Journal of Geometry and Physics 224 (2026) 105800

journal homepage: www.elsevier.com/locate/geomphys

Journal of Geometry and Physics

Contents lists available at ScienceDirect

Cartan structure equations and Levi-Civita connection in )

Check for

noncommutative geometry

Paolo Aschieri®P*

4 Dipartimento di Scienze e Innovazione Tecnologica, Universita del Piemonte Orientale, Viale T. Michel - 15121, Alessandria, Italy
b INFN, Sezione di Torino, via P. Giuria 1, 10125 Torino, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 19 November 2025
Accepted 16 February 2026
Available online 20 February 2026

Keywords:

Noncommutative Levi-Civita connection
Quantum Riemannian geometry

Triangular Hopf algebras

Braided Cartan calculus

Noncommutative Bianchi identities
Noncommutative Cartan structure equations

We study the differential and Riemannian geometry of algebras A endowed with an action
of a triangular Hopf algebra H and noncommutativity compatible with the associated
braiding. The modules of one forms and of braided derivations are modules in a compact
closed category of H-equivariant A-bimodules, whose internal morphisms correspond to
tensor fields. Vector fields and forms approaches to curvature and torsion are proven to
be equivalent by extending the Cartan calculus to left (right) A-module (not necessarily
A-bimodule) connections. The Cartan structure equations and the Bianchi identities are
derived.
Existence and uniqueness of the Levi-Civita connection for arbitrary pseudo-Riemannian
metrics is proven via a Koszul formula. The general theory includes Drinfeld twists of
commutative geometries and also cotriangular Hopf algebras. It is illustrated with the
example of the tensor square of Sweedler Hopf algebra which becomes a noncommutative
Einstein manifold via a non-central metric.
© 2026 The Author. Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

Contents
T INETOAUCHION . . . . e e e e e e e e e 2
2. Hopf algebras, braidings and representations . . . ... ... ...ttt ittt e e 4
2.1, Closed MONO0idal CateZOTIES . . . . v v v vttt et et e e e e e e e e e e e 4
2.2.  Finitely generated projective modules and their duals. . ... ....... ... . . . . . e 8
2.3, Compact closed CateOTIS . . . . .o v vttt e ettt e e e e e e e e e e e 10
24, EXAMIDIES . . e 12
3. Differential and Cartan calCulUs . . . . . . ..ot o ot e e e e e e e e e e 14
3.1.  Braided derivations and differential calculus . ......... . ... 14
320 Cartan CalCUIUS . . . e 17
3.3, EXAMIDIES . oo e e e 20
4.  Right connections, left connections, curvature and tOISION . . . . .. ...ttt e 23
4.1. Connections and Cartan formula . . ... ...ttt e e 23
42, CUIVALUTE . o ottt ettt e e et e e e e e e e e e e e e e e e e e e e e e e 26
3 TR Vo) 13 (o) o 28
44, SUM Of CONNECTIONS . . . o ot ittt e e e e e e e e e e e e e e e e e e e e e 28

* Correspondence to: Dipartimento di Scienze e Innovazione Tecnologica, Universita del Piemonte Orientale, Viale T. Michel - 15121, Alessandria, Italy.

E-mail address: paolo.aschieri@uniupo.it.

https://doi.org/10.1016/j.geomphys.2026.105800

0393-0440/© 2026 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://

creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.geomphys.2026.105800
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2026.105800&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:paolo.aschieri@uniupo.it
https://doi.org/10.1016/j.geomphys.2026.105800
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

P. Aschieri Journal of Geometry and Physics 224 (2026) 105800

5. Duality and Cartan structure equations for curvature and tOrSION. . . .. ... ...ttt ettt ettt e 29
5.1.  Connections on dual mMOdUIES . . . . ... ..ttt e 29

5.2.  Cartan structure equations and Bianchi identities . . . .. ... ... . e 32

6.  RieMANNIan GEOMIEIIY . . . . ottt ittt e e et e e e e e e e e e e e e e e 34
(G2 TR Y (<1 o ) & Y ) 34

[ Y B @ = a0 ) U <ot (o) o 34

6.3.  Ricci tensor, scalar curvature and Einstein manifolds . .. .. ... .. ... e 38

7. EXAMIDIES . . o ot e e e e 38
7.0, NONCOMMUEALIVE TOTUS . . o o v v v et e et e e e e e e e e e e e e e e e e e e e e ettt e e ettt e et et 38

7.2.  Sweedler Hopf algebra and its tensor product . ... ... ... ...ttt e 39
Declaration of COMPEtiNg INEETESE . . . . . . o e ettt et et 41
ACKNOWIBAZEIMENILS . . . . v v ottt ettt e e e e e e e e e e e e e e e e e e e e e 41
Data availability . . .. . e e e 41
R O ENICES . . . . ottt e e e e e e e e e e e 41

1. Introduction

Noncommutative Riemannian geometry is an active and interdisciplinary research field. One line of study follows Connes’
approach, focusing on spectral geometry and the analysis of the Laplacian (see [25] for a recent review). Another line adopts
a more algebraic perspective, beginning with a differential calculus on a noncommutative algebra, introducing a notion of
Riemannian metric, and addressing the existence and uniqueness of the Levi-Civita connection. Interest in the field is also
driven by the possibility that gravity on noncommutative spacetimes may capture aspects of a quantum theory of gravity.

Given a noncommutative algebra A and an associated differential calculus (d, Q2(A)), there are different approaches to the
notion of metric tensor and to that of Levi-Civita connection. On one hand one can consider metrics g that are compatible
with the noncommutative structure, i.e. that are central elements of the bimodule Q(A) ®4 Q(A) (ag = ga for all a € A),
or of the dual bimodule. On the other hand one can relax this condition and study arbitrary metrics, which is useful when
considering g as a dynamical field. Similar considerations hold for the study of connections. In particular the notion of Levi-
Civita connection relies on the possibility of imposing the metric compatibility condition Vg = 0. This requires lifting the
connection from the module Q(A) of one forms to the tensor product module Q(A) ®4 2(A). However, lifting connections
on tensor products modules is a nontrivial problem. In the literature it is typically overcome by constraining the connection
to be compatible with the noncommutative structure in the sense of being a bimodule connection [18]. For approaches to
Riemannian geometry using central metrics and bimodule Levi-Civita connections see [11], [12], [14], [15], [33], [29], see
also the monograph [13].

For a selected class of noncommutative algebras on the other hand it is possible to relax this centrality constraint
on the metric and consider g just as a (properly defined symmetric) element in Q(A) ®a Q(A). As said, this is relevant
when g is seen as a dynamical field, so that for example ag is also a metric for any invertible a € A. In case of R" with
Moyal-Weyl noncommutativity the Levi-Civita connection of an arbitrary symmetric metric was constructed in [3] using a
noncommutative Koszul formula (see also [6, §3.4, §8.5]). A similar result holds for the noncommutative torus [31]. These
results and those in [2] rely on the existence of (undeformed) derivations of the noncommutative algebra A generating the
A-module of vector fields (dual to that of one forms). A generalization via local charts with Moyal-Weyl noncommutativity
is in [4] in the deformation quantization context.

In these examples the noncommutative algebra A is endowed with a representation of a triangular Hopf algebra H and
the noncommutativity is compatible with the braiding t given by the triangular structure. Triangularity of H implies that T
is a representation of the permutation group. We shall call these algebras braided commutative H-module algebras, they are
commutative algebras A in the category of H-module algebras with H triangular. Besides noncommutative tori and Connes-
Landi spheres [17], belong to this class the algebras studied in [16], the noncommutative algebras obtained from Drinfeld
twists of commutative ones and cotriangular Hopf algebras (see [19] for their classification in the finite dimensional case).

In this paper we develop a general theory of Riemannian geometry for such algebras A. We study arbitrary pseudo-
Riemannian metrics g (not only central) and prove existence and uniqueness of the Levi-Civita connection (which need not
be a bimodule connection). This is achieved by providing a Koszul formula, see (6.4), that leads to an explicit expression of
the Levi-Civita connection, see (6.9).

Noncommutative differential geometry is studied primarily in the language of forms, the complementary vector fields
approach being more problematic since the linear space of derivations of a noncommutative algebra A is not generally an
A-bimodule. For A a braided commutative H-module algebra, vector fields are braided derivations and a braided derivation
based differential calculus and geometry can be constructed. The general theory of algebras, Lie algebras and differential
operators in symmetric monoidal categories was outlined in the late '80s in [28, §13.5]. The differential and Cartan cal-
culus was pioneered in [22], for a braided derivations approach see [33]. When considering connections one can contract
them with vector fields to obtain covariant derivatives along vector fields. These were used in [5] in the context of twist
deformation of commutative algebras, and led to define curvature and torsion as left A-linear maps on tensor products of
vector fields, a quantum analogue of the standard general relativity definitions. These constructions did not require lifting
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covariant derivatives from vector fields to tensor fields. In [7] such a lifting, within the setting of braided commutative H-
module algebras, was provided for connections that are not invariant under the H-action, these are, in general, not bimodule
connections. Concerning covariant derivatives, the lifting is understood when the vector field is a derivation, or when the
connection is a bimodule connection, or when it is H-equivariant so that the braiding acts trivially.

We study here the covariant derivative and its lifting to tensor products in full generality. This framework allows us
to: i) Extend the Cartan calculus to include covariant derivatives; ii) Establish the equivalence between the formulations of
curvature and torsion in terms of forms and in terms of vector fields; iii) Derive the Cartan structure equations and the
Bianchi identities; and iv) Obtain a general Koszul formula determining the Levi-Civita connection via the metric compati-
bility condition V;, g =0 for any vector field (braided derivation) u.

Our analysis is based on considering a new perspective on operators on H-equivariant A-bimodules: such operators can
be expressed as compositions of operators acting from the left and from the right. This is not merely a matter of notation
but reflects covariance requirements with respect to the (generally) non-cocommutative Hopf algebra H. In particular, the
covariant derivative ¥V, is a composition of a left connection ¥V (acting from the right) and an inner derivative (acting from
the left). Only when the vector field u is a derivation of the algebra can ¥, be seen as an operator acting form the right.
Similarly, its extension dgy, from modules over A to modules over the exterior algebra Q°(A) is with operators u and d
acting from the left, while ¥V acts from the right. It is precisely with this composition that we extend the Cartan calculus to
include covariant derivatives, proving the braided Cartan calculus relation [dvu’iv] = i[y,v]. This establishes result i) and is
the key identity underpinning ii), the equivalence between the vector field and the exterior form formulations of curvature
and torsion. Thus, for example, the curvature tensor defined in [5] as the braided commutator of covariant derivatives along
vector fields corresponds to the standard definition given by squaring the connection V¥ (cf. Theorem 4.6 and Theorem 4.7
for the analogous result on torsion). A similar correspondence for the torsion tensor was established in [15] within the
specific framework of tame differential calculi (where the A-bimodule of 1-forms is generated by central 1-forms, and
vector fields are derivations). The relation between (left) connections on vector fields and the dual (right) connections on
one forms then leads to result iii): the Cartan structure equations for curvature and torsion and the associated Bianchi
identities. We also lift the covariant derivative along vector fields to act on tensor fields using the results of [7], where as
mentioned, connections were lifted to tensor product modules without assuming the bimodule connection property.

Finally, upon introducing a pseudo-Riemannian metric, this noncommutative differential geometry is used to provide iv),
a Koszul formula for metric compatible torsion free connections, yielding both the existence and uniqueness of the Levi-
Civita connection, as well as an explicit and global constructive method. This result is very general, as it assumes neither
H-equivariant metrics (as in [33]) nor a preferred set of derivations of the noncommutative algebra. When H-equivariant
metrics are considered we obtain bimodule Levi-Civita connections and recover the results of [33]. It also significantly
extends the result of [4] in the context of formal Drinfeld twist deformation quantization, where the Koszul formula was
provided either locally, subordinated to open charts with Moyal-Weyl noncommutativity, or globally, in implicit form as a
formal power series in h starting with the commutative Koszul formula and determined recursively in h.

In the present work, pseudo-Riemannian metrics are just braided symmetric non-degenerate contravariant tensors. This
is the natural context where to formulate a noncommutative gravity theory where the metric is the dynamical field. We
here present in vacuum Einstein equations leading to noncommutative Einstein manifolds. This general theory is illustrated
with the example of the noncommutative torus (and the Moyal-Weyl plane), which is sketched in order to make contact
with previous literature, and the example of the tensor square of Sweedler Hopf algebra. This is a cotriangular finite dimen-
sional Hopf algebra with abelian two dimensional Lie algebra of braided derivations. The Levi-Civita connection, curvature,
Ricci tensor and scalar curvature are explicitly presented for any metric. We solve the noncommutative Einstein manifold
condition for a non-central non-equivariant metric.

The algebraic structure underlying this study is that of the categories of H-modules and of H-equivariant A-bimodules
(compatible H-modules A-bimodules). Following [7] and the sharpened results in [9], [10] we recall the different structures
of modules and module maps we need in noncommutative Riemannian geometry. This clarifies the constructions and the
different general properties needed in the progress of the paper. For example, left (right) connections are linear maps but are
not morphism in the category ".# of H-modules, in categorical terms they are internal morphisms. Left connections have
different H-action from right connections; they are different internal morphisms in #./. The covariant derivative associated
with a left connection, in turn, can be viewed both as a left A-linear map and an internal morphism in the category ZL//[A of
H-equivariant A-bimodules (cf. Remark 4.3). Torsion and curvature exhibits further structural properties: they are internal
morphisms (left A-linear maps transforming under the H-adjoint action) in the subcategory of symmetric H-equivariant
A-bimodules X e///f‘ym. In particular, we study internal morphisms associated with tensor products of finitely generated and
projective modules and their duals. This allows, as in classical differential geometry, to understand noncommutative tensors
fields in all their different forms, as elements of A-bimodules (sections), or as various left (right) A-module maps. The
underlying category in this richest case is the compact closed category of symmetric H-equivariant A-bimodules finitely
generated and projective as A-modules (it is a ribbon category with trivial twist isomorphisms since H is triangular).

This underlying categorical context is presented in Section 2 with some details, in particular on the biclosed and rigid
structures, so that the paper is self-contained. The section closes with the examples where A is a cotriangular Hopf algebra
and where it is the Drinfeld twist deformation of the algebra of smooth functions on a manifold M. In Section 3 the
braided derivations formulation of the differential and Cartan calculus is revisited. We provide the example of the calculus
on cotriangular Hopf algebras and show its equivalence with the (categorical) exterior algebra approach of [21]. In Section 4
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we review known properties of right connections and left connections, since both are relevant for understanding curvature
and torsion. We then introduce the covariant derivative, establish the Cartan formula [dvu,iv] = ify,v] and show that the
curvature tensor, defined as the square of the connection, can be equivalently defined via the commutator of covariant
derivatives along vector fields. Similarly, two different definitions of torsion are shown to be equivalent. In Section 5 the
relation between connections on modules and dual modules is recalled and that between curvatures studied. This leads to
relate the vector field formulation of curvature and torsion to the one involving the dual connection on forms. These are
the Cartan structure equations for curvature and torsion since choosing a basis (a trivialization of the frame bundle) we
obtain those structure equations. The associated Bianchi identities are also obtained. In Section 6 existence and uniqueness
of the Levi-Civita connection is proven for any braided symmetric metric. The Ricci tensor and the scalar curvature are
canonically defined, this leads to in vacuum Einstein field equations giving noncommutative Einstein manifolds. In Section 7
the Riemannian geometry of the tensor square of Sweedler Hopf algebra is presented.

2. Hopf algebras, braidings and representations

We work in the category of k-modules, with k a fixed field of characteristic zero or the ring of formal power series in a
variable fi over such field; much of what follows holds for a commutative unital ring. The tensor product over k is denoted
®. Algebras over k are assumed associative and unital. Hopf algebras are assumed with invertible antipode.

In Section 2.1 we study right (left) k-linear maps and A-linear maps between H-modules and between H-equivariant
A-bimodules, hence introducing biclosed (left and right closed) monoidal categories and, when the Hopf algebra H is trian-
gular, symmetric biclosed monoidal categories. In Section 2.2 we continue the study of right (left) A-linear maps considering,
for an arbitrary Hopf algebra H, the case of a finitely generated and projective A-module, this is the same as a rigid mod-
ule. In Section 2.3 we study these rigid H-equivariant A-bimodules when H is triangular, the corresponding category is an
example of a compact closed category and hence of a ribbon category. Most of these results are covered (albeit sometimes
implicitly) either in the literature on quantum groups (see e.g. [23,27]) or in the related one on tensor categories (see e.g.
[20]). We here set the notation (following [7,9,10]) and present the main results that will be used for the later sections,
spelling out in particular the properties of k-linear and of right (left) A-linear maps transforming under different left H-
adjoint actions. A last section is devoted to the example of the category of bicovariant bimodules of a cotriangular Hopf
algebra and to that of noncommutative vector bundles obtained via Drinfeld twist deformation.

2.1. Closed monoidal categories

We start recalling basic Hopf algebra notions, the category of H-modules for an arbitrary Hopf algebra H and also for
a triangular Hopf algebra H. In this simple context we introduce k-linear maps that are not invariant under the H-action,
they come with two different H-actions structuring them as k-linear maps acting from the right or from the left. Their
categorical interpretation, as internal morphisms, is also discussed. They structure the monoidal category of H-modules .7
as a biclosed monoidal category. If H is a triangular Hopf algebra then (7.4, ®, chom, homy) is furthermore a symmetric
biclosed monoidal category and there is a tensor product ® of internal morphisms.

Given an H-module algebra A we then study H-equivariant A-bimodules and the associated right A-linear maps and
left A-linear maps (internal morphisms). This is the biclosed monoidal category (X///A, ®a, ahom, homy). If H is triangular
and the product in A is compatible with the braiding, restricting to modules where the A-bimodule structure is compatible
with the braiding (symmetric A-bimodules) we have the biclosed monoidal subcategory ({.#,""®a, shom, hom,), which
is symmetric.

This chain of results holds as well when we consider a graded algebra instead of A, and graded modules.

2.1.1. Modules over a Hopf algebra

Let H be a Hopf algebra (H, t, 1, A, €, S) over k. We denote by f.# the category of left H-modules, where objects in
H_# are k-modules V with a left H-action »: H ® V — V, while morphisms in #.# are k-module maps f:V — W that
are H-equivariant, i.e.,

he f(v)=f(h>v), (2.1)

forallhe H and v € V; we write f € HomH//[(V, W). In this paper H-modules will be always left H-modules and will be
simply called H-modules.

Since H is a bialgebra . is a (strict) monoidal category. Given two H-modules V and W their tensor product V @ W
is an H-module with H-action

>:HIVRIW — VW, h®V®WI—>hI>(V®W):=(h(])l>V)®(h(2)l>W), (2.2)

where we have used the Sweedler notation A(h) = h() ® h(o) (with summation understood) for the coproduct of H. The
tensor product of two morphisms in .7, f:V — V', g: W — W' is the morphism in 7.# defined by fQg: V@ W —
VW', vew f(v)® g(w). The tensor product functor ® is associative. The unit object in . is k with left H-action
given by the counit of H,>: H®k —> k, h® A+ €(h) A.
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Since the bialgebra H is a Hopf algebra, #.# is a closed monoidal category. For any V, W in H.#, we denote by
homy (V, W) in H.# the k-module Homy (V, W) of k-linear maps L: V — W equipped with the adjoint H-action
> H® homy (V, W) — homy (V, W), h® L+ heL:=h@)> ol o S(h)», (2.3)
ie, (h>L)(v) =hay > (L(S(hp) > v)). Given morphisms f?:V — V', g: W — W' (where f?:V — V' isjust f:V' — V
thought as morphisms in the opposite category (".#)°) we have the morphism

homy (f*, g) : homy (V, W) — homy (V/, W) , L—s>golof. (2.4)

This way we have defined the so-called internal-hom functor homy : (".#)” x H.## — H_# . This is compatible with
the tensor product functor ®, indeed since any H-equivariant map f:V ® W — Z can be considered as an H-equivariant
map ¢(f):V — hom(W, Z) via ¢(f)(v) := f(v,-), we have that the functor - ® W is left adjoint to homy (W, -), thus
(H.#,®, homy) is a closed monoidal category.

Let V,W be modules in .#, we can define another H-adjoint action on k-linear maps V — W. We denote by
ghom(V, W) the k-module Homy (V, W) with H-action >“? defined by

pP: H® ghom(V, W) — xhom(V, W), h®L+— hsPL:=h@ > oL o S~ (ha))>, (2.5)
(heP L)(v) = hay > (LS~ hay) & v)).

This gives the monoidal structure (7.7, ®, xhom), with the functor V ® - that is left adjoint to xhom(V,-) (via ¢(f): W —
xhom(V, Z), ¢(f)(w) := f(-, w), for any feHomH VW, 2)).

While k-linear maps L € homg(V, W) naturally act from the left, indeed the ~ adjoint action satisfies, for all h € H,
veV, he (L(v)) = (hay > L)(hp) > v), k-linear maps L e xhom(V, W) naturally act from the right, indeed the " adjoint
action satisfies,

ho (L(v) = (h) P L) (hay > V), (2.6)

that, evaluating L on v from the right, reads h> ((v)(L)) = (h(1) > v) (h2) 5 L).
In summary, associated with the Hopf algebra H, we have the biclosed monoidal category

.4, ®, homy, xhom) .

The submodules homy(V, W)HH ¢ homy(V, W) and xhom(V, W) ¢ yhom(V, W) of H-invariant elements, i.e., h>L = g(h)L
and h“PL = g(h)L, coincide with that of H-equivariant maps V — W (compare for example (2.6) with (2.1)) and are hence
identified with Homu_, (V, W).

