduce that v = Z?:o ajp;. Since v € HE(2), we have that condition
(112) on 01 is satisfied and hence we infer

ag=---=a,=0

thus contradicting (121). This completes the proof of claim (118).
The proof of the theorem now follows immediately combining (115), (116), (117) and (118).

7. PROOF OF PROPOSITION 3.4

Proof of (i). It can be proved with a simple computation.

Proof of (ii). The fact that g. converges uniformly to zero as € — 0 and that the first order partial
derivatives remain uniformly bounded as ¢ — 0, follows immediately after a simple computation. It remains
to prove the weak L*-convergence of the surface element of 9€).. i.e. \/1 + |V, b(z'/)|2. This is a standard
fact for which we refer e.g., to [17]. However, since we need to introduce some notation for the proof of part
(iii) and, having that notation, the proof takes only a few lines, we include a proof here for the convenience
of the reader.

We actually prove the weak convergence in LP(W) for any 1 < p < o0, i.e.

(122) / V1 +|Vaub(@ /)2 p(z) dz’ — Cb/ o(z')dz’  forany p € Lp%l(W)
w w

where Cy, := [, /14 [V b(y') 2 dy'.

By density of C°(W) in LP(W) it is enough to prove (122) for any ¢ € C°(W).

For any £ > 0 let us define the family Q. of all (N — 1)-dimensional closed cubes where every Q € Q. is
in the form Q = (Y + z) with z € Z¥~1. For every € > 0 let n. be the number of cubes in Q. contained
in W let us denote these cubes by Qc 1, ..., Qcp. so that Q. j = (Y + 2. ;) with 2. ; € ZN=1 for any
jedl,...,n}.

Put . = U?;Qg,j; from this definition it easily follows that for every €; > 0 there exists 0 < €9 < £
such that F, D F,, forany 0 < € < €2 and moreover U.~oF; = W. This implies

(123) lim HY"Y(F) = HY (W)

e—0

On the other hand, being (). ; cubes with disjoint interiors, we deduce that

Ne
rHN—l(FE) — ZHN_I(QEJ) =n. 8N_1
j=1
which combined with (123) gives
(124) lim ne eV = HN L (W).
e—0

Being ¢ € C2°(W), it is not restrictive to assume that supp(y) C F for all € small enough.
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Using a change of variables, exploiting the Y -periodicity of b, the Lipschitzianity of ¢, as a consequence
of its smoothness, and (124), we obtain

J VAT )l =3 | TR o) !

= Z/ 1+ |Varb(y)? ey + 2 5) e dy
j=17Y

= Z/ 1+ [Vaurb(y)? pleze ) €N dy' + 0(1)
j=17Y

= | [ VIR AP -3 ez ) 1Y Qu) | +ol).
j=1

Taking into account that 372 ¢(eze ;) HN1(Qe,;) represents a Cauchy-Riemann sum for [, ¢(2') da’,

letting € — 0, the proof of (122) easily follows.
Clearly, the validity of the weak convergence in LP(WW) for any 1 < p < oo implies the validity of the
weak convergence in L' (W) thus completing the proof of (ii).

Proof of (iii). The validity (53) follows immediately from the definition of g.. It remains to prove the
validity of (54).

Let Q.,ne, Q1 - .. , Qe and F be as in the proof of (ii).

By (123), (124) and the Y -periodicity of b we infer that

(125)  HNT ({2’ € W |Vage(a)| < t}) = HV T ({2 € W1 [V b(a! fe)| < 170}

<SHN T W\ E) +HY ({2 € B2 [V b(a! [e)] < e17°t))

=oll)+ i’*‘N’l ({2 € Qej : [V bla'/e)| < £'701})

