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ON THE CORRELATION BETWEEN CRITICAL POINTS AND CRITICAL VALUES FOR
RANDOM SPHERICAL HARMONICS

VALENTINA CAMMAROTA AND ANNA PAOLA TODINO

ABSTRACT. We study the correlation between the total number of critical points of random spherical har-
monics and the number of critical points with value in any interval / C R. We show that the correlation
is asymptotically zero, while the partial correlation, after controlling the random L2-norm on the sphere of
the eigenfunctions, is asymptotically one. Our findings complement the results obtained by Wigman (2012)
and Marinucci and Rossi (2021) on the correlation between nodal and boundary length of random spherical
harmonics.

1. INTRODUCTION AND MAIN RESULT

1.1. Random spherical harmonics. Let S? be the unit 2-dimensional sphere and Ag: be the Laplace-
Beltrami operator on S2. The spectrum of Agz consists of the numbers \p = £(£ + 1) with £ = 1,2,. ..,
and the eigenspace corresponding to A, is the (2¢ + 1)-dimensional linear space of degree ¢ spherical
harmonics. For £ > 01let {Yz,(*) }in=—r¢,.._ ¢ be an arbitrary L?-orthonormal basis of real valued spherical
harmonics satisfying

ASZHW + XY = 0.
On S? we consider a family of Gaussian random fields, defined of a suitable probability space (2, .7, P),

Vir_ ¢
1.1 r) = — Ao Yeom (),
(1.1) fo(@) 2€+1Z€é()
where the coefficients {a¢m, }m—=—r¢, .. ¢ are independent standard Gaussian with zero mean and unit vari-
ance. The standardization in (L) is such that Var(fy(z)) = 1, and the law of the process { f¢()} is in-
variant with respect to the choice of the L2-orthonormal basis {Y7,,, }. The random fields { fo(x) : x € S?}
are isotropic centred Gaussian with covariance function given by

E[fe() fe(y)] = Pe(cosd(z,y)),

denoting with Py the Legendre polynomial and d(x,y) = arccos(z,y) the geodesic distance on the
sphere.

In this paper, we focus on the critical points and critical values of f,. Let I C R be any interval in the
real line and V the covariant gradient on the sphere, the number of critical points of f, with value in [ is
denoted by

m=—/{

NEI) = #{x € S*: V folx) = 0, folx) € I};
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we denote A,°(u) = A,°(—o0,u) and .A4,° = A4,°(R) the total number of critical points. In this paper,
in particular, we investigate how much the number of critical points characterizes the geometry of the
random spherical eigenfunctions, i.e. the behaviour of the excursion sets

Aulfe) = {w €81 ful) = u},

for arbitrary levels u € R.

A number of issues on the geometry of random spherical harmonics has been recently analysed: nodal
domains [28] [19], length of nodal lines [36} 24, the excursion area and the defect [25] 26| 23], Euler-
Poincaré characteristic of the excursion sets [11}[9]], mass equidistribution [17], critical radius [13]]. These
and other geometric features have also been intensively studied for random eigenfunctions on other man-
ifolds such as the torus (Arithmetic Random Waves) and the plane (Berry’s Random Waves model), see
e.g. [3 4,18, 21 5 2, 14 [6] [291 [33]]; [4l [34. [33]] for fluctuations over subdomains of the torus and
of the sphere, [16] for the analysis of mass equidistributions; and [31] 32] for nodal intersections, to list
only some of the recent contributions.

1.2. Critical values. In [12] it has been shown that, for every interval I C R, as £ — oo, the expected
number of critical points with value in I behaves like

E[A4,°(I)] = %62 /1 %(2&2 + % — 1)e—§dt +0(1),

where here (and later) the constant in the O(+) term is universal, i.e. the integral of the error term on any
interval I is uniformly bounded by its value when I = R. The investigation of the asymptotic variance is
more challenging and in [12} Theorem 1.2] it has been shown that

(1.2) Var(A,(1)) = C[ve(I)]2 + O(£%/?),
where
1 2 3,2
V() = | —[2—6t% — e’ (1 —4t® +tY)]e 2t dt.
0= [ =l ( )
Similar results hold for the number of extrema and saddles.

1.3. Critical points. When considering the total number of critical points, i.e. I = R, we immediately
obtain that

2
V3

whereas the leading term in (I.2) vanishes and Theorem 1.1] establishes that as ¢ — oo,

. 1
(1.3) Var(A,°) = 3%262 log £ + O(£?).

E[A] = =+ 0(1),

1.4. Interpretation in terms of Wiener chaoses. These results can be interpreted in terms of the L?(€2)
expansion of critical points into Wiener chaoses, see e.g. [7l], which are orthogonal spaces spanned
by Hermite polynomials. First of all, we recall that the Hermite polynomials H,(x) are defined by
Hy(z) = 1,and forq = 2,3, ...

1 dig(a)
o) dat

. 2 . . .
with ¢(z) = \/%e’z /2. We consider the Wiener chaos expansion

(1.4) NI =D A D],
q=0
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where .4;°(I)[q] denotes the projection of .#,°(I) on the g-order chaos component that is the space
generated by the L?-completion of linear combinations of the form

qu(El)'Hq2(€2)"'qu(§k)7 k>1,

with ¢; € N such that g1 + -+ - + g, = ¢, and (&1, . . ., &) standard real Gaussian vector.
It results that (after centring) a single term dominates the L? (Q) expansion in (L4). We define the
random variables

hey = /S Hy(fe(@)) da

called sample polyspectra, see i.e. [26] 27, 20]]. We have that
2 log ¢

_ 2 _ -2
Val‘(hgg) = (477') m, Var(hg,4) = 5766—2 + O(f ),
and, forq = 3and q > 5,
Var(heq) = %+ o(£7?), coim [ )y,
0

and Jy () is the Bessel function of order zero. Note that the coefficient ¢ can be calculated in the closed
form c3 = %\/5 (see eq. (2.12.42.15) in [30]).