2.1.2. Modules over a triangular Hopf algebra
Let now H be a triangular Hopf algebra with universal R-matrix R € H ® H. We recall that it satisfies

A“P(h)y =RA(h)R ™ forallh € H,
(A®IDR =R13R23, (Id®A)R =R13R12

and the triangularity condition Ry; = R~!. Because of the triangular structure the monoidal category "./# is symmetric:
the braiding 7 := t(R) is the natural isomorphism 7 : ® = ®° with components defined by,

Ty VOW—>WeV, v wr— (R¥>w)® (Re>v) (2.7)

where we used the notation R = R* ® Ry, R™! = R* ® Ry. The category ".# is symmetric because for all V, W,
Twyolyw= = idygw, hence t provides a representation of the permutation group. With slight abuse of notation we
shall frequently omit the indices in the isomorphisms 7y, ;,, and simply write 7.
The functors -® W and W ® - in this triangular case are naturally isomorphic via the braiding; correspondingly, the two
internal-hom functors homy and hom are naturally isomorphic via the family of isomorphisms, for all V, W e H_#,
Dy w :homy(V, W) — ghom(V, W), L Dy (L) :=(R*>L) o Rer (2.8)
with inverse given by (cf. [7, §3.2, Rmk. 3.11] and recall that a triangular structure R € H ® H is in particular a twist or
2-cocycle, cf. [27, Ex. 2.3.6])
Dy txhom(V, W) — homy (V. W), L> Dy (D) = (R¥>PL) o Ry & . (2.9)

Here we just prove H-equivariance: for all h € H, h=Dy !, (1) = Dy, (1P L). This equality is equivalent to heDy (D) o
hoy> = D;}W (hay > L) o hy> (use k-linearity and h(1) ® h(z)S(h(s)) = h). Recalling (2.3) the left hand side equals h >

5
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oD;_lW (D). Recalling (2.5), that >? and ~ are actions and using quasi-cocommutativity in the form RA(h) = A“P(h)R, the
right' hand side too equals this expression: D;,lw (hqy &P D)o h@> = (R*hq) > I)o Rohy> = (hz)R* I)o hayRe> =
h() P (R 6P L) o h(1)Re> = h> oDy (D).

In summary, when the Hopf algebra H is triangular the quadruple

("ﬂ%, ®, homy, xhom)

is a symmetric biclosed monoidal category.

In a braided closed monoidal category we can evaluate, compose and consider tensor products not just of morphisms but
also of internal morphisms. For quasitriangular Hopf algebras and hence for triangular Hopf algebras, internal morphisms
evaluation and composition are the usual ones of k-linear maps on k-modules. The composition of internal morphisms
is easily seen to be an internal morphism; we give a proof for internal morphisms carrying the =P adjoint action. Let
L e xhom(W, Z) and I’ € yhom(V, W), for all v € V, iterating expression (2.6) we have,

he (Lol (v)) =he (L' (v))) = (he) > L) (ha) > (L'(v)))
= (h@) P Z) o (h(z) P Z/) (hay>v) (2.10)
= (h@) > (Lo L") (hay e v)

where in the last equality we used the definition (2.5) of 5. This shows Lo L’ € yhom(V, Z).

The tensor product of morphisms in H.# is also the usual one, for all f e Homu ,(V, W), f’ € Homu_, (V', W), (f ®
fHvev):=fv)® f/(v), for any v € V,v' € V'. On the other hand the tensor product of internal morphisms differs
from that of the category of k-modules (cf. [27, Coroll. 9.3.16]). Given k-linear maps L € homy(V, W), L’ € homy(V', W)
the tensor product L ®z L’ is the k-linear map

LR L :=(LoR%)®(Ry>L)chom(VRV WeW), (211)

ie, LORLYV®V)=LRY>v)Q (Ry=L)(v), for any v e V, v/ € V'. It is this associative tensor product that is compatible
with the H-module structure: h> (L Qg L') =hq)>L ®R h)> L. From the definition it follows that

LRl =(L®id) o (R¥> @Ry L) =(L®rid)o(i[d®r L) . (212)

While L ®z id=L ®id, we have id®z L' =R*> ®RyL' =7 o(l’ ®id)o T~
Similarly, it can be proven that given k-linear maps L € xhom(V, W), L’ € xhom(V’, W’) we have the corresponding
tensor product L &g L’

L& &L :=[R*>“PL)® (L' o Rgr) € xhom(VQ V', W @ W) , (213)

ie, forallveV,v eV, Le&rL)(v®Vv)=(R*s?L)(v) ® L'(Ry > v'). This tensor product is associative and compatible
with the H-adjoint action 5™, that is, we have h (L@ L) = (h(1) > L) @R (h) P L').

2.1.3. Algebras and bimodules
Let H be a Hopf algebra. A left H-module algebra A is an algebra with a compatible H-module structure,

ht (ab) = (hgy>a)(hpy >b), h>1a=€(h)14

for all h € H and a,b € A. We denote by g.//lA the category of H-equivariant A-bimodules. An object V in X.///A is an
A-bimodule with a compatible H-module structure, ie, HQV — V, h® v+ hev; heav = (hq)>a)(he)>v) and similarly
for the right A-module structure. Morphisms in ﬁ///A are H-equivariant maps that are also A-bimodule morphisms.

The category Q.//ZA becomes a monoidal category with the balanced tensor product ® 4 (where by definition V ®4 W,
with V, W in XQ///A, is the quotient of V @ W in ﬁ///A with the obvious left and right A-actions inherited from those of V
and W respectively).

If V, W are modules in ﬁ///A also homg (V, W) and yhom(V, W) are modules in g///A with H-action as in (2.3) and
(2.5) respectively. The A-bimodule structure of homy(V, W) is given via the left A-module structure of V and W, that of
xhom(V, W) via the right A-module structure of V and W: For allae A, v € V, L € homy(V, W), L € xhom(V, W),

(aLy(v)y =a(L(v)), (La)(v)=L(av), (214)
Lay(v)y=L(vya, @(v)=L(va). (2.15)

Let homa(V, W) C homy(V, W) be the submodule in g.///A of right A-linear maps: for all a € A, L(va) = L(v)a, and let
ahom(V, W) c xhom(V, W) be the submodule in ﬁ//lA of left A-linear maps: for all a € A, Lav) =aL(v).

6



P. Aschieri Journal of Geometry and Physics 224 (2026) 105800

Associated with homa (V, W) € homy(V, W) and ghom(V, W) C xthom(V, W) we have the functors homy : (X///A)"p X
Hoat,— ", and phom: H.z,)P x oot — . #,, with the action on morphisms (f, g) in ({.#,)" xH.#, as in (2.4).
The functor - ®4 W is left adjoint to homz (W, -) [9], and similarly, V ®4 - is left adjoint to 4ghom(V, -), thus

., ®a, homy, shom)

is a biclosed monoidal category.
When H has a triangular structure R we consider A to be braided commutative (also called symmetric or quasi-
commutative) if, for all a,b € A,

ab = (R¥>b)(Ry >0) . (2.16)
Similarly, V in QJ/ZA is symmetric if
av=(RY>v)(Rg>a) . (217)

We denote by H.#Y™ the full subcategory of symmetric modules in ¥/.#,. Let V, W be modules in §.#;’™, then V @, W,
hom,(V, W) and shom(V, W) are also in §.#;’™; for example it is easy to see that for all a € A, L € homua(V, W),
L € shom(V, W), La= (R >a)(Ry > L) and La = (R* >a)(R, > L). Extending to the biclosed case the results of [9] we have
that

Q.47 , ®a, homgy, shom)

is a full closed monoidal subcategory of (;'///A, ®4, homy, shom) which is symmetric.
The braiding is induced from that in "./# and the isomorphisms in (2.8) restrict to isomorphisms

Dy .w :homg(V, W) - ghom(V, W) (2.18)

in H.2Y™, thus proving that homs and shom are naturally isomorphic functors (cf. [7, §5.6], the A-module actions (2.15)
there are denoted -, so that e.g. a -’ L (v) = L(va)).

Since (ﬁ .//{f\ym, ®a,homy) is a symmetric closed monoidal category, besides the usual evaluation and composition, we
have the tensor product of morphisms, denoted ®4. For all f € Homgﬂzym(v, W), f' e Homi;/ﬂ;ym(v/, W, (f®a fH(v®a
V)= f(v) ®a f'(v)), for any v € V, v/ € V'. We also have the tensor product of internal morphisms that with slight abuse
of notation we still denote ®5. Indeed, similarly to the braiding, this can be seen as induced from the tensor product of
internal morphisms in (7.#, ®, homy). Let L € homa(V, W) C homy(V, W) and L’ € homa(V’, W’) C homy(V’, W’), then
L®Rr L' € hom(V® V', W ® W’), as defined in (2.11) is trivially right A-linear and induces a well-defined right A-linear
map in homy (V ®4 V', W ®4 W) that we still denote L @ L’ (cf. [7, Thm. 5.16]). Associativity is straightforward. Moreover,
for each quadruple V, W, V', W’ of modules in .2#;'™ the map

QRy.w.y,w - homa(V, W) @4 homa(V/, W) = homa(V@a V. W@ W), LRsl —» LerL

is a morphism in the category (cf. [27, Prop. 9.3.13], [9, §5.6]).
Similarly, in (;'L//ljym, ®4, ahom) the tensor product of internal morphisms is denoted ®% and can be seen as induced
from (2.13). Here too for each quadruple V, W, V’, W’ of modules in ﬁ//lf\ym we have that

®RV w.v' W’ : Ahom(v7 W) ®A AhOlTl(V,, W/) - Ahom(v ®A V,, w ®A W,) ) i®A i, = i@Ri/
is a morphism in H.Z;"™.

2.14. Graded algebras and bimodules

The results of the previous subsection can be extended to the case of Z-graded modules V =&, 7 V". We consider
H to be Z-graded and nontrivial only in degree zero. Let Q* be a graded algebra and an H-module algebra, it is graded
braided commutative if

0 A0 = (—D)IPNT(RY P gy A (Ry 5P H)

where A denotes the product in Q° and 0,6’ are arbitrary elements in Q* of homogeneous degree |9| and |0’|. Correspond-
ingly, g.///gm denotes the category of Z-graded modules that are relative H-modules Q°-bimodules (with grade compatible
Q*-module actions) and that are graded symmetric: V =@, .z V" is in g.///gm if

v =(=DEIVI(RY > v)(Ry 5P ),

where |v| is the degree of the homogeneous element v € V.
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The category H,.#3™ is monoidal with tensor product ®g-. It is also closed, indeed first observe that for each V, W in
H . #3", we have that cthom(V, W) and homy(V, W) are naturally graded H-modules. Then define

ohom(V, W)

to be the graded H-submodule of xhom(V, W) spanned by graded left Q°-linear maps; these are maps L e yhom(V, W) of
homogenous degree |L| (i.e. L: V" — W™l n e Z) such that

LOv) = (=D)LL (v). (2.19)

Similarly, homge (V, W) is the module of right °-linear maps, L(v6) = L(v)6. The modules gehom(V, W) and homgs (V, W)
are in Q.///Sfm, their Q°*-bimodule structure reads, for all L € homge(V, W), and for all L € gehom(V, W), 6 € Q®, v e V,
respectively of homogenous degree |L|, || and |v],

OL)(v) =0(L(v)), (LO)(v) =L(@BV), 020
I0)(v) = (=DWEIwe, @D )= (DI vg) '

This defines the functors homge : (B, .50 ™) x K, //ls?fm Hoa 3™ and gehom: (B ™) x Ko ™ — B ar 3™, where
their action on morphisms (f, g) in (.75 x H,. ///;231 is as in (2.4).
Similarly to the ungraded case we have the symmetric biclosed monoidal category

S m
(o A0", ®g», homgs, gehom)

with tensor product of internal morphisms respectively denoted ®z and ®%.
2.2. Finitely generated projective modules and their duals

In this section H is a Hopf algebra (no triangularity structure is assumed). We study finitely generated and projective left
(right) A-modules in fq’ M, and their duals. It is known that finitely generated and projective k-modules are rigid modules.
Similarly, finitely generated and projective right (left) A-modules in f{ M, are rigid modules in ﬁ . We continue the study
of internal morphisms proving key canonical isomorphisms for internal morphisms in g M, arising from tensor products
with a rigid module (cf. 2 in Theorem 2.5).

Among the various equivalent definitions of finitely generated projective module (see e.g. the monograph [26]) we use
the convenient characterization in terms of a pair of dual bases

Lemma 2.1. (Dual Basis Lemma). Let A be an algebra. A left A—module [ is finitely generated and projective if and only if there exists
a family of elements {s; e ' :i =1, ...,n} and left A-linear maps {*s' € *T" := sHom(T", A) :i =1, ...,n} withn € N, such that for
any s € I we have (sum over repeated indices understood)

s="si(s)si . (2.21)
Aright A-module X is finitely generated and projective if and only if there exists a family of elements {o' € £ :i=1,...,n} and right
A-linear maps {o;* € £* :=Homu (%, A) :i=1,...,n} withn € N, such that for any o € ¥ we have

o=0'0/0). (2.22)

The set {s;,*s' :i=1,...,n} is loosely referred to a “pair of dual bases” for the left A-module I', even though {s;} is
just a generating set of I and not necessarily a basis. Similarly {o',0 :i=1,...,n} is a pair of dual bases for the right
A-module X.

The dual *T" := gHom(T", A) of a finitely generated and projective left A-module I' is a finitely generated and projective
right A-module, with right A-action as in (2.15). Moreover, the dual (*I')* := Hom4 (*T", A) of the dual is a left A-module
canonically identified with the original module T'. Similarly, we have the left A-module ¥* := Homx4 (X, A) dual to the right
A-module ¥ and the canonical identification *(Z*) := sHom(X*, A) ~ . We state these properties for left A-modules (the
proof can be easily derived from e.g. [26, §2B]).

Proposition 2.2. Let I be a finitely generated and projective left A-module. Denote by {s;,*s' :i =1, ..., n} a pair of dual bases. For
any s €T, let 1(s) € (*I")* := Homyu (*T", A) be defined by 1(s)(*s) := *s(s), for all *s € *T". We have

1. {*!, u(s;):i=1,...,n}is a pair of dual bases for *T,
2. *Tis a finitely generated and projective right A-module,
3. The canonicalmap ¢ : T — (*I')*, s> (s) is an isomorphism of left A-modules.

8
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If we consider modules in X///A, Proposition 2.2 holds in g//{A. Let I be a module in g///A that is finitely generated
and projective as left A-module, then

1. *T := phom(T, A) is in X//A and is finitely generated and projective as right A-module,
2. (*I')* :=homy (*T, A) is in g.///A and is finitely generated and projective as left A-module,
3’. The canonical map ¢: T — (*I)*, s+ ((s) is an isomorphism in XQ///A.

We further recall (cf. e.g. [7, Prop. 6.17]),

Proposition 2.3. Let T" be a finitely generated and projective left A-module, so that *T" is a finitely generated and projective right
A-module. Let W be an A-bimodule. Then there exist right A-module and left A-module isomorphisms (evaluation maps)

b:*I'®a W — aHom(I", W) 1:W®aI = Homua(*I", W) (2.23)
@AW > (s@a w)’(s) :=*s(s) w WRas = 1(was) (%) :=w’s(s) . '

The inverses are L > L*' =*s' @4 L(s;) and L+ 1~ (L) = L("s') ®4 s; (sum on i understood). If in addition T" and W are modules
in .4, then

b:* T ®4 W — ghom(T, W) , 1: W ®4T — homs(*T, W)

are module isomorphisms in ;’///A.

A pairing between modules T", ¥ in ;’.///A is a morphism I' ®4 X — A. We denote by

(,):T®A T — A, s®a*s+> (s,7s) :="5(s) = 1(s)(s5) (2.24)

the pairing due to the evaluation of *I" = ghom(T", A) on TI'. It is well-defined on the balanced tensor product ®4 because of
the left A-module structure of *T'. It is easily seen to be left and right A-linear, indeed the notation (, ) conveniently takes
into account the A-bimodule structures of I' and *T, as well as that *I" are left A-linear maps while I' >~ (*I')* are right
A-linear maps: For allae A,s e ', *s € *T, (as,*s) = a(s,*s), (sa,*s) = (s,a’s), (s, *sa) = (s, *s)a. Furthermore, H-equivariance

he (s, >|<S) = (h(]) > S, h(z) P *S) (2.25)

is due to the H-module structure of *T, cf. (2.6).
We extend the pairing (, ): T ®4 *I' — A to the morphisms in ﬁ///A

(, Vi ITRA TT@AW >W, sQ@asQ@awr (s, s®@a w):=(s,*s)w (2.26)
( L) WRATRA T>W, was®a™s—> (W®as,™s):=w(s,7s) (2.27)

so that the internal morphisms (s ®4 w)” and 1(w ®4 s) of Proposition 2.3 are respectively simply denoted as ( ,*s®4 w)
and (W®aga s, ).

Definition 2.4. Given modules I' € ;’ My, T ﬁ ., we say that " has right dual X, or equivalently that ¥ has left dual
T, if we have maps ev:T" ®4 X — A (evaluation map) and coev: A — X ®4 ' (coevaluation map) in ﬂ///A such that the
compositions
id id
FoT @y A T2 p o, s@, T 22,
(2.28)

coevy idy idy ®4 ev

ExAQQL ——=E2QAI'®pr E—— %,

are respectively the identity maps idr and idy. If " has a right dual we say that it is right rigid. If ¥ has a left dual we
similarly say that it is left rigid.

We will also denote the evaluation and coevaluation maps of the right rigid module I by ev. : ' ®4 ¥ — A and coev. :
A— X ®aT, and frequently use the notations (, ):I"'®4 X — A and (, )r for the evaluation map.

Left (right) duals are unique up to isomorphisms, in this sense we can simply speak of the left (right) dual of a module,
and we say that the module is rigid. This implies that if there exists a coevaluation map, it is uniquely determined by
the pairing ev: "' ®4 ¥ — A. A pairing (, ):T'®4 X — A is exact if there exists a map coev: A — X ®4 I' fulfilling the
conditions of Definition 2.4.

The pairing in (2.24) is exact if and only if I" in X///A is finitely generated and projective as left A-module.

9
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Theorem 2.5. Let I' in | ./, and *T" := phom(T", A).

1. I"is finitely generated and projective as left A-module in ﬁ//{A if and only if " is right rigid.
2. If T is right rigid, forall V. W e H .,
ahom(T'®a V, W) ~ shom(V,* T'®4 W) , homa(V ®4 *T", W) ~homa(V,W ®4T) (2.29)
are isomorphisms in A//{A.
3. Let Y be also right rigid in ﬁ.//ZA and *Y := shom(Y, A), then so is ' ® 4 Y, and we further have the isomorphism in Q(//ZA,
*TRa* T >*(T'®4 Y).
Proof. 1. Let W =T in Proposition 2.3. Since idr € Hom;:{//{A (I',T) € ashom(I", T) is central, i.e., aidr = idra (recall the

H—1 .
A-bimodule structure (2.15) of shom(I", ")) so is its image id)r =*%'®a ;i €*I'®4 I'. Thus

coev: A — Ra ,a|—>as'®Asi=s'®As,-a .
A—s*T r s *od (2.30)

is a well defined H-equivariant A-bimodule map. The coherence conditions (2.28) follow using (2.30) and recalling that
{si,*s'} and {*s', ((s;)} are a pair of dual bases for I" and *T, respectively (cf. Proposition 2.2). Vice versa, if I is rigid then
(2.30) determines a dual basis.

2. For all L € shom(I' ®4 V, W), define

[%:= (idsr ®a L) o(coev@aidy): V= * TR W, vie LE(V) =*' @4 L(s; ®4 V) . (2.31)

The map L? is left A-linear because so is L and because coev is A-bilinear. Hence we have a well-defined map

#: 2hom(T'®4 V, W) — shom(V,* T ®4 W)

which is H-equivariant since so is coev. Its inverse is b : ghom(V,*I' ® 4 W) — ghom(I' ®4 V, W), s Q4 vV I3b(s ®a
v) = (s, P(v)), (recall equation (2.26)). Indeed we have (s @ v) = (5, L2 (v)) = (s, %' @4 L(s; @4 V) = (5. s (5; @4 v)=
L((s *si)si @a v) =1I(s ®4 v) where in the third equality we used left A-linearity of L. We similarly have ij(v) =*l Q4
P°(si @4 v) =*s! ®a (si, P(v)) = P(v). The second isomorphism in (2.29) is similarly proven.

3. Let {uj, Hyd :j=1,...,m} be a dual basis of Y, then a dual basis of I' ®4 T is given by the elements t;j =s; ®4 uj €

I ®4 Y, and the elements *ti € (I’ ® Y) defined by, for all se T, u € Y, *tij(s ®a u) == (s{u, *ul), *s').
In order to prove the isomorphism *Y ®4 *I' >~ *(I" ®4 Y), define Yry: T®A T >*F®aY), *u®as s +—> ¥r, +(u @4

*s) = *t ((t; ij, “u), ™). The map ¢ y is easily seen to be in g///A, its inverse is gomr T®aY) = *YT®4 T, "t ¢ (') =
Ul @4 %' (s; ®a uj,*t). O

Remark 2.6. Due to the isomorphism *Y ®4 *I' >~ *(I' ®4 Y), in the following the right dual of I’ ® 4 T will be considered
to be *Y ®4 *T", with evaluation and coevaluation maps

(L) TR TR YT®a T > A, sS@aU®a " URA ™S> (S®a U, URA™S) = (s(u, *u),”s) ,
coevV:A—>*"T R4 TRaT®a Y, a|—>a*uj®A*Si®ASi®Auj,

where {s;, *ai=1,..., n} and {uj, ol j=1,...,m} are dual basis of I" and 7, respectively.

Remark 2.7. Definition 2.4 holds in a generic monoidal category. For example also when the tensor product is topological.
In this case rigid modules are projective and topologically finitely generated (i.e., there exists a finite number of elements
that span a dense subset of the module). This is the case of Example 2.12.

The right dual (or adjoint) of a morphism f :I" — Y of right rigid modules in f\’///A is the morphism *f : *Y — *T
defined by (s, *f(*u)) = (f(s), *u), for all s € T, *u € *Y. Explicitly, *f (u) = *s' (f(s;), *u) (using a pair of dual bases for I').
Similarly, the left dual of a morphism g: ¥ — A of left rigid modules in gk///A is the morphism g*: A* — X* defined by
(g*(\*), 0) = (A*, g(0)) for all A* € A*, 0 € Z. Duals of internal morphisms will be studied in Section 5.1.