Jj=1

=o(1) + ZeNfl HY L ({y € e71Qej ¢ |V b(Y))| < 7))

j=1
=o(1)+ ) _NTTHN T ({y €Y 1 [Vu b(y)| < &0}
j=1
=o(1) +eVN . HN T ({y €Y 1 [V b(y)| < ' 7%))
=o(1) + (HN W) +0(1)) HN ' ({y € Y : |V b(y)| <7%}) =0
ase — Osince 0 < a < 1 and
lim HY 1 ({y €Y |V b(y')] <6}) =0
6—0

being HN "L ({3 € Y : [V b(y')| = 0}) = 0 by (57).
By (125) and the fact that for any £ > 0 we have

{x' EW 1+ |Vug(2)? < t} C{e' eW:|Vyg(2)| <t}

the validity of (54) follows immediately.
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8. PROOF OF THEOREM 3.5

Proof of (i). Since o > 1 it is sufficient to observe that thanks to Proposition 3.4 (i), we may proceed
exactly as in the proof of Theorem 3.1 with the advantage that here we have to deal with an atlas with only
one chart.

Proof of (ii). Similarly to (i), since o = 1, we may exploit Proposition 3.4 (ii) and proceed as in the proof
of Theorem 3.2.

Proof of (iii). The proof can be obtained essentially like the one of Theorem 3.3 once we exploit Proposi-
tion 3.4 (iii).

We first observe that under the assumptions of Theorem 3.5 the conclusions of Lemma 6.1 still hold true.
Then we need a revised version of Lemma 6.2 which takes into account the homogeneous Dirichlet boundary
conditions on Y. appearing in (59).

Lemma 8.1. Let {Q. }.>0 be as in Theorem 3.5 (iii) and let . the set defined in (58). For any integer n > 0

there exist n + 1 functions 1y, . ..,y in C*°(RY) (independent of <) with null traces on 3. such that, for
any e > 0, ¥y, . . .y, are linearly independent when restricted to 0S). in the sense that if ag, . . . ,a, € R are
such that

(126) apto(x) + -+ anthu(z) =0 foranyz € O,

thenag=---=a, =0.

Proof.  Let g, ..., e, be the functions defined in (113). We now introduce the two following cutoff

functions denoted by 7; and 7 respectively.

Let W be as in (55). We choose 1 € C°(W), m > 0in W, n; = 1in B’ where B’ C W is an open ball
of RN =1, We then choose 72 € C*(R) with n2(¢) = 0 forany ¢ < —1 and n2(¢) = 1 forany t > —1. Now,
forany k € {0,...,n} we define

(127) V(@' xn) = pp(a’, an) m(a’) n2(zn)  forany (2/,zy) € RY .
Clearly vy, . . . , ¥, vanish on X..
It remains to prove the linear independence of the functions v, . . ., ¥, on 0. Let ag, ..., a, € R be as

in (126) and as in the proof of Lemma 6.2 we define P(t) = ag + > p_; axt”.
Denote by S the segment B’ N {(z1,0,...,0) : 1 € R}. Then by (126) and (127) we have

(128) 0=m(a)men) D arpr(@,zn) =D arpr(@’, zw)
k=0 k=0

n
=ap + Zak:vlf forany z € {(2, g-(2')) : 2’ € S}.
k=1

Let I be the open interval defined by I = {1 € R : (21,0,...,0) € S}. Hence by (128) the polynomial P
vanishes on the interval I which means that P is the null polynomial and in particular ag = --- = a,, = 0.
This completes the proof of the lemma. g

We now observe that the eigenvalues of (59) in 2. admit the following variational characterization

(129) () . fQE [Vol?da
n(€) = min sup —_——
where

Ven ={V C Hys_(Q) :dim(V) =n+1and V ¢ Hj(Q)},

Hix () :={ve H'(Q):v=00n%.},

as one can verify by proceeding as we did for Proposition 2.12.
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Once we have the variational characterization (129), we can proceed as in the proof of Theorem 3.3 using
here as V. the space V. := span{(¢0)|q.; - -, (¥n)|q. }>» Where to, ..., 1, are the functions introduced in
the statement of Lemma 8.1. The proof of (iii) then follows.
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