These results, and equations (I.2) and (I.3), suggest that the asymptotic behaviour of the total number
of critical points is dominated by the projection into the fourth chaotic component, which can be expressed
by the integral of h, 4; whereas the number of critical values in [ is dominated by the projection into the
second chaotic component, which can be expressed by i ». Indeed let us introduce the random variables

Ay = (1) o [t

and
A

Fp = ———— / H. z))dx.
o=y 8 a(fe())
In [[7]] it has been established that, as £ — oo, and for I C R and such that v°(I) # 0,

) = ELAID)] = A(D[2] + Re(D),
with E[R?(I)] = o(¢3) uniformly over I, and where .4;(I)[2] = .#;(I). As a consequence the total
number of critical values is fully correlated in the limit with . (1), i.e. as £ — oo
Cov( A (1), 1))

(15) ComA D, A D) = RV
14

Subsequently in [8] it has been shown that
N =B[N = AEA] + op(V 2 logd),

where #,[4] = %, and, in general, for e sequence of random variables X, and a sequence of real
numbers ay, the notation Xy = op(ay) means that X,/a, converges to zero in probability as / — oo.
Hence the total number of critical points is fully correlated in the limit with .%,

Core( A7, Fp) = AL 71)
et \/ Var(A4,°) Var(.%)

An important consequence of the results in [Z, 8], is that, while the computation of the number of critical
points and critical values via Kac-Rice formula (see [T]] and Section Rl below) requires the evaluation of
gradient and Hessian fields, the dominant term of .4, and .#;°(I) depends, in the high frequency limit,
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only on the second-order and fourth-order Hermite polynomials evaluated at the eigenfunctions f, i.e.
only on hy 4 and hy 5 respectively. Moreover

¢
47

_ 2 _ 2 2

hg,g—/S2 fe(x)dx—47r——2£+1 E |aem|* — Elasm|

m=—

is proportional to a sum of independent and identically distributed random variables with zero mean and
finite variance and, as a simple corollary, this implies a quantitative Central Limit Theorem for .4,°(I).
Similarly for .4;¢: the limiting distribution of h,4 was studied in [27]], where it is shown that a quantitative
version of the Central Limit Theorem holds for h.4.

1.5. Main results. The main result in this paper is the characterization of the correlation structure be-
tween the critical points and the critical values in any interval I. More precisely, we prove that the
correlation between .4,°(I) and .#,° is asymptotically zero when I # R and v°(I) # 0, while the partial
correlation, after controlling for the random L?-norm on the sphere of the eigenfunctions, is asymptoti-
cally one. The proof follows the lines of [22] where an analogous result is obtained for the correlation
between nodal length and boundary length of excursion sets. To do so, we first recall the definition of par-
tial correlation coefficient between two random variables X;, ¢ = 1, 2, with respect to a random variable
A

(1.6) Corrz (X1, X3) = Corr(X7, X3),
where the random variables X are defined by

COV()Q7 Z)

X =(X; -E[X;]) — Z — E[Z]).
= (X BIX) — =g (2~ BlZ)
In our context the random variables involved are
X1 =M, Xo = A1), Z = ||fe(@)]132 g2y,

and so the partial correlation coefficient measures the linear dependence between .4, and 4,°(I) after
getting rid of the components depending on the random L?-norm of the eigenfunctions f,. Note that

Z —EZ) = | fe(@)|]122) — Bl fe(@)]12(s2)

0
47
2 2 2
= dr — 4w = H. dr = g m|” — Elaem|”.
- fé(w) €z ™ /S2 2(f€(x)) € 21 ~, |a€ | |a€ |

Assuming the subset I; C R is such that v¢(I;) = 0, we prove the following:

{o if 1°(Iy) # 0,

fim Corr( A (1), A1) = (4 if vo(I,) = 0

L—00
and, for every 17, Is C R,
Jm Corry r, a2, |, (A(11), A5 (12)) = 1.

L2(s2)
We state our main result taking in particular /; = R.
Theorem 1.1. For subsets I C R such that v°(I) # 0,
Jim Corr(Ap%, A(1)) = 0,
and for every I C R
éli}rgo Corryjg,12, ., (A5, A4,°(1) = 1.

L2(s2)
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As observed in [22] in the case of nodal and boundary lengths, a corollary of Theorem[[lis that .#,¢
and .#,°(I) are asymptotically independent, but, when the effect of the sample norm of f, is properly
subtracted, their joint distribution is completely degenerate and so the behaviour of the fluctuations of

A,¢(I) is fully explained by .4,°, in the high energy limit. More precisely, denoting JT/;C = V%ﬂc)
14
and Jl//\C I):= %, it is possible to prove that as ¢ — oo, for I C R such that v¢(I 0,
)= Ry itisp P (1) #
(AN S (20, 22), (A A1) S (2, 2),

where (Z7, Z5) is a bivariate vector of standard independent Gaussian variables, and Z denotes a standard
Gaussian variable.

1.6. Discussion and Further Result. In [37], see formula (1.9), Wigman has shown that the length of
the level curves is asymptotically fully correlated. Our results fit in the framework of the literature which
has investigated the relationship between geometric functionals of excursion sets of random spherical
harmonics at different levels as in [822]. Let us recall the definition of the excursion sets of f; at
level u
Au(fe) = {x €S%: fo(z) > u}.

The functionals which describe the geometry of such sets are the so called Lipschitz-Killing Curvatures,
which correspond to the area, half of the boundary length and the Euler-Poincaré characteristic of A, (f¢)
and are denoted by %% (u, ), 2 (u, £), Lo (u, £), respectively.

Previous works, see for instance [9] [27]], show that, when u # 0 (and u # 1, —1 for the Euler-
Poincaré characteristic), the three Lipschitz-Killing curvatures are asymptotically fully correlated to ho.¢
in the high frequency limit, namely

elim Corr(-Z (u, 0), hay) =1, k=0,1,2.
—00
Then, we also immediately have that

Zlim Corr( L (u1,£), Lr(uz,0)) =1, k=0,1,2
—00

for all uy,us # 0 (and u # 1, —1 for the Euler-Poincaré characteristic).

Formula (I.3) entails that the number of critical values is perfectly correlated, as £ — oo, with the
area, the Euler-Poincaré characteristic and the boundary length at any nonzero levels. Hence, for u # 0
(and u # 1, —1 for the Euler-Poincaré characteristic),

elim Corr(Z (u, 0), Ni(u,00)) =1, k=0,1,2.
—00

When the nodal case is considered (v = 0) the leading term corresponding to ho. of all these geomet-
rical functionals vanishes and the asymptotic behaviour is different. In the correlation between the
nodal length % (0, ¢) and the boundary length % (u, £), u # 0, is investigated; it results that

lim Corr(Z1(0,£), haye) =1,
{—00

and, for u # 0,
élim Corr(£1(0,4), £ (u, £)) =0,
—00

while, after removing the effect of the norm || f;(2)|| z2(s2). for any u € R, it holds that

(@)l p22) (,,2”1(0,6),02”1(1;,6)) =1

Am Corry,

Theorem[I Ilshows that a similar result holds between critical points and critical values: critical values
and critical points are asymptotically independent, hence critical points carry no information about the
other geometrical functionals at any non-zero levels. This result is due to the fact that the sample norm

dominates the behaviour of Lipschitz-Killing curvatures of the excursion sets at non-zero levels, when its
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effect is adequately removed, the behaviour of . (u, £) at any level is fully explained by the total number
of critical points, in the high frequency limit. We have, for u # 0,

elim Corr(Z(u, 0), ;) = 0, k=0,1,2,
—00
while
lim Corr(.Z1(0,¢), 4,°) =1,
£— 00
and for u # 0

lgngo COITHfE(Z)HLZ(Sz)(Zl(u,g), H) =1

A further result of this paper concerns the Euler-Poincaré characteristic. For this geometrical func-
tional a result analogous to Theorem [[1] does not hold. In Section [7] we prove that at level 0 also the
fourth chaotic component of the Wiener chaos expansion of the Euler-Poincaré characteristic vanishes.
In [[11,9] it is shown that

2
+ O(£*1og? 1),

Var(.% (u, £)) = % [Hl (u) Ha (1)

—u?/2
V2T

and that the high frequency behaviour of %4 (u, ¢) is dominated by the projection onto the second order
chaos

Zo(u, 0) — E[ L (u, 0)] = Lo (u, £)[2] + op(+/ Var(ZLp(u, £))),

with
2 e—u2/2
ZLo(u, 0)[2] = % [Hl(U)Hz(U) N ] heo + R(()

where E[R?(¢)] = O(¢*log¢). The projection onto the second order chaos term disappears in the nodal
case. However, differently from what happens with nodal length and critical points, the fourth chaotic
component is not dominant as well; indeed in Section[7l we prove that, in the nodal case

Proposition 1.2.

Z(0,0)[4] = 0.

2. KAC-RICE FORMULA AND L2-CONVERGENCE

By means of Kac-Rice formula, the number of critical points with value in I can be formally written
as

NI = /S etV (@)L, ey 8V fol) o
where the identity holds both almost surely (using i.e., the Federer’s coarea formula, see [1]]), and in the
L? sense. The validity of this limit in L2(£2) was shown in [9] where it is proved that it is possible to built
an approximating sequence of functions %fe (I) and establish their convergence both w-almost surely
and in L?(2) to 4,°(I). More precisely, let 6. : R? — R be such that
1
5&(2) = ?H{ZG[*E/Q,E/Q]Z]M

and define the approximating sequence

HEAD) = [ |4V a5 010309 o))

it is possible to prove that
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Lemma 2.1. For every { € N, we have
2.1 AT = lim A5 (1),

e—0

where the convergence holds both w-a.s. and in L*(Q).

3. CHAOS EXPANSION

Following the same approach as given for other geometric functionals in recent papers, see e.g. [21,9],
we shall start by computing the L?(£2) expansion of critical points into Wiener chaoses, which will lead
to

VAUED A
q=0

where .#,°(I)[g] denotes the chaos-component of order ¢, or equivalently the projection of .#,° on the gth
order chaos component, which we shall describe below. In order to define and compute more explicitly
the chaos components, let us introduce the standard spherical coordinates 8 € [0, 7], ¢ € [0,27) and
denote (6., ) the spherical coordinates of x € S?, we introduce then the differential operators

o 1 0
al;z = % 2;x — . 96_
0=0,, =4 ST OL 90, 0=,
0? 1 02 1 02
O = 575 0120 = —> 77— 020 = 575
111 062 0=02,p=pq " sin ¢ 900y 0=0z,0=pq . sin” 0 0 0=0z,0=pq
Recall first that, since f; are eigenfunctions of the spherical Laplacian, for every x € S?, we can write
Ag2 o\ X
3.1 fola) = 22,
0

note that at the critical points we have Agz f¢(x) = 011 fe() + a2 fe(2), whence their number with value
in [ is, by symmetry, given by

O fe(z) + Oz fe(2)
Y el}.

Covariant gradient and Hessian follow the standard definitions, discussed, for instance, in [9]. Here we
simply recall that

Viu(x) = (01fe(x), 02 fe(x)),

V2f,(z) = ( O11 fe(x) Oafe(x) — cot 0,05 fo(x) )
Orafo(z) — cot 0,0afe(x)  Ooafe(x) + cot 0,01 fe(z) )’

vecV2fo(x) = (Oh1 fo(w), rafo(x) — cot 0,05 fo(x), Oas fol) + cot 0,01 fo(x)) -

We can then introduce the 5-dimensional vector (V fi(z), vecV? fo(x)); its covariance matrix oy is con-
stant with respect to = and it is computed in [7]]. It can be written in the partitioned form

[ ar b
ge = bl e )

where the superscript 7' denotes the conjugate transpose, and

NI =H#{x € S?: Vfe(z) =0,

2 2
3-2 0 1+2

¥ 0 000 A A
— 2 — — 2 _ 2
(3 4) (00 n) (0 R
Ae Ae

Let us recall that the Cholesky decomposition of a Hermitian positive-definite matrix A takes the form
A = AAT, where A is a lower triangular matrix with real and positive diagonal entries. It is well-known
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that every Hermitian positive-definite matrix (and thus also every real-valued symmetric positive-definite
matrix) admits a unique Cholesky decomposition.

By an explicit computation, it is possible to show that the Cholesky decomposition of o, takes the
form o, = A¢A}, where

2y,

XYoL 0 0 0 0
V2 w0 0 0 0
0 Y 0 0 0
V3 0 wmw 0 0 0
Ae=| 0 0 oS Y8X2 0 0 =l 0o 0 u 0o 0 |;
0 0 0 VANV =2 0 0 0 0 wps O
VA t2 2v2 VA 00 p2 0 ps
0 0 c(N\e+2) 0 eV A —2
2v2/3X; —2 V3X—2

in the last expression, for notational simplicity we have omitted the dependence of the ;s on ¢. The
matrix is block diagonal, because under isotropy the gradient components are independent from the Hes-
sian when evaluated at the same point. We can hence define a 5-dimensional standard Gaussian vector
Y(xz) = (Y1(x), Ya(z), Y3(x), Yi(x), Y5(x)) with independent components such that

(O1fe(x), 02 fe(), 011 fe(x), Ora fo(x) — cot 0,02 fr(x), Doz fe(x) + cot 0,01 fe(x))

= AgY(,f)

= (:ulyrl(x)v MlYVQ(x)a N3}/3($)a M4Y4(-17), /L5Y:5(.17) + M2Yv3(-r)) .
Hence

}/z(l') = \/%ai;zfé(x)v i=1,2,

Y

VA3 =2

e,
V3 e — 2

Ys(x) = mam;mfe(x)

}/3(‘@) 611;zf[($),

Y4(£E)

Ao+ 2

— 1.2 .
SV NV 11, fe()

Note that asymptotically

/ 2 3 9 2 2
MlNE7 M2N\/ﬁ7 M3N\/gf7 M4N%, M5Nﬁ7
where (as usual) ay ~ b, means that the ratio between the left- and right-hand side tends to unity as
{ — oo. Thus we obtain

D) = liny [ 14607 @)1 3V o)) da

2
_ 2 H3Hs H2 3 <9 a2
= tim 3t [ |EEE @Yo + B0 - KR Ly s
X 0c(p1Y1(z), p1Yo(z))de,
where
psps 1 pops 1 ui 1
¥ O/ 2 Ty xeTw

Since the gth order chaos is the space generated by the L2-completion of linear combinations of the form
H, (Y1)---Hgy(Y5), with g1 + g2 + - - - + ¢5 = ¢, it is the linear span of cross-product of Hermite poly-
nomials computed in the independent random variables Y;, ¢ = 1,2,...5, which generate the gradient
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and Hessian of fy. In particular, the second order chaos can be written in the following form

A2 = Ao |3 Hy (1) /S Yil@)Yj(a)do + %imm [ (v
i<j i=1
where
H;(I) = EhE%A E { “igsygyg) + Mi%% V2 - i;;lyf Y;Y; ﬂ{”ZA—J;”L"Ys-‘r‘;—iYsEI}(SE(MlYl’MlYQ)] ,
Ki(I) = lim AE H“igf’ym ”i’tf’Yf - ﬁ—%Yf Ha(Y;) 1 {%mﬁ_ﬁm,}ée(mn,mm] ;

the projection coefficients H,;(I) and K (I) are constant with respect to £. The fourth order chaos is

(3.2)

5 i—1

5
HEIE = | g7 3 S i) [ B @) Ha (V@) + 5 SO (D) [ Hu(Yi(a))da

i=2 j=1

1 5
b D) [ @) (o))

ij=1

i#j

where

hij(I) = lim hi; (1)

. M35
zg%AeE[ ¥ YaYs +
() =1 (I
kl( ) E%kl( )
. M35
zg%AeE[ ¥ YaYs +
9i5(I) = lim g5;(1)
. M3 s

H2 3 -2
=
o

M2 3
A?

Y5 -

M2/t

2
s

x Ha(Yi(w)) H (Y; (2))]

pig (1) = lim pg, (T)

= 1im A, EH
e—0

M3 s
Y

Y3Ys +

K23

2
A2 Y5 -

M

2
VAL

M

2
VAL

2
Ky 2
Pl

%

2
22 Yi

x H(Yi ) Hy (Y; () Hi (Yi() |,

]I{“Zxﬂyé‘i,i_")y‘,se[}é&(ulyla/1/11/2)H2(}/72)H2(Yrj):| )
4 4
]I{uzjzug YSJFi_iYSGI}(Sg(MthM1Y2)H4(Yi)} )

I, b YSJF&L_;YSEI}&(MYM p1Yz)

I, EESE YS+§_§Y561}55(H1Y1, p1Yz)
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Gij(I) = gl_% @5 (1)

2
. M3 s M2 3 2
= lim EH Va¥s + =55 = V7 Lmsuay, g usy oG, i Y2)

A? AZ AZ
x Hy (Yi(2)) Hi (Y () Hy (Yi(2)) Hy (Yl(l‘))} -

The projection coefficients k;(I), hij(I), gij (L), pijr(I), and gi;ri(I) do not depend on ¢. In [7] it is
proved that

Proposition 3.1. For I C R and such that v°(I) # 0, as £ — oo,
) = EAE(D] = A(D2] + Re(1)

where

AR = Fr g [ Halita)s

and
Var(A(1)[2]) = Clv(1)]” + o(£7), E[R}(I)] = o(£%),
uniformly over I.

Proposition [3.1] says that the high frequency behaviour of the number of critical points is dominated
by a single term, proportional to the second-order Wiener chaos projection and the second-order Wiener
chaos projection admits a simple expression in terms of the integral of Ha(f¢(x)) over S2. Recalling the
definition of the random sequence

A

Fp= ———
2332\/§7T s2

Hy(fe(x))da,

for which it is readily seen that

Var)

E[%] =
[Fd =0, fim Gl =L

in [8] it is proved that

Proposition 3.2. As ¢ — oo
Corr(A,°, Fo) — 1,

and hence
N =K [N = Fo + op((/ 2 log ).

As a consequence, the total number of critical points is fully correlated in the limit, for ¢ — oo, with
hy.4. The limiting distribution of hy,4 is studied in [27), where it is shown that a quantitative version of
the Central Limit Theorem holds for h.4. Proposition[3I]also implies that the asymptotic behaviour of
the total number of critical points is dominated by its projection on the fourth-order chaos term and that
the projection on the fourth-order chaos can be expressed simply in terms of the fourth-order Hermite
polynomial, evaluated on the eigenfunctions {f¢}, without the need to compute Hermite polynomials
evaluated on the first and second derivatives of {f,}, despite the fact that the latter do appear in the
Kac-Rice formula and they are not negligible in terms of asymptotic variance. A consequence is that, as
! — oo,

. *log?
Var (A7) = 5+ 0(8),
so that
Var (A,°[4])

.
=1.
o Var ()
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Note that by orthogonality we have
Var (A4;°) ZVar = Var () +Z N4 + 2K],
k=1

where the odd terms in the expansion vanish by symmetry arguments, Var (.#,°[0]) = 0 is obvious, and
Var (4#,°[2]) = 0 is shown in [7]]. Hence we have the asymptotic relation

Z NE[4 + 2k] = o(£* log ).
k=1
4. PROOF OF THEOREM[L.1]

In this section we give the proof of our main result. Let us consider /1, I C R; assume first I; # R
and such that v°(I;) # 0,7 = 1, 2. Thanks to Proposition B.J] we have

.1 ML) = B (L)) = A (L) [2] + Re(Li) = (L) + Re(L),
where E[R?(I)] = o(£?), as £ — oo. Moreover, recalling that

Var(A;(13)[2]) = C[v° (1)) + o(€°)
and, see [12]],

Var(A (L) = O (1)) + O(67/?),
we find that, as ¢ — oo,

Corr (A" (1), A (I2)) = 1
We consider now the total number of critical points, in view of Proposition[3.2] we have
4.2) N =E[A°] = N[4] + Re = Fy + Ry,
where Ry = op(+/f?log/) as £ — oo. From (@) and @2) we have that for I # R and [ such that
ve(l;) #£0
Corr(A,°(1), ;) — 0.

Now we observe that, taking

Z = | fel 7252y

DI AN
q=3

we have

We state now the following results:

Proposition 4.1. As ¢ — oo,

(5.7 (1) — J@(I)]QE3 519 (1) — 2 - 11.%(1) + A4 (1)]?
24 * 2672

2 2
I) = \/j/[Qe_t2 +#2 —1]e" 7 dt,
T™JI
2 2 4 —t2 PIC
I =1/= [[~4+ 2+t + eV 24+ 3t})]e T dt,
T Jr

2 .
N \/j/[(72 +961% + 38tY)e " — 36 — 122 + 11¢1 + %)™ T dt.
™J1

Var(A4,°(1)) = *logl 4+ O(?),

where
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The proof of Proposition @]is postponed to Section[3l The next corollary follows immediately from
Proposition &I and
Var(A;(13)[2]) = Clv* (1)) + o(£°),
by observing that
_54%) — ()

ve(I) 52 .
Corollary 4.2. As { — oo
- 51.9(1) — 2 - 11.% (1) + 4 (1))?
Var(Z%C(I)[q]) _ BlAd) 2%22( )+ D 21000 1 0(82),
q=3

Let us denote by

Futn) = BADZ2 AR, [ s d

Note that .%; = .%;(R). We have the following proposition whose proof is given in Section[6l

Proposition 4.3. Forall I C R, as ¢/ — oo,

Corr(>" A gl FolD)) — 1.
q=3
The statement of Theorem [L.I] follows from Corollary .2l and Proposition[£.3 for every choice of I
and /5, we have that

(A (), A (L)) = L.

COTTi o123 2,

5. PROOF OF PROPOSITION [4.1]

5.1. Approximate Kac-Rice formula for counting critical points with value in / C R. For counting
the critical points with corresponding value lying in an interval [ in the real line, we define the two-point
correlation function: for z # +y

Ky o(x,y;t1,t2)
=E [|V2f4(x)‘ ’ |V2fl(y)‘ ’Vfg(:ﬁ) = Vf@(y) - val(:r) = tlaf@(y) =ta| - wz,y,l(tlatanvo)a

where ¢, ,, ¢(t1,t2,0,0) denotes the density of the 6-dimensional vector

(fe(@), fo(y), Vfe(x),V fo(y))

in fo(x) =t1, foly) = t2, Vfe(z) = Vfe(y) = 0. In the following approximate Kac-Rice formula
is derived: there exists a constant C' > 0 sufficiently big such that

6. Nar () = [ [ Kooyt t) dndtadody - ELAD) +00),
/4 IxI

where % is the union of all tuples of points belonging to Voronoi cells further apart than C'//, see [12]]
for a more formal definition. Now, exploiting isotropy, and observing that the level field f; is a linear
combination of gradient and second order derivatives, we have, see [12] Section 4.1.2]:
Al 1
Kau(dita, ta) = — qa(ac(¢);t1, t2),
8 72 /(% — 403 (9) 02 — 402 ,(9))

where ¢ = d(x,y) is the geodesic distance between the two points  and y, and

q(aé((b); tla t2)
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21V/8t) — 22— 22

: ’wl\/gtg —w? — w3

1
"~ (2n)*/det(Alac(9))) /
X exXp {—%(21, 22, V8t — 21, W1, W2, V8ty — w1)A(aé(¢))_1(217 Z2, V8t — 21, W1, W, V8ty — wl)t}
X dz1dzodwi dws.
The matrix A(ay(¢)) is defined as
Alag(¢)) = p¥ Qé(¢)
where €y(¢) is the conditional covariance matrix of the random vector
(V2 fe(@), V2 o)V fe(2) = Vfely) = 0),
see [12] Section 4.1.1].

5.2. Taylor expansion. In Section 3.3], it is proved that as ¢ — oo, Var(.#,°(I)) has the following
leading terms

1 2.3
Var(A,(1)) = 3 [263 — EQIOgE} // q(0; 1, t2)dt dty
IxI
1
+ — —1663 6210gf:| // tl,tg)} dtldﬁg
81 IxI 8(13
g0 - e2loge / / aty tg)} dtidts
8 IxI @a7@a7 '
17
= log ¢ aiti to)|  dhdt
i 81 o } //Ix] 8a38a3 1 t2) e
1 o3
- ——£21 14 ————q(a;ty, ¢ dtydt
+ 8| o8 } //le 8a33a78a7 afaits, 2)} 1o
12 2000 // 5—4 (a;t t)} dtydty + O(0?)
8 2 & IxI 8&78&78&78&7(1 2 a=0 1 '
Let Z = (Z1, Za, Z3) be a centred jointly Gaussian random vector with covariance matrix
3 01
o= 0 1 0 |,
1 0 3

we denote by ¢z, + z, the probability density function of Z; + Z3 and we define
po(t) = V8-E[| 2125 — Z§|‘Z1 + 73 = V8] - $7,42, (V).

An explicit computation, see [12, Remark 4.1], shows that

1 2
// q(0;t1,ta)dt1dty = 5 [/Po(t)dt] ,
IxI I
3 e, e
po(t) = ;[26 +t*—1]e

Now let 7.(I) = [, p(t)dt,r = 0,2,4, with p,., r = 2,4, defined by

pa(t) = VB-E[(3t = V221)*| 21 Z — Z22|’Zl + 7y = VB8t] - $7,42,(VBl)

where
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2 2 44—t 2y, — &
=/=[-4+t"+t"+e " 24+ 3t)]e” 7,
s
pa(t) = V8-E[(3t — V2214|2125 — Z3||Z1 + Zs = V/8t] - ¢ 2,4 2, (V/8)

2 . )
- \/j[(72 +96t% 4 38t1)e ™" — 36 — 1262 + 11t" + t%]e” =,
s

using Leibnitz integral rule and some technical computations, we obtain the following:

a 3 1
//Ix[ a—agq(a; tl,tg)} B dtldtQ = —ﬁfo (1) + ﬁjo(l)fﬂl)a

//Ix[ [8@7&17 tl’tQ)} dtldt? = 2—19[3%(1) — S(D)?,

o |
/ / gt )] dndte = 528 2D — 24 35D A1) + 24D A + 27 (D)
IxI

a=0

//IXI [3638a78a7 tl’tQ):| dtldtQ

213[ 2.3 (1) 423" A (1) I (I) — 2 - 35(1)I4(I) + 2.9,(1) I (1) — 2% - 3272(1)),

o 1
//I , mq(a, tl,t2)1| _OdtldtQ = 2?[33]0([) —2- 32f2(1) + f4([)]2
X a=

Therefore we find the following analytic expression for the variance:

. 2.3? 1
Var(A4,5(1)) = {263 + 762 log 4 ﬁjg([)
2°.3 1

+ _71663— = €2log4 %[7313(1)+ Io(1) Io(1)] + |326° — 6210g€ [3%0() FH(1)]?

- 3 621 e] %[23 32731 — 24 - 3.4(1) I (1) + 29I 4 (1) + 275 (1)]
+ _— [ 2-3Y A1) 42 -3 A1) I (1) — 2 - 3.9(1).I4(I) + 2.94(I) S (I) — 2% - 32.72(I)]

+ —62 logﬁ} o1 [33f0( )—2- 32f2(1) + f4(1)]2 + 0(62),
that can be rewritten as:

Var(A,°(1)) = 2—14[5f0(1) — (D) ¢

226 [51f0( ) —2-11 fg([) + f4([)]2 62 logﬁ + 0(62),

where
5.9 (1 \/7/ 142 — e (2 — 612)]dt,
517 (1) — 211 S (1) + S4(1 \/7/ 5 [(—2 = 3682 + 38t1)e " + 14+ 1762 — 118 + ¢]dt,

that is the statement of Proposition [l

6. PROOF OF PROPOSITION [4.3]

In order to prove Proposition[.3] we first give the following results, whose proofs are given in Section
and Section[6.2respectively.
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Proposition 6.1. We have that

3
ka(1) = = A1),

3 23 26
k/’5(1):8_7rj0(1) 2% f2(1)+?)22—97rf4(1)7

1 23

Proposition 6.2. The projection coefficients g;; (1), pi;r (1) and g;;x(I) are such that
e fori,j # 3,5, we have g;;(I) =0,
e forj, k #1,2,4, we have p;ji(I) = 0,
e we have ¢;;5(I) = 0.

We also recall in the two lemmas below the results given in [8, Lemmas 5.1, 5.2, 5.3, 5.4, 5.6].

Lemma 6.3. As { — oo,

/2 o

| B0 @) H (@) sindds = aZ2 1 0e°2),
/2 3 1o

| Bl @) () singdo = 4155+ 0(E?),

3 logf

——p O ?).

x/2
/0 E [Ha(Ya (%)) Ha(Ys () Ha (fo(y(9)))] sin gdop = 41—

Lemma 6.4. As { — oo,

/2
/0 E[H (Ya(2)) Hy (Ya(2)) Ha (fo(y(6)))] sin 6 = O(¢),
fori=1,2,

/2
/0 E[H (Y (2)) H (Y () Hy (Y (2) Ha fo(y())] sin gde = 0,
and
71'/2
/0 E[Hy (Ya(2)) Hy (Y (2)) Hy (Vs (2)) Ha (fo(y())] sin ddg = 0.

Relying on the results just mentioned we can now prove Proposition 3t by continuity of the inner
product in L?(£2), we write

Cov(A,(I), heya) = hm COV(JV (1), hea)

= hmE [/ |detV fg( )|H{f[ 6[}6 (vfé dw/ H4 fé ))dy:|

;%El/s Zl/fefzqu/ Hy(fely )dy]

2(]0

Now note that both ¥$ (I, z; q) and Ha(f,(y)) are isotropic processes on S2, hence we have

5 Q
E [/S2§w§(1,x;q)dw/s2 H4(fz(y))dy] =E /82 ngnoo;)w?(f,w;q)dx/sz H4(fe(y))dy]
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Q
/82 ;W (I, 2; g)dw /S ) H4<fe(y))dy]

by continuity of covariances. Moreover because all integrands are finite-order polynomials we have

Q Q
lim l /. > vilhasa)ds /. H4(fe(y))dy] - dim > [ [ Wi asot ) dsdy

= lim E

Q—00

Q—o00

/2
= /s2 o E [7 (I, 2;4)Ha(fe(y))] dedy = 16#2/0 E [7 (I, T;4)Ha(fe(y(9)))] sin pdo,

where in the last steps we used orthogonality of Wiener chaoses and isotropy; we take T = (7,0) and
y(¢) = (%, ¢). This allows us to perform our argument on the equator, where 0 is fixed to /2. Note
that

5 1—1 5
H70) = X 51 3 SR (D HGE) ) + 5 YK D)
5 5
N % ngj(”H3<Yi<f>>H1Wf>>+% > a5 (D Ha(Yi(0) Hy (Y (2) Hi (Yi(0))
i# i

5
+ oy p?jkl(I)Hl(}/i(i'))Hl(Yj(f))Hl(Yk(f))Hl(}/I(f))}7

i, k,l=1

i#j#kAL
and hence
Cov(A°(1), hea)
/2
= 16m" limy | B[0f (1,7 ) Ha(fe(y(9)))] sin ¢
5 i—1
= 16ﬂ2keﬁzz{g§%h” }/ 7)) Ha(Y;(%))Ha(fe(y(9)))] sin pdg
+16ﬂ'2)\g—2{hm kE(I }/ ) Hy(fo(y(4)))] sin pdo
P16 Sl () [ B 00 M ) () il
i#£]
+16W2Ae— Z {lim pj (1 }/ z))Hi(Y;(2))H1 (Yi(2)) Ha(fe(y(4)))] sin ¢dé
l#]#k
+ 167\ {hm @i (1 }/ z))H1(Y;(2))H1 (Yi(2)) H1 (Yi(Z)) Ha(fe(y(9)))] sin ¢dp.
#J#k#l

We observe that the asymptotic behaviour of Cov(.4,%(I), h¢.4) is dominated by three terms correspond-
ing to

™/2 /2
/0 E [Ha(Ya(®)) Ha(fo(y()))] sin ddo, / E [Ha(Y(2)) Ha( fo(y())] sin gdo,
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and
w/2
/O E[Ha(Y2(2))Ha(Ys5(Z)) Ha(fe(y(9)))] sin ¢d.

The computation of these leading covariances is given in Lemma All the remaining terms in
Cov(A,°(I), hy;a) are shown to be O(£~2) or smaller in Lemmal64l From Proposition [6.1] we know
that

3 3 23 26
ko () = o~ So(D), ks() = g Hol) = 5 F2(I) + g555—Fu(D),
1 23
has(I) = ﬂfo(f) - EV%U)-

Substituting and after some straightforward algebra, one obtains
Cov (A1), heza)

9 ilogf 2 5 '2310g€ 22 |2310g€
_)\g {47‘1’ h25( ) . —62 +37T k?g([)4 —262 +3 k (1)43 2 92 +O(f )
logl¢ 11
=N 4——{51 26 7 (1 )11-27f2(1)+26ﬂ4(1)}+O(1).

The statement of Propositiond.3] follows recalling the definition of .%,(I) and Corollary 4.2l

6.1. Proof of Proposition[6.1: evaluation of the Projection Coefficients h52(1), k2(I), ks(I). In this
section we evaluate the three projection coefficients in the Wiener-chaos expansion which are required in
Proposition .3l Let us recall first the following simple result: assuming Y standard Gaussian

1 P
oo 1 =0,
lsn ELH, (V)6 (1 Y)] = { T

@i = lim e (1 = 1 .
e—0 7\/%#1 1= 2,

3 C_
NCTI i =4,

indeed, for example,
3
. BT 4 2 _
lim E[H4(Y)0: (1 Y)] = lim E[(Y" = 6Y7 4 3)d: (11 Y)] Nz

since

lim E[Y"6.(u1Y)] = hm/
e—0

This allows us to write k2 (1), ks(I) and ks2(1) as follows:
— T £
ko(1) = lim K5 (1)

W3 s H2p3 <o 2
:)‘ZEH )\2 Y}’YB—*— )\2}/3 )\2Y

{#2;;3 Y3+§—3Y5€I}:| $o P4

1
- Y21

Y3Y5+Y3 3

-1
{%m;gysef}} +0),

iEH%f
k(1) = lim k£ (1)

M35 H2H3 < 2
= )\@E H )\2 Yv3Y + )\% Yv3 — )\25/21 {u2+usy+u5y EI} (}/5):|
flE Y3 Y- 1Y 1Y211 H, (Y o1
=2 E |5t 51 - 9| men PO + 0L,
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and

hsa(I) = lim hos (1)

K35 23
=N E H )\2 Y3Ys + )\2 }/32 )\25/;1 {u2+usy+u5y €I} (5/5):| ®o P2
- || Lyw + Lyz _ly2lq Hy(Ys)| +0(™)
T 2\/5 315 8 3 8 4 {%Ys_i_%ysel} 2 5 .
Let us introduce the change of variables
NG 1
Z1 = \/3Ys, Zy =Y, Zy= Vst g,
so that (71, Z2, Z2) is a centred Gaussian vector with covariance matrix ¢, and we can write
1 1 1 1 V2 1 1 1
——Y3Ys + =Y — =Y = —(Z1Z5—Z2), ~=Ys+—=Ys=—21+—=2
2\/53583 g i 8(13 ) \/33 \/35\/51@3
Hence
3
ko(I) = —E |2 ‘Z1Z3 = Z3| W sz z0)en
3
— ;E[ { |legfzz\]1{ (i zsyen|ft Zs = \/ét”
3 3
= t)dt = — (1
ST po() 8T o(1),

as claimed. Similarly,

11
hs2(1) = —;g]E {‘Zl% - Z22’ ]l{ﬁ(zlJrZs)eI}H? <\/—\/—(3Z3 )>]

1 2
2125 = Z3| 12204 200eny <m(3Z3 - Zl))

11
=——-F
T8

11
+ __E [’2123 - Z22‘ ]l{%/(zl'i-zs)ef}}

:_—%/\/_E [12123—22\(323—21) ‘Zl+Zg ft} G742, (VBE) dt

+— | E {‘les - Zy+ Z3 = \/gt] G2, +2,(V8) dt

87T I
23
= g 2D + g Al

and

11
ks(I) ;gE [12123—Zg\n{L(ZﬁZS)e,}HLL(f\f(323 Zl))}

/\/_E|Z1Z3—Z2|(3Z3—Z1) ‘21+Z3 VBtl¢z2, 4 2,(V8t) dt

8332

871'4 / \/_E |Z123 - ZQ |(3Z3 - Zl) ‘Zl + 23 = \/_t]¢Z1+ZS(\/_t)

. / VEE(| 2125 — Z2|| 20 + Zs = VM6 2, 4 2,(V/BY) di
I
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26 3
- ) - =
29 . 327 (1) 257

6.2. Proof of Proposition terms with odd index Hermite polynomials. The terms in the 4-th
chaos formula (3.2) with odd index Hermite polynomials produce in Cov(A4,°(I), he.4) terms of order
0(6’2) and terms equal to zero, in fact, recalling that for a odd we have

lim E[H, (¥)d(nY)] = 0,

So(I) + %fo(l).

we immediately see that the coefficients g;;(I) with 4, j = 1,2 are all equal to zero. For the coefficients
gij(I) with i = 4 or j = 4, we observe that the expectation with respect to the random variable Y,
vanishes since it is expressed as the integral of an odd function. The proof of the last two points of the
statement is similar.

7. PROOF OF PROPOSITION [.2]

We define the approximating sequence
foys(u, 6) = / (det V2fe($))]l{fe(z)2u}5(v‘fg(:L'))dl‘
S‘Z
Under the assumptions of [9l Lemma 4], we have that

Zo(u, ) 613(1)02”075(%@
where the convergence holds both w — a.s. and in L?(€2). The proof of Proposition[.2 follows the same

lines of the proof of Proposition 3] with the only difference that the relevant projection coefficients are
now

h25 (u)

2
1 H3Hs 23,0 Hayo
- &11—>I%E |:< )\? Y3}/5 + )\% }/3 )\% Y4) II‘{MZLMS Y3+%Y5Su}5€(yl7 Y2)H2(Y2)H2(Y5):| ?

and, fori = 2,5,

2

. H3ps Ha 3 19

k’i(u) = &11_%1{3 K 2 Y3Ys + 2 Y32 _ )\_§Y42) ]1{“2;#3 Y3+,;5Y5<u}65(Y1,Y2)H4(Yi)] .
14 4 4 ¢ e 7=

After a long series of calculations that we do not include here for brevity sake, we obtain the following
explicit expression for the projection coefficients:

, 1 ) ) 67u2/2
25(’&)—7—2477_11,(114 + ) \/% 5
2
3 e /2
ka(u) = —u———,
2(u) = o o
2
1 e~ U /2
ks (1) = —u(—9 — 2u2 + uh) e
(1) = g=u(—9 = 2t + ut)

The statement immediately follow in the nodal case u = 0.
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