2.3. Compact closed categories
If the Hopf algebra H has a triangular structure R and A is braided commutative (cf. (2.16)) we can consider finitely
generated (left or right) A-modules in the symmetric category A//f VM of symmetric modules; we recall that by definition

these satisfy av = (R¥ > v)(Ry >a) forallae A, v eV, cf. (217).

10
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Let I" in #.#,Y™ be finitely generated and projective as a left A-module, hence it is right rigid in .#,"™, with right dual
*T = pshom(I", A) which is finitely generated and projective as a right A-module in .#;™. All the results in section 2.2
concerning modules in ﬁ ., hold true in the full subcategory g ///jym of symmetric modules.

In a symmetric category a right rigid module I' is also left rigid, and vice versa a left rigid module is also right rigid. We
give an explicit proof for our category of interest Z Q///jym, where we recall that the braiding t is defined in (2.7).

Proposition 2.8. Let T € ;’ .//Zf‘ym be right rigid, with right dual *T,, evaluation {, ) : T ®4 *I" — A, and coevaluation coev : A —
*I" ®4 I'. Then T is left rigid with left dual *T" and evaluation and coevaluation maps

(,)=()onpr:" T@®T—>A,

(2.32)
coev' :=T,pocoev:A— T ®s " T.
Proof. We have to show that the compositions
/ i id ’
P Al 2 o im0 o5
233

id«r®a coev’ (,)®a id«p *F
_— —_— ,

T~*T @4 A TRAT®4*T

equal idr and ids«r, respectively. Using a pair of dual bases we have coev(14) =*s! ®4s; € *T' ®4 T, coev/(14) = R¥ &>5; ®4
Ry >*s' € I'®4 *T so that these conditions read, for all s € T, *s € *T,

R¥>si(RP s, RgRy>"s') =s , (RPRY>si, Rgo"s)Ry"si ="s. (2.34)
B B
We prove the first equation
R¥>si(RP s, RgRy>"s') =RY > (RP o5, RgRy > *s') R,y R¥ > 5
B B 14
= (RVRP o5, R°RgRqy > *s')Rs Ry RY & 5
= (R”RP =5, R°RyR, & *s')RsR*Rg & 5;
y B (235)
_ _ . 35
:(R‘31>s, Rﬁ(l)D*SI)Rﬁ(Z)DSi
= (s.s")si
=s

where in the second line we used (A ® id)R™! =R,; Ry3, in the third line the Yang-Baxter equation Ry} Ry3 Ry =
Ry3 Ri3 Ry, in the fourth that R%Ry ® RsR¥ =1® 1 due to triangularity of R and then (id ® A)R™! =R} R;3 . In the
fifth we used that coev is H-equivariant so that for all h € H, h> (*s' ® s;) = h (coev(14)) = coev(h>14) = e(h)*s' ® s; and
in the last line the hypothesis that *T" is right dual to I'. The proof of the second equation in (2.34) is similarly obtained. O

Vice versa, if T is left rigid with left dual *I, evaluation and coevaluation maps { , )’ and coeV/, then *T is also right

dual to I'" with evaluation and coevaluation maps ( , ) and coev implicitly defined by (2.32), i.e, (, ):=(, ) o Trap
COeV := T, © coev’; (just read (2.35) from the fifth line to the first and then use (2.34)). We therefore speak of finitely
generated and projective A-modules in X ///jym, there is no need to specify if they are left or right A-modules.

We denote by //{Zym’fp the full subcategory in §.#;'™ of finitely generated and projective modules. Every module has
a left and a right dual and therefore the category ;’ ///f‘ym’fp is a rigid category. Rigid symmetric monoidal categories are

called compact closed categories. We have shown that the symmetric monoidal category ﬁ" //[jym’fp is a compact closed
category.

Remark 2.9. The exact pairing ( , ) :*I'®4 I — A induces the isomorphisms in ?///jym (cf. Proposition 2.3)
(, ) :T® W — shom(T,W), s@awi>(,s@aw) :=(,s) @aw,

(2.36)
( ,YV:WRaT — homa(T*, W), w®as— (W®as, )Y i=w®als, ).

For later use we notice that the dual of the braiding isomorphism equals the braiding on the dual modules: In the
notations of Remark 2.6 (and recalling the definition of right dual morphism given after Remark 2.7),

*(TF,T) = T*F,*T 5 (2.37)

11
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that is, for all seT,ue Y,* € *I',*u € *Y, (s ®4 u, ‘L’*FY*T(*S ®a *u)) = (Tp (s ®a U),*s ®a *u). This is equivalent to
(TE;(u ®49), f*r,*r(*s ®a ) =(Uu®aS,*s®a *u) and is easily proven,

(T W ®AS), Top ey (s ®4 ")) = (R &5, (R* > u, RP > *u)Rp & )
=R” > (R>u, R >*u) (Ry Ry >5, Rg > %)
= (RYR”>u, R°RP > *u)(RsRy Ry > 5, Rg > *s)
= (u, R°RP > *u)(Rs > 5, Rg > %s)
= (u, RP o *u) Rg > (s, %)
=(U®as,"s®a ).
2.4. Examples

Let H be a triangular Hopf algebra and A a braided commutative H module algebra. We study examples of com-
pact closed categories g //Zym’fp of symmetric relative H-equivariant A-bimodules finitely generated and projective as
A-modules. The first example arises when A = K is a cotriangular Hopf algebra and H = U’ ® U is the triangular Hopf
algebra obtained from the triangular Hopf algebra U dual to K. Another example is that of equivariant vector bundles on
a manifold and a further one (adapting the treatment in [9, §6] to the compact closed category context) is obtained via
noncommutative Drinfeld twist deformation of equivariant vector bundles.

Example 2.10. Cotriangular Hopf Algebra. Let A = K be a finite dimensional Hopf algebra over a field k and let U be the dual
Hopf algebra. Right (left) K-coactions correspond to left (right) U-actions on modules (using Sweedler like notation, given
a right K-coaction V- V ® K, v > vg ® vi we have the left U-action >: U Q® V — V, &> v =vpé&(vy), while given a left
K-coaction V—-> K® V,vr— v_1 ® vo we have the right U-action <: VU — V,v <& =&(v_1) vp). Vice versa, since K
is finite dimensional over the field k, Homy (U, V) >~ V ® K (cf. (2.23)); this implies that given a left U-action, the map
V — Homyg (U, V), vi> Ay; Ay(§) =& > v defines a right K-coaction Ag:V — V ® K; similarly, right U-actions define
left K-coactions. Moreover, right (left) K-comodule algebras are equivalently left (right) U-module algebras. In particular,
since K is a K-bicomodule algebra via the coproduct, then it is a U-bimodule algebra. Recall that a K-bicovariant bimodule
[34, Def. 2.3] is a K-bimodule with compatible and commuting left and right K-coactions. The duality between K-coactions
and U-actions implies that this category is equivalent to that of relative U-bimodules K-bimodules (these are relative left
U-modules K-bimodules and relative right U-modules K-bimodules with commuting left and right U-actions). Now U-
bimodules (U-bimodule algebras) are equivalently left U’ ® U-modules (left U%® ® U-module algebras), where U is the
Hopf algebra with opposite product and U ® U is the tensor product Hopf algebra; similarly, relative U-bimodules K-
bimodules are equivalently relative left U’ ® U-modules K-bimodules (the U’® U-action on a K-bicovariant bimodule V
reads ({ ®&)>v =¢(v_1)voé(vy) and on K itself (¢ ® &)=k = ¢(kq)k2&(k3)). Hence the monoidal category of K-bicovariant
bimodules is equivalent to the monoidal category uep ®}<J My of relative U? ® U-modules K-bimodules. These are free K-
modules since K-bicovariant bimodules are free K-modules (cf. [34, Thm. 2.1]).

Let now K be cotriangular, this is the case if and only if its dual U is triangular. Let % be the triangular structure of U,
i.e., the cotriangular structure of K; in particular we have the quasi-commutativity property, for all k, k" € K,

K'k =22k gy ® k(1)Ko kin) 2" (ki3 ®K(3)) - (2.38)

Furthermore U is triangular with R-matrix Z~! and U ® U is also triangular with R-matrix R = (id ® flip® id)(Z~ ' ®
Z%). We show that the quasi-commutativity property (2.38) of K is just the braided commutativity property of K with
respect to the R-matrix of U ® U, for all k, k' € K,

Kk=R">kRqy >k =Kk kiz R (ki) ® k(3))Ra (ki) ® k(3))
— kg K() B (k1)) T (k(3) T (k1)) T (K 3) (2.39)
= A1) @ Kz ko kiny # " (ks ®K(3)

where we used the notation R~' = R* @ Ry = (id @ flip @ id)(Z ©@ #~ ) = %#* @ %" ® Fu ® Zp.

In conclusion, if K is a finite dimensional cotriangular Hopf algebra over a field then K is a braided commutative algebra
with respect to the triangular Hopf algebra U°? ® U and, recalling also the previous section, the category U"p@}(j///;ym’f of
finitely generated symmetric relative U°? ® U-modules K-modules is a rigid symmetric category (compact closed category)
of free K-modules.

Similarly, we can consider K a cotriangular quantum group, for example of the A, B, C, D series given via multiparametric
R matrices, with dually paired triangular topological Hopf algebra U over C[[h]] [30]. As before, K is braided commutative
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and the category Y °p®}<’ ///,iym'fp of finitely generated and projective symmetric U ® U-equivariant K-modules is a compact
closed category. 1

Compact closed categories are easily obtained via Drinfeld twists of compact closed categories. Recall that a Drinfeld
twist is an invertible element F € H ® H satisfying the cocycle and normalization properties:

(FRIDAQIHF=>1dRF)IdRA)F, (QIdF=>1dQe)F=1p. (2.40)

Given a twist we deform the triangular Hopf algebra H with universal R-matrix R in the triangular Hopf algebra H” that
as algebra is the same as H, while it has coproduct A% (h) = FA(h)F~! and universal R-matrix R” = FoyRF 1. We
deform the braided commutative algebra A in the braided commutative algebra A7 that equals A as k-module, while it
has multiplication, for all a,b € A, a-7 b:= (" >a)(fq > b), where F~! =f” ® . The normalization conditions imply that
the unit of A is also the unit of AZ. We further associate to any module T in #.Z¥™® a new module I'” in Zi//{’:yfm

that has the same k-module structure. The H” -module structure is given by the H-action (indeed as algebras H” equals
H) and the left and right A7 -actions are given by, for all a € A¥, seT, a<"s := (fa >a)(fy >5s) and s+ a= (fa |>s)(fa >a).
Due to these assignments the compact closed category ///jym’fp is equivalent to the compact closed category X;(//ljﬁm’fp.
(They are equivalent as symmetric monoidal categories and hence, since any monoidal functor preserves rigidity of objects,

as compact closed categories.)

Example 2.11. Ug-equivariant C°°(M)-bimodules from G-equivariant vector bundles on M. Let G be a Lie group and M a G-
manifold with right G-action r: M x G — M, (m, g) — mg. We assume manifolds to be finite dimensional and second
countable. In this case every finite rank vector bundle has a finite open covering of the base trivializing the bundle.

Recall that a G-equivariant vector bundle E — M is a vector bundle E — M where E and M are right G-manifolds, the
G-actions on E and M are compatible with the projection E — M and G acts via linear isomorphisms on the fibers of E.

The right G-action on M pulls back to a left G-action G x C*°(M) — C*(M) on the algebra C*°(M) of smooth complex
valued functions on M. Using the G-action on E we also have a left G-action on the C°°(M)-module of sections I'(E)
(for all m e M,s e ['(E), (g s)(m) =s(mg)g~!). With this action I'(E) is a relative G-module C°(M)-module (or G-
equivariant C°°(M)-module), i.e., for all a € C*°(M),s e I'(E),g € G,g>as = (gr>a)(g>Ss). Since E — M is trivialized by
a finite open covering of M then I'(E) is finitely generated and projective as a C°°(M)-module. This construction leads
to a functor T : G-VecBuny — gm(M)///CSXCT;&'j from the category of G-equivariant vector bundles over M to that of G-
equivariant C°°(M)-modules that are finitely generated and projective over C*°(M). (If G is the trivial group the functor is
an equivalence proving Serre-Swan theorem in the smooth context.) Both categories are rigid symmetric monoidal, hence
are compact closed categories and the functor is symmetric monoidal.

Associated with the G-action on M we have a (smooth) action of the Lie algebra g =Lie G on A = C* (M) via derivations.
It canonically lifts to an action of the universal enveloping algebra Ug on A that therefore becomes a Ug-module algebra.
Similarly, I'(E) is a relative Ug-module A-bimodule. (Technically, C°°(M) and the finitely generated projective module I'(E)
are nuclear Fréchet spaces with respect to the usual C*°-topology. Furthermore, C°°(M) is a unital Fréchet algebra with
the usual pointwise product w := diagy; : C°°(M) ® C®(M) — C*®(M) given by pull-back of the diagonal map diagy, : M —
M x M. Here C®°(M)&® C®(M) ~ C®°(M x M) denotes the completed tensor product. Therefore C°°(M) is an algebra object
in the category of Ug-Fréchet spaces.)

It follows that we have a symmetric monoidal functor ULieoI’ from the category G-VecBuny, to the category of Ug-
equivariant A-bimodules. The functor is valued in the sub-category Xgl///jg‘(;g, where objects are the modules of sections
I'(E) of G-equivariant vector bundles E — M and morphisms are Ug-equivariant A-bimodule morphisms. This is a compact
closed category. 1

Example 2.12. Formal braided equivariant vector bundles. Associated with the ring C[[i]] of formal power series in i with
coefficients in C we have the formal power series extension of the C-modules Ug, A and I'(E), denoted as usual Ug[[h]],
A[[R]] and T'(E)[[R]]. The tensor product in the definition of the C[[i]]-Hopf algebra Ug[[f]] is the completed one in the h-
adic topology (cf. e.g. [23, §XVI]), so that Ugl[[h]] ® Ug[[h]] ~ (Ug® Ug)[[h]] (and the tensor product in the definition of the
C[[h]]-algebra A[[h]] is the completed one in the Fréchet and h-adic topologies, so that A[[A]]® A[[h]] =~ C®°(M x M)[[H]]).
The A[[h]]-bimodule T'(E)[[f]] is topologically finitely generated and projective and we denote by X[g[,[,l[]f;]]///j‘[’[?]‘]fzeom the
associated compact closed category. It has been obtained via the change of base ring C — C[[h]] that induces the braided

monoidal functor C[[A]]® : Xge///jgl(;fmp — ;’[E[E]q]]e///j}'gi‘]’]fgeom that to T'(E) associates the extension C[[i]]®(E) ~ '(E)[[A]]

and extends morphisms by C[[h]]-linearity.

Ugllh” N s

By considering a twist F of Ug[[h]] we obtain the rigid braided commutative monoidal category an® Al F geom

This provides a deformation quantization of G-equivariant bundles on A =C>*(M). 1
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A further example, as shown in the next section, is provided by the symmetric monoidal category of the modules of
covariant and contravariant tensor fields canonically associated with the differential calculus on a braided commutative
H-module algebra A.

3. Differential and Cartan calculus

We give a self contained thorough exposition of the differential and Cartan calculus on a braided commutative H-
module algebra A (cf. (2.16)), where H is a triangular Hopf algebra. For later use, details on the duality between covariant
and contravariant vector fields are provided. The presentation is constructive and when A is a cotriangular Hopf algebra
we obtain a bicovariant differential calculus a la Woronowicz [34]. We then show its equivalence with that in [21]. The
notations and conventions adopted stem from Section 2 and will be used throughout the paper. They differ from [22], where
the construction of a Kdhler differential and Cartan calculus of an algebra in a symmetric rigid category was outlined, and
from [33] where, as here, a braided derivations approach is pursued. Apart from the example and the notions of Lie algebra
and bimodule of braided derivations (found in the beginning) the expert reader can skip this section and go back to relevant
formulae and theorems when they will be referred to in later sections.

3.1. Braided derivations and differential calculus

Let Der (A) be the k-module of braided derivations. These are k-linear maps u € homy (A, A) that satisfy the braided
Leibniz rule, for all a,b € A,

u(ab) = u(@b + R¥>a(Ry > u)(b) . (3.1)
Der (A) is an H-submodule of homy (A, A). Indeed, for all h € H,u € Derg (A) and a,b € A

(h>u)(ab) = hay > (u(S(ha) >aS(he) > b))
=hay > (u(Sth) > a) S(ha) > b) + hay > (R*S(h3)) & a)(Ry > u)(S(h)) > b))
=hgy> W(S(he)) >a) b+ R*h@) S(hs)) >a(Rehey > u)(b)
=(heu)@b+R¥>a(Ry > (heu))(b)

where in the third line we used (2.3) in the form he L(v) = (h¢1y > L)(h) > v) (with L given by Rysu, h given by h(1y and
v given by S(h)) > b) and then that A(YR~' = R~TAP (h).
As for derivations on a commutative algebra, it is not difficult to see (cf. [33, Lemma 3.1]) that the braided commutator

[, 1:Derr(A) ® Derg(A) — Derg(A), u® v [u,v]:=uv—R¥*>vRy>u,

(where composition of operators is understood) closes in Derg (A), is an H-equivariant map (for all h € H, u, v, € Derg (A),
he[u,v]=[h@g)>u,hg) > v]) and structures the H-module Derg (A) as an (H,R)-Lie algebra, i.e., we have the braided
antisymmetry property and the Jacobi identity, for all u, v, z € Derg (A),

[u,v]=—[R*>v,Ryvul, [u,[v.z]]=[[u,v], 2]+ [R*> Vv, [Ry>u,z]]. (3.2)
Braided derivations are furthermore a module in ;’L///;ym by defining, for all a,b € A,
(au)(b)y =au(b) , ua=[R¥>a)Ry>u; (3.3)
au is again a braided derivation because of the braided commutative property (2.16) of A, for all a, b, c € A, u € Derg (A),
(au)(bc) =au(bc)
=au(b)c +aR¥>b (Ry > u)(C)
= (au)(b)c 4+ (RPR¥>b)(Rg > a) (Ry > u)(C)
= (au)(b)c + (R¥ > b) (R & (au))(c) ,

where in the last passage we used the quasitriangularity property Rl_zl R1_31 = (id ® A)R~!. One similarly proves the com-
patibility [u, av]l=u(a)v + R* >a[Ry > u, v].
From now on we set

X(A) :=Derr (A)

and refer to it as the bimodule of (braided) vector fields.

14
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We denote by Q(A) :=*X(A) = shom(X(A), A) C xthom(X(A), A) the right dual module of left A-linear maps X(A) — A
with H-action > defined in (2.5) and A-bimodule structure defined in (2.15). It is a module in f.Z’™ and as in (2.24)
we denote the evaluation of an element in ©2(A) on a vector field via the bracket

(L) XA RALA) > A, UL (U, ) (34)

that is H-equivariant (cf. (2.25)).
We define the map d: A — Q(A) by

(u,da) =u(a), (3.5)

for all u € X(A). This definition is well-defined since both ( ,da): X(A) — A and a: X(A) — A, ur~ u(a) are left A-linear
maps. The map d is H-equivariant, indeed, for all h € H the identities

he (u,da) = (hay>u, hpysda), he(u@) = (hay>u)the) >a)
imply h>“P (da) = d(h>a). Next we prove the undeformed Leibniz rule d(ab) = (da)b + adb:
(u, d(ab)) = u(ab) = u(@)b + R* > a (Ry = u)(b) = (u, (da)b) + (R* > a)(Ry > u, db)
= (u, (da)b) + (u, adb) ,

where we used (3.3) and that the pairing ( , ) is well-defined on the balanced tensor product X(A) ®4 Q(A).
The module of one-forms Q(A) is the submodule of 2(A) in I’:\’///jym defined by

Q(A) = AdA = {w € Q(A) ; w=dda;} (3.6)

for all a',a; € A, with finite sum over the index i understood (the right A-action closes in Q(A) due to the Leibniz rule).
A first order differential calculus on an algebra A is an A-bimodule 2(A) and a map d : A — Q(A) that satisfies the Leibniz
rule and such that every element of Q(A) is of the form a'da;. We thus see that (S2(A),d) as defined in (3.5) and (3.6)
is a first order differential calculus on A. It is an H-equivariant differential calculus since A and 2(A) are in %///jym and
d:A— Q(A) is H-equivariant.

The contraction operator is the morphism in #.#Y™ defined by

i:X(A) = QA" :=homa(AA), A), ur> iy, iy((da)a;) = (u, (da)a;) = u(@)a; . (3.7)

sym

Proposition 3.1. The contractioni: X(A) — Q(A)* := homy (2(A), A) is an isomorphism in ;I///A .

Proof. The k-linear map v : homy (©2(A), A) — homy (A, A), ¥ — vy, given by, for all a € A, vy (a) := ¥ (da) is H-equivariant,
forallhe H,aeA,

he> (vy (@) =he (Y (da)) = (ha) > ¥) (he) > da) = (ha) > ¥)(d(he) > a) = Vpg ey (he) >a) .
We show v(homy (2(A), A)) € X(A), indeed, for all 1/ € homy(2(A), A), vy is a braided derivation: for all a, b € A,

vy (ab) = ¥ ((da)b + adb) = y(da)b + ¥ (R 5P db)Ry > a)
= vy (a)b+ ¥ (R P db)Ry > a
= vy (@b + (RPRy >a)Rg > (¥ (RY 5°P db))
=vy (@b + (RPR” Ry >a) (Rg > ¥) (R, R* 5P db) (3.8)
=vy (@b + (R? >a)(Rg > v)(db)
= vy @b + (R > a)vg ., (D)
=vy @b+ (R >a)(Rg > vy)(b),

where in the fourth line we used (id ® A)YR~! = R;;R;; and in the fifth triangularity of R.

The induced map v : homa(2(A), A)) — X(A) is the inverse of the contraction operator: The equality v oi=idxa) is
easily proven, for all u € X(A), a € A, vi,a =iy(da) = u(a). We are left to prove iov=idg); for all ¥ € Q*(A), (da')a; €
Q(A), iy, ((da")a;) = vy (a)a; = ¥ (da)a; = ¥ ((da")a;). O

Corollary 3.2. The pairing (, ) : X(A) ®4 Q(A) — A is non-degenerate: i) (u, w) = 0 for all w € Q(A) implies u = 0; ii) (u, w) =0
forallu € X(A) implies w = 0.
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Proof. i) for all a € A, 0= (u, da) = u(a) implies u = 0. ii) Follows from X(A) ~ Q(A)*. O
Corollary 3.3. If Q(A) is finitely generated and projective over A then Q(A) = Q(A).

Proof. If Q(A) is in X//{jym’fp s0 is ¥(A) ~ Q(A)* and the canonical isomorphism *(2(A)*) ~ (A) (cf. paragraph before
Proposition 2.2) implies Q(A) :=*X(A) >~ Q(A); henceforth, since 2(A) C Q(A), L(A) =Q(A). O

Associated with the modules Q(A) and X(A) in Z//[Sym we have the modules 7P0 = Q(A)®Ap and 7%9 = X(A)®aq,
p,q €N, with 7% = A, and the graded H-module algebras of contravariant tensor fields 7*° = EBPGN 770 and of covari-
ant tensor fields 7% = EquN 794, We also have the graded H-module algebra 7** = @p,qu T P-4 with product that on
elements of homogeneous degree is defined by

Qu:TPIQTPA 5 TP 2,060 @4V >0 R4 RY PO’ @4 Ry v @4V, (3.9)

where 8 € TP0, v e 709, 6/ e TPO v eT0d,

We define the module Q'(A) of r-forms as the submodule of 7% of completely braided antisymmetric tensors. This
is obtained by writing every permutation g of r elements as composition of elementary nearest neighbour transpositions
o =ty oty,...otg,—1 (where t,: (1,2,...k,k+1,...n) > (1,2,...,k+1,k...7), k=1,2,...r — 1) and by associating to

every permutation g the morphism in H.2Y™ ® given by

My =T 0Thy ... 0Tk, : T"0— 770,

where 7, =id®4...®41dRATRA1dR4...Qaid is a product of r—1 factors with the braiding T = t(R) occurring in the kth
factor. Since the umversal R matrix is trlangular we have rk id besides the braid relations j41 o Tx © Ty4-1 = Tk © Tkt1 © Tk
and T o Ty = T¢ o Ty for |k — £| > 2. Thus the map g — I, is a well-defined representation of the permutation group.

The module Q" (A) of r-forms is then the image of the projector

1 : .7T1,0 r,0
Ay = Engn(@)np o Ry A (3.10)
®
where the sum is over all the r! permutations and sign(g) is 1 or —1 depending on the even or odd number of elementary
transpositions occurring in .

The module of exterior forms is Q*(A) = P, Q' (A) with QY(A) = A, Q1(A) = Q(A). From M, o T = Mo, it follows
that A;o7, = —A, and hence A, o1, =sign(p)A; and A; = Aro (A ®4id®479) = A, 0 (Id®4 @4 Ar_y) for all £ =0,1,...7.
As in the classical case (see e.g. [1, §6.1]) these properties imply that the wedge product A : Q°(A) ® Q°*(A) — Q*(A) defined
on exterior forms of homogenous degree as

r r’ r+r’ (T +)!
AQAIRQL (A) — QT (A, 000 — o6 : T —— A (0 ®40)
is associative and graded braided commutative: 8 A0’ = (— 1)” R* 9P 9’ A Ry 5P 0. The module of exterior forms with the
wedge product becomes the graded braided commutative H-module algebra (Q°(A), A). It is generated by Q(A)? = A and
Q1(A) = Q(A) since so is the tensor algebra 79, explicitly, let 01,65, ...6; € Q(A), then 4 AGy.. . AO =11 A (01 ®6>...®
0r).
For later use we also observe that the wedge product of exterior forms 8 € Q"(A) and 0’ € Qr’(A) also reads

ONO =Arp(ORab). (3.11)

Here Ay :=3 sign(sy,)11,, , with the sum running over all (r, r')-shuffles 4, i.e., permutations (1,...r,r+1,...r+1") >
),...oM, pa+1),...00+r)) withp(1) <p2)<...o0) and p(+1) < p (@ +2) <...p T +1"). (This follows from
the decomposition of any permutation of r + 1’ elements as 4, o @ o o Where g, permutes the first r elements, g the
last 17).

The first order differential calculus (2(A), d) defined in (3.5) and (3.6) uniquely extends to the graded algebra of exterior
forms Q°(A) by defining, for all a,ay, ay, ...a, € A, d(da) =0 and d(ada; Aday A...da;) =daAda; Adas A...day. One has to
prove however that the definition is well-defined, ie., if >°; ; @i, i dai; Adaj, A...da;, =0 then 37, ; dai, i Adai; A
daj, A ...da;, =0 (finite sum understood).

Theorem 3.4. Let H be a Hopf algebra with triangular structure R and A a braided commutative H-module algebra. Let 2(A) be the
module in /’Z///jym of one-forms as defined in (3.6) and (2*(A), A) the graded braided commutative algebra of exterior forms. There
exists one and only one H-equivariant map of degree one d : Q*(A) — Q**+1(A) such that:

1. d restricted to the degree zero subalgebra A is the original derivative d : A — Q(A).
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2. It satisfies the graded Leibniz rule

dO A0 =do AO + (—1)k0 A do’ (3.12)

forany 6 € Q(A)¥ and 6" € Q°(A).
3. Itis nilpotent,dod = 0.

Proof. We follovg the extended bimodule method of [34, Thm 4.1]. Let AX be the free left A-module with one generator X.
The direct sum Q(A) := AX @ Q(A) is a left A-module. Any element in Q2(A) has a unique decomposition as bX + 6 with
be A, 0 € Q(A). The left A-module ©2(A) becomes an A-bimodule by defining, for any bX + w € Q(A),

(bX + w)a =baX + bda + wa .
In particular we have da = Xa — aX. The bimodule (A) is canonically a bimodule in 2’///53"“ by defining, for all h € H,
he> (bX + w) = (h>b)X + hP w, so that the generator X is H-equivariant, for all h € H, h> X =€ (h)X.
Let 7'r0 = Q(A)@’AT and °(A) be the exterior algebra associated with A and Q(A); it is defined via the projector

Ar T S F" based on the braiding 7 : Q(A) ®4 Q(A) — Q(A) ®4 Q(A). We show that Q°(A) is a graded subalgebra of
Q*(A). The degree zero subalgebras of Q°(A) and of Q*(A) equal A. The module ©2(A) is a submodule in Q///Sym of Q(A),

in particular the braiding of Q(A) ®4 €2(A) restricts to the braiding of Q(A) ®4 Q(A). This implies that A, lona)y = Ar and
therefore that the wedge product of Q°(A) restricts to the wedge product of Q°(A), i.e., Al ()@ 00 (A) = A
For any 6 € Q2°*(A) of homogeneous degree k we define

do:= XA — (—DkOAX .

On A we recover the derivative d of the first order differential calculus. The graded Leibniz rule (3.12) is easily verified. The
property d o d =0 follows from d(dg) = 0 for any 6 € QX(A) and is due to the H-equivariance of X, XAX =X ® X — Ry >
X ® R* > X = 0. From the graded Leibniz rule and d o d = 0 we obtain, for all aj,az, ...a; € A,

d(aiday Adas A ...da;) =day Aday Adas A...da; .
This shows that d : Q*(A) — Q°*T1c Q**+1; it also shows uniqueness of d: Q*(A) — Q*+tL. O
The triple (Q°(A), A,d) with Q°(A) = @,y 2" (A), Q9(A) = A, is an H-equivariant braided commutative differential
graded algebra because ($2°(A), A) is a graded braided commutative H-module algebra and d : Q*(A) — Q**1(A) is an H-

equivariant map of degree one that satisfies d od =0 and the graded Leibniz rule (3.12). It is an H-equivariant differential
calculus on A because it is generated in degree zero and one.

3.2. Cartan calculus

In this section and in the rest of the paper we assume $2(A) to be finitely generated and projective, hence Q2(A) = Q(A) is
in ﬁ (//lf\ym’fp with left dual X(A) (cf. Lemma 3.1 and Corollary 3.3) and the contraction operator becomes just the canonical
isomorphism X(A) ~ (*X(A))* of Proposition 2.2. Besides the evaluation map ( , ): X(A) ®4 Q(A) — A we have the
coevaluation map

coev:A— QA)®a X(A), a—~ aw' ®, ei

where {e; € X(A), w' € Q(A):i=1,...,n} is a pair of dual bases for X(A).
We study the contraction operator on tensors and the inner derivative on forms, the Lie derivative and the Cartan

calculus. While the existence of these operators and of the Cartan calculus is independent from assuming Q(A) in H///Sym fp

if this is the case, all the relevant modules will be in §.2Z;Y™ o,

Proposition 3.5. The module 7% = X(A)®4" in §.a;Y™ P s left dual to 770 = Q(A)®4", with evaluation and coevaluation maps
(,) :TO,r®A 70 5 A , (Vi®A ... V2 @AV, W1 ®a W A ...wr) = (V... (V2, (V1,w1)Ww2) ... wr)

coev:A — T"0®, 7O, coev(a) =aw'! @4 w?...04 0" Q4ei 4 .. 8, ®pei .

Proof. For r =1 this is rigidity of ©2(A). The proposition follows from Q(A) = *X(A) and, by iteration, from Remark 2.6. O
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Recalling the algebra structure (3.9) of 7**, we have that 779 =7T"%9®4 7P~"4 (if p >r) and we immediately extend
the pairing ( , ) to the evaluation of 7%" on 779, This is the morphism in ﬁ///jym’fp defined to be trivial if r > p and
otherwise given by

(, ):TO@ATPI — TP (v,0@an) = (v,0)n (3.13)

for all ve 7O, 0 eT"™0 neTP "4 In particular, for r =1 we obtain the extension of the contraction operator to
i:X(A) = homu (7?4, TP~1-9) Hence the evaluation (3.13) is just the iteration of the contraction operator r-times: (v, @4
V2 ®a Ve, M) =1y, 0.y, 0dy, ().

The exterior algebra construction applied to X(A) rather than Q gives the graded braided antisymmetric H-module
algebra X*(A) := @, X' (A) of polyvector fields. The duality of Proposition 3.5 then implies the duality between the
graded modules Q°(A) and X°*(A).

Proposition 3.6. The module X(A)" C X(A)®A" =T in %//ljym'fp is left dual, for any r € N, to Q" (A) C Q(A)®A" = T"0, The
evaluation map ( , dxcay X(A)" ®4 Q' (A) — A s the restriction to X(A)" ®4 Q" (A) of the evaluation map in Proposition 3.5, the
coevaluation map is

1 ‘ ‘ .
COeVyay i A — QA ®4 XA, COeVx (ayr (@) = —a O AD? . ADT Qpei AL eiy A€,

(?
Proof. We begin by observing that

WA D AOT®pes, ®a...e5, Qpls =
=l Ra ' ... Q4 ' ®a (€, @4 ...ei, aej, T AD? ... @4 a)sf)esr ®a ...e5, P4 €5
= ' Ra w2 ... Q4 @' ®afei, N ...ej, A ey, T @402 ...Qa a)s’)eS, R4 ...€5, @4 es,
=0’ Qw7 ...Q4 0" ®als A ... A es, (3.14)

where we first rewrote @*' A @*2... A w* using that (idyro ®a (, )) o (coev ®a idyro) =idyro (cf. (2.28)); then we used
that the adjoint of the projector A, : 770 — 779 is the projector A, : 7% — TO7, cf. (2.37), and finally that (( , ) ®a
idyor) o (idgor ®4 coev) = idror.

We now prove that ( , >3€<A)' and CORVy 4y Al evaluation and coevaluation maps. We first prove the equality
«, )X(A), ®a idxay) o (idxay ®a coevx(A)r) =idx(ay, indeed, for all ur A...ux Aug € X(A),

——(Ur AUy AU, O A @2 A @)

(rh)?

ey &5 Aol Aes =

1
=F<urA...u2Au1,Ar(a)51 R4 02... Q4 ™)) es, A ...€s, Aes,

XAy ST

= F(Ar(u,/\...uz/\m),a)sl ®a W2...QaW)es A... €5, Aes,

=rlg<ur/\...llz/\u1,a)5‘ A®? . A@T)es, @4 .5, @A es,
=(Ar(Ur A Uup AU, 0 ®p @2 ... @4 T)es, ®a ... E5, ®a s
=(Ur A U AUL O @A @2 ... @4 0T es D4 ...e5, ®a es,
=UrA...U2 AU,

where in the third line we used that the adjoint of the projector A, : 7™% — 7™0 is the projector A, : 7 %" — 70" f.
(2.37), in the fourth, equation (3.14), and in the fifth we considered again the adjoint of the projector A, :7 ™9 — 7m0,
Similarly one proves the equality (idora) ®a (, )x(A)f) o (coevae(A)r Q4 idgr(a)) =idaray. O

As in the commutative case the contraction operator restricted to forms becomes the inner derivative.

Proposition 3.7. The contraction operator i : X(A) ®4 Q®AT — Q@1 restricts to

XA @A > QT (3.15)
giving, for all u € X(A), the (graded) braided inner derivative i, : 2°(A) — Q*~1(A),

iw(@® A0) =iy (0) A0+ (=DI!/(RY P 6) A, .0, (3.16)
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where |0] € N is the degree of the homogeneous form 6, while 8’ € Q*(A). Furthermore, for all u, v € X(A), on Q*(A) we have
ly oly +igeyy 0l 0y =0. (3.17)

Proof. Use that Q2(A) is a braided commutative A-bimodule, K-equivariance of i, the property (id ® A)YR = R13R12 and
triangularity of the universal R-matrix to prove the first of the following equalities, for all u € X(A), @ € Q(A), n e T%*
and integers k > 2,

iy o T1(@®a 1) =R¥ P ©@p g, 1 : iuoTk="T10iy (3.18)

where 7 is the braiding in the first two factors of the tensor product, while 7 is that on the k™ and k™ + 1 factor in 707,
r > k+ 1. The second equality is the commutativity of the contraction with the braiding, which holds whenever the braiding
does not involve the first factor of the tensor product.

We now prove (3.15) by induction on the degree of exterior forms. Equation (3.15) is trivially true for r =0, 1. We assume
it holds for r and show it holds for r + 1. Let w € Q(A), 6 € Q"(A); from (3.11) we have w A 6 = A1 r(w ®4 6) where Aq
represents the alternating sum of all (1, r)-shuffles,

Al =id® — T+ o — 3o o + ... (1) 'TroT_1..0Ty
=id®" — (id®a Alr—1)oTy.

From the second equality in (3.18), iy 0 A1 =iy —iy 0o id ®4 A1r-1) 0 T1 =iy — A1,r—1 0 iy o 71, hence, for all u € X(A),

iy(@A0) =iy oA (w®40)
=iy(@)6 — Arr—1(R* &P 0 @4 i, 0)
=iy(@)6 — (R P w) Aig .0 (3.19)

where in the second line we used the first equality in (3.18). The inductive hypothesis implies that this expression is in
Q*(A).

The braided Leibniz rule (3.16) is also easily proven by induction. It holds for |#] =0, 1 (cf. (3.19)). We assume that it
holds for || <r and show that it holds also for forms of homogenous degree r + 1. This follows from, for all w € Q2(A),
0" € Q*(A), u € X(A),

iy(@AOAD) =iy(@)0 AO — (RY 5P w) A i ou@ A 0"
=iu(@)0 A0 — (R 5P w) Adg ., (0) A0+ (=DFTHRY 5P w) A (RP 5P 0) AR Rgoud’
=iy(wAO)ANO + (—l)kJrl (RY 5P (w A 0)) A ikabue/
where in the first equality we used (3.19), in the second the inductive hypothesis, in the third again (3.19) and where we
have rewritten the last addend using (A ® idyR~! = R;;Rf;.

Finally, equality (3.17) trivially holds on forms of homogenous degree 0 and 1, and for higher forms 6 € Q"(A), r > 2 it
follows from

(y oly +igayy 0ig,.)0 = ((d+ T)(U @4 V), 0) =(u®a Vv, (id+171)0) =0
where in the second passage we used (2.37) and in the last that 77 0 Ay = %Z@ sign(p) Ty o Iy, = %Zp sign(p) It op =

—Ar. O

We next study the action of the (H,R)-Lie algebra of vector fields X(A) on tensor fields, i.e., the Lie derivative. On A
and X(A) we define

Z:XA)RA— A, Zy(a):=u@; Z:X(A)RXA) —XA), LW :=[u,v].
Since for any h € H, he (%, (a)) = f%mw (hey»a) and he (L, (v)) =2, (h@y>v), £ is H-equivariant. It is not difficult
to check its compatibility with the A-bimodule structure (3.3) of X(A), .Z,(av) =.Z,(a)v + R* 1>a.$R I>u(v), Z,(va) =

Z,(v)a+ R |>v.$R o (a). We extend . to an H-equivariant action of X(A) on the tensor product X(A) ® X(A) by defining,
Lve)=%,WV)®z+R*>v® "E’ﬂkwuz that is, the action of u € X(A) is given by %, ®r idxa) +idx ) ®r Z,; this

meu

is a well defined internal morphism in the symmetric category ./ in accordance with (2.11), in particular it commutes
with the braiding t. The compatibility of . with the A-bimodule structure of X(A) implies that also the following action
on the balanced tensor product over A is well defined (that is, independent from the representatives): .Z, (v ®4 z) =
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Z,(v)®az+ RYcv ®a ‘Ziz u? It is extended to the whole tensor algebra 7 %* by iterating this braided derivation rule,

ie, forall v,v" e TOe,

ZL,w@aV)=Z,v) @4V +R* >V ®4 Ly .

u

The Lie derivative on contravariant tensor fields is canonically defined by duality, for all v € 79" and 6 € 779,

L, v,0)=(ZL,0)+ (R > v, % . 0) (3.20)

a>U
ie, (v,.2,0):= fk%u(fea >V,0) — <$Ra>uR°‘ > v, 0). It follows that vector fields act on the tensor algebra 7 ** as braided
derivations. On tensor fields 7 ** we have, for all u, v € X(A),

L, oL, — % o Y, =% . (3.21)
u v [u,v]

R%>v Rysu
On A this is the definition of the braided commutator [u, v]; on X(A) it is just the Jacobi identity in (3.2), then (3.20)
implies that it holds on Q(A). Since both sides of (3.21) are braided derivations this equality extends to all 7 **. Equation
(3.21) shows that the Lie derivative .# : X(A) ® 7 ** — 7 ** is an action of the (H, R)-Lie algebra of derivations X(A) on
Tee.

The commutativity with the braiding, .Z, o 7 =7 0.7, and the wedge product expression (3.11) imply that vector fields
also act as braided derivations on the exterior algebras Q*(A) and X*(A) := @,y X"(A) (thar are both H-submodules of
T **). From (3.20) it is immediate to compute, for all u, v € X(A), w € Q(A),

(fu o iv — iR"‘»v o )a) = i[u,v]a) 5 (3.22)

Ra>U
since both left hand side and right hand side are braided derivations on Q°(A), this relation extends to arbitrary exterior
forms.
The Lie derivative commutes with the exterior derivative on A, for all a € A, v € X(A), .Z,da = d.Z,a, indeed, for all
ueXx(Ah)),
(u, Z,da) = fk%v(
=%, Z,a=(u,dZ,a) .

Using induction on the form degree we have that d.Z,0 =.Z,d6 for any 6 € Q*(A).
Similarly, for all v € X(A),

Ry >u,da) — ([R¥> v, Ry >u], da) = LravLry 0= Ligony kyoul®

Z,=iyod+doiy

trivially holds on A and by induction on the form degree it holds on ©2*(A) since both the right hand side and the left hand
side are braided derivations of Q°(A).

The equations .Z,od =do.%,, .Z, =iyod+doi, and (3.17), (3.21) (restricted to exterior forms), (3.22), d? =0, constitute
the Cartan calculus of the exterior, Lie and inner derivatives [22,33]. Notice that the derivation of these equations holds true
also if Q(A) is not finitely generated and projective over A (indeed we never used coevaluation maps, just nondegeneracy
of the pairing, cf. Corollary 3.2). We summarize these equations in the following theorem,

Theorem 3.8 (Braided Cartan calculus). Let A be a braided commutative left H-module algebra and consider the associated braided
differential algebra (2°(A), A, d). The exterior derivative, the Lie derivative and inner derivative along vector fields u,v € X(A) are
graded braided derivations of Q2*(A) (respectively of degree 1, 0, —1) that satisfy

[gu,,sfv] :”giu,v]’ [iu» iv] =0,
[fu»iv]=i[u,v]a [iu»d]=$ua
[Z,,d] =0, [d,d]=0,
where [L,L']=Lol — (—D)HIIRY o [’ 6 Ry & L is the graded braided commutator of k-linear maps L, L’ on Q°(A) of degree |L|
and |L|.
3.3. Examples

Example 3.9. Braided derivations of a cotriangular Hopf algebra K define a bicovariant differential calculus a la Woronowicz. Let
A =K be a finite dimensional cotriangular Hopf algebra over a field k. Let U be the dual triangular Hopf algebra with
R-matrix Z = Z* ® Zy, inverse Z~ 1 = 7 ® %4 and antipode S. Recall from Example 2.10 that K is a U’ ® U-module
algebra and is braided commutative with R = R* ® Ry = (id ® flip ® id)(Z~! ® #). The braided derivations
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Derg (K) = {u € homy (K, K) | u(ke) = u(k)¢ + R* >k (Rg >u) (), forallk, e K} (3.23)

are then a relative U’ ® U-module K-bimodule. We set X(K) := Derg (K) and call it the module of (braided) vector fields.
As in Example 2.10, since K is finite dimensional over the field k, X(K) is equivalently a K-bicovariant bimodule, it is
therefore free over K. In particular, the adjoint left U°-action >: U” ® X(K) — X(K), ¢ ® u +> ¢ > u, where (¢ > u)(k) =
¢y > W(ST1(¢@) k) for all k e K, with ¢ >k = ¢(kay)ke) and S~ the antipode in U?, is dual to the left K-coaction

AL X(K) > KQX(K), u—AL(u)=u_1®1up (3.24)

defined by u_1 Qug(k) := u(lc(z))(])5*1(k(1)) ®u(k(2))(2) for all k € K. (In order to prove that ¢>u =¢(u_q)ug for all ¢ € U,
evaluate both members on k € K.)

Let inyX(K) C X(K) be the k-submodule of left-invariant vector fields, i.e., of vector fields that under the adjoint left
U°-action transform in the trivial representation: ¢ >u = £(¢)u, for all ¢ € U°; equivalently, of vector fields invariant under
the coaction A_: A, (u) =1k ® u. The K-bicovariant bimodule structure of X(K) implies

X(K) =K ® inyX(K) . (3.25)

The dual K-module of one-forms is the K-bicovariant bimodule Q(K) :=*X(K). The differential d : K — Q(K) is defined as
n (3.5); left K-linearity of the pairing ( , ): X(K) ®x Q(K) - K Aimplies that d is determined by the left—invariantA vector
fields jnyX(K). Let {u;}, j=1,2,...n, be a basis of j,yX(K) and {w’} the dual basis of left-invariant one-forms, (u;, w') = 5;;
from wf(uj, ) =idgqk) (sum over j understood) we have

dk = w/uj(k) . (3.26)

We study the module of left-invariant vector fields i, X(K) and prove that d : K — Q(K) defines a bicovariant differential
calculus a la Woronowicz (in particular this implies the surjectivity property Q(K) = KdK, cf. (3.6)).
Due to left-invariance, the U’ ® U-action on i, X(K) reduces to the U-action, so that these vector fields satisfy the
braided derivation property, for all k, £ € K, u € iy X(K),
uke) =uk)t + R* >k Ry > u)(0) = u(k)l + Z° >k (%o >u) (L) . (3.27)

This shows that the U-module j,,X(K) is a (U, #)-Lie algebra: that of left-invariant vector fields. Let g be the image
of inyX(K) under the k-linear map ,wX(K) — U, u+> x, := € ou. The identity u(k) =k x, (k) for all k € K provides the
inverse map, hence the isomorphism i,y X (K) > g. This identity follows applying id® ¢ to A(u(k)) = k1) @ u(k(z)). This latter
identity in turn is equivalent to the left-invariance condition A (u) = 1x ® u. Indeed, for all k € K, u_1 Q@ ug(k) = 1x ® u(k)
is equivalent to u_1k() ® up(k(2)) =k ® u(kz)) which, recalling the definition of A, reads A(u(k)) =ka) ® uk)).

Furthermore, i, X(K) >~ g is a U-module isomorphism, that is, for all £ € U, u € jp, X(K), we have the U-equivariance
Xeow =57 Xuor where >:UQU — U, § ® ¢ — &> ¢ =&1¢S(&) is the adjoint U-action. Indeed, for all k € K (and using the
standard pairing notation {, ): U ® K — k),

Xeou (k) = €((§ > u)(k))
=&y > u(SEp) >k)))
= e(ukay) q)Eay. uka) o)) (SE@), k)
= (), utk@))(SE@)). k@)
equals
(&> x) (k) = (Eqy xy SE@)) (k)
= (). kayeke))(SEw), ka))
= (&), ulka)) qy)e@ka)) ) (SEw2). k)
= (), uka))(SE@). k@)

where in the third line we used that u € i,y X(K) is left-invariant, i.e., A(u(k)) =ka) ® uk)).
U-equivariance of the isomorphism jpyX(K) >~ g and the braided derivation property (3.27) imply the braided derivation
property x, (ké) = x,(k)e) + @a(k) (Zao > x,)®) for all k, £ € K, hence g is the U-module and (U, #)-Lie algebra

g={XeU:Ayx=x 1y + % @ Rav X} . (3.28)

From (¢; ® id)A;; x = x and (3.28) we see that g C kerg;. In terms of the unit and counit of K we have that the elements
of the U-module g satisfy, for all x € g, x(1x) =0, Ax — x ® €k € U ® g. Equivalently, S(g) is a right U-module under the
adjoint action x' <& := S(§1)) x'é2) and its elements satisfy: for all x’ € S(g), x'(1x) =0,Ax’ —ex ® x' € S(g) ® U. This
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proves that S(g) is a quantum Lie algebra associated with a bicovariant differential calculus a la Woronowicz on the Hopf
algebra K [24, §14.2.3, Coroll. 10]. The differential calculus is the one defined by g = inyX(K) as in (3.26). This follows from
[34, Thm. 5.2] where it is proven that dk = (XJ'- > k)w’ with {X]’.} a basis of S(g). Indeed choosing X]/' = —S(Xuj) we have

dk = (XJ/‘ >kl = o uj(k) as in (3.26); for the last equality see for example [8, eq. (2.17)]. 1
Remark 3.10. In Section 7.2.1 the example of the Sweedler Hopf algebra is explicitly presented.

Remark 3.11. The bicovariant calculus on the cotriangular Hopf algebra (K, %) that we have constructed and which is
determined by g is equivalent to the one defined in [21, §4.3]. Indeed we have,
a=1{x e U; x(kt) = x k)¢ + (%" > k) (%o > x)(©), forallk, £ e K}
={x eU; xke)=x k& + 7 k® LySU3))) x L)), forallk, ¢ € K} (3.29)
={x €U; x(1g) =0 and y (kere-kere) = 0} (3.30)

where kere:kere is the left ideal in K considered in [21, Prop. 4.8], with, for all £,k € K, £:k := £ k) Z (k1)S(k@3)) @
Sy =kl Zkaq) ® £1)S(£3))) (see also Proposition 4.7 for this last equality, wherein the notation used is ry(¢) =
Ko ()X ). The equality (3.29) follows from duality, for all ¢ € U,

G X)) =EnxS5¢2), O =& ®@SE2) B X, L1 ®L3)®L2)) ={(C X, {1)SU3) ®Lw).

We prove the equality in (3.30) by proving the inclusions € and 2. If x € g then we have already seen that x (1) =0; we
have x (kere-kere) =0 because £+ £(1)S(£3)) ® £2) =: £_1 ® {o is the adjoint left coaction of K on K, so that:

X (k) = x(k@ylo)Z (ki) ® £—1)
= X (k@)e o) Z (k) ® L—1) + B (k@) ® 1) X (L) Z (k1) ® L_2)
= X (k@) Z(ka) ® e(O)1) + x (Lo) Z% " (k ® £ 1)
= x ke + x ek,

where we used (3.29) in the second line. This shows the inclusion C in line (3.30). For the other inclusion, if x (1) =0 and
x (kere-kere) = 0 then from x ((E —e@)1) - (k— s(k)l)) =0 we have Z(ka) ®£_1) x (kylo) = x (£-k) = x (k)e(€) + k) x (£)
and equivalently

kay ® 6—2 Z(k2y @ L—1) x (k3)€0) = k) ® €—1(x (k2)e (o) + &(k2) x (Lo)) -

Applying 2~ to this expression we obtain

X (k€) = % (kay ® L_1) x (k2)e(lo) + Z (k@ L1ySUE)) X (L2)
= 27 (ka) ® e(O D x (k) + Z° (%o (L1)SE3) X (L)
= x(kye) + ﬁa(kﬂ@am ® 5(§a(2)) X, L) ®L3) ®Lp)
= x(0)e©) + Z° 1) Fa > X)) ,
that shows x € g.

Remark 3.12. A slight variation of the construction in Example 3.9 allows to consider A = K an infinite dimensional Hopf
algebra over a field k with cotriangular structure &% : K ® K — k. This is obtained by rewriting the U% and U-actions in
terms of K-coactions, cf. Example 2.10. In this infinite dimensional case we consider the rational morphisms HOMy (K, K),
see e.g. [32], i.e., those k-linear maps L : K — K such that the left and right coadjoint actions A, : HOMg(K, K) - K ®
HOMk (K, K) and AR : HOM (K, K) — HOMg (K, K) ® K are well defined by, for all k € K, L_1 ® Lo (k) := L(k(z))mS*1 (k) ®
L(k(z))(z) and Lo(k) ® L1 := L(km)(]) ® L(ka))(Z)S(k(z)), cf. (3.24). Then, setting U := K° (the Hopf dual of K) and recalling
the definition of U-adjoint action  in (2.3) and the associated U one just before (3.24), we have, for all { ® £ e UPQ U,
(C®E&E)>L=2¢(L-1)Lo&(L1). Recall that K is a right K°P? ® K-comodule where K’ ® K has cotriangular structure R =
(# ' ® %) o (id ® flip @ id). Braided derivations u € Derg (K) are then defined as in (3.23) but with u € HOM (K, K) and
where, for all ke K, R¥>kRy>u =R > (k® u) stands now for ko uoR ! (k1) ® k3y ® u_1 ® u1), (cf. (2.39)). They span
a K-bicovariant bimodule so that they are a free left K-module as in (3.25). The right K-comodule of left invariant vector
fields iy X(K) is isomorphic to the right K-comodule g as defined in (3.28) where 7 ® Ry > x is the element in U ® U
defined by 27 1(- ® x1) ® xo. (That, for all ke K, Z7'(- ® k) € U follows from cotriangularity of %.) We then proceed
as after equation (3.28) and, if U separates the elements of K, we conclude that S(g) defines a quantum Lie algebra. The
bicovariant differential calculus is as in (3.26).
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Example 3.13. Let G be a Lie group and M a G-manifold as in Example 2.11. Recall the Drinfeld twist deformation of
vector bundles on M of Example 2.11. Drinfeld twist deformations of the differential and Cartan calculus on M have been
considered in [5] and in more generality in [33]. They exemplify the constructions presented in this section. 1§

4. Right connections, left connections, curvature and torsion

We review connections on modules T" € g///f‘ym considered as right A-modules or as left A-modules and study their
extensions to g.( A)///;;Z"), where as usual H is a triangular Hopf algebra, A a braided commutative H-module algebra and
(Q‘(A), A,d) the associated differential calculus constructed in Section 3. This first explanatory part can be found e.g. in
[13, §4], the braided commutativity aspects being in [7]. Covariant derivatives along vector fields are then introduced, their
braided bracket with inner derivatives is an inner derivative generalizing the braided Cartan identity [.Z),iy] =i,y tO
[dy, ,iv] =ipu,v). The latter implies that the curvature tensor, defined as the square of the connection, can be equivalently
defined via the commutator of covariant derivatives along vector fields. This extends to the braided commutative geometry
setting the usual two equivalent definitions of curvature. Similarly for the torsion tensor.

Right (left) connections on modules in g //{jym are more general connections than the bimodule connections considered
in [18]. As shown in the last subsection, using the braided commutativity property of A and of I they can be summed to
give connections on tensor product modules.

4.1. Connections and Cartan formula

Let H be a triangular Hopf algebra, A be a braided commutative H-module algebra and (Q'(A), /\,d) the associated
H-equivariant differential calculus constructed in Section 3.

Definition 4.1. A right connection on a module I' in #.#}Y™ is a k-linear map

V:I[->T'®s02A) (4.1)
in homy (", ' ®4 2(A)), which satisfies the Leibniz rule, for all s €T, a € A,

V(sa) = V(s)a+s®ada. (4.2)
A left connection on I is a k-linear map

V:l— QA) @aT (4.3)
in xhom(T", Q(A) ®4 I'), which satisfies the Leibniz rule,

V(as) =da®a s +av(s) . (4.4)

We denote by Cona(I") and 4Con(I") the set of all right, respectively left connections. Notice that in the definition of
Cony (T) (respectively 4Con(I")), no compatibility condition with the left (right) A-module structure of I is required.

Given any connection V € Cong(I") and any right A-linear map L € homy(I', T ®4 Q(A)), the sum V¥V + L is a con-
nection in Cong(I"). The action V +— V¥V + L is free and transitive and hence Conya(I") is an affine space over the module
homa (T, T ®a Q(A)) in §.z7™.

Similarly, the difference ¥V — ¥V’ of two left connections is a left A-linear map, and 4Con(I') is an affine space over the
module shom(I", ' ®4 2(A)) in X///f‘ym. Notice that left connections, as left A-linear maps, act from the right, cf. (2.5) and
(2.6). Their properties become more intuitive by evaluating them on the right of elements s € I', hence writing (s)¥V rather
than VY(s).

We can act with the H-adjoint action > defined in (2.3) on V¥ € Cona(I') € homy(I', I’ ®4 2(A)), for all h € H,

he> V:=hi>0VoShy)> . (4.5)
This k-linear map h> ¥V € homy(I', ' ®4 Q(A)) is easily seen to satisfy (cf. [7, §6.2]), for all se€T" and a € A,

(he V)(sa) = (h> V)(s)a + s®@a e(h)da . (4.6)

In particular we see that if e(h) =0 then h> ¥V € homa(I', ' ®4 2(A)), while if e(h) =1 then h> V¥ € Cong(I"). Similarly
for V € 4Con(I'). Using this action and the braided commutativity of the A-bimodule I', a right connection V¥ on I is
shown to be also a braided left connection, cf. [7, Prop. 6.8], and similarly a left connection ¥ on I is also a braided right
connection, for allae A,seT,

V(as) = (R* >a)(Ry > V)(s) + R* >s ®4 Ry > da,

_ _ _ _ 4.7)
V(sa) = (R* *P V)(s)(Rgy>a) + R* >da ®4 Ry > 5 .
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If V is H-equivariant we have ¥V (as) =aV/(s) + R¥ > s ®4 Ry > da, and thus recover the notion of bimodule connection
studied in [18].

The H-module algebra homomorphism (injection) A — Q°(A) allows to associate to modules in A ///Sym modules in
Hea) M mny Via the change of base ring T' — Q°*(A) ®4 I'. Indeed, given T in §.#,'™, the bimodule in . ///Sym

Q(A)®4T (4.8)

is naturally a left Q*(A)-module by defining, for all 8,0’ € Q*(A), s€T, ' A (0 ®45) := (0’ AO) ®4 s. Since Q*(A) is a
graded braided commutative H-module algebra, Q°(A) ®4 I' = @, 2"(A) ®a I’ becomes a graded braided commutative
Q°(A)-bimodule by defining (6 ®45) A6 :=60 A R* P9’ ®4 Ro > 5. Hence Q*(A) ®4 I' is a module in K, .. .#0". We

(A) 77 Qe(A)
notice that, for any I, I in #.#Y™, the canonical isomorphism in Q.(A) ///Sf&),
(Q°(A) ®aT) @qaea) (R(A) ®aT) =~ Q(A) @4 (I ®aT),

given by (0 ®4 5) ®qas4) (0’ ®4S) = (0 ®a s) Dasa) 0’ A (lasay ®45) —> O ARY P 0’ @4 (R >5 ®4 s') implies that the

association I' — Q*(A) ®4 I' defines a strict monoidal functor from ¥.2Z;’™ to g.( A)Q///;;.'?A), and hence from H.2;Y™ P to
H sym, fp
avmAoray -

More generally, given W in 8, , .23l (and hence in §.#,™) and T in §.2,", we have W @4 T in §.2,." a
we structure it as a module in g.( A)'/%;ZXI(I}\) with the obvious left Q°(A)-module structure and with right Q°(A)- module
structure determined by requiring W ®4 I' to be graded symmetric. Notice that if X € H/// Y the associativity (W ®4
D)@ Z=W®a [ ®aL)in §.a,"™ lifts to fu y M-

Analogously, we define the module I' ®4 Q*(A) in g.(”//{é‘f%. The Q°*(A)-bimodule actions read, for all seT, 60,60’ €
Q*(A),

SRANNANI =5sQaONO), O A(RA0):=(R¥>5) Q4 (Ry PO ) AO . (4.9)

Every left A-linear map L € shom(I', Q"(A) ®4 I'), uniquely extends to a graded left °(A)-linear map in
as(mhom(Q*(A) ®4 T, 2°t"(A) ®4 I), that we still denote L and with degree |L| =n; it is given by L(8 ®45) = (—1)!!1?lg A
L(s) for all & € Q*(A) of homogeneous degree |0| and s € I'. This provides an isomorphism zhom(T, Q2(A) ®4 I') ~
orahom(Q*(A)®aT, Q*t1(A)®4T) of modules in #.#;Y™. Similarly, homa (I', T ®4 2(A)) =~ homgs(a) (I ®ae(a) 2(A), T ®4
Q**1(A)) as modules in H. 27",

Correspondingly, right and left connections on I' uniquely extend as k-linear maps of degree one on the modules I' ® 4
Q°(A) and Q°(A) ®, T

Lemma 4.2. The connections V' € Cona (T") and V € 4Con(I") extend to the graded maps d, € homy(I' ®4 Q*(A), ' ®4 Q*t1(A))
and dy € xhom(Q°(A) ®4 T, Q*+t1(A) ®4 I') well-defined by

dg:T®4 Q°(A) — T (A) ,

(4.10)
SQal F>dy(s®a0) :=V()ANO+s®adE,
and, for all k € N,
dy : Q¥(A) @4 T — @A) @4 T, 411
0@as —> dy (@ ®a5) :=d0 @45+ (—1) O A V(s) .
More generally, for any h € H, the maps h ¥ and h P V extend to the well-defined internal morphisms in ".#,
dy, s(s®a0):=(h> V)(s) A0 +5®p e(h)do , (412)
dycop v (0 @4 S) i= (A ®a s + (=1 0 ARSPV(s) .
The H-action on dy, and dy reads, for all " e H, h' > dy =d,, 4 W' P dy = dy cop y, and we have the Leibniz rule, for all
c el ®a QK(A), ¥ € Q(A) and for all o € Q*(A) ®4 T and 6 € Q*(A),
dy(c A =dgs A +(=D¥c Add , dy@ro)=di Ao+ (-DFo Adyo . (413)

Proof. We give the proof for left connections, the other case is similar. The definitions in (4.11) and (4.12) are well-defined
because independent from the representative chosen for the balanced tensor product over A. We now show that dy €
khom(Q*(A) ®4 I, 2*T1(A) ®a T). Let V.W e {4, and my w : V® W — V ®4 W be the projection to the balanced
tensor product; consider the k-linear map
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T 0 (A@idr) + (=D (A @ idr) ot g 4 o 10 (g @R Y): QA @T — QM (A @4 T (4.14)

where A ®4 idr is a tensor product of morphisms in 7//4, while d ® idr is a tensor product of morphisms in ".# and
iko(A)@)RV is a tensor product of internal morphisms in ".#. The maps in (4.14) are sums of compositions of k-linear
maps carrying the > adjoint action (recall that a morphism in ".# or ZQ//{A can be seen as an internal morphism
carrying trivial P adjoint action, cf. the last paragraph of Section 2.1.1). Since the composition of internal morphisms is
an internal morphism (cf. equation (2.10)), the map in (4.14) is therefore in thom(Q*(A) @ ', 2*+1(A) ®4 I'). By evaluating
these internal morphisms on elements 6 ® s € QK @ I' we see that they equal dy o gk r» thus showing that dy €
khom(Q°(A) ®a T, Q*T1(A) ®4 I). Similarly we prove that for all h € H, d, _cop v € khom(Q*(A) ®4 T, Q*T1(A) @4 T).

The H-action on the connection follows observing that the only map in (4.14) that carries a nontrivial H-action is V.

The Leibniz rule is easily proven, indeed because of k-linearity it is enough to consider ¢ =7 ®4 s with n € QX(A). O

Vice versa, internal morphism d, € homy(I' ®4 Q%(A). T ®4 Q**1(A)), dy € xhom(Q*(A) ®4 T, Q*71(A) ®4 I that
satisfy the Leibniz rule (4.13) are uniquely defined by connections V, V¥V, respectively. In view of this bijection we also call
dy and dy connections.

We canonically extend the inner derivative i: X(A) — homa(°(A), Q* 1(A)) to i: X(A) — homa(Q*(A) @4, Q* ' ®4
I') by defining, for all u € X(A),

i QA AT = Q HA)®aT, @45 iy(0 ®a5)=iy(0) @as. (4.15)
The covariant derivative along a vector field u € X(A) of a left connection is the k-linear operator of zero degree defined by
dy, : Q(A)®a T — Q(A) @aT,

qu =iyody +dyoiy, (4.16)

in particular, on I" we have dvu =iy o ¥V that as usual we denote by V,, hence V¥V, :=i, o V. Notice however that ¥V is
the composition of a k-linear map V acting from the right and a k-linear map i, acting from the left. From (4.11) we have
that the covariant derivative satisfies, for all u, v € X(A), a€ A, s,teT,

VusvS=Vus+ Vs,
VYauS=aVys, (4.17)
V(s +t) =Vyu(s) + Vyu(t),

and

Vu(as) =.%,(@)s+ (R* > a)Via, S - (418)

Remark 4.3. We also term covariant derivative a map VY %(A) x I' - T that satisfies (4.17) and (4.18); equivalently, since
(4.17) and (4.18) imply k-bilinearity, we term covariant derivative a left A-linear map V4 : X(A) ® I' — T that satisfies the
Leibniz rule V4u ® as) = Z,(@)s + (R* > a)V4R¥ > u ® s). This latter more elegantly reads

V4uas) =2, @s +V9ua®s). (419)

Since V € 4Con(I") € xhom(T", 2(A) ®4 I'), we also require V% e thom(X(A) ® I', T'). A covariant derivative is therefore a
map v e ahom(X(A) ® I', I') satisfying the Leibniz rule (4.19). Notice that shom(X(A) ® I', I') is a module in ﬁl///A, not
in .2;Y", indeed X(A)®T is in H.#, not in H.2}’™.

Let 7 : X(A) ® Q(A) — X(A) ®4 R(A) be the canonical projection to the balanced tensor product. To any connection
¥ € 4Con(T") we associate a covariant derivative via the map

Vi— V= ((, )om ®4idr) o (idxa) ® V), V' (Uu®s)=1i,0V(s).

If the module X(A) is finitely generated and projective, this map is a bijection with inverse V4 > (V)7 := (idg ®a
Y9 o (coev o @ idr), (Vi(s) = w' @4 V9(e; @ 5); here as usual k @ T~ T, :k — A is the unit 1y > (1) = 14,
{ei,w :i=1...,n} is a dual basis of ¥(A) and coev(1,) = ' ®4 e;.

It is easy to see that covariant derivatives form an affine space over the module ghom(X(A) ®4 I', I') in gj/jym. The
bijection b = #~! is compatible with the affine structures of the space of connections 4Con(I') and the affine space of
covariant derivatives; thus it lifts to an isomorphism of affine spaces over the isomorphic modules shom(I", 2 ®4 I') and
ahom(X(A) ®4 I, T) in H.2Y™ (cf. Theorem 2.5).
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Lemma 4.4. The covariant derivative d, along a vector field u € X(A) of a left connection satisfies the braided Leibniz rule, for all

0eQ(A), o0 eQA)R@aT

dy, 0 A o) =.2,(0) Ao+ (R¥>P0) /\dVR L) (4.20)

Proof. Because of k-linearity it is enough to consider a form of homogeneous degree 6 € 2X(A). We apply the definition
and use the Leibniz rule for dy, and the braided one for the inner derivative, iy (6 Ao) =iy (0) Ao +(=1)*(R® PO Al oy O
that immediately follows from (3.16), thus obtaining

dy, (0 A 0) = (iy o dy +dy 0iy) (O A0)
=iy(d0 Ao + (—1*0 Adgo) +dy (i(®) Ao+ (=DFR* =P 0) Az, ,0)
=iy(d0) Ao — (—D¥RY > dO) A g0 + (—D iu(®) Adgo + (R* 5P 0) Ay . dgo
+d(iw0) Ao — (—DFiy(0) Adgo + (~DFARY P 0) Ay, 0 + (RY 5P 0) Adygig . 0

=2,00) Ao + (R* ) A dV;‘a (0)
U
where we used the identity d(R¥ >?6) @ Ry = R* > (d9) ® Ry due to H-equivariance of the exterior derivative. O

Theorem 4.5. For all vector fields u, v € X(A) the covariant derivative dvu :Q°(A) @4 ' = Q%A) ®4 I' and the inner derivative
iy 1 Q°(A) ®a T — Q*~1®4 T, satisfy the braided Cartan relation

qu oly —ligayy © dvkwu =i[u,v] » (4.21)
equivalently,
iy o dvv - dvk%v olg oy =[] - (4.22)

Proof. Because of k-linearity, in order to prove the first relation it is enough to evaluate it on 6 ®4 s, with 6 € Q*(A) and
s € I'. We then compute

(dyy iy —iga,, © dy, )0 ®45)=dy, (iv0 ®45) —ipa, (L, ., 0 ®a S+ (R P0) @4 Vi, p,0u)

Ry>u

=Z,01(0)®as+R > (WO @Y, s
_iRO‘»v Og}_tabu(g) ®RaS— iRO‘>v(Rﬂ >P0) Ra VR,‘;RO,MJS

=i,v(0 ®aS);
where in the last passage the second and fourth term cancel because R% > (i,0) ® Ry = R¥ > (v, 0) ® Ry = (I_{‘("]) >V, I_Q‘("z) 0P
0) ® Ry = (R¥> v, RE 5P 0) @ RgRey = i, (RP 5P 0) @ RgRy -
The equivalent Cartan relation (4.22) is obtained by observing that both the left hand side and the right hand side in

(4.21) are k-linear expressions in u and in v, by considering the substitution u ® v — R > v ® Ry > u, and by recalling the
braided antisymmetry of the braided commutator (cf. the first identity in (3.2)). O

The braided Cartan relation (4.21) equivalently reads [dy, , iv] =ifu,vj where the braided bracket, despite the connection

dy is not H-equivariant, braids nontrivially only the vector fields u and v, as in the Cartan relation [.Z,iy] =iy v}.
4.2. Curvature
The curvatures of the connections ¥V € Conga(I') and ¥V € 4Con(I") are respectively defined by
de=dgody . de=dyody. (4.23)
These are respectively right and left 2°(A)-linear maps,

2 2
dW € hOlTlQ-(A) T®as A, TR®a Q'+2) s dV S Q'(A)hom(Q.(A) ®aT, Q2 ®al).
Recalling that Q2(A) = shom(%(A), A) we have a morphism

26



P. Aschieri Journal of Geometry and Physics 224 (2026) 105800

ahom(T, Q2(A) ®4 ') —> shom(X2(A) @4 T, T) (4.24)

(that becomes an isomorphism if the A-module X(A) is finitely generated and projective in X///f\ym, cf. Theorem 2.5 and
Remark 2.6). In shom(%%(A) ®4 I', I") we have a second definition of curvature of a left connection V € 4Con(T"). As in [5]
we define the curvature R to be the k-linear map Ry : X(A) @ X(A)®T > T, u®v®s— Ry, v,s),

Ry, v,s) :=(VyoVy, —Vp4 0 e Yiuv(S) . (4.25)

2
We now show that it is a left A-linear map X2(A) ®4 I' — I' and relate it to the curvature dy. To this end we extend the
evaluation (, ): 7% @4 TP9— TP4 of TO on TP4, defined in (3.13), to the evaluation of 7" on TP9®, T,

(, )T @4 TPIQAT — TPI@4T, VA T®aSH (V,T®aS):=(V,T)s, (4.26)

which is a morphism in f.#Y™. Similarly, from the duality between X'(A) and Q"(A) (submodules of 7% and 77%) we
have the evaluation of X" (A) on Q'(A) ®4 I', that we still denote {, ):X"(A)®4 QL (A) R4 — T.

Theorem 4.6. Let X(A) be finitely generated and projective as A-module in g //{:ym and let T in ﬁ L//[;ym. Consider a left connection
VY € 4Con(D).
i) The curvature Ry, defined in (4.25) satisfies, forallu, v € X(A) ands €T,

2
Ry(u,v,s)=—iyoiyodgy(s). (4.27)
i) The curvature R ¢ € shom(X?(A) ®4 ', T).
Proof. Part i):

.. 2 . .

iy oy ody () = iu(iv 0 dy (Vs)) =iy (dy, (Vs) — dg(Vys))
= i[u,v)(Vs) + dVRaW(iRa»u Vs) — VYV (Vys)
=—(VyoVys— Vi, 0 VRO(DUS —Vu,vs) =—Ryu,v,s)

where in the second equality we added and subtracted dy o iy, in the third we used the Cartan relation (4.22) of Theo-
rem 4.5.

Part ii): Another expression for the curvature is

Ry, v,5) = —iy oy 0 dg () = —iu(v, dy s) = —(u, (v, de s)) = —(u @4 v,dy s)
] , (4.28)
=—5(uAv,st),

where in the last equality we used that X(A) ® 4 X(A) is the direct sum of braided antisymmetric plus braided symmetric
2

vector fields, and that these latter have vanishing pairing with 2-forms. Since dy € shom(T, Q%A @) and ( , ):

X2(A) ®4 Q2(A) @4 —> T we see that R y Is well-defined as a map ¥2(A) ®4 ' — TI. In other terms we can write

1
Ry(u,v,s)= ERV(u/\v®As).

Moreover, { , ) is left A-linear because it is a morphism in Q.//{Zym, hence also R is left A-linear: for every a€ A, u,v e

X(A)andseT, Ry(au,v,s) =aR y(u, v, s). Finally, we have Ry, € ahom(X2(A) ®4 I, ') because R y transforms according
to the H-adjoint action >‘?, indeed, for all h € H,

1 2
h> (RW(U, v, S)) = _§<h(l) >U A h(z) >V, (h(4) l>wpdv )(h(3) I>S))
= (h(4) P R V)(h(l) >Uu, h(z) >V, h(g) > S) s
e, he (Rg@Av®as) = (o Ry)(hay > UAV®4S). O
An analogous theorem holds for right connections; it involves considering the A-bimodule of forms hom 4 (X(A), A). This

is obtained via the isomorphism D;}AM 1 Q(A)=phom(X(A), A) > homuy(X(A), A), cf. (2.18). Equivalently, one can use the
evaluation map

() = (. ) o Toumy xm | UA) ®a X(A) — A. (4.29)
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4.3. Torsion

In this subsection we set I' = X(A) with X(A) finitely generated and projective as A-module in §.#}’™. As usual
Q(A) = *X(A) = phom(X(A), A) is the right dual module. Consider the canonical element I := coev(14) € Q(A) ® X(A).

Notice that [ is invariant under the H-action: for all h € H, h>1 = ¢(h)I (indeed, so is 14, and coev: A — Q(A) ®4 X(A) is

a morphism in f.Z}Y™).

Given a left connection ¥V, we define the associated torsion 2-form with values in vector fields to be the tensor field
dy (1) € Q%(A) @4 X(A) .
We also define the torsion T , as the k-linear map T : X(A) ® X(A) = X(A), u® v > T (u,v),
Ty, v):=Vyv—Via  Ry>u —[u,v]. (4.30)

We show that it is a left A-linear map X2(A) — X(A) and relate it to the torsion 2-form dy (D.

Theorem 4.7. Consider a left connection V € 4Con(X(A)). Forallu, v € X(A) we have

Ty, v)=—iyoiyody (), (4.31)

hence T, € shom(X2(A), X(A)).

Proof. The first of the coherence conditions (2.28) between the evaluation and coevaluation maps (, ): X(A) ®4 Q(A) — A
and coev: A — Q(A) ® X(A) equivalently reads, for all v € X(A), iy I = v. We then recall the definition of the covariant
derivative in equation (4.16), and compute, for all u, v € X(A),

iyoiyody (I) =iy OdVV () —iyodyoiy (I)
=i,y (D + dvk%v 0ig oy (D) — iy o dgy(v)
=—(lu, v]+ dvkaw(Ra > U) — Vyv)
=-Ty(u,v) (4.32)
where in the second line we used the Cartan relation (4.22) of Theorem 4.5. The equality

1
Ty,v)=—iyoiyody () =—iy(v,dy ) =—(u®a v,dy I):—E(u/\v,dvl)

shows that T, is a well-defined map X2(A) — X(A); we can hence write Ty, v)y= %Tv(u A V). Left A-linearity of T
immediately follows from left A-linearity of {, ). In order to show that Ty € ahom(X2(A), X(A)) it remains to prove that

Ty transforms according to the H-adjoint action >, indeed, recalling the H-coinvariance of the canonical element I we
have, for all h € H,

1
he (T g(u,v)) -3 (haysu Ahy v, (hg =P dg)(ha) 1))

1
—E(h(]) >Uu-An h(z) >V, (h(3) P dv)(l)) = (h(g) > TV)(h(U >Uu, h(z) > V)
ie, ho (Tg@AV))=(hesPTy)ha>W@AY). O

Notice that recalling the second definition in (4.12) we also have h>P Ty =T} cop y-

An analogous result holds for right connections. In this case we consider X(A) right dual to Q(A) with evaluation
map as in (4.29) and coevaluation map coev’ := Toa).x(4) © COeV A — X(A) ®4 Q(A), cf. equation (2.32). We further
consider the canonical element I’ = coev'(14) € X(A) ®4 Q(A). The torsion of a right connection V is then defined by
dy(I') € X(A) ®4 Q2 (A).

4.4. Sum of connections

Let I" and T be two modules in ﬁ ///jym with left (right) connections. The sum of these left (right) connections is the
left (right) connection on the tensor product module I' ®4 I'.
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Theorem 4.8 (Sum of connections [7]). Given connections ¥ € Cong ('), Ve Congy (f) and ¥V € 4Con(I"), Ve ACon(F) on the
modules " and T in g ///l:ym their sums, respectively defined by

Vor V:T@sT — I'@4T @4 Q(A)
S®AS > 1230 (V()®48) + (R >5) ®4 (Re> V)(3) ,

Vén@ F®AF —> Q(A) @4 F®AF
S®4a8 > (RYPV)(5) ®4 (Ry>3) + 1120 (s®4 V() ,

where 723 : ' ®4 Q(A) ®4 TorT ®a T Ra Q(A) and T12: ' ®4 Q(A) ®a T— Q(A) RaT ®a T are the braldmg isomorphisms,
are well-defined connections ¥V & Ve ACon(I" ®4 F) and V@RV € ACon(T' ®4 T). The sums @ and &x, are associative and
H-equivariant.

Corollary 4.9. Let @, T®" be the tensor algebra generated by I' in ;’ ///Zym. Connections V¥ and ¥ on I' uniquely lift to connections
on P I"'®" that we still denote 7 and ¥V and that are given by the braided Leibniz rules of Theorem 4.8. In particular, connections
on X(A) lift to connections on 7%* and similarly, connections on Q(A) lift to connections on T *°.

Associated with the braided Leibniz rule for connections on 7%* and on 7*° we have the braided Leibniz rule for
covariant derivatives on 7%* and on 7*°. The following corollary will be used in Section 6 in order to study connections
compatible with a metric structure on A, these are connections on the tensor product Q(A) ®4 Q(A).

Corollary 4.10. For any connection ¥V € Con(X(A)) and vector field u € X(A) the covariant derivative ¥V, : X(A) — X(A) lifts to the
covariant derivative Vy : T%* — T%* defined via the braided Leibniz rule

Vu(v®42) = (R*> V),V ®4 Re>z + R¥>v ®4 Viraou?

= RO[D(VRﬁ>uR}/ >V)®a ReRPRY 52 + R¥>v ®a Vi, ouZ

where (R 5P V), =iy o (R* 7P V).
Proof. The first addend in the first equality is straightforward; the second addend follows by considering the identity, for
all 0 € Q(A), 2 e TO,

iy oT12(v®a 0 ®a7) = (U, RPo"PO)Rg>v @47 = RVRgov Ry > (u, RF 5P 0) ®4 7/

=RY%>v®, i,—ewu(e ®a7)

that is due to quasitriangularity of the R-matrix. The second equality follows from triangularity of the R-matrix and the
identities

Ryt (Rg>u, VRy > v) ®4 R*RPRY b2 = (Req Rp > U, Ray, > (VRy > v)) @4 RYRPRY 2

= (u,Rs>(VRy > V) ®4 R°RY >z

and Rs>(VR, > V) ®aR°RY >z = Rs>(VS™I(R)) > v) @4 RPRY b2 = (Re > V)V ®4 R¥ >z, both due to the quasitriangular
structure. O

5. Duality and Cartan structure equations for curvature and torsion

We study the standard duality notions of dual left or right A-linear (more generally graded Q°(A)-linear) maps and

dual connections in the context of modules in f ,///f‘ym’fp. This leads in Section 5.2 to the relation between the curvature
on a module I" and the associated curvature on the dual module *I" and similarly for the torsion. These are the Cartan
structure equations for curvature and torsion in braided noncommutative geometry in a global coordinate independent
formalism. Globally defined curvature and torsion coefficients, with respect to a pair of dual bases for the finitely generated
and projective module of vector fields, are introduced and the Bianchi identities proven.

5.1. Connections on dual modules

Let T be in g,///jym'fp, the dual module *I" = shom(I", A) is in g,///jym'fp. The associated modules Q°(A) ®4 I' and
*T' @4 Q°(A), defined in (4.8) and (4.9), are modules in H, , .#Z3™P indeed *I' ®4 Q*(A) is right dual to Q%(A) ®4 I in
)Xo
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g.( A)///;ZY?}‘) with evaluation and coevaluation maps that are the Q°(A)-linear extensions of the ones of I'; explicitly, using

a pair of dual bases of ' as in (2.30),
(L)1 (QU(A) ®AT) ®asa) (T ®4Q(A) — Q°(A), (B ®aS,"S®aN) =0A(s,"s) AN 51)
. 51
coev : 2*%(A) — (FT ®4 2°(A)) @qaea) (2°(A) ®4aT), coev(d) =0 A's' Qqen) Si
where, recall (4.9), 6 A *gi Qqea) Si=0 A (*Si ®a Taea) ®aea) (1gea) R4 Si) = (Rot > *Si) XA (Ra P 0) Qe (A) Si-
We study the duals of k-linear maps, of morphisms in #.# (k-linear and H-equivariant maps) and of internal morphisms
in g'(A)///ga) (graded left Q2*(A)-linear or right Q°*(A)-linear maps).

Definition 5.1. The dual (or adjoint) *L of a k-linear map L: Q*(A)®4 T — Q*+ILA) @4 T, of degree |L|, is the right 2°(A)-
linear map *L : *I' ®4 Q°(A) — *I’ ® Q*t1L(A), of degree |*L| = |L|, defined by

(0,*L(0)) = (=DM (o), %0) , (5.2)

for all o € Q°(A) ®4 I' of homogeneous form degree |o| and *o € *T' ®4 Q°*(A).
Vice versa, the dual L* of a k-linear map L : *I' ®4 Q°(A) — *I' ®4 Q*TIFl(A) of degree |L| is the graded left ©°(A)-linear
map L*: Q*(A) ®4 T — Q**"L(A) @4 T of degree |L*| = |L| defined by

(L*(0), o) = (Do L(*o)) (5.3)

for all 0 € Q°(A) ®4 I' of homogeneous form degree |o| and *o € *T' ®4 Q°*(A).

Notice that while *L is a right $°(A)-linear map, L* is a graded left °(A)-linear map, cf. (2.19).

By k-linearity the map *( ): L — *I, defined in (5.2) when L has homogeneous degree, extends to arbitrary k-module
maps L: Q%(A) ®4 ' — Q°(A) ®4 I'. Similarly we have the k-linear map ( )* : L — L* defined on arbitrary k-module maps
L:*T ®a Q(A) - *T' ®4 Q°(A).

Proposition 5.2. The k-linear and grade preserving maps *( ) and ( y* restrict to H-equivariant maps
*() 1 khom(Q*(A) @4 T, 2°(A) ®4 ') —> homgea)(*T' ®4 2°(A), *T ® Q°(A)) , L—"*L, (5.4)
() thomg ("I’ ®4 Q°(A), *T ® Q°(A)) —> asmhom(Q*(A) ®4 T, Q*(A) ®aT), Li—>L". (5.5)
. . . L f
The map in (5.4) further restricts to an isomorphism in {, , #7P,
()t @eayhom(Q°(A) ®a T, Q°(A) ®4 T) —> homgea)(*T ®4 Q°(A), T ® Q*(A)) , (5.6)

with inverse ( y* : homgea) T’ @4 Q°(A), *T ® Q*(A)) —> qe(2)hom(Q2°(A) ®a T, Q°(A) ®a I'), which is the restriction of the map
in(5.5).

Proof. We show that the map *( ) in (5.4) is H-equivariant: fgr all h e H, he*L =*(hs [). By k-linearity it is enough to
prove H-equivariance on elements L of homogenous degree |L|. This is indeed the case because for all o0 € Q*(A) ®4 I of
homogeneous form degree |o| and all *o € *I" ® 4 Q°(A), we have

(0. (he*L)(*0)) = (0. hay e CL(S(h@) = *0)) =hg > (ST (ha)) » 0. *L(S(h) > *0))
= ()"l 5 (LS (hay) > 0), S(hesy) > o)
= (—DH h gy o LS (hay) > 0), o) (5.7)
= )l Do), o)
= (0, *(heP L) (o)) .

H-equivariance of ¢ j* is proven substituting in (5.7) *L and L with L and L*, respectively.

The restricted map *( ) in (5.6) is a morphism in g'(A)//[SS;?/l\) since for all internal morphisms L € Qo (ahom(2°(A) ®4

r, Q'*":‘(A) ®4 ) and forms 6 € Q*(A) of homogeneous degree |9|, we have *(0L) =6 *L and *(L#) = *L6. We prove for
example the first relation, for all o € Q*(A) ® 4 I' of homogeneous form degree |o| and *o € *T" ® 4 Q°(A), we have

(o, *OD) (o)) = (=D)L 1oL (o), *o) = (— 1) (—1)lllo 1~ 1) P LI (o A 6), %0r)
= (-1)/HO N[ (5 7). %) = (0.0*L(0)) = (0. (0 *[)("0))
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where we used the definition (5.2), the bimodule structure of internal morphisms in g,m)//{ga) given in (2.20), then the
definition (5.3) and again (2.20).

Finally, the morphism *( ) in (5.6) is an isomorphism, with inverse ( y*, since for all L and L, (*I)* =L and *(L*) = L.
This immediately follows from the definitions (5.2) and (5.3). O

We have explicit expressions for the isomorphisms *( ) and ( )* in g.(A),//Z;z’f?}q) in terms of a dual basis of T, i.e., of

the coevaluation map coev(1gea)) = *st @4 s;. For all internal morphisms L € Qe ahom(Q*(A) ®4 T, Q'H’:‘(A) ®RaD), Le
homge(a)(*T' ®4 Q°(A), *I ®4 Q*H1tl(A)) and o € Q*(A) ®4 T of homogeneous form degree |o| and *o € *I' @4 Q°(A), we
have

*L(*o) =*s"(L(si), "), L*(0) = (=)Mo L(*s))s; . (5.8)

This is due to the identities (o, *'(L(si),*0)) = (0, *s')(L(s}), *0) = (—DHIe L (o, *s')si), o) = (—1)‘i|l0‘(igo),*o> =
(0,*L(*0)), where we first used right Q®(A)-linearity of the pairing, then its left Q°(A)-linearity and that of L. The ex-
pression for L* is similarly proven.

Definition 5.3. Let V¥ € 4Con(I"). The dual of the left connection dy, is the k-linear map *(dy) : *I' ®4 Q*(A) — T ®4
Q*+1(A), defined by
d(o,*0) = (dyo,*0) + (-1 N0, *[dy) o) , (59)

for all 0 € Q°(A) ®4 I" of homogeneous form degree |o| and *o € *I" ®4 Q°*(A).

From the definition it follows that *(dy ) is a right connection. Indeed, for all o, *o- of homogeneous degree |*o’| and
¥ € Q%(A), we have the identity (o, *(dy) (o A 9)) = (0, *(dy)*o A D) + (=D, o A dV).
Vice versa, given a right connection V € 4Con(*I"), equation (5.9), rewritten as

d(o,%0) = ((dy)* o, %) + (=1 N0, dy, o), (5.10)

defines a left connection (d,)*. Obviously, the dual of a dual connection is the initial connection.
Ifo=sel Ccl®4N*A) and similarly, if 0’ =5 € ' € Q*(A) ®4 I, equations (5.9) and (5.10) read

d(s,™s) = (Vs,"s) + (s,*V™s) , d(s,™s) = ("s,s) + (s, V7s) (5.11)
and define *V € Cona (*I") in terms of ¥V € 4Con(I"), and V* € 4Con(*TI") in terms of V¥ € Cony (*I"). Since the extensions
dy and d, of the connections ¥V and V are uniquely determined by the Leibniz rule, we have *(dy) =d+y and (do)* =
dyr.

Using a dual basis we have the explicit expressions, for all s € T, *s € *T,

Wi =t @4 d(s, %) — st @4 (Vs %), VFs=d(s,”s)) @asi— (s, V') ®a i .

For example, pairing the first expression with s € I' and using (s,*')(Vs;, *s) = (V((s, *s)s;), %) — (d(s,*s"))(s;, "s) =
(Vs, *s) — (d(s, *s')) (si, *s) we obtain the first expression in (5.11).

The difference of two connections ¥V, V' € 4Con(T") is a left A-linear map, the difference of their duals is the right A-
linear map *V —*V' = —*(V — V') where on the right hand side we used the restriction to /ﬁ’///;ym’fp of the isomorphism

*( ) of Proposition 5.2. Since also —*( ) is an isomorphism in fq’//ljym’fp we immediately have

Corollary 5.4. *() : sCon(I") — Cona (*T") with —*(): gshom(T’, Q(A) ®4 ') — homa (*T', T' ®4 Q(A)) is an isomorphism of affine
spaces over modules in | //[Zym’fp'

There is a unique way of inducing connections on duals of tensor product modules, indeed, the sum of dual connections
is the dual of the sum of connections.

Proposition 5.5. Consider the connections ¥V € 4Con(I"), Ve ACon(F) and VY € Cong (), Ve Cong (/l:) on the modules T', T in
X///jym’fp. Let *V € Cona (*T), *V € Cona (*T) and V* € 4Con(T™*), V" € 4Con(T*) be the connections on the dual modules. We
have

(VOrV)="Vor*'V, (Var V) =V dr V",
as connections in Cong (*f ®a *TI") and in 4Con(I'™* ®4 f*), respectively.
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We leave the proof of this proposition to the reader. It follows from triangularity of the R-matrix, including the com-
patibility (2.37) of the braiding with the dual braiding. The second equality follows from the first recalling that the dual of
a dual connection is the initial connection.

5.2. Cartan structure equations and Bianchi identities

According to Corollary 5.4 we have

Lemma 5.6. Let T be a module in }f ///jym’fp. The dual of the curvature 2-form of a left connection V € 4Con(I") is minus the curvature

2 2 2 2
two form of the dual connection *V € Cony (*I'), i.e., *(dy ) = — d«, Similarly, for a right connection V € Coni (I'), (dy,)* = —d .

Proof. Use twice (5.9) and *(dy) = d+y to obtain, for all o € Q*(A) ®4 I' of homogeneous form degree |o| and *o €
*T®a Q(A),

2 2
0=d*(0, %) =d((dyo,*0) + (=1 N0, dvy o)) = (dy 0, *0) + (0, dvg *0) . (5.12)
By definition, the dual of the curvature 2-form satisfies, cf. (5.2), (o, *(d; Yo) = (d; o ,*o), hence *(d;) = —d*%v. The
2 2
second equality, (d)* = —dy~, then follows setting ¥V = V* and recalling that the double dual of a connection (curvature)

is the original connection (curvature). O

Let T" and X(A) to be in X(///jym'fp. Their duals *T" and 2(A) are also in Xl//lf‘ym'fp. According to Remark 2.6 the right
dual of X(A) ® I is *I' ®4 Q(A). Similarly (cf. also Proposition 3.5) the right dual of 7% @4 ' is *T' ®4 7"° reN. In
the next theorem we use the associated exact pairing ( , ): TO @4, T ®4 * T ®4T"% — A with r =2, and also the exact
pairing in g.(A)///gf?;\’)fp defined in (5.1).

Theorem 5.7 (Second Cartan structure equation). Let " and ¥ (A) be modules in X(///Zym’fp and let V € 4Con(I"). Forallu, v € ¥(A),
seT,* e*I" we have

2
(Ry(u,v,5),7s) =(u®aV®as,deg 's)

2
or, equivalently, (R (u, v, s),*s) = %(u AV ®4S, drg s).

Proof. First notice that for all 9 € Q% c 720(A),s T, *s € *T, considering the pairing of Q°(A) ®4 I’ with *I' ®4 °(A)
defined in equation (5.1) we have

(iy oiv(P ®4S),™s) = ((URa vV, D)s,7s) = (U®4 v, D)(s,7S)
=URAV,(s,")) = (u®aV, (¥ Ras,7s)) (5.13)
=iyoiy(¥ ®as,™s)

where in the second line we first used right A-linearity of ( , ): X®2 ®4 Q%2 — A and then left Q*(A)-linearity of the
pairing in (5.1). Then, recalling also Theorem 4.6 and Lemma 5.6, we have

(Ry(u,v,s),"s)=—(iyoiy odé (s),™s)=—iyo i‘,(dé (s),™s) = iy oy (s, d*iV *s)
(5.14)

2 *, 2 *,
=(UQAV,(s,dry 7S)) = (URAV R4S, dry 75)
where in the last equality we used right Q°(A)-linearity of the pairing in (5.1). The equivalent expression (R y (u, v, s), *s) =

2 _ _
%(u AV ®gas,dsy *s) trivially follows from uAv=u®4v—-R*>v®s Ry>u. O

Theorem 5.8 (First Cartan structure equation). Let X(A) be in ;’///f‘ym’fp and ¥V € 4Con(X(A)). Forallu,v € X(A), 6 € Q(A), we
have

(TyW,v),0)=—(Uu®av,(d+A0"V)0)
or, equivalently, (T  (u, v), 0) = —%(u AV, (d+ Ao0*V)H).
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Proof.
(TyW,v),0)=—(iyoiyody(I),0) = —iy oiy(dy (D), 0) = —iy o iy (d(I,0) + (I,*V0))
=—iyoiy(dd +A0*VO)=—(u®sVv,dd + A0*V0)

where we used Theorem 4.7, then (5.13) with I' = X(A), next the Definition 5.3 of dual connection with *I" = Q(A), and
in the second line Q2°(A)-bilinearity of the pairing ( , ): Q2°(A) ®4 X(A) ®4 Q(A) ®a Q°(A) — Q°(A), so that (I,0) =
(coev(lgs(a)), ) = (W' ®ae;, 0) =6 and (I, 0®41) = (W @pei, w@an) = W' Alej, ) A =wAn for all w € Q(A), n € L(A).
The equivalent expression (T  (u, v), 6) = —%(u AV, (Ao*V +d)6) trivially follows from uAv=u®Vv —R*>vQ@Ry>u. O

In the proof we have shown that for all 6 € (A), (dy (1), 0) = (d + A 0 *V)6. This defines the torsion on one forms

(d+ A0*V): Q(A) > Q2(A) (5.15)

of an arbitrary right connection *V € Cona(S2(A)) and shows that it is an internal morphism in homa(£2, 22(A)). As for
2
the curvature d-«y , there is a unique lift to the torsion (do A + A o dxy) € homge4)(R2(A) ®4 2°(A), Q*+2),

Remark 5.9. In Theorems 5.7 and 5.8 we use the pairing (, ):7%? ®4 T ®a *I' ®4 T>° — A. The pairing between 2-
vector fields and 2-forms (, ), : X¥2(A) ®a I ®4 *T' ®4 2%(A) — A is half the value of the restriction of the first pairing

2
to X2(A) c T%2 and Q%(A) c 7%, so that the Cartan structure equations read (R v (U, V,9),7) =(UAVRasS,diy 7s), and
(TyW,v),0)=—UAv,(d+A0*V)b),.

Using a dual basis {e;, @' :i=1...,n} of X(A) we define the curvature and torsion coefficients of a connection V ¢
aCon(X(A)),

Ryl = (Ry(ei ej ), @), Tyli=(Tg(eie)), ) (5.16)

and the curvature and torsion two forms (the signs are chosen to match the commutative differential geometry case)

o

1 . 1 . .
R i=—s0 ARy T :=—§a)JAa)’TUl. (517)

. . . . 2
Since w/ @ w'®x (e;®aej, ) is the identity map on Q(A) ®4 2(A) we have the equality @’ ® w'(e;®4 e ®a ek, d+y ol =
. . 2 2 . .
! @ w'(e; ®a ej, (e, dry ")) = (e, dry ') and similarly o/ ® w'(e; @4 ej,(d+n o*V)!) = (d + A 0o*V)w!. This leads to
the coefficient expression of the Cartan structure equations

2 1 ;
! ! I
(ex, dvy ') = Ea)] ANO'Riy = =Ry,

1 . .
We similarly define the coefficients one forms of the connection *V € Cong(2(A)), dual to ¥V € 4Con(X(A)),
a)kl = (e, *Va)l) ,

so that, since w ®4 (e, ) is the identity map on (A),

Vol = @4 oy .

In terms of these coefficients we obtain

d2 o' =k @4 [dw,! + w0, A
v @ = A k k j

(d+ A o*V)o! =do! + @ /\a)jl

2 2
which, together with the identity ok ®4 (ex, d-y oy = dry o', give the full coefficient expression of the Cartan structure
equations

o ®a oy + 0 ) Aoh =0 @4 (R
do' + o /\a)jlzT’ .
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As in commutative differential geometry, applying idg) ®4 d to the first equation and differentiating the second we
readily obtain the Bianchi identities,

o* R4 (del —I—a)kf A le - Rkj A a)jl) =0,
A A (5.18)
dT' =T Awf! =w! AR} .
Notice that the commutator [w, R], := w/ A R;j' — Ri/ A wj! in the first identity is not a braided commutator.

Similarly, if we consider a connection V € 4Con(I') on a module I'" in ge///;ym’fp, by setting @, := (si, *V *s!) (with
{si,*s!:i=1...,m} a dual basis) we have the Bianchi identity *s* ®4 (dRy! + wi A le —Ri A a)j’) =0, where Rk’ is defined
in (5.17) and where now Rl.jk’ := (R (ei, €j, s), *s"). Equivalently, (sp, *s*)dRe! +w) AR} —RpJ Awj! = 0; this last expression

2
is obtained observing that if P € *I"®4 ©2°(A) then (s;, *s*) P, = P, where Py := (s, P), and using that (s, dvy #sly = —Rkl.

6. Riemannian geometry

We use the sum of connections (based on the tensor product of internal morphisms in .# '), the notion of dual connec-
tion and the Cartan calculus results for the torsion in order to determine the Koszul formula for the Levi-Civita connection
associated with a pseudo-Riemannian metric tensor on the algebra A. Hence its uniqueness, existence and explicit expres-
sion. The Ricci tensor is canonically introduced leading to the notion of noncommutative Einstein manifold.

6.1. Metric tensor

Let A be a braided commutative H-module algebra with H triangular and A-bimodule of braided derivations X(A) that
is finitely generated and projective, hence in X//{f‘ym’fp. Let Q(A) =*X(A) = shom(X(A), A) be the dual A-bimodule of

forms. Proposition 2.3 and Theorem 2.5 give two isomorphisms in f{ ,//{f‘ym’fp, that with slight abuse of notation are both
denoted by b,

Q(A) ®4 2(A) —> ahom(X(A), 2(A)) —> shom(X(A) ®4 X(A), A)
9=90"®ag— ¢ :=(,¢")®agar— (-®a-,9)=(,{,9"0a)

(sum on the index a understood).

(6.1)

Definition 6.1. A pseudo-Riemannian metric on X(A) is a braided symmetric element g € Q2(A) ®4 R2(A), i.e.,, g=t(g), with
associated internal morphism g” € shom(X(A), 2(A)) that is an isomorphism. We also simply say that g is a metric on A.

Similarly to (6.1), consider b’ : X(A) ®a X(A) — shom(Q(A), X(A)), 9 @4 fa > ( ,f9) ®4 fq, (cf. Proposition 2.8 and
Remark 2.9) and let #t' := b'~! be the inverse isomorphism. The metric tensor g € Q2(A) ®4 R2(A) induces the metric on Q(A)
(or inverse metric tensor) g, defined by

§i= (@) e X(A) @4 X(A). (62)

Setting §=g° ®a g, we have §” = ( , ") ®a s, and the equality §” = (g")~! reads

(,9%)ga, 8") ®a 0y =idx(a) » (,3") (@9 @4 9o =idea) -

Using dual bases for X(A) as a right and as a left rigid A-module in g(///f‘ym‘fp, that is coev(14) = @' ®4 e; and coev'(14) =
Ye; ®a o' :=R*>e; @4 Ry >w' we have idxa) =( ,®') ®ae; and idga) = ( ,%ei) ®a «@'. Then, recalling that (, ) and
(, Y induce the isomorphisms Q(A) ®4 X(A) ~ shom(X(A), X(A)) and X(A) ®4 Q(A) ~ s4hom(2(A), Q(A)), we see that §
is the inverse metric of g if and only if

990, 8") ®aGp = @aei, §° @4 (@, 9") ®4ga=""ei Da a0 .
6.2. Levi-Civita connection

We prove existence and uniqueness of a metric compatible and torsion free connection establishing a noncommutative
Koszul formula.

In this section we simplify the notation of the braiding via the /R-matrix action and set, for any w € W with W module
in Ho, H.}Y™ or g.(A)(///;;?;‘), “w=R*>w and ,w = Ry > w (for any o). Hence, for example, for all u,v € X(A),
0 € QA),
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Y R@aqU=R¥>V @4 Ryu=TURAV),

PO® (V) =R e0®(Rpe*Y), (V)@qu=RY>PV)@qu.

Recall that considering sums of connections (connections on tensor products) and dual connections a left connection
VY € 4Con(%(A)) uniquely lifts to a left connection on T9*(A) and to a dual right connection on T*9(A), cf. Corollary 4.9
and Proposition 5.5. For example on the metric tensor we have (cf. Theorem 4.8)

*V(g) = *V(g" ®a ga) = T23 0 (*V(g") ®a ga) + P ¢" ®4 (5 V)(ga) -

Similarly for a right connection V¥ € Cona(£2(A)). Moreover, this latter is torsion free if its dual V* € 4Con(X(A)) is torsion
free, cf. Theorem 5.8 and (5.15).

Definition 6.2. Let g € Q(A) ®4 Q(A) be a pseudo-Riemannian metric on A. A right connection V € Cona(2(A)) is metric
compatible if it satisfies V(g) = 0. A left connection ¥ € 4Con(X(A)) is metric compatible if its dual *¥V € Cona (2(A)) is
metric compatible.

A Levi-Civita connection is a metric compatible and torsion free connection.

For ease of the reader in the statements of the next two theorems we spell out the condition that X(A) is a module in
oy

Theorem 6.3 (Uniqueness of Levi-Civita connection). Let H be a triangular Hopf algebra, A a braided commutative H-module algebra,
let the associated module in g///jym of braided derivations X(A) be finitely generated and projective, and let g € Q(A) ®4 Q2(A) be a
metric on A, where Q(A) = *X(A). If a torsion free metric compatible left connection ¥V € 4Con(X(A)) exists, it is unique.

Proof. Assume V¥V € 4Con(X(A)) is a torsion free metric compatible connection. Applying the contraction operator to the
identity

d(v®az,09)=(V(v®42),09)+(v®az "Vg) = (V(V®42),0)
we have, for all u, v,z e X(A),
Z(v®az,9)=(Vu(v®a2),0)
= ("(VuyV) ®a a2+ VOaV,uz,9)
= (*(Vi,vpptt + [41t, , V) ®a 0”2, 9) + (*v®4 V,uz,0) (6.3)
=204 Vi, ypu,9) + (*[gU, ,VI1®ao"2.9) + (*V @4 V,uZ.9)

=(""2®a Vynyyyu.9) + (U, vI®az,9) + (*v®a V,uz.9)

where in the second line we used Corollary 4.10 for the braided derivation rule of the covariant derivative; in the third line
we used the torsion free condition T (u,v) = Vv -V, u —[u,v]=0; in the fourth the braided symmetry of the metric
and that the adjoint of the braiding on forms is the braiding on vector fields, cf. equation (2.37); in the last line we used
the Yang-Baxter equation (in the form ”R2_31721_31 R1_21 = R]_;Rl_; 722_31) and that the braided bracket [ , ] is H-equivariant.

The identity in (6.3) is k-linear in u, v, z and we rewrite it for the cyclically permuted elements u®v®z+— *fzQqu ®pV
and u® vz~ "Tve®Yz® ,,u. We then subtract the second identity from the first and add the third thus obtaining (after
using the Yang-Baxter equation, the braided symmetry of the metric and the braided antisymmetry of the Lie bracket of
vector fields)

2("v®aV,uz,9) =L (v®aZ9) — Luylalt ®4Z,9) + ZLip, (aUl ®4 gV, 9)
(6.4)
— (U, v1®az,9) + (U ®alv.2],9) + ([u, 21 @4 4v.9) .

The right hand side of this identity uniquely determines the left hand side, that, in turn, because of the exactness of the
pairing {, ): X(A)®a Q(A) — A and the invertibility of ¢’, uniquely determines the covariant derivative V, : ¥(A) — X(A)
for all u € X(A), ie, v, X(A) ® X(A) —> X(A), VCd(u ® z) = VY, (2). Recalling Remark 4.3 this proves uniqueness of the
metric compatible and torsion free connection V. O

Remark 64. If g is H-equivariant, i.e., if h>g=¢(h)g for all h € H then V is H-equivariant, h > ¥V = ¢(h)¥V. This can be
show by acting with h on (6.4). Due to H-equivariance of .¢, (, ), g and [, ] the right hand side is obtained replacing
u®vQzin (6.4) with h¢y>u ® h)>v ® h(z) >z which equals 2(*(h@) > v) ®a VY, () (h(3) > 2), 9). On the other hand
the h action on the left hand side gives 2((h¢) > *Vv) ®a (h() 7 V)h(z)bau (h@)>2),9), cf. (2.6). Comparison of these two

expressions shows that h>V =¢(h)¥V for any h € H.
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Remark 6.5. Using the braided symmetry of the metric and that the adjoint of the braiding on forms is the braiding on
vector fields we can rewrite the left hand side of (6.4) as

(v ®aV,uz, 9 = ((Y,uz) @1 5%V, 0) = (CV) , TZ®n 55V, 9) = (V) 2@ 5V, 9)

where (°V), z=(u, (R% > V)z) and in the second equality we used that h> (V,, z) =hw (yu, Vz) = (hq) > U, h) > (V2)),
for all h € H, the braid property (A QidyR~! = RZ’;R]’; and equation (2.6). By k-linearity in u, v, z and their arbitrariness,
equation (6.4) holds also when rewritten for the element u ® #v ® pZ instead of u ® v ® z, it reads

2°V),2®4 5V.9) = L, (2@ V. Q) — Lug, (ol ®a p2.9) + Liy(all D4 V. Q)

—([u,Pv1®apz,9) — (u®alz,v], Q) + ([U,Z]®a Vv, Q) ,

where we simplified .Zu(ﬂv ®4 p2,9) = L, {2 ®4 v,g9) and [/3v,,gz] = —[z,v]. The right hand side of this expression
equals the right hand side of the Koszul formula in [33, eq. (6.65)] (use ([u,?v] ®4 82,9 = (Yz2 ®a [Hu,v],9) =
—(Yz Qa4 [# v, gyul,g) and rename u,v,z as X, Z,Y). We remark that the left hand side however differs, it equals that
in [33, eq. (6.65)], namely 2(V,z®4 v, g), only when the action of the braiding on the connection is trivial, this is indeed
the case considered there, where the metric is H-equivariant (hence in particular central, for all a € A, ga = “a,g simply
reads ga = ag) and therefore the connection too is H-equivariant, cf. Remark 6.4. Thus the present result, where we consider
an arbitrary metric g, generalizes to not necessarily H-equivariant metrics the Koszul formula obtained in [33].

Let Kq: X(A) @ X(A) @ X(A) > A, u®Vv®z+— Kg(u ® v ®2z) be the k-linear map defined by the right hand side of
equation (6.4). The map Kg is a k-linear combination of compositions of the map ( ,g): X(A) ®4 X(A) > A, vQaz+—
( ,9)(v®az)=(v®azg), with the maps £ :X(A)RA— A, [, ]:X(A)®X(A) — X(A), the braiding 7 : X(A) ® X(A) —>
X(A) ® X(A) and the projection 7 : X(A) ® X(A) — X(A) ®4 X(A) to the balanced tensor product over A. For example the
first addend on the right hand side of (6.4) reads .2, (v ®42,9) = Z o (id® ( ,g)om)(u ® Vv ® z), where id stands for
idx(a); the explicit expression of Ky in terms of these maps is

Kg=20@(d®( ,g)om)o(id— T2+ T120123) — ( ,@)omo([, ]®id—id®[, ]1— ([, ]®id)oT23). (6.5)

Existence of the Levi-Civita connection is proven by studying the properties of this map.
Recall that ghom(X(A) ®4 X(A) ® X(A), A) C xthom(X(A) ®4 X(A) ® X(A), A) is the submodule in X///A of left A-linear
maps; it is not a module in H.Z;™ because X(A) ®4 X(A) ® X(A) is not in H.2;¥™.

Lemma 6.6. The k-linear map K is a left A-linear map in shom(X(A) ®4 X(A) ® X(A), A) and satisfies the derivation property, for
allu,v,ze X(A),ae A,

Kq(u®4v®az) =Kgu®ava®2) +2(*v.Z, (@) ®az09) . (6.6)

Proof. We first show that Ky € xhom(X(A) ®4 X(A) ® X(A), A), i.e, that H acts on Ky via the > adjoint action. Recall
from (2.10) that the composition of internal morphisms is an internal morphism. We prove that Kg carries the >*? adjoint
action by showing that its components in (6.5) carry the >‘? adjoint action. The map ( ,g) : X(A) ®4 X(A) > A, v ®4 z+>
( ,9)(v®a2z)=(v®aszQg), is easily seen to be in xthom(X(A) ®4 X(A), A), indeed, for all h € H and v, z € X(A),

he ((,9)(v®a2)=he(v®azg)=(hay> (Va2 ho>g)=he>P(,a)tha>(Va2).

The maps .Z,[, ],T and mr are all H-equivariant and hence can be seen as internal morphisms with trivial > adjoint
action (recall end of Section 2.1.1). Thus Ky is a composition of maps that carry the P adjoint action and therefore
Kq € khom(X(A) ® X(A) @ X(A), A).

Next we show that the map Kg is well-defined on the balanced tensor product X(A) ®4 X(A) ® X(A). The third addend
in the right hand side of (6.4) is well-defined because o(faﬁZ(au ®agv,9) = ZLuy( (U ®a V), 9). From the identity %, (v) =
[u,vl=—[*v, qu] = =%, (¢u) and the braided Leibniz rule of the Lie derivative we have

U®a (V.24 [u.P 2] ®a gV = — L, (aUl ®4 V) = — Ly (U R V)

that implies that also the last two addends of Ky are well-defined on X(A) ®4 X(A) ® X(A). We are left to prove the
equality Kq(ua® v ® z) = Kq(u ® av ® z) for the sum of the first, second and fourth addend in K. This is directly checked
recalling that %, =av =a.%, on A and using the compatibility between the Lie bracket and the A-module structure of
vector fields

[u,avl= %, (av) = L (@) +%a.Z,(v) = L (av +“alqu, v],
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lau, v] = —[“‘Sv,aaﬂu] = —,,%,,v(aa)ﬁu — afﬂvﬁu =alu, v] —fwv(aa),gu .

In order to show that K4 € shom(X(A) ®4 X(A) ® X(A), A) we are left to prove left A-linearity of K. This follows from
left A-linearity of the second plus fourth addend and of the third plus sixth addend in the right hand side of (6.4).
The derivation property is equivalent to

Ko(u @4 v®az) = *"aKy(su ®a ,v®2) +2(*v.Z, (@) ®4 2.9) - (6.7)

We use the braided Leibniz rule of the Lie derivative on covariant and contravariant tensors (cf. (3.20)) in the first two
addends of Kg in (6.4) and, since the metric is braided symmetric, we also write the last addend of Ky as ([u, B1®a gV g)=
(“v®alat,z],9) = (*v®a Z,,2, 9), thus obtaining the following expression,

Kqu®av®2) =("v®a Pz, L9 + (U, vI®az,9) — (U®a “z,2,,9) (65)
6.8
+ Lo laU®a V), Q) +2(°V®4 L 2, 9) -

We use this expression to compute the left hand side and the right hand side of (6.7); each of the first four addends in
(6.8) satisfies the homogeneous version of equation (6.7), for example we have

“v®r @2, 4.9 ="V e "a'z2,. 2, 9 =" v ®a T2, 2 00 =" v ®a 72, 2, u9)

where in the last equality we used the Yang-Baxter equation (in the form ’RZ’;R]’;R]’; = Rl’zl Rﬁl R531 ). The last addend
in (6.8) gives also an inhomogeneous term: 2(*v®4 £, (a2),9) =2(*v®aZ, ,(a) z, ) +9Ma2(:%*v @4 .ffmuz, g), thus proving
that Kg in (6.8) satisfies (6.7). O

Theorem 6.7 (Levi-Civita connection). Let H be a triangular Hopf algebra, A a braided commutative H-module algebra, let the
associated module in ﬁ//{jym of braided derivations X(A) be finitely generated and projective, Q(A) := *X(A) be the right dual
module of one-forms and g € Q(A) ®4 Q(A) be a metric on A. There exists a unique torsion free metric compatible left connection
Y € p4Con(X(A)).

The explicit expression of the Levi-Civita connection in terms of the inverse metric tensor § = g ®a gy (cf. (6.2)), the dual basis
{ei, ' :i=1...,n} of X(A) and the exact pairings { , ) : X(A) ®4 QUA) — Aand (, ) : Q(A) ®4 X(A) — A (cf (2.32)) is, for all
v,ze X(A),

Vy(2) = %(w’ Kg(*v ®aq€i ®2), ) G (6.9)

where Kq(u ® v ® z) € A is given by the right hand side of equation (6.4) for all u, v, z € X(A), (i.e,, by (6.5)).

Proof. Uniqueness has been proven in Theorem 6.3. We are left to prove existence. Since g is nondegenerate we define the
map VY x(A) @ X(A) —> X(A)) implicitly by, for all u, v,z € X(A),

24 VYV ®2),9) =Kg(*V @ gl ® 2) . (6.10)

Recalling that (u ®4 V(v ® 2),9) = (u, ¢ (V(v ® 2))), cf. (6.1), the explicit expression is V4 = 1(g")"! o (Kgo (r ®
idx(a)))", where Kqo (T ® idx(a)) € ahom(X(A) @4 X(A) ® X(A), A),

1: 4hom(X(A) ®4 X(A) ® X(A), A) — shom(X(A) ¥, Q(A)), L>[*; [F(v®2) =0'L(e; @4 v ®2)
is the isomorphism of Theorem 2.5 (equations (2.29), (2.31)), (g")~! € shom(S2(A), X(A)), and
(@) o : shom(X(A)®?%, Q(A)) - shom(X(A)®%, X(A), L (") 'ol.

This shows that V4 ¢ ahom(X%(A) ® X(A), X(A)). The map v is furthermore a covariant derivative (as defined in Re-
mark 4.3) because the derivation property (6.6) of Kq implies the Leibniz rule V9V ®az)=V9va®z) + Z,(a)z,

1 1
u®as V9 ®az),g) = 51<g(°‘v Qo ®az) = E1<g("fvffa ®4 pall ® 2) + (U7, (@) ®a Z, 9)

1
= iKg(”‘(va) ®AqU®2)+ (U ®a L, (a)z,9)
= u®sV9iva®2),9) + (U ®s.%,@z49).

From Remark 4.3 it then follows that there exists a unique connection V e 4Con(X(A)) with the property V,(z) = V9(v ®
z), for all v,z € X(A).
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We now show that this connection V is torsion free. For all u, v,z € X(A) consider the permutation u @ v ® z —
Y82® "5V ® pyu. On the one hand, from the Yang-Baxter equation and (6.10),

Kgu®av®z— Kg(ysz® Tsv @ pyu) = Kg(u@a v ®2) — Kg(V‘Sz® yv ® spu)

=2{"v ®a (Vuz — Vi, snt1), 9) .

On the other hand, recalling the definition of Ky, and using the braided symmetry of the metric, the left hand side of the
above expression equals 2([u,?z] ®a gV 9) =2("v ®a [yu, z], g), thus showing that V is torsionless.
We similarly show the metric compatibility of V. From (6.10) and Corollary 4.10 we have

Kg(u®av®2)+ Kq(u®a Yz® YV =2(Vy(v®2),0)=22,(v®az,9) —2u®1vR®z *Vag) .

From the definition of Ky, cf. (6.4), it easily follows that the left hand side of this expression simplifies to 2.Z, (v ®4 z, g),
thus proving metric compatibility of the connection V.
The explicit expression (6.9) of the Levi-Civita connection follows from V,(z) = VCd(v ® z) = %(g")*l((Kg o (T ®

idx(a))f (v ® 2)) recalling that (§)” = (¢")~'. O
6.3. Ricci tensor, scalar curvature and Einstein manifolds

There is a canonical notion of trace in a ribbon category and a fortiori in a compact closed category. For an internal
morphism L € ghom(X(A), X(A)) in X//[;ym’fp we have tr(L) = (, ) o (idga) ®a4 L) o coev that belongs to shom(A, A) in
Z//[jym’fp because the coevaluation map coev: A — Q(A) ®4 X(A) and the exact pairing ( , ) : Q(A) ®4 X(A) — A are

morphisms in Xl/{f\ym’fp. The trace is determined by its value on 14 € A, which is tr(L) = (', L(e;))’, where we used a dual
basis of X(A). The Ricci tensor is the trace of the Riemann tensor given by (use A ®4 X(A) ®4 X(A) ~ X(A) ®4 X(A)),

Ric:=(, ) o (ida) ®a Ry) o (coev ®a idx e, 2(4) : X(A) @4 X(A) = A, (6.11)
Ric(u, v) = (&', Ry(ei,u,v)) .

Since the curvature Ry, is left A-linear it follows that Ric € shom(X(A) ®4 X(A), A). Similarly, the scalar curvature
tensor S is given by S = Ric(g), where the inverse metric g € X(A) ®4 X(A) has been defined in (6.2).
We also define an Einstein metric on A to be a metric g proportional to its Ricci tensor,

Ric=x({ ,g), (rek). (6.12)

This equation in 4ghom(X(A) ®4 X(A), A) allows to study noncommutative Einstein manifolds.
7. Examples

Consider any of the examples discussed in Section 3.3 (cotriangular Hopf algebras, noncommutative manifolds via Drin-
feld twists) together with a metric g. Then there is a unique Levi-Civita connection associated with g, with Ricci and scalar
curvature as studied above. In particular we can consider Einstein in vacuum equations on a cotriangular Hopf algebra A
for any metric g on A.

In the following we first briefly show how to recover previous results on noncommutative tori and (hyper)planes. Then
we study the Riemannian geometry of the Hopf algebra A = K ® K with K the four dimensional Sweedler Hopf algebra with
its basic cotriangular structure. We solve the noncommutative Einstein manifold equations with a metric that is non-central
and non-equivariant, its scalar curvature is S =12.

7.1. Noncommutative torus

Let k=C and ® = (6ji)jk=1,..n be a real valued skew symmetric matrix and A the noncommutative n-dimensional
torus generated by the unitaries Uj, j=1,...n with commutation relations U;Uj = e ik UiU ;. Consider the n derivations
9j: A— A, defined by 9;(Uy) = 2mi8x Uy and 9j(aa’) = dj(a)a’ + ad;(a’), for any a,a’ € A. They generate the commutative
and cocommutative Hopf algebra H, the universal enveloping algebra of the Lie algebra of the (commutative) n-torus.
Considering the triangular structure R = e27k%®% of H (belonging to a suitable topological completion of H ® H) we
have that A becomes a braided commutative H-comodule algebra. The derivations 9; generate the free A-module of vector
fields X(A). Since the action of H on 9; is trivial, Koszul formula (6.4) for the Levi-Civita connection simplifies to 2(3; ®4
Vi Ok, 9) = 0i(0j @4 . 9) — ;{3 ®a 3k, 9) + (3 ®a dj,9) and equals that in [31]. There, however, the connection V¥, and
the curvature tensor R(u, v, z) were defined only for u and v derivations of the algebra A (such as elements of the C-linear
span of the 9;'s), not for arbitrary vector fields.

One can proceed similarly with the quantum (hyper)plane with generators x;, j=1,...n and commutation relations
XjX; — XgXj = 27i6j. This is also an H-comodule algebra with 9;(x,) = §x. The expression of the Levi-Civita connection is
as above and equals that in [3].
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7.2. Sweedler Hopf algebra and its tensor product

We first study a differential calculus on the Sweedler four dimensional Hopf algebra K as an explicit case of Example 3.9,
it is uniquely defined by the choice of the cotriangular structure. There is a whole family of cotriangular structures on K
(cf. e.g. [24, Ex. 2 §10.1.1]), among the different ones we choose the basic one, defined in equation (7.1) below. There is
no metric tensor on this differential geometry with one dimensional tangent and cotangent space since the tensor product
of forms is automatically antisymmetric. We then exemplify the previous section by studying the Riemannian geometry of
the tensor product K ® K. Differently from the noncommutative torus and (hyper)plane cases, the free module of vector
fields is not generated by derivations of the algebra K ® K, we then use the general Koszul formula (6.4) to determine the
Levi-Civita connection.

7.2.1. Differential calculus on Sweedler Hopf algebra K

Let K be the Sweedler Hopf algebra over a field k of characteristic 0. It is the algebra generated by x and g and defining
relations g2 =1, x> =0, xg = —gx. A vector space basis is given by (1, g, x, gx). The coalgebra structure is determined
by A(g) =g® g Ax=xQ® g+ 1® x, with antipode S(g) = g, S(x) = gx. Sweedler Hopf algebra is self dual. Let U be
a second copy of K, we rename the generators g,x as y,y (with the same costructures). The relations < y,1 >=1,
<y,g>=-1,<1,g>=1,< v¥,x >=1, all other relations among the generators vanishing, extend to a Hopf algebra
pairing <, >:U ® K — k proving self duality of K.

We consider the following triangular structure on U,

1
%:,%""®%a=5(1®1+y®1+1®y—y®y) (71)

so that K is cotriangular (cf. Example 3.9). The (U, #)-Lie algebra iy X(K) ~ g of left invariant vector fields is g = {x €
U;Ax=x®1 + 7" Q® Xo > x}, cf. (3.28). It is the linear span of

X=yv.

Indeed we have A = x @ 1+y @ x =x @1+ %" ® Ze v x, while Z° @ By y =1@y and Z @ Rav v =y @ ¥
imply that the subspace g C U is one dimensional.

The bicovariant differential calculus associated with the cotriangular structure of K is therefore determined by the left
invariant vector field u € j,yX(K), u(k) :== k1 < x,kp > for all k € K. Explicitly, from < x,1>=0,< x,g>=0,< x,Xx>=
1, < x,gx >=—1 we obtain u(1) =0, u(g) =0, u(x) =1, u(xg) = g. Accordingly with the non-cocommutative coproduct of
X, the left-invariant vector field u is a bralded derivation, e.g., u(gx) = u(g)x — gu(x), u(xgxg) = u(xg)xg + xgu(xg). The
braided commutator vanishes, [u, u] =0, since 72 X ® Ry > Xx=—x®x and xx =0. Let w € i,y 2" (K) be the dual left
invariant one-form:

(uwy=1. (7.2)

The K-bimodule of one-forms is the free right module ©!(K) ~ ivQ2'(K) ® K. From dk = wu(k) for all k € K (cf. (3.26)) we
have

dg=0, dx=w, d(gx) =gw

The bimodule commutation relations wg = —gw, wx = —xw then read (dx)g = —gdx, (dx)x = —xdx and are easily obtained
from the exterior derivative on x*> = 0, gx = —xg. The space of right invariant one forms is the k-linear span of n = wg =
dxg. Dually, from (7.2) the free bimodule of vector fields is determined by ug = —gu, ux = —xu, it is the liner span of
u, gu, xu; only xu is a derivation, it does not generate the K-bimodule of vector fields.

Recall from Example 2.10 and 3.3 that K is a U’ ® U-module algebra with R-matrix R = R* ® Ry = (id®flip®id)(Z~1®
). The braiding 7 in Q(K) ® Q(K) (a representation of the permutation group since it squares to the identity) is with
respect to this triangular structure. We have 7(w ®k 1) = ®k w since the left-invariant one-form w trivialises the R-
matrix of U’ while the right-invariant one 7 that of U (we thus recover Woronowicz braiding). By K-linearity it then
follows that 7(w @k w) =T(w ®k N)g =N Ok wg = —w g w. The tensor product is therefore antisymmetric. This shows
the first of the following K-bimodule isomorphims

QK) A QUK) ~ Q(K) @k QUK) ~K . (7.3)

The last follows from the Z;-graded structure of the bimodule relations wg = —gw, wx = —xw.

More generally, the contravariant tensor algebra is isomorphic to the exterior algebra, 7*° = Dren 70~ Q*(A), with
bimodule isomorphisms 2" (K) ~ K, Q2 +1(K) ~ Q(K).

Form (7.3) we see that there is no symmetric two tensor and hence no metric tensor on this differential geometry with
one dimensional tangent and cotangent space and no top form.
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7.2.2. Riemannian geometry on K ® K

Define the tensor product algebra A := K ® K, where the two copies of K mutually commute. Let g, x denote the
generators of K ~ K®1 C A, and g’, x’ those of K ~1® K C A, similarly for y,¥ e U®1 and y’, ¥’ € 1® U. The triangular
structure of I/ :== U ® U is canonically given as 8 = R* @ Ry, = #*%' P ®?Za9?/’3, whence the cotriangular one of A. Then A
is an example of braided commutative H-module algebra, where H = U ® U. The H-Lie algebra is the direct sum of one-
dimensional Lie subalgebras: g, =g® ¢’ CU®U, with x :=yy egCcU®]1, x':==y'y' eg C1®U linear generators of
g, 9. Since Ry @R > x = Zo ® %" > ., and similarly for x’, we have [x, x'1= xx'—Ratx'R >x = xx' —x'x =0. The
associated left invariant vector fields are u, u’ and hence have vanishing braided brackets. The dual left-invariant one-forms
w, ® commute with 1® K and K ® 1 respectively and generate the bimodule of one-forms Q(A) = Q(K) ® K & K ® Q(K)
as a free right (left) A-module. The exterior derivative is the sum d ® 1+ 1 ® d. The bimodule of braided symmetric
contravariant 2-tensors is freely generated (as a right module) by w vV @' := w ®4 0’ + @’ ®4 w. The most general metric on
Ais g=w Vv o't with t € A invertible, this is generally neither central nor H-equivariant.

We are now set to study the Levi-Civita connection on the Hopf algebra A. Since A is generated by x, g, x’, g/, we write
a=a(x, g,x,g’) for any a € A and define the algebra involutions

a:=a(—x,—g,x,g), @ =ax, g —x,-g), d:=a(-x—g,—x,—g)

so that @w = wa, @'@’ = w'a, @u = ua, @’u’ = u’a. We apply Theorem 6.7 and obtain the following explicit expression of the
Levi-Civita connection.

Theorem 7.1. The Levi-Civita connection V € 4Con(X(A)) of the arbitrary metric tensor g = w V @'t (t € A invertible) on the Hopf
algebra A with bicovariant differential calculus defined above is given by

V:X(A) — Q(A) ®a X(A)

ur— —o' ®a (u uiz)\ti1 +u/u/(t—)\tf1) (7.4)

U'r— —0®a (uu/ Ot +u'u@e).

Proof. The Koszul formula (6.4) gives 8 equations, for u, v, z respectively 1) u,u,u, 2) u,uv’,u, 3) u,u,v’, 4) u,u’,u’ and
the corresponding ones with u < u’. The right hand sidiithe first equation vanishes since (u,®’) = 0. The left hand
side reads —2(u ®4 Vyu, g) = —2(u, (Vyu, oYw)t = 2(V,u, o')t, hence (Vyu,w') =0 that is V,u =au for some a € A.
Similarly, the second equation implies ¥V, u = bu’ for some b € A. Together the first two equations therefore imply

Yyuu=0.
Similarly, the third equation reads —Z(Vﬁw/)t = 2u(t) that implies YV, u’' = —u(t)t—1u’ + au for some a € A. Together
— —

with the fourth, which implies YV, u’ = —u/(t)t—1u + bu for some b € A, we then have V,u' = —u/'(t)t~1u — u(/t)t\*lu’, ie.,

Vuu' = —uw ()t~ —u'u(t)t=1. The remaining four equations, corresponding to u <> u’, give Vyu' =0 and Vyu = V,u'.
This proves expression (7.4). O

Remark 7.2. The dual right connection on one-forms (readily obtained form (5.11)) reads: *V : Q(A) — Q(A) ®a
— —

QA), *V(w)=w Vv o vt 1, *V(w)=wvVv o ul)t-1. The torsionless and the metric compatibility conditions can

then be easily checked.

7

We next compute the curvature, Ricci tensor and scalar curvature. We set b := —u/(H)t=1, b’ := —u(t)t~1, so that V,u' =
/

Yyu=bu—b't/. Then V,(V,u') = u(b)b+u(b/)u/+l;7(bu +b'u’), and similarly ¥V, (VY u) =u'(b")b'+u’(b)u +E(bu +b'u).
Since [u,u] =[u’,u’] =[u,u’] =0 the expression of the Riemann tensor simplifies and the only nonvanishing components
are:

%R(u, u,u) =R, v, u)=—R@', u,u) =ub)u +ud)b + b bu+bu)

o (7.5)
%R(u’, v, u)=RW,u,uy=—R@, v, v)=u'®)u' +u'(b)b+b (bu+b'v).
From (6.11) (and the pairing (w, u)’ = —(u, w) = —1) the Ricci tensor is given by
Ric(u,u) = u(b’) + b0, Ric(u,u’)=—2u(b) —2b'b— u/(b’) —bb’" (7.6)

-~

with Ric(u’,u") and Ric(u’, u) obtained from the above by exchanging u <> u’,b < b', ™ <
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The inverse metric is 7' = —t '(u ®a 1’ + ' ®a u) (use ¢°(u) =t W, QW) =twand ( ,g7"Y ®ag;! = ¢~ where

g =g7"" ®a g;'). Then by left A-linearity of the Ricci tensor the scalar curvature reads S = Ric(g™!) = 3t~ (u(b) +
Wb +b'D+bb).

The Einstein metric conditions (6.12) for g = w v @'t are immediate from (7.6). A solution with proportionality factor
A= —6 is given by setting t =1+x+x' (so that b= —1+x—x"+2xx', u(b)=1+2x, u'(b)=—1+2x and b’, u’(b"), u(b’)
are obtained by exchanging x <> x).

The Einstein metric g = w Vv o'(1 + x + X) is neither central nor equivariant. Its Levi-Civita connection is not a bimodule
connection (there is no generalised braiding o, cf. e.g. [13, Def. 3.66], that satisfies o (u ® dg) = V(u g) — V(u)g, indeed
dg =0 while V(u g) — V(u)g # 0). The scalar curvature is S =12.
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