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Abstract
We study the torsional rigidity for rods with thinning cross sections. The main purpose of 
the paper is to prove rigorous asymptotic formulas for the torsional rigidity as the thick-
ness of the cross section tends to zero. These asymptotic formulas are empirically known 
and are widely used in the field of Mechanics of Materials. From a more theoretical point 
of view, thinning domains are considered when studying optimal inequalities for suitable 
classes of functionals depending on domains. We recall as an example of this kind of in-
equalities the celebrated Saint Venant inequality stating that, among planar domains with 
fixed Lebesgue measure, the disk is the cross section corresponding to a maximal torsional 
rigidity. It is well known that this statement is equivalent to say that disks are maximizer 
of a suitable functional, see for example (Amato et al. in On the optimal sets in Pólya 
and Makai type inequalities, 2025) and the references therein. Actually, in the present pa-
per other kinds of functionals are more relevant when considering thinning domains. We 
refer in particular to the so-called Pólya and Makai functionals, see the papers (Makai in 
On the principal frequency of a membrane and the torsional rigidity of a beam, Stanford 
Univ. Press, Stanford, 1962; Pólya, J Indian Math Soc (N.S.) 24(1960):413–419, 1961; 
Pólya and Szegö, Isoperimetric Inequalities in Mathematical Physics, Princeton University 
Press, Princeton, 1951) for more details and (1.14) in the present paper for the precise 
definitions.
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A. Ferrero

1  Introduction and main results

The main purpose of this paper is to show the validity of some asymptotic formulas for the 
torsional rigidity of rods with cross sections represented by thinning planar domains, pos-
sibly nonconvex. More precisely, we consider cross sections made of one or more thin por-
tions and we look at the behavior of the torsional rigidity when their thickness tends to zero.

The study of this problem has two different motivations: the first one is more applicative 
and it comes from the necessity of providing a rigorous proof of already known formulas 
used in the field of Mechanics of Materials for determining approximate values of the tor-
sional rigidity of rods with composite cross sections; the second one is more theoretical 
and it comes from some classical estimates obtained by Makai [16], Pólya [22] and Pólya 
& Szegö [23] in the class of planar convex domains. For more historical notes and more 
recent results about estimates for torsion of convex planar sets, see [1, 10] and the references 
therein. For more references on the problem of torsion of rods with convex cross sections, 
see [2, 9, 11, 21, 25, 26, 29, 30].

Let us describe in more detail the questions that we would like to investigate. Denote by 
Ωd ⊂ R2 the section of a rod of thickness d.

In the field of Mechanics of Materials, see for example [28], [7, p. 210, (3.41)] and 
[31], it is empirically known that if the cross section of the rod Ωd is made of the union of 
several straight thin parts of thickness d, then the total torsional rigidity of the rod is given 
approximately by

	
Kd ≈

N∑
i=1

1
3

Li d3 ,� (1.1)

provided that ∂Ωd is connected, see Fig. 1. In (1.1), N denotes the number of straight parts, 
Li denotes the length of each part and d their thickness. In general, thickness could not 
necessarily be always the same for every single part but, assuming that it is essentially of 
the same order of magnitude, just to simplify the notation, we may assume that it equals d 
for all of them.

The main purpose of this paper is to prove in a rigorous way the validity of (1.1) by 
providing an asymptotic formula when the common thickness d of each part tends to zero.

We also prove that this kind of result can be extended in a suitable way to a wider class 
of domains made up of subdomains that can also be curved.

Before giving the rigorous statements of the main results, we briefly want to recall some 
well known facts from the theory of elasticity for the torsion of elastic rods, see for example 
[15, Chapter 2, Paragraph 16] for more details. Assuming that the rod is parallel to the 
z-axis, we can describe it as a set of the form Ωd × I  where Ωd ⊂ R2 denotes the section of 

Fig. 1  Examples of domains with connected boundary made up of straight strips
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the rod and I is a bounded interval. Denoting by Ux, Uy, Uz  the components of the displace-
ment vector and by τ  the torsion angle per unit of length, then

	 Ux = −τ yz , Uy = τ xz , Uz = τ ψ(x, y) ,

where ψ = ψ(x, y) is known as the torsion function. Assuming τ  to be constant, for the 
components of the linearized strain tensor, we have

	
Uxx = Uyy = Uxy = Uzz = 0 , Uxz = 1

2
τ

(
∂ψ

∂x
− y

)
, Uyz = 1

2
τ

(
∂ψ

∂y
+ x

)
.

Moreover, by Hooke’s law, for the components of the stress tensor, we have

	
σxx = σyy = σxy = σzz = 0 , σxz = 2µUxz = µτ

(
∂ψ

∂x
− y

)
, σyz = 2µUyz = µτ

(
∂ψ

∂y
+ x

)
,

where µ denotes the modulus of rigidity.
From the above representation of the stress tensor it follows that the equations of equilib-

rium reduce to the single equation

	
0 = ∂σxz

∂x
+ ∂σyz

∂y
= µτ

∂2ψ

∂x2 + µτ
∂2ψ

∂y2 ,

which shows that ψ is a harmonic function in Ωd. In place of the torsion function, one can 
introduce an auxiliary function that we denote here by u defined implicitly by

	
∂ψ

∂x
= y + 2∂u

∂y
,

∂ψ

∂y
= −x − 2∂u

∂x
.

Recalling that ψ is harmonic, it turns out that u solves the equation −∆u = 1 in Ωd.
The advantage of introducing such a function comes from the fact that assuming σ n = 0 

on the lateral surface ∂Ωd × I  of the rod, where σ denotes the stress tensor and n the outer 
unit normal vector to ∂Ωd × I , then it turns out that ∇u vanishes identically on ∂Ωd, 
whence the function u is constant on each connected component of ∂Ωd.

In the case of a connected boundary, up to an additive constant, we may assume that u 
solves the Dirichlet problem

	

{ −∆u = 1 in Ωd ,
u = 0 on ∂Ωd . � (1.2)

In the case of a non connected boundary, which essentially means that the cross section Ωd 
has one or more holes, we may always assume that u = 0 on the external boundary of Ωd 
and, denoting by S1, . . . , SM  the regions enclosed by the internal connected components 
of ∂Ωd, namely the holes, from the definition of u and the fact that 

¸
∂Sj

dψ = 0, we may 
recover the following integral boundary conditions
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˛

∂Sj

∂u

∂n
dℓ = |Sj | for any j ∈ {1, . . . , M} ,

where n is the outer unit normal to ∂Ωd (and hence inner with respect to the hole Sj) and dℓ 
the arc length differential. Hence, in the case of a non connected boundary, denoting by Γ0 
the external boundary of the cross section, up to an additive constant, the solution u solves 
the problem

	

{ −∆u = 1 in Ωd ,
u = 0 on Γ0 ,¸

∂Sj

∂u
∂n dℓ = |Sj | for any j ∈ {1, . . . , M} .

� (1.3)

The elastic energy per unit of volume is given by 2µτ2|∇u|2 and the elastic energy per unit 
length is given by 1

2 µKd τ2 where the constant Kd is given by

	
Kd = 4

ˆ

Ωd

|∇u|2 dxdy .� (1.4)

In the present paper, we refer directly to Kd as the torsional rigidity of the rod, even though 
the real torsional rigidity also depends on the modulus of rigidity µ and is given by µKd.

The present paper deals only with the case of domains with a connected boundary. For 
more details on the case of the non connected boundary see the open questions at the end 
of this section.

In the sequel, in order to emphasize the dependence on d, the solution of (1.2) will be 
denoted by ud.

We start by stating the first main result in the case of a rod with an H-shaped cross sec-
tion. This specific geometry of the cross section is typical, in good approximation, of some 
real structures like the deck of a bridge, see for example Fig. 2 taken from [24].

The approximation that can be obtained by (1.1) was used, for example, in [12] to derive 
a realistic value for the torsional rigidity of the deck of the Tacoma Narrows Bridge, which 
has become very famous for its collapse occurred in 1940, see [27].

Fig. 2  Cross section of a suspension bridge (Tacoma Narrows Bridge)
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That bridge was known to be extremely flexible and probably this was one of the main 
reasons for its failure. For more information about the problem of suspension bridges, see 
among others, the following papers [3–6, 8, 13, 14, 17–20] and the references therein.

We now define the open H-shaped domain Ωd as the union of the three open rectangles 
defined by

	 U1,d := (−ℓ1, ℓ1) ×
(
− d

2 , d
2
)

� (1.5)

which, roughly speaking, represents the central horizontal part of Ωd with ℓ1 = L1
2 , and

	U2,d :=
(
ℓ1 − d

2 , ℓ1 + d
2
)

× (−ℓ2, ℓ2) , U3,d :=
(
−ℓ1 − d

2 , −ℓ1 + d
2
)

× (−ℓ2, ℓ2) ,� (1.6)

which represent the lateral vertical parts of Ωd with ℓ2 = L2
2 , see Fig. 3.

For this kind of H-shaped domain Ωd, the torsional rigidity Kd is not exactly the sum of 
the following three terms

	
K1,d := 4

ˆ

U1,d

|∇ud|2 dxdy , K2,d := 4
ˆ

U2,d

|∇ud|2 dxdy , K3,d := 4
ˆ

U3,d

|∇ud|2 dxdy ,

because the three sets U1,d, U2,d, U3,d are not disjoint and the intersection of U1,d with 
the other two sets has a positive measure. However, the asymptotic formula for Kd can be 
obtained by summing together the asymptotic estimates for K1,d, K2,d, K3,d.

This splitting is what is usually done in the field of Mechanics of Materials to obtain the 
torsional rigidity of the entire structure. However, in the field of Mathematical Analysis, this 
has to be proved rigorously.

We are ready to give the statement of the following asymptotic estimate.

Theorem 1.1  Let Ωd  be a H-shaped domain as described above. Then we have

	
K1,d ∼ 1

3
L1 d3 , K2,d = K3,d ∼ 1

3
L2 d3 as d → 0+,

and, moreover, for the torsional rigidity we have

	
Kd ∼ 1

3
L1 d3 + 2

3
L2 d3 as d → 0+.

Fig. 3  An example of H-shaped domain
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In the proof of Theorem 1.1 we benefit from the particular geometry of the three compo-
nents of Ωd and from their orthogonality. The resulting proof becomes technically simpler, 
so that the reader can focus the attention on the main ideas contained in it.

However, as one can guess, these quite restrictive assumptions are not so fundamental 
and the result of Theorem 1.1 can be extended to a more general setting. Having this in 
mind, we now introduce a wider class of domains that are not necessarily H-shaped and that 
could possibly be composed of curved subdomains.

More precisely, we define a class of domains that can be considered as the union of a finite 
number of tubular neighborhoods of regular curves. For this purpose, for i = 1, . . . , N , let 
γi : [ai, bi] → R2 be regular non closed simple curves of class C3, i.e.

	γi ∈ C3([ai, bi];R2), γi : [ai, bi] → R2 is injective, |γ′
i(t)| ≠ 0 for any t ∈ [ai, bi].� (1.7)

It is not restrictive to assume that

	
γi((ai, bi)) ∩ γj((aj , bj)) = ∅ for i ̸= j and

N∪
i=1

γi([ai, bi]) is connected .� (1.8)

Moreover, we also assume that

	 either γi([ai, bi]) ∩ γj([aj , bj ]) is empty or it contains exactly one point,� (1.9)

and if Pij  is such a point and ti ∈ [ai, bi], tj ∈ [aj , bj ] are such that γi(ti) = Pij  and 
γj(tj) = Pij , then

	 γ′
i(ti) and γ′

j(tj) are not parallel vectors.� (1.10)

Then, for any i = 1, . . . , N , we can define the tubular neighborhood of thickness d of 
γi([ai, bi]) as the set

	 Ui,d := {γi(t) + sn(t) : t ∈ [ai, bi], s ∈ (−d/2, d/2)} ,� (1.11)

where n is the unit normal vector to the curve γi such that the couple of vectors {γ′
i, n} is 

oriented as the canonical basis of R2 at any point of the curve.
The domain Ωd can be expected to be given by the union of all the sets Ui,d but this is not 

exactly what we would like to do for the problem shown in Fig. 4.
To overcome this problem, to construct our domain we add the colored green set in 

Fig. 5.

Fig. 4  Two adjacent sets Ui,d, Uj,d
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To do so, for any i ∈ {1, . . . , N}, we introduce the extended curve ηi : R → R2 defined 
by

	
ηi(t) =

{
γi(t) if t ∈ [ai, bi],
γi(ai) + (t − ai) γ′

i(ai) if t < ai,
γi(bi) + (t − bi) γ′

i(bi) if t > bi,
� (1.12)

and the corresponding tubular neighborhood defined by 

	 Vi,d := {ηi(t) + sn(t) : t ∈ R, s ∈ (−d/2, d/2)}.

Notice that the curve ηi ∈ C1(R;R2) and it is piecewise C2 with η′′
i ∈ L∞(R;R2).

Then, if Ui,d and Uj,d are two adjacent sets, i.e. the intersection between γi([ai, bi]) 
and γj([aj , bj ]) is an extreme point for both curves (see Fig. 5), we define Vi,j,d as the 
connected component of the set 

(
Vi,d\(Ui,d ∪ Uj,d)

)
∩

(
Vj,d\(Ui,d ∪ Uj,d)

)
 which is in 

between Ui,d and Uj,d, see the green set in Fig. 5. Note that the extended tubular neighbor-
hoods Vi,d and Vj,d may have a non empty intersection on the other side with respect to the 
unique point of intersection between γi([ai, bi]) and γj([aj , bj ]), see (1.9).

We define I as the set of all the couples (i, j) of indices such that Ui,d and Uj,d are adja-
cent sets in the sense explained above.

Our domain Ωd will then be defined by

	

Ωd :=

(
N∪

i=1

Ui,d

)
∪


 ∪

(i,j)∈I

Vi,j,d


 .� (1.13)

Theorem 1.2  Assume the validity of (1.7)-(1.10) and let Ωd  be the domain defined in (1.13). 
Then for the torsional rigidity Kd  the following asymptotic estimate holds true

	
Kd ∼

N∑
i=1

1
3

length(γi) d3 as d → 0+ .

Remark 1.3  One may wonder why in Theorem 1.2 we required a C3-regularity for the 
curves γi and not only a C2-regularity, the last one appearing more natural. The reason is 
that, in some sense, we want to make the curves straight as in the case of Theorem 1.1. In 

Fig. 5  Two adjacent sets Ui,d, Uj,d
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doing this, for each curve γi, we have to construct a specific diffeomorphism of class C2 in 
such a way that the other curves γj  still remain at least of class C2 after the deformation. 
As one can see in more detail in the proof of Theorem 1.2, the construction of the diffeo-
morphism makes use of the unit normal vector n defined in (1.11), which clearly depends on 
first order derivatives of the two components of γi. For this reason, the necessity of having 
a C2 regularity for the diffeomorphism requires a C3 regularity on γi.

The second remark that could be made deals with the condition (1.10) in which it is 
assumed that two different curves do not have a tangential intersection. This prevents the pos-
sibility of having a too large superposition of the two corresponding tubular neighborhoods 
and allows us to estimate the contribution to the torsional rigidity of such a superposition.
As partially anticipated at the beginning of this introduction, our second purpose is to study 
the behavior of Makai and Pólya type functionals when applied to nonconvex thinning 
domains. See (1.14) below for their precise definition. The study of these functionals led 
the authors of the recent paper [1] to consider convex thinning domains to prove optimal-
ity results in inequalities (1.15). As a byproduct of the results in [1, Theorem 1.2, Theorem 
1.4], we can recover the asymptotic estimate in Theorem 1.2 in the special case where Ωd 
is convex. However, the only convex domain that satisfies the assumptions of Theorem 1.2 
is when Ωd is a rectangle. In other words, to our knowledge, the estimate of Theorem 1.2 is 
completely new for the class of domains that satisfy (1.7)-(1.10), which clearly also contains 
nonconvex domains.

Recalling the notation used in [1], we introduce the following functionals

	
T (Ω) := max

φ∈H1
0 (Ω)\{0}

(´
Ω φ dxdy

)2

´
Ω |∇φ|2dxdy

, P(Ω) := T (Ω) (Per(Ω))2

|Ω|3
, M(Ω) := T (Ω)

R2
Ω |Ω|

� (1.14)

see also [16, 22]. We denoted by Per(Ω) the perimeter of Ω, by |Ω| its area, and by RΩ 
its inner radius defined as RΩ := sup{r > 0 : Br(P ) ⊂ Ω, P ∈ Ω}. The functional P  is 
known as Pólya torsion functional and M as Makai functional. We observe that for our 
domains Ωd we have T (Ωd) = Kd/4 and RΩd

= d/2.
It is well known that by combining the results of [16, 22, 23] we have the validity of the 

following sharp estimates for the functionals P  and M:

	
1
3

≤ P(Ω) ≤ 2
3

,
1
8

≤ M(Ω) ≤ 1
3

,� (1.15)

valid for every bounded convex domain Ω ⊂ R2. We recall that for P , the lower bound is 
asymptotically achieved by a sequence of thinning rectangles and the upper bound by a 
sequence of thinning triangles, while for the functional M, the lower bound is achieved if 
and only if Ω is a circle and the upper bound is asymptotically achieved by a sequence of 
thinning rectangles.

One may ask what happens to the functionals P  and M when they are extended to the 
class of bounded nonconvex planar domains.

When considering thinning domains, we can show, by exploiting the result of Theorem 
1.2, that the domains satisfying the assumptions (1.7)-(1.10), roughly speaking, behave like 
thinning rectangles in the sense stated in the following corollary.
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Corollary 1.4  Suppose that all the assumptions of Theorem 1.2 hold true and let P  and R 
be the Pólya torsion functional and the Makai functional defined in (1.14). Then we have

	
P(Ωd) → 1

3
, M(Ωd) → 1

3
, as d → 0+ .

Concluding remarks and open questions.
We conclude the introduction with a couple of open questions that could be worthy of 

future investigation.

	● We wonder if the inequalities (1.15) still hold true on nonconvex simply connected 
planar domains. A possible way to investigate on this question could be to test the func-
tionals P  and M on domains of the type 

	 Ad :=
{

(ρ cos θ, ρ sin θ) ∈ R2 : ρ ∈ (1, 1 + d) , θ ∈ (0, α)
}

	 with α ∈ (0, 2π), where some explicit computations could be performed. The precise 
answer to this question has not been contemplated in the present paper and it could be 
addressed in future works.

	● Another problem that could be investigated in future works is the study of torsional 
rigidity in the case of thinning domains with holes. In such cases, the boundary of the 
cross section Ωd is no longer connected so that, as we have already observed, the quan-
tity Kd is still given by (1.4) but this time u satisfies (1.3) and not (1.2).

	 This drastically changes the behavior of Kd as d → 0+. Indeed, it is well known that 
for thin-walled shafts the torsional rigidity goes to zero much slower as d → 0+, thus 
suggesting, as expected, that similar cross sections confer a larger rigidity to the struc-
ture. Quoting the book [7] about Mechanics of Materials, one can recover the following 
empirical formula for Kd in the case of thinning domains with a single hole (see (3.51), 
p. 214 in [7]): 

	
Kd ≈ 4A2

¸
γ

1
d dℓ

= 4A2d

length(γ)
,� (1.16)

	 where A denotes the area of the region bounded by the center line γ of the wall cross 
section, d is the thickness of the wall and dℓ is the arc length differential, see Fig. 6. In 
our setting, we may assume that d is constant along the center line γ so that the second 
identity in (1.16) follows.

	 We observe from (1.16) that Kd is an infinitesimal quantity of the first order with respect 
to d, while it was of the third order for the domains considered in Theorems 1.1-1.2.

	 We point out that (1.16) is widely used in the field of Mechanics of Materials and one 
can also find empirical justifications for its validity, see again [7], but they cannot be 
considered as rigorous proofs in the sense of Mathematical Analysis. It can be consid-
ered an open problem to provide a rigorous proof of (1.16).

	 Now, assuming the validity of (1.16), one may ask which could be the consequences of 
it when dealing with the Pólya and Makai functionals. For domains Ωd as in Fig. 6 we 
would have 
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T (Ωd) ∼ A2 d

length(γ)
, Per(Ωd) ∼ 2length(γ), |Ωd| ∼ length(γ)d, as d → 0+,

	 from which we obtain 

	
P(Ωd) ∼ 4A2

(length(γ))2 d−2, M(Ωd) ∼ 4A2

(length(γ))2 d−2, as d → 0+.

	 We see that both functionals would diverge to infinity like d−2, thus showing that the 
upper estimates contained in (1.15) are no longer true in the class of domains with holes.

The paper is organized in the following way. We first give in Sect. 2 the proof of Theorem 
1.1 which is actually a particular case of Theorem 1.2 but it shows, as already pointed out, 
which are the main ideas in the proofs, like the use of specific Poincaré-type inequalities 
and scaling arguments. Then in Sect. 3 we give the proof of Theorem 1.2 which is clearly 
more involved since suitable deformations of the domain have to be introduced to straighten 
the different subdomains of which the whole domain is composed. Also in Sect. 1.2, the 
crucial part is to obtain a very specific Poincaré-type inequality in which the dependence on 
the parameter d is well emphasized, see Proposition 3.7 for more details. The final part of 
Sect. 1.2 is devoted to the end of the proof of Theorem 1.2 and to the proof of Corollary 1.4.

2  Proof of theorem 1.1

We start by stating the following Poincaré-type inequality.

Proposition 2.1  Let us consider the open rectangle R = (a1 , b1 ) × (a2 , b2 ) and denote by

	Γx,1 := (a1, b1) × {a2} , Γx,2 := (a1, b1) × {b2} , Γy,1 := {a1} × (a2, b2) , Γy,2 := {b1} × (a2, b2) ,

the four edges of the rectangle R, where the indices x and y stand for horizontal edge and 
vertical edge respectively.

For i ∈ {1 , 2}, let us denote by C ∞
0 ,x,i(R) and C ∞

0 ,y,i(R) the space of all C ∞(R)-func-
tions vanishing on Γx,i  and Γy,i , respectively. Then, for i ∈ {1 , 2}, the following inequali-
ties hold true

	

ˆ

R

|v|2 dxdy ≤ (b2 − a2)2
ˆ

R

∣∣∣∣
∂v

∂y

∣∣∣∣
2

dxdy for any v ∈ C∞
0,x,i(R) , � (2.1)

Fig. 6  An example of thin walled shaft
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ˆ

R

|v|2 dxdy ≤ (b1 − a1)2
ˆ

R

∣∣∣∣
∂v

∂x

∣∣∣∣
2

dxdy for any v ∈ C∞
0,y,i(R) . � (2.2)

In particular, the maps v �→
(´

R

∣∣∣ ∂v
∂y

∣∣∣
2

dxdy
) 1

2

 and v �→
(´

R

∣∣ ∂v
∂x

∣∣2 dxdy
) 1

2
 are norms 

on the spaces C ∞
0 ,x,i(R) and C ∞

0 ,y,i(R) respectively, so that we may define the Hilbert 
spaces H0 ,x,i(R) ⊂ L2 (R) and H0 ,y,i(R) ⊂ L2 (R) as the completion of C ∞

0 ,x,i(R) and 
C ∞

0 ,y,i(R) with respect to the corresponding norms.

As a consequence, the two inequalities in (2.1)-(2.2) hold true for any v ∈ H0 ,x,i(R) and 
for any v ∈ H0 ,y,i(R) respectively, for i ∈ {1 , 2} in both cases.

Proof  Let us prove (2.1) being the proof of (2.2) completely equivalent.

For any function v ∈ C∞
0,x,i(R) we have v(x, a2) = 0 if i = 1 and v(x, b2) = 0 if i = 2. 

However, in both cases, by the Hölder inequality, we have

	
|v(x, y)|2 ≤ (b2 − a2)

ˆ b2

a2

∣∣∣∣
∂v

∂y
(x, t)

∣∣∣∣
2

dt .

Integrating the last estimate first with respect to x and then with respect to y, we obtain the 
desired inequality. � □

2.1  Asymptotic estimate of K1,d

In this subsection, we define Ω̃d := {(x, y) ∈ R2 : (x, d y) ∈ Ωd} and 
ũd(x, y) = 1

d2 ud(x, dy). Then by (1.2), the function ũd solves the boundary value problem

	

{
−

(
∂2ũd

∂x2 + 1
d2

∂2ũd

∂y2

)
= 1

d2 in Ω̃d ,

ũd = 0 on ∂Ω̃d

� (2.3)

that admits the following variational formulation

	
d2
ˆ

Ω̃d

∂ũd

∂x

∂v

∂x
dxy +

ˆ

Ω̃d

∂ũd

∂y

∂v

∂y
dxdy =

ˆ

Ω̃d

v dxdy for any v ∈ H1
0 (Ω̃d) .� (2.4)

Recalling the definitions of U1,d, U2,d, U3,d given in (1.5)-(1.6), we define here the three 
disjoint rectangles by S1,d := U1,d\(U2,d ∪ U3,d), S2,d := U2,d and S3,d := U3,d. For each 
of those sets, we define the corresponding rescaled sets

	̃U1,d := Ty,d(U1,d) , S̃1,d := Ty,d(S1,d) , Ũ2,d := S̃2,d := Ty,d(S2,d) , Ũ3,d := S̃3,d := Ty,d(S3,d) ,� (2.5)

where the operator Ty,d is given by Ty,d(x, y) := (x, d−1 y). We observe that the set Ũ1,d is 
actually independent of d and coincides with Ũ1,0 := (−ℓ1, ℓ1) × (−1/2, 1/2).

Let us prove in the next lemma that ∥ũd∥
L2(Ω̃d) remains bounded as d → 0+.
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Lemma 2.2  Let ũd  be as in (2.3). Then ∥ũd∥L2 (Ω̃d) remains bounded as d → 0 +. Moreover, 

we also find that 
∥∥∥ ∂ũd

∂y

∥∥∥
L2 (Ω̃d)

 and 
∥∥∥d ∂ũd

∂x

∥∥∥
L2 (Ω̃d)

 remain bounded as d → 0 +.

Proof  Suppose by contradiction that along a sequence dn ↓ 0 we have 
Mn := ∥ũdn ∥

L2(Ω̃dn ) → +∞. Let us define wn := ũdn

Mn
 so that ∥wn∥

L2(Ω̃dn ) = 1 and

	

ˆ

Ω̃dn

∣∣∣∣
∂wn

∂x

∣∣∣∣
2

dxdy + 1
d2

n

ˆ

Ω̃dn

∣∣∣∣
∂wn

∂y

∣∣∣∣
2

dxdy = 1
d2

nMn

ˆ

Ω̃dn

wn dxdy .� (2.6)

In particular, by the Hölder inequality, we obtain

	

ˆ

Ω̃dn

∣∣∣∣
∂wn

∂y

∣∣∣∣
2

dxdy ≤ |Ω̃dn | 1
2

Mn
∥wn∥

L2(Ω̃dn ) = (L1 + 2L2 − dn) 1
2

Mn
→ 0 as n → +∞ .

We observe that wn ∈ H0,x,1(S̃1,dn ) ∩ H0,x,2(S̃1,dn ), being a function of H1
0 (Ω̃dn ), so that 

by (2.1) we have

	
∥wn∥

L2(S̃1,dn ) ≤

(ˆ
S̃1,dn

∣∣∣∣
∂wn

∂y

∣∣∣∣
2

dxdy

) 1
2

≤

(ˆ
Ω̃dn

∣∣∣∣
∂wn

∂y

∣∣∣∣
2

dxdy

) 1
2

→ 0 as n → +∞ .� (2.7)

On the other hand, by (2.6) and the Hölder inequality, we also deduce that

	
d2

n

ˆ

Ω̃dn

∣∣∣∣
∂wn

∂x

∣∣∣∣
2

dxdy ≤ |Ω̃dn | 1
2

Mn
∥wn∥

L2(Ω̃dn ) = (L1 + 2L2 − dn) 1
2

Mn
→ 0 as n → +∞ .

We observe that wn ∈ H0,y,2(S̃2,dn ) ∩ H0,y,1(S̃3,dn ) being a function in H1
0 (Ω̃dn ), so that 

by (2.2), we have for i = 2, 3

	
∥wn∥

L2(S̃i,dn ) ≤ dn

(ˆ
S̃i,dn

∣∣∣∣
∂wn

∂x

∣∣∣∣
2

dxdy

) 1
2

≤

(
d2

n

ˆ

Ω̃dn

∣∣∣∣
∂wn

∂x

∣∣∣∣
2

dxdy

) 1
2

→ 0 as n → +∞ .� (2.8)

Combining (2.7) and (2.8) we conclude that ∥wn∥
L2(Ω̃dn ) → 0 as n → +∞, contradicting 

the fact that ∥wn∥
L2(Ω̃dn ) = 1. This completes the proof of the fact that ∥ũd∥

L2(Ω̃d) remains 
bounded as d → 0+. The remaining part of the proof follows from the estimate

	
d2
ˆ

Ω̃d

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

Ω̃d

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy =
ˆ

Ω̃d

ũd dxdy ≤ (L1 + 2L2 − d) 1
2 ∥ũd∥

L2(Ω̃d) .

This completes the proof of the lemma. � □
In the next two lemmas we prove two convergence results for the sequence {ũd} as 

d → 0+ and for the L2-norms of its derivatives.
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Lemma 2.3  Let ũd ∈ H 1
0 (Ω̃d) be as in (2.3). Then, ũd ⇀ w and ∂ũd

∂y ⇀ ∂w
∂y  weakly in 

L2 (Ũ1 ,0 ) as d → 0 + for some function w ∈ L2 (Ũ1 ,0 ) with ∂w
∂y ∈ L2 (Ũ1 ,0 ). Moreover, w 

is independent of the variable x and is given by w(x, y) = − 1
2

(
y2 − 1

4

)
.

Proof  By Lemma 2.2 along a sequence dn ↓ 0, we deduce that there exist two functions 
w, ϕ ∈ L2(Ũ1,0) such that

	
ũdn ⇀ w and

∂ũdn

∂y
⇀ ϕ weakly in L2(Ũ1,0) as n → +∞.� (2.9)

On the other hand, for any d > 0 small enough, we see that ũdn ⇀ w in both spaces 
H0,x,1(S̃1,d

) and H0,x,2(S̃1,d
).

Now, let v be a test function in C∞
c (Ũ1,0) ⊂ H1

0 (Ω̃d), so that

	
d

ˆ

Ũ1,0

d
∂ũd

∂x

∂v

∂x
dxdy +

ˆ

Ũ1,0

∂ũd

∂y

∂v

∂y
dxdy =

ˆ

Ũ1,0

v dxdy .� (2.10)

Then, passing to the limit in (2.10), by Lemma 3.8, we obtain

	

ˆ

Ũ1,0

∂w

∂y

∂v

∂y
dxdy =

ˆ

Ũ1,0

v dxdy for any v ∈ C∞
c (Ũ1,0)

which means that ∂2w
∂y2 = −1 in the sense of distributions in Ũ1,0.

It is a standard fact that a function with a zero partial distributional derivative with respect 
to some variable is necessarily constant in that variable. In particular, if the distributional 
derivative is −1, as in the case of ∂w

∂y , then we have ∂w
∂y (x, y) = −y + a(x) for some func-

tion a ∈ L2(−ℓ1, ℓ1).
Recalling that w ∈ H0,x,1(S̃1,d

), we infer the existence of a sequence 

{wn} ⊂ C∞
0,x,1

(
S̃1,d

)
 such that wn → w in L2(S̃1,d

) and ∂wn

∂y → ∂w
∂y  in L2(S̃1,d

). In par-
ticular, we have that

	
wn(x, y) =

ˆ y

− 1
2

∂wn

∂y
(x, t) dt

L2(S̃1,d
)

−→
ˆ y

− 1
2

∂w

∂y
(x, t) dt = −1

2

(
y2 − 1

4

)
+ a(x)

(
y + 1

2

)

which shows that w(x, y) = − 1
2

(
y2 − 1

4
)

+ a(x)
(
y + 1

2
)
. On the other hand, w ∈ H0,x,2(S̃1,d

) 
and with a similar procedure we infer w(x, y) = − 1

2
(
y2 − 1

4
)

+ a(x)
(
y − 1

2
)
.

Comparing the two expressions of w we conclude that a ≡ 0 and hence 
w(x, y) = − 1

2
(
y2 − 1

4
)
.

The weak convergence ũdn ⇀ w in the two spaces H0,x,1(S̃1,d
), H0,x,2(S̃1,d

) then 

implies that ũdn ⇀ w and ∂ũdn

∂y ⇀ ∂w
∂y  in L2(S̃1,d

) for any d > 0 small. In particular, this 
shows that ϕ = ∂w

∂y .
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We have shown that the weak limits in (2.9) do not depend on the sequence dn ↓ 0, thus 
completing the proof of the lemma. � □

Lemma 2.4  Let ũd ∈ H 1
0 (Ω̃d) be as in (2.3) and Ũ1 ,d , S̃1 ,d  be as in (2.5). Then

	
lim

d→0+

[
d2
ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
= L1

12
,� (2.11)

and

	
lim

d→0+

[
d2
ˆ

Ũ1,0\S̃1,d

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

Ũ1,0\S̃1,d

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
= 0 .� (2.12)

Proof  By direct computation, we find that w satisfies the identity

	

ˆ

Ũ1,0

∣∣∣∣
∂w

∂y

∣∣∣∣
2

dxdy =
ˆ

Ũ1,0

w dxdy .

Let Σd := Ω̃d ∩
(
R ×

(
− 1√

d
, 1√

d

))
, let η ∈ C∞

c (R) be a cut-off function satisfying 

0 < η ≤ 1 in (−1, 1), η ≡ 1 in 
(
− 1

2 , 1
2
)
, η ≡ 0 outside (−1, 1), and let ηd(y) := η(

√
d y).

Then, by Lemma 2.2, Lemma 2.3, weak lower semicontinuity of the L2-norm, (2.4) with 
v = ηd ũd and Hölder inequality, we obtain

	

ˆ

Ũ1,0

w dxdy =
ˆ

Ũ1,0

∣∣∣∣
∂w

∂y

∣∣∣∣
2

dxdy ≤ lim inf
d→0+

ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy ≤ lim sup
d→0+

ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

≤ lim sup
d→0+

[
d2
ˆ

Σd

ηd(y)
∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

Σd

ηd(y)
∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]

= lim sup
d→0+

[ˆ
Σd

ηd(y)ũd dxdy −
ˆ

Σd

η′
d(y)∂ũd

∂y
ũd dxdy

]

≤ lim sup
d→0+

[ˆ
Ũ1,0

ũd dxdy +
ˆ

Σd\Ũ1,0

ηd(y)ũd dxdy +
√

d ∥η′∥L∞(R)

∥∥∥∥
∂ũd

∂y

∥∥∥∥
L2(Ω̃d)

∥ũd∥
L2(Ω̃d)

]

	

≤ lim sup
d→0+

[ˆ
Ũ1,0

ũd dxdy + |Σd \ Ũ1,0| 1
2 ∥ũd∥

L2(Ω̃d) + O
(√

d
)]

= lim
d→0+

[ˆ
Ũ1,0

ũd dxdy + O
(

4
√

d
)]

=
ˆ

Ũ1,0

w dxdy .

We observe that the first and the last terms in the previous chain of inequalities coincide, 
thus showing that

	
lim

d→0+
d2
ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy = 0 , lim
d→0+

ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy =
ˆ

Ũ1,0

∣∣∣∣
∂w

∂y

∣∣∣∣
2

dxdy ,� (2.13)

1 3



Asymptotic estimates for the torsional rigidity of rods with thinning…

which, combined with Lemma 2.3, shows that

	
∂ũd

∂y
→ ∂w

∂y
strongly in L2(Ũ1,0).� (2.14)

The proof of (2.11) follows immediately by (2.13) and the explicit expression of the func-
tion w obtained in Lemma 2.3.

The proof of (2.12) follows by (2.13), (2.14) and by observing that S̃1,d ⊂ Ũ1,0, 
|Ũ1,0 \ S̃1,d| → 0. This completes the proof of the lemma. � □

As an immediate consequence of Lemma 2.4 we obtain the following asymptotic esti-
mate for K1,d:

	
K1,d = 4

ˆ

U1,d

|∇ud|2 dxdy = 4d3

[
d2
ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

Ũ1,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
∼ 1

3
L1d3

as d → 0+ which combined with (2.12) also gives

	
4
ˆ

S1,d

|∇ud|2 dxdy = 4d3

[
d2
ˆ

S̃1,d

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

S̃1,d

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
= 1

3
L1d3 + o(d3) . � (2.15)

2.2  Asymptotic estimate of K2,d = K3,d

Similarly to Subsect. 2.1, we define a family of rescaled domains adapted this time to pro-
vide an asymptotic estimate for the quantities K2,d and K3,d.

Let Ty,d(x, y) := (x, d−1 y) be as in Subsect. 2.1. We define by Td the transformation 
obtained by rotating of ninety degrees counterclockwise, translating of ℓ1 downwards and 
applying the rescaling Ty,d.

In this way, the domain Td(Ωd), which will be denoted in this subsection by Ω̃d, up to a 
set of zero measure, will be the union of the three rectangles S̃i,d := Td(Si,d), i = 1, 2, 3. 
Those three rectangles take the form

	

S̃1,d =
(
− d

2 , d
2
)

×
(
− 2ℓ1

d + 1
2 , − 1

2
)

,

S̃2,d = (−ℓ2, ℓ2) ×
(
− 1

2 , 1
2
)

, S̃3,d = (−ℓ2, ℓ2) ×
(
− 2ℓ1

d − 1
2 , − 2ℓ1

d + 1
2
)

.
� (2.16)

As one can see from (2.16), the transformation Td has the advantage of making independent 
of d the rectangles S̃2,d, which for this reason will be simply denoted by S̃2,0.

Similarly to Subsect. 2.1, we define a rescaled function ũd(x, y) := ud(T −1
d (x, y)) for 

any (x, y) ∈ Ω̃d. Then ũd solves the problem

	

{
−

(
∂2ũd

∂x2 + 1
d2

∂2ũd

∂y2

)
= 1

d2 in Ω̃d ,

ũd = 0 on ∂Ω̃d .
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The first step is to prove that ∥ũd∥
L2(Ω̃d), 

∥∥∥ ∂ũd

∂y

∥∥∥
L2(Ω̃d)

 and 
∥∥∥d ∂ũd

∂x

∥∥∥
L2(Ω̃d)

 remain bounded 

as d → 0+.
This can be proved by following, with the appropriate adaptations, the same argument 

used in the proof of Lemma 2.2 based on the Poincaré-type inequalities stated in Proposi-
tion 2.1.

We can now state the following lemma.

Lemma 2.5  Let ũd ∈ H 1
0 (Ω̃d) be defined as in the present subsection. Then ũd ⇀ w weakly 

in the Hilbert space H0 ,x,2 (S̃2 ,0 ) as d → 0 + where w ∈ H0 ,x,1 (S̃2 ,0 ) ∩ H0 ,x,2 (S̃2 ,0 ) is 

independent of the variable x and it is given by w(x, y) = − 1
2

(
y2 − 1

4

)
.

Proof  Proceeding as in the proof of Lemma 2.3 we infer that along a sequence 
dn ↓ 0, ũdn ⇀ w in H0,x,2(S̃2,0) for some function w satisfying the equation ∂2w

∂y2 = −1 in 

the sense of distributions. We cannot say directly that we also have w ∈ H0,x,1(S̃2,0) since 
ũdn ̸∈ H0,x,1(S̃2,0) as one can see by looking at the edges definitions in Proposition 2.1 and 
at the decomposition of Ω̃d in (2.16). This is due to the fact that ũdn  is not necessarily zero 
on the small portion of ∂S̃2,0 where S̃2,0 is attached to S̃1,d. However, for any 0 < a < ℓ2, 
when dn has become sufficiently small, we have

	 ũdn ∈ H0,x,1
(
(a, ℓ2) ×

(
− 1

2 , 1
2
))

∩ H0,x,1
(
(−ℓ2, −a) ×

(
− 1

2 , 1
2
))

.

One can verify that w is also the weak limit of {ũdn } in both Hilbert spaces 
H0,x,1

(
(a, ℓ2) ×

(
− 1

2 , 1
2
))

 and H0,x,1
(
(−ℓ2, −a) ×

(
− 1

2 , 1
2
))

.
Combining this with the fact that we already know that w ∈ H0,x,2(S̃2,0), proceed-

ing as in the proof of Lemma 2.3, we may conclude that w(x, y) = − 1
2 (y2 − 1

4 ) in 
(a, ℓ2) ×

(
− 1

2 , 1
2
)
 and in (−ℓ2, −a) ×

(
− 1

2 , 1
2
)
. Since a can be chosen arbitrarily small, 

the conclusion of the lemma then follows. � □
Once we have proved Lemma 2.5 we can repeat the argument used in the proof of Lemma 

2.4 and show that

	
lim

d→0+

[
d2
ˆ

S̃2,0

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

S̃2,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
=
ˆ

S̃2,0

∣∣∣∣
∂w

∂y

∣∣∣∣
2

dxdy = L2

12
.

Finally, we have

	
K2,d = 4

ˆ

S2,d

|∇ud|2 dxdy = 4d3

[
d2
ˆ

S̃2,0

∣∣∣∣
∂ũd

∂x

∣∣∣∣
2

dxdy +
ˆ

S̃2,0

∣∣∣∣
∂ũd

∂y

∣∣∣∣
2

dxdy

]
∼ 1

3
L2 d3

as d → 0+.
By the symmetry of the solution ud we easily deduce that K3,d = K2,d and hence also 

the asymptotic estimate for K3,d is done.
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End of the proof of Theorem 1.1. By the definition of Kd, (2.15) and Subsections 2.1-
2.2, we may conclude that

	
Kd = 4

ˆ

S1,d

|∇ud|2dxdy + K2,d + K3,d = 1
3

L1 d3 + 2
3

L2 d3 + o(d3)

and hence, the proof of the theorem is complete.

3  Proof of Theorem 1.2 and of Corollary 1.4

As a first step, we have to construct a family of C2-diffeomorphisms with the purpose of 
straightening local portions of the curves γi and their corresponding tubular neighborhoods. 
The construction of these diffeomorphisms is performed in the next lemma.

Lemma 3.1  Let i ∈ {1 , . . . , N} and let γi  be the corresponding curve satisfying conditions 
(1.7)-(1.10). Then there exist di , Mi , C 2 (R2 ;R2 ) global diffeomorphisms Φi,1 , . . . , Φi,Mi , 
a subdivision ti,0 = ai < ti,1 < · · · < ti,Mi−1 < ti,Mi = bi  of the interval [ai , bi ], such that 
for any d ∈ (0 , di/2 )

	Φ
−1
i,m(t, s) = γi(t) + sn(t) for any (t, s) ∈ Ii,m ×

(
− d

2 , d
2
)

for any m ∈ {1, . . . , Mi} ,

where we put Ii,m = (ti,m−1 , ti,m) for any m ∈ {1 , . . . , Mi}. We recall that n denotes the 
unit normal vector to the curve γi  according to the definition given in (1.11).

In particular, the sets defined by

	 Zi,m,d = Φ−1
i,m

(
Ii,m ×

(
− d

2 , d
2
))

, m ∈ {1, . . . , Mi},� (3.1)

are disjoint sets contained in Ui,d  such that Ui,d\
∪Mi

m=1 Zi,m,d  has zero measure.
Moreover, the Jacobian matrices of Φi,m  and Φ−1

i,m  and the Hessian matrices of their 
components have bounded coefficients in the whole R2 .

Proof  Since the index i ∈ {1, . . . , N} remains fixed from the beginning, it will sometimes 
be omitted in the definitions appearing in the present proof, unless required. With the pur-
pose of making the proof of this lemma easier to read, we divide it into several steps.

Step 1. In this first step, we show that the curve γi can be split into the graphs of Mi 
functions defined on compact intervals Ii,1, . . . , Ii,Mi . Each of these functions is then 
extended as a function defined on the whole real line. Moreover, for a sufficiently small di, 
we construct local diffeomorphisms between the tubular neighborhoods of these extended 
graphs and a strip of the type R × (−di/2, di/2).

By (1.7), we deduce that there exist Mi and ti,0 = ai < ti,1 < · · · < ti,Mi−1 < ti,Mi
= bi 

such that for any m ∈ {1, . . . , Mi}, the curve γi([ti,m−1, ti,m]) is the graph of a real func-
tion of one real variable. We put Ii,m = (ti,m−1, ti,m) for any m ∈ {1, . . . , Mi} according 
to the notation present in the statement of the lemma.
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In the remaining part of the proof we fix an arbitrary m ∈ {1, . . . , Mi} so that we may 
omit the index m unless strictly necessary. First of all, we denote by g the function whose 
graph is given by γi(Ii,m). Up to a rotation, we may assume that the graph is in the form 
y = g(x) and that the unit normal vector n to γi(Ii,m) always has a positive y-component. 
Being g ∈ C2(Ii,m), it admits a C2

c (R) extension that will still be denoted for simplicity 
by g. We point out that with C2

c (R) we mean the class of compactly supported C2(R) func-
tions. At the same time, we can parameterize the entire graph of g by extending γi|Ii,m

 to 
the entire real line and denoting this new curve by η ∈ C2(R;R2). By a polynomial inter-
polation argument, we may choose the extended parametrization η in such a way that the 
derivative of the x-component of η becomes constant outside a compact set.

Resuming, writing η(t) = (η1(t), η2(t)), we may assume that η′
1 admits a positive mini-

mum, |η′| and |κ| admits a maximum where we denoted by κ = κ(t) the curvature of η:

	
µ1 := min

t∈R
η′

1(t) > 0 , µ2 := max
t∈R

|η′(t)| > 0 , K := max
t∈R

|κ(t)| ≥ 0 .� (3.2)

Let us define the map

	 Ψ : R2 → R2 , Ψ(t, s) = η(t) + sn(t) ∀ (t, s) ∈ R2 .

Applying the Local Inversion Theorem and exploiting a compactness argument, it follows 
that there exists di such that the following restriction of Ψ, which for simplicity we still 
denote by Ψ,

	
Ψ : R ×

(
− di

2 , di

2

)
→ V

i,di
,� (3.3)

is a C2-diffeomorphism, where we put

	 V
i,di

:= {η(t) + sn(t) : t ∈ R, s ∈ (−di/2, di/2)} .

We show this as a consequence of the following two claims.
Claim 1. We first observe that by (1.7), the map Ψ is of class C2 and det(JΨ) ̸= 0 

at any point (t, 0) with t ∈ R. Then, by a compactness argument we can show that there 

exists di > 0 such that det(JΨ(t, s)) ̸= 0 for any t ∈ R and s ∈
(

− di

2 , di

2

)
. Indeed, sup-

pose by contradiction that for any integer n ≥ 1, we can find (tn, sn) with sn ∈
(
− 1

n , 1
n

)
 

such that det(JΨ(tn, sn)) = 0. We observe that for t outside a sufficiently large compact 
set [−R, R], det(JΨ(t, s)) ≡ C±, for suitable positive constants C+ and C−, in the cases 
t > R or t < −R respectively, as one can deduce from the construction of the extended 
curve η. For this reason, the sequence {tn} is bounded and hence we may suppose that, 
up to a subsequence, tn → t̄ for some t̄ ∈ R, so that by continuity det(JΨ(t̄, 0)) = 0, a 
contradiction.

Claim 2. Now, we need to prove that, up to shrink di if necessary, the map Ψ is injective in 

R ×
(

− di

2 , di

2

)
. Suppose by contradiction that no such di can be found to make Ψ injective. 

Then for any integer n ≥ 1 we can find (tn, sn) ̸= (τn, σn) with sn, σn ∈
(
− 1

n , 1
n

)
, such 
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that Ψ(tn, sn) = Ψ(τn, σn). It is easy to see tn, τn ∈ [−R, R] since otherwise we would 
have (tn, sn) = (τn, σn), being Ψ(t, s) = (C±t + D±, s) for t ̸∈ [−R, R].

On the other hand, a contradiction can be easily reached when, among the two sequences 
{tn} and {τn}, one is bounded and the other one diverges to infinity. Indeed, η1 remains 
bounded on the bounded sequence and diverges on the divergent sequence.

We have just shown that both sequences {tn} and {τn} are bounded. Up to subsequences, 
we may suppose that tn → t̄ and τn → τ̄ , for some t̄, τ̄ ∈ R, so that by continuity we obtain 
Ψ(t̄, 0) = Ψ(τ̄ , 0) and, in turn, η(t̄) = η(τ̄). This implies t̄ = τ̄  being η1 strictly increasing 
as a consequence of (3.2). Therefore, the restriction of Ψ to any neighborhood of the point 
(t̄, 0) is never injective, thus contradicting the Local Inversion Theorem.

Collecting what we have proved in Claim 1 and Claim 2, we may conclude that for a 
small di, the map in (3.3) is invertible and its inverse is still of class C2.

Step 2. In this second step, after having fixed an arbitrary m ∈ {1, . . . , Mi}, with Mi as 

in Step 1, we define a map Γ, coinciding with Ψ in the domain R ×
(

− di

4 , di

4

)
, which will 

be shown to be a global diffeomorphism in the subsequent steps.

First of all, if necessary, we may shrink the number di found in Step 1 in such a way that 
the following inequality holds true

	 µ1 − Kµ2 di > 0 ,� (3.4)

where µ1, µ2, K are the constants defined in (3.2).
We now introduce a suitable cut-off function α ∈ C1(R) such that α is even, 0 ≤ α ≤ 1, 

α ≡ 1 in [−di/4, di/4], α ≡ 0 outside (−di/2, di/2), and α decreasing in [di/4, di/2].
Then we define the map Γ : R2 → R2 by

	
Γ(t, s) := η(t) +

ˆ s

0
[ α(σ)n(t) + (1 − α(σ))j ] dσ for any (t, s) ∈ R2 ,

where j = (0, 1) is as usual the unit vector of the y-axis.

We observe that Γ actually coincides with Ψ in R ×
(

− di

4 , di

4

)
, as claimed at the begin-

ning of this step.

Step 3. We show that for any s ∈ R the curve t �→ Γ(t, s) is the graph of a function in the 
form y = gs(x) for some gs : R → R.

We start by considering the case s ∈
[
−di/2, di/2

]
. Using the notation Γ = (Γ1, Γ2) for 

denoting the two components of the vector valued function Γ, by (3.2), (3.4) and the choice 
of α, if |s| ≤ di/2, for any t ∈ R we have that

	

∂Γ1

∂t
(t, s) = η′

1(t) +
(ˆ s

0
α(σ)dσ

)
n′

1(t) ≥ µ1 − |s| |n′(t)|

= µ1 − |s| |κ(t)| |η′(t)| ≥ µ1 − di

2 Kµ2 ≥ µ1 − Kµ2 di > 0 .

� (3.5)

As a consequence of the previous estimate, we deduce that for any s ∈
[
−di/2, di/2

]
 the 

map t �→ Γ1(t, s) is invertible as a function from R to R and hence the curve t �→ Γ(t, s) is 
the graph of a function in the form y = gs(x) for some function gs : R → R depending on s.
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We observe that from the definition of α, for s > di/2 we have that 
Γ(t, s) = Γ(t, di/2) + (s − di/2)j which means that the curve t �→ Γ(t, s) is a vertical 
translation of the graph of gdi/2 so that it is, in turn, the graph of a function that we can still 
call gs.

We can proceed similarly in the case s < −di/2.
Step 4. We prove that for any s̄ ∈ R, gs → gs̄ pointwise as s → s̄. Let x ∈ R and for any 

s ∈ R denote by ts the unique value for which Γ1(ts, s) = x. Such a ts exists and is unique 
thanks to Step 3. Moreover, from the definition of Γ we deduce that the map s �→ η1(ts) is 
bounded, and by (3.2) we deduce that also s �→ ts is bounded. Along any sequence sn → s̄ 
we can find a subsequence {snk

} such that tsnk
→ t̄ for some t̄ ∈ R. From the continuity of 

Γ it follows that Γ(tsnk
, snk

) → Γ(t̄, s̄) and in particular

	x = Γ1(tsnk
, snk

) → Γ1(t̄, s̄) , gsnk
(x) = Γ2(tsnk

, snk
) → Γ2(t̄, s̄) as k → +∞ .

Then, the fact that x = Γ1(t̄, s̄) implies that gs̄(x) = Γ2(t̄, s̄) and hence gsnk
(x) → gs̄(x) 

as k → +∞. The independence of the limit proves that the last convergence holds true for 
the sequence {sn} and, in turn, as s → s̄ in the usual sense.

Step 5. We prove that the restriction Γ
|R×

[
− di

2 ,
di
2

] is injective.

Let us start by defining the set

	
S+ :=

{
S ∈

(
0, di

2

]
: Γ|R×[0,S] is injective

}
.

From Step 1 we deduce that S+ is a nonempty bounded interval since, as already observed, 
Γ coincides with Ψ when |s| is small enough. We now define S := sup S+ ≤ di/2.

We claim that S ∈ S+. We have to prove that Γ|R×[0,S] is injective. By definition, for any 
S < S the map ΓR×[0,S] is injective and hence for any 0 ≤ s1 < s2 < S the graphs of gs1  
and gs2  have no intersections. Moreover, we have that

	
∂Γ1

∂s
(t, s) = − α(s)

|η′(t)|
η′

2(t) ,
∂Γ2

∂s
(t, s) = α(s)

|η′(t)|
η′

1(t) + (1 − α(s)) > 0 ,

which implies that Γ2(t, s1) < Γ2(t, s2) for any t ∈ R and in particular the graph of gs1  is 
below the graph of gs2 . This can be easily seen by considering those values of t for which 
η′

2(t) = 0 on which the identity Γ1(t, s1) = Γ1(t, s2) holds true.
We have just shown that

	 gs1 (x) < gs2 (x) for any x ∈ R and 0 ≤ s1 < s2 < S .� (3.6)

Combining Step 4 and (3.6) we deduce that gS  is strictly larger than gs for any 0 < s < S.
Resuming, we have so shown that for any s1, s2 ∈ [0, S] with s1 < s2 we have gs1 < gs2 , 

differently from (3.6) where the value S was not included.
From this and from(3.5) we easily deduce that for any (t1, s1), (t2, s2) ∈ R × [0, S] such 

that Γ(t1, s1) = Γ(t2, s2), we necessarily have (t1, s1) = (t2, s2). We have completed the 
proof of the claim S ∈ S.
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We now claim that S = di/2. Suppose by contradiction that S < di/2.
By (3.4) we have that for any (t, s) ∈ R × [0, di/2]

	

det(JΓ(t, s)) = α(s)|η′(t)|+(1 − α(s))η′
1(t)+

(ˆ s

0
α(σ) dσ

) [
α(s)

|η′(t)|
n′(t) · η′(t) + n′

1(t)(1 − α(s))
]

≥ η′
1(t) − 2s|n′(t)| = η′

1(t) − 2s|κ(t)| |η′(t)| ≥ µ1 − 2sKµ2 ≥ µ1 − Kµ2 di > 0 .

� (3.7)

Using the same argument introduced in Step 1 with s = S in place of s = 0, we can prove 
that there exists δ > 0 with S + δ < di/2 such that Γ is injective in R × (S − δ, S + δ).

Proceeding as above, we then deduce that the graphs of the functions gs are ordered for 
s ∈ (S − δ, S + δ) and combining this with (3.6) we obtain the ordering of the graphs for 
any s ∈ [0, S + δ). This, combined with (3.5), proves that Γ is injective in R × [0, S + δ), 
thus contradicting the maximality of S. This completes the proof of the claim S = di/2.

With the very same kind of procedure we can prove that Γ is injective in R × [−di/2, 0] 
and that (3.7) is also true for s ∈ [−di/2, 0]. We have completed the proof of this step.

Step 6. In this step, we prove that Γ : R2 → R2 is bijective. Let us start with injectivity. 
We observe that

	
Γ(t, s) = Γ

(
t, di

2

)
+

(
s − di

2

)
j and Γ(t, s) = Γ

(
t, − di

2

)
+

(
s + di

2

)
j � (3.8)

in the cases s ≥ di/2 and s ≤ −di/2, respectively. This means that for s > di/2 or 
s < −di/2 the curve t �→ Γ(t, s) is still the graph of a function gs which is a vertical trans-
lation of the graphs of gdi/2 and g−di/2, respectively in the two cases.

This proves that the graphs of gs are strictly ordered for s ∈ R. Combining this with (3.5) 
we finally proved that Γ is injective in the whole R2.

To prove that Γ is surjective, we observe that by (3.8), the constructions of g and η in 
Step 1 and the definition of Γ in Step 2, we have

	
lim

s→+∞
min
x∈R

gs(x) = +∞ and lim
s→−∞

max
x∈R

gs(x) = −∞ .

Therefore, letting (x, y) be an arbitrary point of R2, we see that there exist s0 < S0 such that 
gs0 (x) < y < gS0 (x). Finally, performing a bisection procedure on the parameter s, we find 
two monotone sequences

	 s0 ≤ s1 ≤ · · · ≤ sn−1 ≤ sn ≤ Sn ≤ Sn−1 ≤ · · · ≤ S1 ≤ S0

such that Sn − sn = (S0 − s0)/2n and gsn (x) ≤ y ≤ gSn (x), for any n. Either we find n 
for which y = gsn (x) or y = gSn (x), or for any n ≥ 0 we have gsn (x) < y < gSn (x). In 
the second case, passing to the limit as n → +∞, by Step 4, we obtain y = gs̄(x) where 
s̄ = limn→+∞ sn = limn→+∞ Sn.

In both cases, we have shown that (x, y) belongs to the graph of a function gs for some 
s and hence there exists a corresponding t such that Γ(t, s) = (x, y), thus completing the 
proof that Γ is surjective.
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Step 7. We complete the proof of the lemma. In Step 6 we have proved that Γ : R2 → R2 
is bijective and, therefore, recalling the dependence on the indices i and m, we may define 
Φi,m := Γ−1.

We have to prove that Φi,m is a C2 diffeomorphism and for showing this, it is enough 
to observe that Γ ∈ C2(R2;R2) thanks to (1.7), and by (3.7), (3.5) and (3.8), we have 
det(JΓ(t, s)) ̸= 0 for any (t, s) ∈ R2.

The conclusion about the sets Zi,m,d defined in (3.1) follows by recalling the definitions 
of the intervals Ii,m, of the sets Ui,d and of the map Γ.

Finally, the conclusion on boundedness of coefficients of JΦi,m and JΦ−1
i,m and of the 

Hessian matrices of the components of Φi,m and Φ−1
i,m, follows from the definition of Γ, 

(3.7), (3.5) and (3.8). � □

Let ud be a solution of (1.2) and following the notations of Lemma 3.1, for 
m ∈ {1, . . . , Mi}, let wd be the function defined by

	 wd(t, s) := ud(Φ−1
i,m(t, s)) for any (t, s) ∈ Φi,m(Ωd) .� (3.9)

Then wd solves the following boundary value problem

	

{ −div(A∇wd) = f in Φi,m(Ωd) ,
wd = 0 on ∂(Φi,m(Ωd)) ,

where, after defining Ψi,m := Φ−1
i,m,

	A(t, s) := | det(JΨi,m(t, s))| (JΨi,m(t, s))−1 [(JΨi,m(t, s))−1]T and f(t, s) := | det(JΨi,m(t, s))| .� (3.10)

For simplicity, we omitted the dependence on the indices i and m in the notation used for 
A and f.

Since Φi,m and in particular its inverse function Ψi,m are C1 diffeomorphisms globally 
defined in R2, then the matrix A is positive definite and, moreover, since Ωd and Φi,m(Ωd) 
are bounded domains, we see that there exists a constant α0 > 0, independent of d ∈ (0, di), 
such that

	 (A(t, s)ξ) · ξ ≥ α0 |ξ|2 for any (t, s) ∈ Φi,m(Ωd) and ξ ∈ R2,� (3.11)

which shows that the linear differential operator v �→ −div(A∇v) is uniformly elliptic in 
Φi,m(Ωd).

Moreover, letting A = (aij), we also have for d → 0+

	
∥A∥L∞(Φi,m(Ωd)) := max

i,j∈{1,2}
sup

(t,s)∈Φi,m(Ωd)
|aij(t, s)| = O(1) and ∥f∥L∞(Φi,m(Ωd)) = O(1) .� (3.12)

For any j ∈ {1, . . . , N}, we also define the curves γ̃j := Φi,m ◦ γj , η̃j := Φi,m ◦ ηj , 
where we omitted for simplicity the dependence on the indices i and m, and the relative 
tubular neighborhoods of thickness d:

	 V (η̃j , d) :=
{

η̃j(t) + sn(t) : t ∈ R, s ∈
(
− d

2 , d
2
)}

,
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with n unit normal vector to η̃j . We recall that ηj  are the curves defined in (1.12).
It now follows a sequence of technical lemmas that have the purpose of obtaining some 

Poincaré-type inequalities of fundamental importance in the subsequent convergence 
arguments.

From the Lipschitz continuity of the function Φi,m, we immediately have the following 
result.

Lemma 3.2  Assume the validity of (1.7). For any i, j ∈ {1 , . . . , N} and m ∈ {1 , . . . , Mi} 
there exists a constant L depending on i and m such that

	 Φi,m(Vj,d) ⊆ V (η̃j , Ld) for any d > 0 ,

where we recall that Vj,d  was defined after (1.12).

Proof  From Lemma 3.1 we deduce that Φi,m is Lipschitz continuous, so that we can denote 
by L its Lipschitz constant. Moreover, by a minimization argument, one can easily verify 
that a tubular neighborhood of thickness d of unbounded curves such as ηj  and η̃j  can be 
characterized as the set of points whose distance from the corresponding curve is less than 
d/2. The inclusion then follows immediately from the Lipschitz continuity of Φi,m. � □

Lemma 3.3  Assume the validity of conditions (1.7)-(1.10). Let i ∈ {1 , . . . , N} and 
m ∈ {1 , . . . , Mi}. For any j ