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Abstract

We study the torsional rigidity for rods with thinning cross sections. The main purpose of
the paper is to prove rigorous asymptotic formulas for the torsional rigidity as the thick-
ness of the cross section tends to zero. These asymptotic formulas are empirically known
and are widely used in the field of Mechanics of Materials. From a more theoretical point
of view, thinning domains are considered when studying optimal inequalities for suitable
classes of functionals depending on domains. We recall as an example of this kind of in-
equalities the celebrated Saint Venant inequality stating that, among planar domains with
fixed Lebesgue measure, the disk is the cross section corresponding to a maximal torsional
rigidity. It is well known that this statement is equivalent to say that disks are maximizer
of a suitable functional, see for example (Amato et al. in On the optimal sets in Pdlya
and Makai type inequalities, 2025) and the references therein. Actually, in the present pa-
per other kinds of functionals are more relevant when considering thinning domains. We
refer in particular to the so-called Pélya and Makai functionals, see the papers (Makai in
On the principal frequency of a membrane and the torsional rigidity of a beam, Stanford
Univ. Press, Stanford, 1962; Polya, J Indian Math Soc (N.S.) 24(1960):413—-419, 1961;
Polya and Szegd, Isoperimetric Inequalities in Mathematical Physics, Princeton University
Press, Princeton, 1951) for more details and (1.14) in the present paper for the precise
definitions.
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A. Ferrero

1 Introduction and main results

The main purpose of this paper is to show the validity of some asymptotic formulas for the
torsional rigidity of rods with cross sections represented by thinning planar domains, pos-
sibly nonconvex. More precisely, we consider cross sections made of one or more thin por-
tions and we look at the behavior of the torsional rigidity when their thickness tends to zero.

The study of this problem has two different motivations: the first one is more applicative
and it comes from the necessity of providing a rigorous proof of already known formulas
used in the field of Mechanics of Materials for determining approximate values of the tor-
sional rigidity of rods with composite cross sections; the second one is more theoretical
and it comes from some classical estimates obtained by Makai [16], Polya [22] and Pdlya
& Szegd [23] in the class of planar convex domains. For more historical notes and more
recent results about estimates for torsion of convex planar sets, see [1, 10] and the references
therein. For more references on the problem of torsion of rods with convex cross sections,
see [2,9, 11, 21, 25, 26, 29, 30].

Let us describe in more detail the questions that we would like to investigate. Denote by
Q4 C R? the section of a rod of thickness d.

In the field of Mechanics of Materials, see for example [28], [7, p. 210, (3.41)] and
[31], it is empirically known that if the cross section of the rod €24 is made of the union of
several straight thin parts of thickness d, then the total torsional rigidity of the rod is given
approximately by

L;d®, (1.1)

W =

N
Kd ~ E
i=1

provided that 924 is connected, see Fig. 1. In (1.1), N denotes the number of straight parts,
L; denotes the length of each part and d their thickness. In general, thickness could not
necessarily be always the same for every single part but, assuming that it is essentially of
the same order of magnitude, just to simplify the notation, we may assume that it equals d
for all of them.

The main purpose of this paper is to prove in a rigorous way the validity of (1.1) by
providing an asymptotic formula when the common thickness d of each part tends to zero.

We also prove that this kind of result can be extended in a suitable way to a wider class
of domains made up of subdomains that can also be curved.

Before giving the rigorous statements of the main results, we briefly want to recall some
well known facts from the theory of elasticity for the torsion of elastic rods, see for example
[15, Chapter 2, Paragraph 16] for more details. Assuming that the rod is parallel to the
z-axis, we can describe it as a set of the form Qg x I where Q4 C R? denotes the section of

——]

Fig. 1 Examples of domains with connected boundary made up of straight strips
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Asymptotic estimates for the torsional rigidity of rods with thinning...

the rod and / is a bounded interval. Denoting by U, U,, U, the components of the displace-
ment vector and by 7 the torsion angle per unit of length, then

Uz:—7y27 Uy:T.TZ, UZ:Tqb(l’JJ)’

where ¢ = ¢ (z,y) is known as the torsion function. Assuming 7 to be constant, for the
components of the linearized strain tensor, we have

U U 1. — _ 1 [0y 1 (v
UTT_Uyy—UTy_Uzz_Ov UTZ_27-<8:Ey>? Uyz—27-<8y+x)

Moreover, by Hooke’s law, for the components of the stress tensor, we have

oY 0
Ozx = Oyy = Ogy = Oz =0, UIZ:2,U,UIZ:/.LT <%—y) 5 Uyz:2}LUyZ:/LT (%4—%) s

where p denotes the modulus of rigidity.
From the above representation of the stress tensor it follows that the equations of equilib-
rium reduce to the single equation

_Bo,. Do, Py 0%
0="00 Ty ~H a2 TH g2

which shows that 1) is a harmonic function in £24. In place of the torsion function, one can
introduce an auxiliary function that we denote here by u defined implicitly by

op _ 0w 0 du
or Y oy’ oy Ox’

Recalling that v is harmonic, it turns out that u solves the equation —Awu = 1 in 4.

The advantage of introducing such a function comes from the fact that assuming o n = 0
on the lateral surface 9€2; x I of the rod, where o denotes the stress tensor and n the outer
unit normal vector to 92y x I, then it turns out that Vu vanishes identically on 0y,
whence the function u is constant on each connected component of 9€2,.

In the case of a connected boundary, up to an additive constant, we may assume that u
solves the Dirichlet problem

—Au=1 in Qd,
{ u=20 on 0¥, . (1.2)

In the case of a non connected boundary, which essentially means that the cross section €24
has one or more holes, we may always assume that « = 0 on the external boundary of {24
and, denoting by S1, ..., Sy the regions enclosed by the internal connected components
of 0924, namely the holes, from the definition of u and the fact that gﬁa s, dy = 0, we may

recover the following integral boundary conditions
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@df:|5j| for any j € {1,..., M},
a8; On

where n is the outer unit normal to J€4 (and hence inner with respect to the hole S;) and d¢
the arc length differential. Hence, in the case of a non connected boundary, denoting by I'y
the external boundary of the cross section, up to an additive constant, the solution u solves
the problem

u=0 on I'g, (1.3)

—Au =1 inQd,
{%sjgﬁdhlsjl for any j € {1,..., M}

The elastic energy per unit of volume is given by 2172 |Vu|? and the elastic energy per unit
length is given by % 1K g 72 where the constant K, is given by

Kq= 4/ |Vul? dady . (1.4)
Qq

In the present paper, we refer directly to K as the torsional rigidity of the rod, even though
the real torsional rigidity also depends on the modulus of rigidity p and is given by pK.

The present paper deals only with the case of domains with a connected boundary. For
more details on the case of the non connected boundary see the open questions at the end
of this section.

In the sequel, in order to emphasize the dependence on d, the solution of (1.2) will be
denoted by ug.

We start by stating the first main result in the case of a rod with an H-shaped cross sec-
tion. This specific geometry of the cross section is typical, in good approximation, of some
real structures like the deck of a bridge, see for example Fig. 2 taken from [24].

The approximation that can be obtained by (1.1) was used, for example, in [12] to derive
a realistic value for the torsional rigidity of the deck of the Tacoma Narrows Bridge, which
has become very famous for its collapse occurred in 1940, see [27].
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Fig. 2 Cross section of a suspension bridge (Tacoma Narrows Bridge)
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That bridge was known to be extremely flexible and probably this was one of the main
reasons for its failure. For more information about the problem of suspension bridges, see
among others, the following papers [3-6, 8, 13, 14, 17-20] and the references therein.

We now define the open H-shaped domain €24 as the union of the three open rectangles
defined by

Ua = (—b.01) x (=5, 9) (1.5)

Ly

which, roughly speaking, represents the central horizontal part of (24 with £; = 3, and

U27d = ([1 — %,él + %) X (—52762) 5 U3,d = (—61 — g7—£1 + %) X (—(2762) ; (16)

which represent the lateral vertical parts of 24 with ¢ = %, see Fig. 3.

For this kind of H-shaped domain €24, the torsional rigidity K is not exactly the sum of
the following three terms

Kyq:= 4/ |Vug|? dedy Ky 4= 4/ |Vug|? dedy, K3 4= 4/ |Vug|? dedy ,
Ui,q Us Us,a

\d

because the three sets U 4,Us 4, Us 4 are not disjoint and the intersection of U; 4 with
the other two sets has a positive measure. However, the asymptotic formula for K4 can be
obtained by summing together the asymptotic estimates for K 4, K2 4, K3 4.

This splitting is what is usually done in the field of Mechanics of Materials to obtain the
torsional rigidity of the entire structure. However, in the field of Mathematical Analysis, this
has to be proved rigorously.

We are ready to give the statement of the following asymptotic estimate.

Theorem 1.1 Let 24 be a H-shaped domain as described above. Then we have
[ L, 3 +
Kl,ngle ) Kz,d:K3,d~§L2d asd— 0",
and, moreover, for the torsional rigidity we have

1 2
wagLMP+§L2f asd— 07,

Ly—d
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Fig. 3 An example of H-shaped domain
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In the proof of Theorem 1.1 we benefit from the particular geometry of the three compo-
nents of 4 and from their orthogonality. The resulting proof becomes technically simpler,
so that the reader can focus the attention on the main ideas contained in it.

However, as one can guess, these quite restrictive assumptions are not so fundamental
and the result of Theorem 1.1 can be extended to a more general setting. Having this in
mind, we now introduce a wider class of domains that are not necessarily H-shaped and that
could possibly be composed of curved subdomains.

More precisely, we define a class of domains that can be considered as the union of a finite
number of tubular neighborhoods of regular curves. For this purpose, for¢ = 1,..., N, let
~i : [a;, b;] — R? be regular non closed simple curves of class C3, i.e.

~i € C3([ai, b:]; R?), s : [ai, bi] = R? is injective, |¥:(t)| # 0 for any t € [a;, b;]. (1.7)

It is not restrictive to assume that

N
vi((ai, b)) Ny ((az,b;)) =0 fori#j and | J7i(lai,bi]) is connected. (1.8)
i=1

Moreover, we also assume that

either ~;([a;, b;]) Ny;([a;, b;j]) is empty or it contains exactly one point, (1.9)

and if P;; is such a point and t; € [a;, b;], ¢; € [a;,b;] are such that v;(t;) = P;; and
"}’j(tj) = Pij, then

vi(t:) and ~’;(t;) are not parallel vectors. (1.10)

Then, for any ¢ =1,..., N, we can define the tubular neighborhood of thickness d of
~i([as, b;]) as the set

Uz',d = {"}’Z(t) + Sn(t) 1t e [ai,bi],s S (—d/Q,d/Q)}, (1.11)

where n is the unit normal vector to the curve ; such that the couple of vectors {+},n} is
oriented as the canonical basis of R? at any point of the curve.

The domain §24 can be expected to be given by the union of all the sets U; 4 but this is not
exactly what we would like to do for the problem shown in Fig. 4.

To overcome this problem, to construct our domain we add the colored green set in
Fig. 5.

Fig. 4 Two adjacent sets U; 4, Uj 4
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Fig. 5 Two adjacent sets U; 4, Uj 4

To do so, forany i € {1,..., N}, we introduce the extended curve n; : R — R? defined
by

"}’Z(t) ifte [ai,bi],
n;i(t) = { vilai) + (t —a;)vi(ai)  ift <a, (1.12)

and the corresponding tubular neighborhood defined by

Via:={mi(t) +sn(t) : t e R,s € (—d/2,d/2)}.

Notice that the curve n; € C1(R; R?) and it is piecewise C2 with i/ € L>°(R; R?).

Then, if U; 4 and U; 4 are two adjacent sets, i.e. the intersection between ~;([a;, b;])
and v;([a;,b;]) is an extreme point for both curves (see Fig. 5), we define V; ; 4 as the
connected component of the set (V;,d\(Ui,d u Uj,d)) N (Vj,d\(U,-,d U Uj7d)) which is in
between U; 4 and Uj 4, see the green set in Fig. 5. Note that the extended tubular neighbor-
hoods V; 4 and V;; 4 may have a non empty intersection on the other side with respect to the
unique point of intersection between v;([a;, b;]) and v, ([a;, b;]), see (1.9).

We define T as the set of all the couples (i, j) of indices such that U; 4 and Uj 4 are adja-
cent sets in the sense explained above.

Our domain §24 will then be defined by

N
Qq = (UUi,d>u U Visa| - (1.13)
=1

(i,J)€ET

Theorem 1.2 Assume the validity of (1.7)-(1.10) and let 24 be the domain defined in (1.13).
Then for the torsional rigidity K4 the following asymptotic estimate holds true

N
1
Kq~ Z 3 length(~y;) d* asd — 07 .
i=1

Remark 1.3 One may wonder why in Theorem 1.2 we required a C3-regularity for the
curves v; and not only a C?-regularity, the last one appearing more natural. The reason is
that, in some sense, we want to make the curves straight as in the case of Theorem 1.1. In
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doing this, for each curve ~;, we have to construct a specific diffeomorphism of class C2 in
such a way that the other curves ~; still remain at least of class C? after the deformation.
As one can see in more detail in the proof of Theorem 1.2, the construction of the diffeo-
morphism makes use of the unit normal vector n defined in (1.11), which clearly depends on
first order derivatives of the two components of ~v;. For this reason, the necessity of having
a C? regularity for the diffeomorphism requires a C® regularity on ;.

The second remark that could be made deals with the condition (1.10) in which it is
assumed that two different curves do not have a tangential intersection. This prevents the pos-
sibility of having a too large superposition of the two corresponding tubular neighborhoods
and allows us to estimate the contribution to the torsional rigidity of such a superposition.
As partially anticipated at the beginning of this introduction, our second purpose is to study
the behavior of Makai and Polya type functionals when applied to nonconvex thinning
domains. See (1.14) below for their precise definition. The study of these functionals led
the authors of the recent paper [1] to consider convex thinning domains to prove optimal-
ity results in inequalities (1.15). As a byproduct of the results in [1, Theorem 1.2, Theorem
1.4], we can recover the asymptotic estimate in Theorem 1.2 in the special case where (24
is convex. However, the only convex domain that satisfies the assumptions of Theorem 1.2
is when ) is a rectangle. In other words, to our knowledge, the estimate of Theorem 1.2 is
completely new for the class of domains that satisfy (1.7)-(1.10), which clearly also contains
nonconvex domains.

Recalling the notation used in [1], we introduce the following functionals

T(Q) = Uapdedy)” )

()
= max ,
peHlQ\{0} [q [Vo|?dedy

73,10

T(Q) (Per(€))*

aF M(Q) =

(1.14)

see also [16, 22]. We denoted by Per(£2) the perimeter of Q, by || its area, and by Rq
its inner radius defined as Rg := sup{r > 0: B,(P) C Q, P € Q}. The functional P is
known as Polya torsion functional and M as Makai functional. We observe that for our
domains Q4 we have T'(Q4) = Kq/4 and Rg, = d/2.

It is well known that by combining the results of [16, 22, 23] we have the validity of the
following sharp estimates for the functionals P and M:
< M(Q) <

<PQ) < § (1.15)

1 1
8 3’

W

valid for every bounded convex domain  C R?. We recall that for P, the lower bound is
asymptotically achieved by a sequence of thinning rectangles and the upper bound by a
sequence of thinning triangles, while for the functional M, the lower bound is achieved if
and only if € is a circle and the upper bound is asymptotically achieved by a sequence of
thinning rectangles.

One may ask what happens to the functionals P and M when they are extended to the
class of bounded nonconvex planar domains.

When considering thinning domains, we can show, by exploiting the result of Theorem
1.2, that the domains satisfying the assumptions (1.7)-(1.10), roughly speaking, behave like
thinning rectangles in the sense stated in the following corollary.
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Corollary 1.4 Suppose that all the assumptions of Theorem 1.2 hold true and let P and R
be the Polya torsion functional and the Makai functional defined in (1.14). Then we have
P(Qd) —

, M(Qq) — =, asd— 0" .

Wl =
Wl =

Concluding remarks and open questions.
We conclude the introduction with a couple of open questions that could be worthy of
future investigation.

e We wonder if the inequalities (1.15) still hold true on nonconvex simply connected
planar domains. A possible way to investigate on this question could be to test the func-
tionals P and M on domains of the type

Ag = {(pcos@,psin@) ER?:pe(1,1+d),0¢ (O,a)}

with « € (0, 27), where some explicit computations could be performed. The precise
answer to this question has not been contemplated in the present paper and it could be
addressed in future works.

e Another problem that could be investigated in future works is the study of torsional

rigidity in the case of thinning domains with holes. In such cases, the boundary of the
cross section 24 is no longer connected so that, as we have already observed, the quan-
tity K is still given by (1.4) but this time u satisfies (1.3) and not (1.2).
This drastically changes the behavior of Ky as d — 07. Indeed, it is well known that
for thin-walled shafts the torsional rigidity goes to zero much slower as d — 0T, thus
suggesting, as expected, that similar cross sections confer a larger rigidity to the struc-
ture. Quoting the book [7] about Mechanics of Materials, one can recover the following
empirical formula for K; in the case of thinning domains with a single hole (see (3.51),
p. 214 1in [7]):

L A
¢ gﬁvédﬁ  length(~)’ (1.16)

where A denotes the area of the region bounded by the center line «y of the wall cross
section, d is the thickness of the wall and d/ is the arc length differential, see Fig. 6. In
our setting, we may assume that d is constant along the center line - so that the second
identity in (1.16) follows.

We observe from (1.16) that K ; is an infinitesimal quantity of the first order with respect
to d, while it was of the third order for the domains considered in Theorems 1.1-1.2.
We point out that (1.16) is widely used in the field of Mechanics of Materials and one
can also find empirical justifications for its validity, see again [7], but they cannot be
considered as rigorous proofs in the sense of Mathematical Analysis. It can be consid-
ered an open problem to provide a rigorous proof of (1.16).

Now, assuming the validity of (1.16), one may ask which could be the consequences of
it when dealing with the Pdlya and Makai functionals. For domains €24 as in Fig. 6 we
would have
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center line

Fig.6 An example of thin walled shaft

() A% d

d) ~ Tongth(7)’ Per(Q4) ~ 2length(~y), |Qq| ~ length(y)d, asd— 0T,

from which we obtain

442

4.A2 _2
N TR

— d72, asd— 0T,
(length(v))

P(Qa) ~

We see that both functionals would diverge to infinity like d~2, thus showing that the
upper estimates contained in (1.15) are no longer true in the class of domains with holes.

The paper is organized in the following way. We first give in Sect. 2 the proof of Theorem
1.1 which is actually a particular case of Theorem 1.2 but it shows, as already pointed out,
which are the main ideas in the proofs, like the use of specific Poincaré-type inequalities
and scaling arguments. Then in Sect. 3 we give the proof of Theorem 1.2 which is clearly
more involved since suitable deformations of the domain have to be introduced to straighten
the different subdomains of which the whole domain is composed. Also in Sect. 1.2, the
crucial part is to obtain a very specific Poincaré-type inequality in which the dependence on
the parameter d is well emphasized, see Proposition 3.7 for more details. The final part of
Sect. 1.2 is devoted to the end of the proof of Theorem 1.2 and to the proof of Corollary 1.4.

2 Proof of theorem 1.1
We start by stating the following Poincaré-type inequality.

Proposition 2.1 Let us consider the open rectangle R = (ay, by ) X (ag, be) and denote by
Fm,l = (al,bl) X {a2}7 F$72 = (al,bl) X {bg}, Fy_; = {(11} X ((lg,bQ), F%Q = {bl} X (a27b2).,

the four edges of the rectangle R, where the indices x and y stand for horizontal edge and
vertical edge respectively.

Fori e {1, 2}, let us denote by C’Oof’xﬁi(ﬁ) and C’gf’w(ﬁ) the space of all C* (R)-func-
tions vanishing on I'y ; and T'y ;, respectively. Then, for i € {1, 2}, the following inequali-
ties hold true

2
/ [v|? dxdy < (by — az)? / ? dxdy foranyv € Cg, i(R), (2.1)
R R|0Y
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2
/ lv|? dedy < (by — ay)? v dzdy foranyv e Cg, J(R). 2.2)
R R or
2 B 1
In particular, the maps v — < / I8 @ dzdy) and v — ( i) R | da:dy) are norms

on the spaces Cg%, J(R) and C5° %, L( ) respectively, so that we may define the Hilbert
spaces Hy . i(R) C L*(R) and Hy,, s(R) C L*(R) as the completion of C§°, ;(R) and

Co%y, ,(R) with respect to the corresponding norms.

As a consequence, the two inequalities in (2.1)-(2.2) hold true for any v € Hy , ;(R) and
Jor any v € Hy ,, ;(R) respectively, for i € {1, 2} in both cases.

Proof Let us prove (2.1) being the proof of (2.2) completely equivalent.

For any function v € C§°, ,(R) we have v(z,a2) = 0ifi = 1 and v(x, by) = 0if i = 2.

0,x,7

However, in both cases, by the Holder inequality, we have

2

2190
Y dt .

b
[o(z,y)|* < (ba — az)/ @(m’t)

Integrating the last estimate first with respect to x and then with respect to y, we obtain the
desired inequality. O

2.1 Asymptotic estimate of K1 4

In this subsection, we define Qg:={(z,y) € R?: (z,dy) € Q4} and
ua(z,y) = d—lz uq(x,dy). Then by (1.2), the function ug solves the boundary value problem

527 5%, Q
Ty =0 on 08y

that admits the following variational formulation

d2 Oia 00 4y [ D800 4 /~vdﬂcdy for any v € H2(Qq). (2.4)
Or Ox 5, Oy Oy 5,

Recalling the definitions of Ui 4, Uz 4, Us q given in (1.5)-(1.6), we define here the three
disjoint rectangles by S1,4 := U1 4\ (U2,a U U3.4), S2,4 := Uz g and Ss 4 := U3 4. For each
of those sets, we define the corresponding rescaled sets

fjl,d =Ty a(Ur,q), :9'17(1 =Ty.4(S1.4) Usg = So.q:= Ty.a(S2,4) » [73,01 = §3,d = Ty.a(S3.4),  (2.5)

where the operator T}, 4 is given by T}, 4(x, y) := (z,d ' y). We observe that the set ﬁlyd is
actually independent of d and coincides with Uy o 1= (—£1, 1) x (—1/2,1/2).

Let us prove in the next lemma that [[ugl| @) remains bounded as d — 0.
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Lemma2.2 Letuy beasin (2.3). Then ||uq| remains bounded as d — 07. Moreover,

L2(24)

dug

dug
oy d

S . remain bounded as d — 0.

we also find that
LQ(QJ)

_ and ‘
L2 (£2q)

Proof Suppose by contradiction that along._a sequence d,J 0 we have

M, := ||ug, HLQ(ﬁdn) — 400. Let us define w,, := 7> so that Hw”HL2(5dn) =1and
2 2
8wn 1 awn
dxdy + —/ drdy = ——— wy, dxdy . (2.6)
/5dn ‘ or | Y@ J5, oy | YT @ fg, Y

In particular, by the Holder inequality, we obtain

/ ‘ ow,,
Qa, | Oy

We observe that w,, € Hy ;1 (§1,dn) n H07$,2(§17dn ), being a function of H (SN)dn ), so that
by (2.1) we have
6 n

w2 3
~ < -— <
el oz, , ) < ( /g - dxdy> < ( /~

On the other hand, by (2.6) and the Holder inequality, we also deduce that

&2 / ow,
" Jqa, | Oz

We observe that w,, € H()7y72(§2’dn) n H()’%l(gg,dn) being a function in H} (ﬁdn), so that
by (2.2), we have fori = 2,3

, 2 3
~ < 2
”wn”Lz(S«dH) = </§«,d” dmdy) N (dn /&:idn,

Combining (2.7) and (2.8) we conclude that ||w,|

2 ~ 1 1
Q24,2 (L1 +2Ly —dy)z
drdy < M, Hw””H(ﬁdn) = A —0 asn— 4oo.

ow,,
dy

2 3
dxdy) -0 asn—+oo. (2.7)

2 ~ 1 1
|Szd |§ (Ll 2L2 dn)i

< n ~ = .
dxdy A, Hwn||L2(an) AL —0 asn— 400

dwy,

x

ow,

T

2 3
dzdy) -0 asn—+oo. (2.8)

12(@a,) — 0 as n — 400, contradicting

the fact that ||w, || = 1. This completes the proof of the fact that ||ug| remains

L*(Qa,,) £2(2)
bounded as d — 0T. The remaining part of the proof follows from the estimate

d2 / 8ud
Q2

2
dxdy + /~ Ouq
Qq

oy

2
~ L~
Ol drdy — /5d Tadudy < (Ly +2Ls = ) [fiall o g, -

This completes the proof of the lemma. |
In the next two lemmas we prove two convergence results for the sequence {uq} as
d — 07 and for the L2-norms of its derivatives.
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Lemma 2.3 Let uy € H{ (?Zd) be as in (2.3). Then, uy — w and 00—7;’ — %’ weakly in

LQ(F(}M)) as d — 07 for some function w € L2(F[}170) with g—;’ € LZ(F[}L()). Moreover, w

is independent of the variable x and is given by w(z,y) = —% (y2 — f)

Proof By Lemma 2.2 along a sequence d,, | 0, we deduce that there exist two functions
w, ¢ € L?(Uy o) such that

%4

5 ¢ weakly in L2(ﬁ1,0) as n — +00. (2.9)
Y

ug — w and
n

On the other hand, for any d > 0 small enough, we see that %y, — w in both spaces

HO,x,l(gLE) and Ho,m¢2(5173).
Now, let v be a test function in C’(?o(ﬁl,o) c H} (ﬁd), so that

Eﬁd 81) 6% (91]
d d—— — dxd — — dxdy = drdy .
/51,0 oz oz " y+/ﬁm dy Oy e /ﬁmv e 2.10)

Then, passing to the limit in (2.10), by Lemma 3.8, we obtain

/~ Ow 9v dxdy = /~ vdedy — for any v e C(Uy )
0,0 Oy Oy Uto

which means that ‘3275 = —1 in the sense of distributions in ﬁl,o-

It is a standard fact that a function with a zero partial distributional derivative with respect
to some variable is necessarily constant in that variable. In particular, if the distributional
ow
oy

derivative is —1, as in the case of %—Z’, then we have
tiona € LQ(*Zl,fl).
Recalling that w € H0,171(Sl 3)7 we infer the existence of a sequence

(z,y) = —y + a(x) for some func-

{wn} C C% 4 (51_5) such that w,, — w in L2(§1 ) and ag;/n — %—Z’ in L2(§1 ). In par-

ticular, we have that

Y ow, 35,2 Y Jw 1/, 01 1
wn (2,Y) —/ oy (z,t)dt — Fy(%t) dt = 3 <.7J - Z) + a(z) <2/+ 5)

—1
2

—1
2

which shows that w(z, y) = —3 (42 — 1) + a(z) (y + 3 ). Onthe otherhand, w € Hy , 2(S, 7)
and with a similar procedure we infer w(x,y) = —% (y2 — i) +a(x) (y — %) '
Comparing the two expressions of w we conclude that a =0 and hence
w(w,y) = =5 (v* = 5).
The weak convergence ug4, — w in the two spaces HO,x,l(gLE)a Hoyxyg(glﬁ) then

implies that %4, — w and ag—;j" - %—’; in L2(Slﬁg) for any d > 0 small. In particular, this

shows that ¢ = %—Z’.
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We have shown that the weak limits in (2.9) do not depend on the sequence d,, | 0, thus
completing the proof of the lemma. O

Lemma2.4 Let g € H} (bd) be as in (2.3) and F[}I’d, 5’1,(1 be as in (2.5). Then

g |” oy’ I,
li d? ——2| dxd | daxdy| = = .
d£g+ [ /ﬁl’o z v y+/ﬁw Jy vy 127 210
and
~ ~ |2
lim fﬁ,N Oua m%+/ Sua | oy | = 0. (2.12)
d—0+ U1,0\S1,d Ox Ui, O\Sl d 8’[]

Proof By direct computation, we find that w satisfies the identity

.,

Let Bg:= Q4N ( ( )) let n € CX(R) be a cut-off function satisfying
0<n<lin(-1,1),n=1in ( 1.3).n =0 outside (—1,1), and let na(y) := n(Vdy).

Then, by Lemma 2.2, Lemma 2.3, weak lower semicontinuity of the L2-norm, (2.4) with
v = 1q ug and Holder inequality, we obtain

ow|’
‘ dxdy = /~ wdxdy .
83/ Uio

ow g | g |
/N wdxdy = /~ —) dxdy < liminf / — | dady < limsup /~ 7 dxdy
JU1o Uto dy d—0+ Jg, | Oy d—ot JUo | 9y
r _ 2 _ 2
< lim sup dz/ na(y) '%‘ dxdy -‘r/ na(y) ‘% dzdy
d—0+ Sa Oz Sa 0y
. [ ~ ;. Oug
= lim sup Na(y)uq dedy — 7(y) —=— tq dzdy
d—0+ S a Jy
. S ' - , Oy ~
<limsup | [ Gadedy+ [ na(y)tdadedy +Vd|n'|~@ |5 a2 3,
d—0+ Ui, 2a\Ui,0 ay L2(5d) ‘

glhnsm){/; ﬂddxm/+|2d\ﬁLd§|{Q|L%5w+()(vﬂ)]
Ui,o

d—0+t
= lim {/~ ﬂddwdy+0(\4/aﬂ :/~ wdzdy .
d=0% | U, Ui,o

We observe that the first and the last terms in the previous chain of inequalities coincide,

thus showing that

2 2
0 0

lim dz/v Ud dxdy = /~ aw

d—0+ Uso Uio 8y

2.13
L drdy, (2.13)

d—0+ U1 o
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which, combined with Lemma 2.3, shows that

o, 0 ~
8%6’ = a—Z strongly in L2(U7.0). (2.14)
The proof of (2.11) follows immediately by (2.13) and the explicit expression of the func-
tion w obtained in Lemma 2.3.

The proof of (2.12) follows by (2.13), (2.14) and by observing that Sy 4 C Uy,
\57170 \ §1,d| — 0. This completes the proof of the lemma. O

As an immediate consequence of Lemma 2.4 we obtain the following asymptotic esti-
mate for K 4:

Kiq= 4/ |Vug|? dedy = 4d® | d? /~
Ui,a Uio

E)ud

~ 2
ua d.q:der/v
- Uio

2 1
d;pdy] ~3 Ld?

as d — 07 which combined with (2.12) also gives

2
dwdy + /~ ua
S1.4 Jy

4/ |Vug|? dedy = 4d° ¢12/~ g
S1,4 JS1,a Ox

2
dwdy] = %leS +o(d®). (2.15)

2.2 Asymptotic estimateof K> g = K3 g

Similarly to Subsect. 2.1, we define a family of rescaled domains adapted this time to pro-
vide an asymptotic estimate for the quantities K5 4 and K3 4.

Let Ty a(z,y) := (z,d "1 y) be as in Subsect. 2.1. We define by T, the transformation
obtained by rotating of ninety degrees counterclockwise, translating of ¢; downwards and
applying the rescaling T 4. _

In this way, the domain 7,;(£24), which will be denoted in this subsection by 24, up to a
set of zero measure, will be the union of the three rectangles Sv,i’d =Ty(Siq),i=1,2,3.
Those three rectangles take the form

Bua= (4.9 x (% +5-4)

~ ~ (2.16)
Sya=(—la,l2) x (—%,3) , Syq=(—la, bo) x (=2 — 1 2004 1)

As one can see from (2.16), the transformation Ty has the advantage of making independent

of d the rectangles §2,d, which for this reason will be simply denoted by 52,0.
Similarly to Subsect. 2.1, we define a rescaled function u4(x,y) := ud(lel(ac, y)) for

any (z,y) € Q4. Then @4 solves the problem

9%, 1 0%, 1 5
’(afzd“LcTz 5 ) =2  nQa,
ﬁd =0 on an .
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Dy
ox

Dug
dy

_remain bounded

The first step is to prove that ||ug|| @
L2(Qq

L@ L@ and Hd
asd — 0%,

This can be proved by following, with the appropriate adaptations, the same argument
used in the proof of Lemma 2.2 based on the Poincaré-type inequalities stated in Proposi-
tion 2.1.

We can now state the following lemma.

Lemma2.5 Letuy € HOZ (bd) be defined as in the present subsection. Then tgq — w weakly

in the Hilbert space H(),I,Q(,ggy()) as d — 0% where w € Hy 4 ; (3’20) n H(]_’ITQ(EQ’(}) is

independent of the variable x and it is given by w(x,y) = —% <y2 — %)

Proof Proceeding as in the proof of Lemma 2.3 we infer that along a sequence
9w
oy
the sense of distributions. We cannot say directly that we also have w € Hy ;. 1(52,0) since

dp 1 0,uq, = win Hoﬁw’g(gzo) for some function w satisfying the equation =—1in

Ud, &€ Hown (52)0) as one can see by looking at the edges definitions in Proposition 2.1 and
at the decomposition of 4 in (2.16). This is due to the fact that w4, is not necessarily zero

on the small portion of 352,0 where §2,0 is attached to §1,d~ However, for any 0 < a < £o,
when d,, has become sufficiently small, we have

ﬂdn S H0$w71 ((a,fz) X (—%7 %)) n HO,ac,l ((—gg,—a) X (—%, %)) .

One can verify that w is also the weak limit of {u4,} in both Hilbert spaces
H07w71 ((a,ﬁg) X (*%, %)) and H0$w71 ((*Zg, *(J,) X (*%, %))
Combining this with the fact that we already know that w € H(),I,Q(gw), proceed-

ing as in the proof of Lemma 2.3, we may conclude that w(z,y) = —1(y* — 1) in
(a,02) x (—%,3) and in (—¢2, —a) x (—3%,3). Since a can be chosen arbitrarily small,
the conclusion of the lemma then follows. O

Once we have proved Lemma 2.5 we can repeat the argument used in the proof of Lemma
2.4 and show that

lim | d? /V Otiq
d—0+ S2y0

T

2
du dxdy| = /~
Y Sa,0

2

Ly
dady = 22
=1

ow

Y

2
dxdy + /~
S2,0

Oz
Finally, we have

Kyq :4/ \Vug|? dedy = 4d3 d2/~ du
Sa.a S2,0

? ot

d d
dady + / =
ox oo | Oy

? 1
dzdy] ~3 Lo d?

asd — 0%,
By the symmetry of the solution u4 we easily deduce that K3 4 = K3 4 and hence also
the asymptotic estimate for K3 4 is done.
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End of the proof of Theorem 1.1. By the definition of K4, (2.15) and Subsections 2.1-
2.2, we may conclude that

1 2
Ky= 4/ \Vug|?dzdy + Kog+ K34 = 31 d* + 3L d® + o(d?®)
S1,d

and hence, the proof of the theorem is complete.

3 Proof of Theorem 1.2 and of Corollary 1.4

As a first step, we have to construct a family of C2-diffeomorphisms with the purpose of
straightening local portions of the curves ~y; and their corresponding tubular neighborhoods.
The construction of these diffeomorphisms is performed in the next lemma.

Lemma3.1 Leti € {1,..., N} and letv; be the corresponding curve satisfying conditions
(1.7)-(1.10). Then there exist d;, M;, C*(R?;R?) global diffeomorphisms ®; 1, ..., D; 1.,
asubdivision t; g = a; < t;,1 < -+ < t;m—1 < tim, = b;oftheinterval [a;, b;], such that
Sforany d € (0,d;/2)

o1 (t,s) = v:(t) + sn(t) forany (t,s) € I; m X (f%, g) foranym € {1,...,M;},

i,m

where we put I; y, = (tim—1, ti,m) forany m € {1,..., M;}. We recall that n denotes the
unit normal vector to the curve ~; according to the definition given in (1.11).

In particular, the sets defined by
Zi,,m,d:@;,qln (Ii,m X (7gag)) ) m€{17~~~7Mi}7 (31)

e . . M;
are disjoint sets contained in U; 4 such that U; g4\ Um:] Zi m,d has zero measure.

Moreover, the Jacobian matrices of 9; ., and 45; él and the Hessian matrices of their

components have bounded coefficients in the whole R?.

Proof Since the index i € {1,..., N} remains fixed from the beginning, it will sometimes
be omitted in the definitions appearing in the present proof, unless required. With the pur-
pose of making the proof of this lemma easier to read, we divide it into several steps.

Step 1. In this first step, we show that the curve «; can be split into the graphs of M;
functions defined on compact intervals I; 1,...,I; as,. Each of these functions is then
extended as a function defined on the whole real line. Moreover, for a sufficiently small d;,
we construct local diffeomorphisms between the tubular neighborhoods of these extended
graphs and a strip of the type R x (—d;/2,d;/2).

By (1.7), wededuce thatthereexist M; andt; 0 = a; < t;1 < -+ <tjm—1 <tim, =b;
such that for any m € {1,..., M;}, the curve v;([t;,m—1, tim]) is the graph of a real func-
tion of one real variable. We put I; ,, = (tim—1,ti,m) forany m € {1,..., M;} according
to the notation present in the statement of the lemma.

@ Springer



A. Ferrero

In the remaining part of the proof we fix an arbitrary m € {1,..., M;} so that we may
omit the index m unless strictly necessary. First of all, we denote by g the function whose
graph is given by ~;(I; ). Up to a rotation, we may assume that the graph is in the form
y = g(x) and that the unit normal vector n to 7;(; ,») always has a positive y-component.
Being g € C%(1; ), it admits a C2(R) extension that will still be denoted for simplicity
by g. We point out that with C2(R) we mean the class of compactly supported C?(R) func-
tions. At the same time, we can parameterize the entire graph of g by extending Yifz,,, to
the entire real line and denoting this new curve by n € C?(R;R?). By a polynomial inter-
polation argument, we may choose the extended parametrization 1 in such a way that the
derivative of the x-component of 17 becomes constant outside a compact set.

Resuming, writing n(t) = (11 (¢), n2(¢)), we may assume that r] admits a positive mini-
mum, |n’| and |x| admits a maximum where we denoted by x = k(t) the curvature of 7:

P 5 / — . / e
pr=min () >0, ppi=max ()] >0, K=max k()] 20 (32)

Let us define the map
U:R? - R?, U(t,s) =n(t) +sn(t) V(ts)cR?.

Applying the Local Inversion Theorem and exploiting a compactness argument, it follows
that there exists d; such that the following restriction of ¥, which for simplicity we still
denote by U,

Z‘,Z

viRx (-5, %) V5, (3.3)

is a C2-diffeomorphism, where we put
Vig, ={nt)+sn(t):teR, s € (—d;/2,d;/2)} .

We show this as a consequence of the following two claims.
Claim 1. We first observe that by (1.7), the map ¥ is of class C? and det(J¥) # 0
at any point (¢, 0) with ¢ € R. Then, by a compactness argument we can show that there

exists d; > 0 such that det(JW¥(t,s)) # 0 forany ¢t € R and s € (—%, %) Indeed, sup-

pose by contradiction that for any integer n > 1, we can find (¢, s,,) with s, € (7%7 %)
such that det(JW (¢, s,)) = 0. We observe that for ¢ outside a sufficiently large compact
set [— R, R], det(JVU(¢,s)) = Cy, for suitable positive constants C'y and C_, in the cases
t > R or t < —R respectively, as one can deduce from the construction of the extended
curve 7. For this reason, the sequence {¢,} is bounded and hence we may suppose that,
up to a subsequence, t,, — t for some ¢ € R, so that by continuity det(J¥(£,0)) =0, a
contradiction.

Claim 2. Now, we need to prove that, up to shrink d; if necessary, the map W is injective in

R x (— %, %) . Suppose by contradiction that no such d; can be found to make ¥ injective.

Then for any integer n > 1 we can find (t,,, $p,) # (Tn, opn) With s, 0, € (—l l), such

n’n
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that W(t,, s,) = U (7, 0,). It is easy to see t,, T, € [—R, R] since otherwise we would
have (t,,, 8n) = (Tn,0n), being U(t, s) = (Cit + Dy, s) fort € [—R, R].

On the other hand, a contradiction can be easily reached when, among the two sequences
{t,,} and {7,,}, one is bounded and the other one diverges to infinity. Indeed, 7; remains
bounded on the bounded sequence and diverges on the divergent sequence.

We have just shown that both sequences {¢, } and {7, } are bounded. Up to subsequences,
we may suppose thatt,, — tand 7,, — T, for some t, 7 € R, so that by continuity we obtain
U (t,0) = ¥(7,0) and, in turn, 7(¢) = n(7). This implies ¢ = 7 being 7 strictly increasing
as a consequence of (3.2). Therefore, the restriction of ¥ to any neighborhood of the point
(t,0) is never injective, thus contradicting the Local Inversion Theorem.

Collecting what we have proved in Claim 1 and Claim 2, we may conclude that for a
small d;, the map in (3.3) is invertible and its inverse is still of class C2.

Step 2. In this second step, after having fixed an arbitrary m € {1,..., M}, with M; as

in Step 1, we define a map T, coinciding with W in the domain R x (—% %) , which will
be shown to be a global diffeomorphism in the subsequent steps.

First of all, if necessary, we may shrink the number d; found in Step 1 in such a way that
the following inequality holds true

p — Kpgdi >0, G4

where pi1, po, K are the constants defined in (3.2).
We now introduce a suitable cut-off function o € C*(R) such that cvis even, 0 < a < 1,
a = 1lin[~d;/4,d;/4], « = 0 outside (—d;/2,d;/2), and « decreasing in [d; /4, d;/2].
Then we define the map I : R?2 — R? by

L(t,s) :=n(t) + /OS [a(o)n(t) + (1 — a(0))j] do for any (t,s) € R?,

where j = (0, 1) is as usual the unit vector of the y-axis.

We observe that I' actually coincides with ¥ in R x (— %, %) , as claimed at the begin-

ning of this step.

Step 3. We show that for any s € R the curve t — I'(¢, s) is the graph of a function in the
form y = g5(x) for some g; : R — R.

We start by considering the case s € [—d;/2,d;/2]. Using the notation ' = (I'y, T'3) for
denoting the two components of the vector valued function I', by (3.2), (3.4) and the choice
of a, if |s| < d;/2, for any ¢ € R we have that

%(ts) =n)+ (/0 a(a)d0> ny(8) = o — [s] [n'(2)]

= p1 — |s| k()] |’ (t)] > p1 — %Kuz > —Kusd; >0.

3.5)

As a consequence of the previous estimate, we deduce that for any s € [—Ei /2, d; / 2} the

map ¢ — I'1 (¢, s) is invertible as a function from R to R and hence the curve ¢ — I'(¢, s) is
the graph of a function in the form y = g, (z) for some function g, : R — R depending on s.
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We observe that from the definition of «, for s> d; /2 we have that
I'(t,s) =T(t,d;/2) + (s — d;/2)j which means that the curve ¢ — I'(t,s) is a vertical
translation of the graph of g7 , so that it is, in turn, the graph of a function that we can still
call gs.

We can proceed similarly in the case s < —d; /2.

Step 4. We prove that for any 5 € R, g; — g5 pointwise as s — 5. Let x € R and for any
s € R denote by t the unique value for which I'y (5, s) = z. Such a ¢, exists and is unique
thanks to Step 3. Moreover, from the definition of T' we deduce that the map s — 11 (¢s) is
bounded, and by (3.2) we deduce that also s — ¢ is bounded. Along any sequence s,, — 5
we can find a subsequence {s,, } such thatt;, —— ¢ for some ¢ € R. From the continuity of

i/2

T it follows that F(tsnk ,5n,.) — L'(t,5) and in particular
x=T1(ts,, ,sn,) = T1(t,5), s, () = Talts, sn,) = T2(t,5)  ask — +oo.

Then, the fact that = = 'y (¢, 5) implies that gs(x) = T'2(Z, 5) and hence g5, () — gs(x)
as k — +o00. The independence of the limit proves that the last convergence holds true for
the sequence {s, } and, in turn, as s — 5 in the usual sense.

Step 5. We prove that the restriction I' . [ } is injective.

al

di dy
272

Let us start by defining the set

S, = {S € (0, %’} :Dirx[o,s] is injective} .

From Step 1 we deduce that S, is a nonempty bounded interval since, as already observed,
I coincides with ¥ when |s| is small enough. We now define S := sup S, < d;/2.

We claim that S € S,. We have to prove that F‘RX 0,] is injective. By definition, for any
S < S the map I'gy 0,57 is injective and hence for any 0 < s1 < s < S the graphs of g5,
and g5, have no intersections. Moreover, we have that

oy a(s)

oIy
5 Y= )

0s

77/2(15) ) (tvs) =

which implies that I'a(¢, s1) < I'a(t, s2) for any ¢ € R and in particular the graph of g, is
below the graph of g,. This can be easily seen by considering those values of ¢ for which
75 (t) = 0 on which the identity I'; (¢, s1) = I'1 (¢, s2) holds true.

We have just shown that

9s, (%) < gsy () forany z € Rand 0 < 51 < 59 < S. (3.6)

Combining Step 4 and (3.6) we deduce that gz is strictly larger than g, for any 0 < s < S.
Resuming, we have so shown that for any s1, s2 € [0, 5] with s1 < s3 wehave g, < gs,,
differently from (3.6) where the value S was not included.
From this and from(3.5) we easily deduce that for any (¢1, 51), (t2, s2) € R x [0, S] such
that I'(¢1, s1) = I'(¢2, s2), we necessarily have (¢1,s1) = (t2, s2). We have completed the

proof of the claim S € S.
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We now claim that S = d; /2. Suppose by contradiction that S < d; /2.
By (3.4) we have that for any (,s) € R x [0,d; /2]
AT (1) = 0 O+ = a0+ [ o) do ) [ St 0104101 - a(6)
' 0 In'(t)] 3.7

2 ni(t) — 2’ (8)] = i () — 2s[(t)| [0’ (t)| = p1 — 25K pip > pua — Kpip dy > 0.

Using the same argument introduced in Step 1 with s = .S in place of s = 0, we can prove
that there exists § > 0 with S + § < d;/2 such that T is injective in R x (S — 6,5 + §).

Proceeding as above, we then deduce that the graphs of the functions g, are ordered for
s € (S — 6,8 + 6) and combining this with (3.6) we obtain the ordering of the graphs for
any s € [0, S + §). This, combined with (3.5), proves that I" is injective in R x [0, S + §),
thus contradicting the maximality of 'S. This completes the proof of the claim S = d; /2.

With the very same kind of procedure we can prove that I' is injective in R x [—d;/2, 0]
and that (3.7) is also true for s € [—d;/2,0]. We have completed the proof of this step.

Step 6. In this step, we prove that I' : R? — R? is bijective. Let us start with injectivity.
We observe that

) + (8 +

in the cases s > Ei/Z and s < —Ei/Z, respectively. This means that for s > Ei/Z or
s < —d;/2 the curve t — T'(t, s) is still the graph of a function g, which is a vertical trans-
lation of the graphs of g /2 andg /20 respectively in the two cases.

This proves that the graphs of g, are strictly ordered for s € R. Combining this with (3.5)
we finally proved that I is injective in the whole R2.

To prove that I is surjective, we observe that by (3.8), the constructions of g and 7 in
Step 1 and the definition of I in Step 2, we have

al

ro| &
rol$

T(t,s) =T (t, %) + (s - %)J and  T(t,s)=T (t, - ‘)j (3.8)

li i = d li : = —00.

S R @ =0 and I ngr () = o0

Therefore, letting (x, y) be an arbitrary point of R2, we see that there exist so < Sp such that
9so () <y < gs, (). Finally, performing a bisection procedure on the parameter s, we find
two monotone sequences

50 <851 < <8158, X85, <51 < <851 <8

such that S,, — s, = (So — $0)/2™ and g5, () <y < gs, (z), for any n. Either we find n
for which y = g5, (z) or y = gs,, (), or for any n > 0 we have g;, (z) <y < gs, (). In
the second case, passing to the limit as n — 400, by Step 4, we obtain y = gs(x) where
§ = limy,— 400 Sp = liMy— 400 Sn.

In both cases, we have shown that (x, ) belongs to the graph of a function g, for some
s and hence there exists a corresponding ¢ such that I'(¢, s) = (x, y), thus completing the
proof that I' is surjective.
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Step 7. We complete the proof of the lemma. In Step 6 we have proved that ' : R2 — R?
is bijective and, therefore, recalling the dependence on the indices i and m, we may define
;=171

We have to prove that ®; ,,, is a C? diffeomorphism and for showing this, it is enough
to observe that T' € C?(IR?;R2) thanks to (1.7), and by (3.7), (3.5) and (3.8), we have
det(JT(t,s)) # 0 for any (¢, s) € R,

The conclusion about the sets Z; ,,, q defined in (3.1) follows by recalling the definitions
of the intervals I; ,,,, of the sets U; 4 and of the map I

Finally, the conclusion on boundedness of coefficients of J®; ,,, and J @;}n and of the
Hessian matrices of the components of ®; ,,, and <I>;’ :,L, follows from the definition of T',
(3.7), (3.5) and (3.8). d

Let uq be a solution of (1.2) and following the notations of Lemma 3.1, for
m € {1,..., M;}, let wg be the function defined by

wq(t, s) == ug(®; ! (t,5)) for any (,s) € ®;,m(Qq) . (3.9)

i,m
Then wy solves the following boundary value problem

{ —div(AVwg) = f in ®;,,(Qq) ,
wg =0 on I(®; m(Qa)),

where, after defining ¥; ,,, := ot

A(t,s) = | det(JW; i (t, ) (T m(t, 8) 7 [(TWim(t,8) 7T and f(t,s) = |det(JT; (L, s))]. (3.10)

For simplicity, we omitted the dependence on the indices i and m in the notation used for
Aandf.

Since ®; ,,, and in particular its inverse function ¥; ,,, are C'* diffeomorphisms globally
defined in R?, then the matrix 4 is positive definite and, moreover, since Q4 and D, (Qa)
are bounded domains, we see that there exists a constant oy > 0, independent of d € (0, Ei),
such that

(A(t:)€) - € > aol€]?  forany (£s) € By () and € € B2, 3.11)

which shows that the linear differential operator v — —div(AVwv) is uniformly elliptic in
D; 1 ().
Moreover, letting A = (a;;), we also have for d — 0%

Al g = ma ~ S(ts)|=0@1) and - =0(1).
1Al @0y = | max (t,s)géx}fl(m)la”( )l =0(1) and |[[flr=(@..00) =01) (317

For any j € {1,..., N}, we also define the curves v, := ®; ,, 0y, 1; := @i 01y,
where we omitted for simplicity the dependence on the indices i and m, and the relative
tubular neighborhoods of thickness d:

V(n;,d) = {ﬁj(t) +sn(t):teR,s € (7%7 %)} 7
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with n unit normal vector to 77;. We recall that 7 are the curves defined in (1.12).

It now follows a sequence of technical lemmas that have the purpose of obtaining some
Poincaré-type inequalities of fundamental importance in the subsequent convergence
arguments.

From the Lipschitz continuity of the function ®; ,,,, we immediately have the following
result.

Lemma 3.2 Assume the validity of (1.7). Forany i,j € {1,...,N}and m € {1,..., M;}
there exists a constant L depending on i and m such that

@ m(Vja) CV(n,, Ld) foranyd >0,

where we recall that V; q was defined after (1.12).

Proof From Lemma 3.1 we deduce that ®; ,, is Lipschitz continuous, so that we can denote
by L its Lipschitz constant. Moreover, by a minimization argument, one can easily verify
that a tubular neighborhood of thickness @ of unbounded curves such as n; and 77; can be
characterized as the set of points whose distance from the corresponding curve is less than
d/2. The inclusion then follows immediately from the Lipschitz continuity of ®; ,,,. ]

Lemma 3.3 Assume the validity of conditions (1.7)-(1.10). Let i€ {1,...,N} and
me{l,...,M}. Foranyje{1,...,N}, let J; D [a;, b;] be the maximal open interval
on which the function m; is injective.

Then the following assertions hold true: B
(i)  there exists d > 0 such that for any j € {1,..., N} and d € (0, d), the map defined
by
Dyt Jj % (=d/2,d/2) = Tya(J; x (~d/2,d/2))
F]‘7d(t, S) = ﬁj(t) + sn(t) s
is a C* diffeomorphism, where as usual n denotes the unit normal vector to the curve.

@) Forje{l,...,N}and o, € J;, with o < 3, define

W (i@ 8.d) i= Dy [ B] % (~d/2,/2))

Then for some d, possibly smaller than the one found in (i), we have that there exists a
projection map

Hj,d : W(j,a,ﬁ,d) — :’V]J([Oé7ﬁ])7

such that for any point P € W (j, a, B, d), I 4(P) is the unique point in 1;([cv, 5])
satisfying

[P —11;,a(P)| = dist(P, n;([a, A])) -
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(iii)y Forj,k € {1,..., N}, recalling the notation of (1.9)-(1.10), suppose that the inter-
section between the curves v;([a;, b;]) and v ([ax, bx]) is given by the singleton
{Pj}; then there exists ¢ > 0 such that

diam(E)V(ﬁj, d) NV (@, d) O Bs(@;.m (P; ))) —0(d) asd— 0",
where Bs(®; .,,(Pj1)) denotes the open disk centered at ®; ,, (Pji,) of radius 6.

(i) Forj, k€ {1,...,N}and d as in (iii), up to shrink §, we have for any d € (0, d)
U5 (OV (71, d) OV (7 d) 0 By (@in(Pie) ) © (K x {41 U (K x {=4}) (3.13)
for some kad and K., compact intervals satisfying

length(K;%d) =0(d), length(K;, ;) = O(d) asd — 0. (3.14)

Proof We prove separately the different items of the lemma.

Proof of (i). Proceeding as in the proof of Lemma 3.1, using (1.7) and the construction
of n; in (1.12), we deduce that the map I'; 4, defined in the statement of the present lemma,
is a C'* diffeomorphism for d € (0, d), for some d sufficiently small.

Proof of (ii). Given P, by a minimization argument, it can easily be proved that there
exists a point Q) € 0;([a, f]) such that [P — Q| equals dist(P, 7, ([, 5]). Moreover P lies
on the normal direction to the curve passing through Q. We preliminarily observe that if
P e W(j,a,B,d), for stationary points o € [a, 3] of the function g(t) := [,(t) — P|?,
we see that P lies on the normal direction to 7; passing through 7, (o).

For P € W(j,«, 8,d) lett € [, 5] and s € (—d/2,d/2) be such that T'; 4(t,s) = P.

Ift € {«, B} we can verify that P is on the normal direction to the curve passing through
Q with Q =7n,(a) if t = a and Q = n;(3) if t = j3 since otherwise, for d small enough,
Q = n,(to) forsomety € (a, 3),sothatg’(to) = 0. Therefore, P lies on the normal direction
tom, passing through Q = 7, (to). Thisimplies I'; 4(t, s) = P = T'; 4(to, o) forsomeo € R
thatnecessarily belongsto (—d/2, d/2) being|Q — P| = dist(P, n;([a,b]) < d/2.Sincel;
isinjectivein J; x (—d/2,d/2)and (¢, s), (to,0) € J; x (—=d/2,d/2)thenty =t € {«, B}
and o = s, a contradiction.

On the other hand, if ¢ € («, 3) suppose by contradiction that @ = n; 4(7) for7 € {«, 3}
and [@Q — P| < [n;(t) — P|. Just to fix ideas, suppose that 7 = /3. Fix a,b € J; such that
a < a < 8 < b. Then for d small enough, the minimum of g on [a, 5] cannot be achieved
at @ or b and therefore it is achieved at some point tg € (a, b) where ¢’ (to) = 0. In this way,
,(t0) — Pl < 1Q — P| < [71,(t) — P|.

With the same argument used above, based on the injectivity of I'; ; we conclude that
to = t, a contradiction. We have proved that Q = 7, 4(7) for some 7 € (c, ). Then, we
have ¢’(7) = 0 and, hence, repeating the above argument, we conclude that 7 = t.

Summarizing, we have proved that given P € W (j, «, 3,d), Q is uniquely determined
by P and, moreover, Q = n,(t) where (t,s) = F;dl(P).
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This completes the proof of the existence of the projection map II; 4.
Proof of (iii). Letting P;;, be as in (1.10), we now claim that there exists 6 > 0 such that

N sup |P—®; ,(Pjx)| >0 asd—0". (3.15)

PedV (n;,d)NV (0, d)NBs (Pi,m (Pjk)) '
Proceeding by contradiction, for any J >0 there exist ¢ >0 and a sequence
{P.} oV (n;,1/n) NV (ny,1/n) N Bs(®;m(Pjx)) such that [P, — ®; ., (Pjx)| > ¢.
Up to subsequences, we may assume that P, — P for some P that necessarily belongs
to 17;(R) and to 7, (R), being the distance of P, from the two curves less or equal than
1/n. But, if ¢ is small enough, the intersection of the two curves in Bs(®; n (Pjx)) is the
singleton {®; ,,,(P;))} thus proving that P = ®; ,,,(Pjx), a contradiction. This gives the
proof of (3.15).

To complete the proof of (iif), it will suffice to prove that there exists a constant C' > 0
such that

PEBV (1;, )NV (1, d)NBs (®; m (Pji))

(3.16)

Lett; € [a;,b;] and ty € [ay, by] be such that i (t;) = Py, and my,(t1.) = P Let [ay, 3]
and [o, Bx| be as in (if) so that ¢; € [a;, 5;] and ti € [ax, Bx), where the indices j and &
refer to the curves 1; and 7, respectively. Choosing § small enough, if P is as in (3.16),
then P € W (k, o, Bk, d) and

dist(Ix q(P), 7, ([0, 5]) < Mpa(P) — P|+ dist(P,7;([0;, 3j]) < $+ §=d

so that I, 4(P) € W (j, oj, B;,2d) and, moreover,

1Lj,2a(Ik,a(P)) — Hy,a(P)| < d. (3.17)

Combining (3.15) with the fact that |II 4(P) — P| < d/2, we have

sup |Hk,d(P) — q)zm(P]k)l —0 as d — 0+ (3 18)
PEAV (n;,d)NV (11,,d)\Bs (@ m (Pj)) '
and by (3.17) we also have
sup ‘vagd(nk'd(P)) — q)i,m(ij)‘ —0 as d — 0+ . (319)

PEdV (n,;,d)"V (0, d)NBs (i,m (Pjr))

Now, let t(d, P) € [ak, Bx] and 7(d, P) € [oy, B;] be such that 1, (t(d, P)) = Iy 4(P),
n;(7(d, P)) = 11 24(I1}, 4(P)). By Steps (i)-(ii) and (3.18)-(3.19), we have

sup [t(d,P) —tx] =0 asd— 0",

PEAV (n;,d)NV (1,,d)\Bs (i m (Pjk)) (3.20)
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and

sup |7(d, P) —t;] 0 asd—0".

PEAV (n;,d)NV (1,d)\Bs (s m (Pjc)) (3.21)

Then we can use Taylor expansions to write

y,a(P) = ®im(Pji) + (H(d, P) — ti) [ (t) + Re(d, P)],
1 24(y,a(P)) = 5. n (Pjr) + (7(d, P) — ;) [} (t;) + R;(d, P)],

as d — 07, where and Ry, R; are two vector functions that, thanks to (3.20) and (3.21),
satisfy

sup ‘Rk(dvp)|_>07
PEAV (n;,d)NV (1,,d)\Bs (i, m (Psk))
(3.22)
sup IR;(d, P)| — 0,

PedV (n;,d)NV (1,,,d)NB5 (@4, m (Pji))

asd— 0t.
Combining the two expansions with (3.17), we obtain

|(t(d, P) — tx) [ (tx) + Ri(d, P)] = (7(d, P) — t;)[W;(t;) + Rj(d, P)]| <d. (3.23)

Now we can apply in (3.23) the following general inequality valid for non parallel vectors
W1, Wy with angle between them given by 6 € (0, )

[aW +bWo|? > (1 — | cos8])|W1|? a® 4 (1 — | cos 0])|[Wo|? b? for any a,b € R. (3.24)

For d small enough, using (3.22), we estimate the modulus of the vectors
N5 (tr) + Ry (d, P), ﬁ; (t;) + R;(d, P) and the cosine of the angle 6, between them in the
following way

> 7, ~ N/' ti —| cos
(1) + Ric(d, P)] = 8L ) + Ry (d, P)| = P9 1 feos ) > 1=lees?]

with 6 the angle between the vectors 7). (t1.), ﬁ; (t;).
Then, by (3.23) and (3.24), we obtain

d2 > (17\c0598\)\7)k(tk)| [t(d, P) _ th + (1_‘30598‘”773(%” [T(d, P) _ tj]?

from which it follows

Hd,P)—ty] < /— 8 4 and |7(d,P)—t;|< |— B8 4
14 P) = tel </ remaprman ¢ 204 I7(d P) =] (1~ cos 81) [, (2]
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Inserting the estimate on |t(d, P) — t;| in the first Taylor expansion above, by (3.22), we
deduce that

N sup y.a(P) = ®im(Pj)| < Cd
POV (n;,d)NV (n,d)NBs (i,m (Pjk))

for some positive constant C independent of d and this combined with the estimate
|Hk.q4(P) — P| < d/2 proves (3.16) and completes the proof of (iii).

Proof of (iv). It is enough to observe that for d small enough F;; is Lipschitz continu-
ous in 9V (n;,d) NV (ny, d) N Bs(®; m(Pjx)). Then (3.13) follows from the definition of
V(n;,d). Finally, (3.14) follows from (iii) and the Lipschitz continuity of F;(}. |

We now need to prove a couple of Poincaré-type inequality for domains depending on the
parameter d. We start with following inequality for domains independent of d.

Lemma3.4 Let I C R be an open interval, let G+, G~ C I be finite unions of open inter-
vals such that the sets K+ := I\G" and K~ := I\ G are finite unions of compact disjoint

+ R
intervals, i.e. KT = UJN:1 K and K~ = UJN:1 K.

Let R > 0 and D > 0 be such that

Rz ‘ Rij = : length(K;" N K} ),
- ie{l,.4.,N+H}l,(?é{1,..4,Nf} 7 ie{l,...,NJrI?f?é{l,...,N*} ength( v J ) (3.25)
D < min inf P —
T2 {1 N G1g2€{1 N7 Y (1) #(202)  PEKENK; L QEK,NK;, P =0l (3.26)

where the infimum in the above definition equals +0co whenever at least one of the two sets
tA K- KtAK— i

K;'n sz’ K; N Kj2 is empty.
Letting G:= (GT x {1})U (G~ x {-1%}), we denote by C (Ix(-%,1))

the space of functions belonging to C* (T X [757 fﬂ) and vanishing on G, and by
HUI,G (I X (—é, é)) the closure of Cj°g (I X (—j é)) in H' (I X (—é, é))

Then there exists a positive constant C(R, D) depending only on R and D such that
/ w? dtds < C(R, D)/ |Vwl|? dtds (3.27)
(-+4)

Ix(—
)

Proof Up to sets of zero measure, we can split I x (—

11
272

Jorany w e Hj o (I x (-4,

[STEN

%, %) into the union of the following

sets:
@ NG x (-38). (GG x (-h3). (G \GF)x (-h1). (KTnE)x(-51).  (3.28)

Proceeding as in the proof of Proposition 2.1, if A is one of the first three domains in (3.28)
then we have
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/wzdtdsg/ |Vw|?dtds (3.29)
A A

for any w € H(%’G (I X ( ;, 2)) being sets of width 1 and being w functions vanishing
identically on A N (I X {5}) oron AN (I X {75 )

Concerning the subdomain (K N K~) x (—1/2,1/2), we can split the set K+ N K~
as

(K} nK;).

Whenever KLJr N K; #(, we can define the open rectangles R;; := [(Kl+ N Kj’)
+(0,D)] x (=1/2,1/2).

Our purpose is to prove a Poincaré-type inequality in R;; for the restriction to R;; of
functions belonging to the space Hj ¢ (I x (—3,3))-

After a horizontal translation, R;; becomes (0, R;; + D) x (—1/2,1/2), with R;; as in
the statement of the lemma, and restrictions of functions in H& G (1 X ( %, 2)) become
functions that belong to the space H'! ((O R;; + D) x (— 5 5)) and vanish at least on one
of the two sets

(Rij, Rij + D) x{1/2},  (Rij, Rij + D) x {=1/2}.

By an extension procedure based on symmetric reflections, we can extend such func-
tions to the set (0, R+ D) x (—1/2,1/2): let w € H' ((0, Ri; + D) x (—%,3)), just
for fixing ideas, with a zero trace on (R;;, R;; + D) x {1/2}, being the other case with
(Rij, Rij + D) x {—1/2} completely equivalent. After a symmetric reflection with respect
to the vertical edge {R;; + D} x (—=1/2,1/2) of w(r,, R,;+D)x(~1/2,1/2)> We obtain a
functionw € H* ((0, Ry; + 2D) x (—4, 4)) with zero trace on (R, Rij + 2D) x {1/2}.
After a number of steps less or equal than R/D + 1, we can construct an extended func-
tion, that we can still denote by @ € H' ((0,R+ D) x (—%,4)), with zero trace on
(Rij, R+ D) x {1/2} such that

IV|* dtds < (£ +1) / |Vwl|? dtds . (3.30)
(0,Ri;+D)x(—3%,3)

/(0,R+D>x(;,;)

Thanks to (3.30), in order to obtain a Poincaré-type inequality with a constant depending only
on R and D, it will suffice to prove a Poincaré-type inequality for functions w € H, &72 (R)
where R := (0, R+ D) x (—1/2,1/2) and X is indifferently one among the sets

(R,R+D)x {3}, (RRR+D)x{-3

We claim that there exists a positive constant C7 (R, D) depending only on R and D such
that
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/ w?dtds < Cy(R, D)/ |Vw[*dtds ~ for any w € Hj 5, (R). (3.31)
R R

In order to prove the claim, we define in H' (R) the norm

|wl« = (/ \Vw|2dtds+/ w? d0>
R by

where do denotes the arc length differential. We now prove that for any € > 0 there exists
C: > 0 such that

Hw|‘L2(R) < EH’U}HHI(R) + C’EHwH* for any w € H! (R) . (3.32)
Suppose by contradiction that there exist £ > 0 and a sequence {w, } such that

lwnllL2(r) > €llwnllmr(r) + nllwnllx - (3.33)

It is not restrictive, after normalization, to assume that ||w,, || 1(z) = 1 and up to a subse-
quence that w,, — w weakly in H'(R) for some w € H'(R).

Hence, by continuous embedding H'(R) C L*(R), ||wn||12(r) is bounded and, by
(3.33), we obtain ||wy]|[« — 0asn — +oo.

Since by trace inequality, the linear functional f,, : H'(R) — R defined by

fuw () ::/ Vw-Vvdtder/wvdU
R b

is continuous, then by weak convergence fu,(w,) — fuw(w) = ||w||?. On the other hand,
by the Schwarz inequality |fy, (wn)| < [|[w]|« ||wn ||« — 0 as n — +oo, thus proving that
w = 0 and w,, — 0 weakly in H'(R) and, by compact embedding of H'(R) into L?(R),
w,, — 0 strongly in L?(R). This contradicts (3.33) since ||wy,||2(r) > €. This completes
the proof of (3.32).

Choosing € < 1 in (3.32), from the definition of || - ||.., it follows the existence of a con-
stant C(R, D) depending only on R and D such that

(/ |Vw|2dtds) + (/ w? da) ] for any w € H'(R).
R )

Choosing w € H&,Z (R) and putting Cy (R, D) = (Co(R, D))?, the last estimate proves the
claim (3.31).

lwl2ry < Co(R, D)

Combining (3.30) and (3.31), we obtain the following Poincaré-type inequality

A

We may conclude the proof of the lemma by observing that the rectangle I x (—1/2,1/2)
may be split into a finite number of rectangles including the rectangles of the type R;;

w? dtds < C1(R, D) (% + 1) / |Vwl|? dtds for any w € H(}«,G‘ (I X (f%, %)) - (3.34)

ij Rij
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D K+ x {3} D
i Ru i Roar i i RBQ i i Rus i
D D
Ko x (-4}

Fig. 7 Example of decomposition of the set I x (—1/2,1/2): in red the boundary sets K+ x {1/2}
and K~ x {—1/2}, in light red the sets R;; and in light blue the sets where we apply Proposition 2.1

defined above and the remaining rectangles on which functions in Hj (I X (—%, %))
either have a zero trace on the upper horizontal edge or they have a zero trace on the lower
horizontal edge. For this last class of rectangles, one may proceed as in (3.29) by applying
Proposition 2.1.

On all these rectangles, we have a Poincaré inequality of the type (3.29) or of the type
(3.34) and hence combining all of them we arrive to the conclusion.

For an example about the decomposition of the set I x (—1/2,1/2), see Fig. 7. O

As an immediate consequence of Lemma 3.4 we have the following

Corollary 3.5 Let I C R be an open interval, let G;{, G, C I be unions of open intervals
depending on a parameter d > 0 such that the sets K;r =1\ G; and K = I\G} are
unions of N* and N~ compact disjoint intervals, with N+ and N~ independent of d, and

such that, writing KT = UJNL Kj'f'd K7 = UJN:_ K, we also have
length(K ) = O(d), length(K;,) =O(d), asd—0%, (3.35)

fJoranyj€{1l,...,NT}andje {1,..., N~} respectively.

Letting Gq = (G; X {%}) U (G; X {—%}), consider the space
HUI,Gd (I X (—%, %)) according to the definition in Lemma 3.4.

Then there exist d and a positive constant C independent of d such that for any d € (0, d)

/ widtds < Cdz/ |Vw|?dtds
1x(-4.4) 1(-4.2)

Proof The proof of the corollary follows immediately from Lemma 3.4 and a resca-

forany w e Hj o (Ix (-4,

wla.

ling argument. More precisely if w € H&’Gd (I X (—%, %)), we define a function

W(t,s) :=w(dt,ds) for any (t,s) € Iy x (—1/2,1/2) where we put I, := L1, In this

way, letting Gy = é Ga, w € H; 5 (fd X (f%, %)), we can apply to it Lemma 3.4. We
_0,Gq

finally observe that the interval I; becomes larger and larger as d — 0. However, we point
out that the constant C(R, D) defined in Lemma 3.4 does not depend on the length of the
interval / defined there.
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Moreover, by (3.35), we can find R independent of d such that (3.25) holds for d small
when calculated on the corresponding sets 3 K;rm 7 K 4- We canalso find D > 0 indepen-

dent of d such that (3.26) holds for d small, again when calculated on the corresponding sets

TK K
Finally, it is enough to apply (3.27) to the function w and proceed with a change of vari-
ables. O

Lemma 3.6 Let [ QfR be an open interval and let ~y: T—>R? be a
curve of class C'(I;R?) and piecewise C? in the sense that there exist
—oco<infl =ty <t; <teg < ---<ty—; <ty=supl <400 such that

aliom ]t)EC ((7 1 -))foranyje{], , M}. We also assume that |y'(t)| # 0 for

any t € I and that v',~" € L>(I;R?). Letting v = (71, 72) and letting n = (n;,nz) be
the unit normal vector to =y, for any d > 0, let U; be the domain defined by

Us:= {(v2(t) +sns (1), Fr2() + §me(t) st €1, s€ (—4.§)} -
Let Yy :Ix (—=d/2,d/2) — U4 be the map defined by

Talt,s) == (v1(t) + sng(t), £ v2(t) + Sne(t)) .

(i)  Then there exists d > 0 such that for any d € (0, d) the
map Y4 is a homeomorphism and, for any j € {1,..., M},

|
Yo Gaix-azam €€ <( i1 ty) < (=d/2, d/Q))

(i) Ford € (0,d), let Gj, Gy, Kj, K, G4 be sets satisfying all conditions of Corol-
lary 3.5 and let 'y := Y 4(G4) where we observe that T 4 is naturally defined also in

x [—d/2,d/2]. Then there exists a positive constant C independent of d such that
for any d € (0, d), the following inequality holds true

2
/ v2dtds < C d2/ dtds —I—/
Ug Uq Ua

where Hd,rd (Uq), accordingly with Lemma 3.4 and Corollary 3.3, is the closure in

2
ov

Js

ov

ot

dtds] for any v € Hj 1, (Ua),

HY(Uy) of the space of smooth functions vanishing on T'g.

Proof Part (i) of the lemma can be proved proceeding as in the proof of Lemma 3.1.

The proof of (i) follows by applying Corollary 3.5 to the function w(t, s) := v(Yq4(t, s))
and using a change of variables. We first observe that, thanks to the assumptions of the
lemma, there exist three positive constants ¢y, ca, 3, independent of d € (0,d) and of

(t,s) € I x(—d/2,d/2), such that

¢y <d |det(JYq(t,s))| < co  forany (t,5) €I x (-4, 4) (3.36)
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and
IVuw(t, q)‘z <es [|%(Td(t, s))|2 i dlz v (’rd(t s))| ] for any (t,s) € I x (f%, %) . (3.37)

By (3.36), (3.37) and Corollary 3.5 we have

/ v dtds < Cﬁ/ w? dtds < CQCd/ (Vw2 dtds
Ua d Jix(-2,2) Ix(—4.4)

o ? v :
<cpes C’d/ —(Ya(t,s)| + 2 2 (ralt,s)| | dtds
Ix(—4,4) ot s
2 2
< 02030(12/ ol L L1221 s
- o U, t 2 |ds

This completes the proof of the lemma with a new constant C given by (cac3 C)/c;. O

Similarly to what we did in Subsect. 2.1, here we define a rescaled domain that we denote
again by Qq. This time, € is defined by rescaling in the vertical direction the deformed
domain ®; ,,, (Qq), withi € {1,..., N} andm € {1,..., M;}, and not directly the domain
Qq. In this way, the domain €2; depends on the indices i and m but, since we keep them
fixed, to simplify notation, we omit them. In other words, we have

Q= {(t,s) €R?: (t,d5) € By ()}

We are in a position to combine together the previous lemmas to obtain the crucial Poincaré-

type inequality for functions in H, &(ﬁd) This inequality will be fundamental to obtain the
desired estimates on the rescaled solutions 14 defined below. _

The main difficulty in proving the Poincaré-type inequality is that the domain 4 is
made up of many subdomains and the functions of H} (€24) vanish only on a portion of their
boundaries. Indeed, those functions do not vanish on the junctions where each subdomain
is connected to all the other subdomains adjacent to it. This difficulty justifies the presence
of Lemmas 3.2-3.6.

Once we have fixed the indices i and m, we can define on the domain ﬁd the function
Ug(t,s) == 45 wa(t,d s) with wq as in (3.9). Then the function &g solves the boundary
value problem

— (A ) = L F in O
~Vd (Ad vd ’I,Ld) az fd n Q@J (338)
Ug=0 on 0¥y,

where /Nld(t, s) = A(t,ds), f:i(t, s) := f(t,ds) and V4 := (0;,d10,) is the vector oper-
ator which acts on scalar functions v and vector fields V' = (v1,v3) in the following way

_61} 1 0v '_% 1 Ovg
Vav: El—i—fafj, Vd'V—at-Fdas

We now prove the following
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Proposition 3.7 Suppose that all the assumptions of Theorem 1.2 hold true. Then there exist
a positive constant C and d > 0 such that for any d € (0, d), the following Poincaré-type
inequality holds true

/~ w? dtds < Cdz/N |Vaqw|? dtds foranyw € H&(ﬁd)
Qq

Qq

Moreover; we also have |?)d| =0(1)asd— 0F.

Proof From (1.7)-(1.10), from the construction of the curves n; in (1.12) and the properties
of the deformation ®; ,,, stated in Lemma 3.1, we deduce that for any j € {1,..., N}, the
curves ﬁj = ®; ,,, o n; satisfy the conditions assumed in Lemma 3.6 on the curve ~v. Now,
in view of Lemma 3.2, every function w € H}(®; 1, (Q4)) can be trivially extended outside
®; 1 (24) and then restricted to V'(n;, L d).

Keeping j fixed, let us consider the values of & as in Lemma 3.3 (iv) and the correspond-
ing sets K k,rqa @and K ;.. Moreover, let us define

gd'—R\U jkra and ng_R\U e Ld >

where the unions are extended to the values of k described above, and the set

Gia = (Gla {5 }) U (Grax {=%}) -

Then functions w € H(®;,,(4)) can be interpreted, in the sense explained above, as
functions in H; 1. (G V(0 Ld)) with T, 5(t, s) = n;(t) + sn(t) defined as in Lemma
3.3. We observe that the set G 4 defined here satisfies the assumptions of the set G4 defined
in Corollary 3.5 and Lemma 3.6, due to Lemma 3.3 (iv). Then, according to the notation
introduced in Lemma 3.6, we can define the map Y'; ; associated with 17; = (7;,1,7;,2):

T;.a(t,s) = (’ﬁjyl(t) + sny (1), é nj2(t) + ing(t)) for any (t,s) € R x ( de, de) .

For d small the map T 4 defined here is still a homeomorphism despite the fact that the
variable s may vary in the set (f%, %) and not in (f%, g) as in Lemma 3.6. Then
we define the rescaling map Ty q(t,s) := (t,d"'s) and the sets I'jq:=71;4(Gja),
Ul = Ts.a(V(n;, L d)) in such a way that a function w € H{(Q4), when extended trivi-
ally outside Q4 and then restricted to U”, becomes a function of the space H, S,r]-,,,, (U j ).
The proof of the lemma then follows applying Lemma 3.6 to the space
H&Fj,d(U g), then restricting this functional inequality to functions vanishing outside Q.

Indeed, for w € H} (ﬁd) we have
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N N
/~ whdtds <> [ w?dtds <Y Cjd? / |V qw|? dtds
Qq =1 /Nt = Ul
N N
=3¢ d2/~ |V qwl? dtds < d? (Z q-) /~ IV qw|? dids .
= QanU3 = Qa

Concerning the last statement of the proposition about |S~2d|, we first estimate
[V(n;, Ld) N ®; m(Q)] with d € (0,d) for some d small enough. Indeed, for some R > 0
large enough, we have

[V(m;, Ld) N @i ()| < /(_R () |det(JT, 5(t, s)|dtds = O(d) ~ asd — ot. (3.39)

It remains to apply the scaling T’ 4 and observe that

N
cly Ts,d(V(ﬁj, Ld)n @i,m(gg))
j=1

O

We now have the tools to apply again the procedure used in Subsection 2.1 in the case

of the H-shaped domain. The next lemma is the analogous of Lemma 2.2 adapted to the
present case.

Lemma3.8 Let uy be as in (3.38). Then ||| remains bounded as d — 0. In par-

L2(24)
dug
ds

__ remain bounded as d — 0.
L2 (£24)

_ and
L2(£24)

duy
| %

ticular, we also have

Proof Testing (3.38) with ug and using (3.11), (3.12), Proposition 3.7 and the Holder
inequality, we obtain

. - C S ~ c ~
/N [44|? dtds < Cd? /N |V g|? dtds < — d? /N (AgVatg) - Vaugdtds = — | fatuqdtds
Qq Qq Qg Qa Qo Jo,

c S0~
< oo Mle= @@y Qal? a5,

and hence, considering the first and the last term, we immediately infer ||| L@y = 0(1)

as d — 0T. Once we have ||ugy| O(1), we again use the previous estimates to

L2(Qa)
obtain d? . |Vgtig|? dtds = O(1) as d — 0T and hence the conclusion. O

We now prove an extended version of Lemma 2.3.

Lemma3.9 Let iy € HY (224) be as in (3.38).

Then, letting I; ., be as in Lemma 3.1 and R v, := I; ym X (—é, é) we have
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g — wweakly in L* (Rim) %ud (Z—w weaklyin L? (Rim), asd— 07,
Y Y

for some function w € L? (R ) with %1; € L? (Rim)

NS

Moreover, w is independent of the variable t and it is given by w(t, s) = —é (52 —

)

Proof Let v be a test function in C2°(R; ,,) C H} (ﬁd) in such a way that

T Oug Oug v Ov _ ~
/Rm Aa (dat as) ] (d ot ds ) dids /Rm Javdtds (3.40)

and by Lemma 3.8, along a sequence d,, | 0, we infer that there exist two functions
¥ € L?(Rim) and w € L?(R; ), with 22 € L?(R;,,), such that

T, — w weakly in L2(Ry 1), 25t — 92 weakly in L(Ry ). dy 25 — 1) weakly in L2(Ry ).

On the other hand, by the definitions of J?d and Ay appearing below (3.38), and by (3.10),
we deduce that, as d — 07,

fa— f(t,0) = |7i(t)]  uniformly in R, . (3.41)

and
~ / -1
Ay — A(t,0) = <7i (6)‘ |’y;(%t)|) uniformly in R; ,, . (3.42)

Then, passing to the limit in (3.40) as n — +00, we obtain

/ (8 22 2% s — / (O vdtds  for any v € C(Ry 1)
im s 6 Ri,m 7
which means that %2;5 = —1 in the sense of distributions.

Then one can proceed similarly to the proof of Lemma 2.5 by exploiting the fact that
Ugq, vanishes on the two horizontal edges of the rectangle R; ., expect for a finite num-
ber of regions whose diameters vanish as n — +00. More precisely, according to the
notation of Lemma 3.3, we introduce the sets K *k 4 and K, for all values of k as in

Lemma 3.3 (iii)-(iv) and we define GZ d = =Lin\U, K; kd, G = =Lin\U. K ihd
where the unions are extended to the values of k described above. We also define the set
Gim,d = (G?,_m,d X {%}) U (Gi_,m_’d X {—% ) C OR; m. Thanks to Lemmas 3.2-3.3,
it is not restrictive to assume that the set valued maps d — Gj,'m; g and d— G;m’ 4 are

monotone decreasing with respect to the inclusion when d is small enough, and that their

1-dimensional Lebesgue measures |1; ,,\G; ., and |1; ,,\G; .| tend to zeroasd — 0.

i,m,d i,m,d
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Then, we can define C¢%;, (Ri.m) as the space of C°°(R; ,,,)-functions vanishing on

Gi.m,a and the space Ho g, ,, ,(Rim) C L*(Rim) as the completion of Co%, (Rim)

iym,d

with respect to the norm
1

v ||2 2
L3(Rim))

v (03, ) + 1152

In this way, once we fix an arbitrarily small d, we see that {ug, } is a bounded sequence in
Hoc 7(721»,,”) and also weakly convergent to win Hy g 7(Ri7m) asn — 4o0o.

This shows that w € Hypg -(Ri;) for any d small and therefore proceed-

,d

ing as in the proof of Lemma 2.5, we may conclude that w(t,s) = f% (32 — i)
for any (t,s) € (G:rmau Gi_m E) x (—1/2,1/2). Letting d — 0T we deduce that
w(t,s) =—% (s — 1) ae in Ripm.

This shows that the weak limit does not depend on the sequence d,, | 0, thus proving that
the convergence ug — w holds true as d — 07 and completing the proof of the lemma. [

We now proceed with the statement of the last lemma which is the natural generalization
of Lemma 2.4.

Lemma3.10 Let uy € H} (bd) be as in (3.38) and let R; , be as in Lemma 3.9. Then

~ length (1,
lim pe (Advd ad) Vg dids = <8R in) (3.43)
d—0t Rim 12
and, recalling the notation of Lemma 3.1, for any j € {1,..., N}\{i} and
m e {1,..., M;} such that the set Z; . q N Uj.q # 0, we have
lim & (A4¥aiia) - Vaiiadids =0, (3.44)

d—0* Ri,mNUi,m,j.d

where f(}i’m’j’d = Ts,a(Pi (Ui q)) and Ts q(t, s) = (t,d™1s), and for any (i,j) € T
and m € {1, M;}, we also have

lim d? (Zdvd Ed) -Vaugdtds =0, (3.45)

d—0t Vz,m,],d

where Vi id = Ts,a( Pim(Vijd))-
Proof Recalling from Lemma 3.1 the definition I; ,, = (tim—1, ti,m), let

B = QN ((ti,m—l — V4, tim + Vd) x (—ﬁv %)) .

u

We claim that

124\ Rim| =0(d) asd—0". (3.46)

@ Springer



Asymptotic estimates for the torsional rigidity of rods with thinning...

For this purpose, let U; 4 be such that Z; ,,, ¢ N Uj g # (), where we recall that the sets Z; ., 4
were defined in Lemma 3.1. Thanks to (1.7) and (1.10) we deduce that for points of the por-
tion of the curve ﬁj = ®; , o n; contained in the strip R x (—\/E, \/3), the tangent vector
to the curve itself at those points has a nontrivial vertical component and therefore for the
same points, the parameter ¢ of the curve varies in an interval .J; whose length is O(v/d) as
d— 0T,

Recalling (3.39), we deduce that

@i (Uja) N (R x (=Vd, \/E)N = /

,Idx(—%,%)

det(JT, = (t, s)| dtds = O (d? asd— 0" .
j,d

When we consider the image of the last set after applying the map T 4, we infer that

‘ﬁi,m,d N (R X (—% %)) ‘ —O0(Wd) asd-—0". (3.47)
Concerning the intersection between the rectangle

((ti7m,1 —Vd, tim + \/E) X (—%, %)) and the sets Ty q(®;.m(Uim—1)) and

Ts,a(®; 1 (Uim+1)), we see that for points of the portion of the curve n; = ®; ,,, 0 1; con-
tained in the rectangle ((t@m,l —Vd, tim + Vd) x (\/E, \/E)), the parameter ¢ of the

curve varies in intervals whose length is O(v/d) as d — 07 thanks to (1.7). Proceeding as
above, we then have

’(<I>,;7m(U,;,m,1) U@ (Uims1)) N ((ti,m,1 VAt + V) x (—Vd, ﬂ))‘ -0 (d) asd— 0

and, in turn,

Ts,d (Piom (Uim—1) U @i (Ui m41)) N ((ti,m—l — V4, tim + \/g) X (—ﬁ, ﬁ) )‘ = O(ﬂ) (3.48)

as d — 0. Combining (3.47) and (3.48) we obtain the proof of (3.46).
In the argument below, we also need the following estimates:

Rim NUimja)l =O0(d)  asd— 0%, (3.49)
and when (¢,j) € Zand m € {1, M;}
|‘77;,m,j,,1| =0(d) asd—0" and ﬁ,m’jyd C X4\ Rim for dsmall enough, (3.50)

that both follows from the arguments used in Lemmas 3.2-3.3 and the definition of .
By direct computation, we see that w satisfies the identity

Js

2
dtds — / Iy (#)|eo ditds -
R

im

0|52

i,m
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Let , ¢ € C2°(R) be two cut-off functions such that n > 0in (—=1,1), n = 1in [—3, 3],
n = 0 outside (—1,1), ¢ > 0 in (—o0,1), ¢ = 1 in (=00,0], # =0 in [1,+0c). Then we
define 14(s) := n(V/ds) and ¢g so that ¢4 =1 in I; 1, da(t) := ¢((t — tim)/Vd) if
t > tim, Ga(t) = ¢((tim1 — t)/Vd) ift < t;m1.

Then, by Lemmas 3.8-3.9, weak lower semicontinuity of weighted L?-norms, (3.40)

with v(t, s) = ¢a(t)na(s) wa(t, s), (3.42), Lemma 3.1, (3.11), (3.12), (3.46), (3.41), the
Holder inequality and Lemma 3.9, we obtain

o2
dw

. "(t)|w dtds = ' (t
/R (1) dtds /meﬂ L

a~ |2
dud

s

dtds

dtds < lim inf it
s < limin /R 1vi ()]

d—0+ d—0+

< lim inf / & (A(t,0)V 4 1ig) - Vaiig dids = lim inf / & (Zdvd a'd) Vil dids
Rim Ri,m

S lim sup / d2 <Z(Nd ﬁd> . Vd ﬂd dtds S lim sup d2 q)d(t)nd(s) (Zdvd ﬂd) . Vd 711(1 dtds

d—=0t JRim d—0+ Za
~ - 1 ~
= lim sup [ Ba(t)na(s )fd Uq dtds — d* / (Ad Vﬂm) . <07 = ¢a(t) ny(s) ’LL,1> dtds
d—0+ Sq Za d

—¢12/Z (gd Vdﬁd) (@) na(s) wa,0) dtds} (3.51)

< limsup [/ faiiqdtds + / Ga(t)na(s) falia dids
Ri,m JEa\Ri,m

d—0+t

2 H
8'[1,(1 Bud ~
VA Al ey (16 e + 1) (’ + ) udnm@,)}

L2(4) ’85 L2(a)

< limsup [/ Faadtds + 150\ Rol* ||l e [Tall o g, + O (ﬁ)}
Rim

d—0t
~ length(~y;
= lim / faugdtds + O (W) / [ () |w dtds = w .
=0t LR, . 12

We observe that the first term and the last term in the previous chain of inequalities coincide,
thus showing the validity of (3.43) and the strong convergences

ou, 19} ~
7aud — —aw strongly in LQ(R@m), ug — w  strongly in LQ(Ri,m), (3.52)
s s

where for the second convergence, we also use Proposition 3.7.
Combining (3.52) with (3.49) we also obtain (3.44). To show the validity of (3.45), we
use (3.50) and we observe that the cut-off functions 7 and ¢ are 1 in V; 5, ; 4 so that

/~ pe (Zdvd ad) Vg dids < / & da(t)nals) (Zdvd ﬂd) Vg dids — 0
Vim,j.d d\Ri,m

as d — 0T, where the convergence to zero of the last term can be deduced from (3.51).
This completes the proof of the lemma. ]
End of the proof of Theorem 1.2. Forany: € {1,...,N}andm € {1,..., M;}, letus

define the sets

@ Springer



Asymptotic estimates for the torsional rigidity of rods with thinning...

Sid i =Usa\ U Uj.a, Sim.d = Tea(®i m(Si.a))
Gefl, . NI\{4}

so that recalling the notation used in this section, recalling that u4 depends on the indices i
and m, by (3.43)-(3.45), we obtain

Kq —4/ |Vug|?drdy = 4 g / |Vug|?drdy + 4 E / |Vug|?dzdy
Qa Vi
(1,9)€T,i<j e
N M

= 443 Z Z / d? Advd ud) Va g dtds

i=1 m=1 Lmd

+ 4d® Z Z / Advdud)-vdaddtds

(i,j)eI i<j  me{l,M;} Vi,m,j.a

=443 Z Z / AdVd ud) -V ugdtds

=1 m=1 Ri,m

WYYy

i=1 m=1 j£i ,mﬂUszd

+ 443 Z Z / d? Advd ud) - Vqugdtds

(4,§)€Z,i<j me{l,M;} Viom.j.a

_ 4d3 (Z Z length ’71\11 m) +0(1)> _4d3 . 0(1) +4d3 0(1)

i=1 m=1

&2 (Zdvd ad) -V, 1y dtds

Y1
Z 3 length(y;) d® + o(d?) .

This completes the proof of the theorem.

Proof of Corollary 1.4 In order to prove the corollary we need the asymptotic estimates on
T(2q), Per(Qy) and |Qy]. For the first one it is enough to use Theorem 1.2 and recall that
T(24) = % Kq. Let us proceed with the perimeter.

Letus define the map I'; : [a;, b;] x R — R? defined by ['; (¢, 5) := ;(t) + sn(t) where,
as usual, n denotes the unit normal vector to 7y;, see (1.11) for more details. Let us esti-
mate the length of the curves ¢t — ~;(t,d/2) and t — ~,(t, —d/2), for t € [a;, b;] in both
cases. For simplicity, we only consider the case s = d/2 being the other one completely

equivalent:
bi
dt = /

/”'@ . d
a | Ot \ 72

~L(t) + gn (t)} = length(v;) + O(d) asd—0%. (3.53)
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Actually, only a portion of the two curves ¢ — ~;(t,d/2) and t — ~;(t, —d/2) belongs to
0€)4 since we have to exclude the small portions that may belong to the interior of adjacent
sets of the type Uj 4 for some j € {1,..., N}. But, looking for example at Lemma 3.3
(iii), we see that those small portions can be parametrized by values of ¢ belonging to sets
contained in intervals of length converging to 0 like O(d) as d — 0. Hence, the lengths of
these portions behave like O(d) as d — 07 . In our setting, the situation is even simpler since
we do not have to do with the deformation ®; ,,, used in that lemma.

On the other hand, we also observe that 02, also contains portions of the boundary of
the sets V; ; 4 that can be found in (1.13). Invoking again Lemma 3.3 (iii), we may conclude
that the lengths of these small portions also behave like O(d) as d — 0. A contribution to
the perimeter could also be given by the sets in the form {v;(a;) + sn: s € (—=d/2,d/2)}
and {~;(b;) + sn: s € (—d/2,d/2)} that, however, have a length which is d.

Collecting the above arguments, we may conclude that

N
Per(Qg) = 2 Z length(y;) + O(d) asd— 0T . (3.54)
i=1

For the area of 24 we can proceed by estimating the areas of the sets U; 4. Indeed, it is
enough to use again the map I'; employed for the estimate in (3.53):

U, 4l :/ |det(J1“1;(t,s))\dtds:/ (1= sk(®) |7, (0)| deds
(ai,b,i)x(f%,%)

(ai,bi)x(—%,%)

b; 2 b;
=i [ oar [ sdse [ no(o]dt = tonginie) d
a; —% a;

where « is the curvature of y; in such a way that n’ satisfies n’ = —k~}.

Invoking Lemma 3.3 (ii), we observe that the diameter of the intersection of two possibly
intersecting sets U; 4 and U; 4 behaves like O(d) and so it does a set of the type V; ; 4, hence
we deduce that the area of all of them behaves like O(d?) as d — 07

Therefore, we may deduce that

N
Q4] = Zlength('yi) d+0(d?) asd— 07 . (3.55)
i=1

Finally, for the inner radius we have that Rg, = d/2 for every d small enough being the
curvature of every curve 7y; bounded.

The proof of the corollary then follows immediately from (3.54), (3.55), the estimate on
the inner radius, the definitions (1.14) and the estimate on 7'(£24) coming from Theorem 1.2.
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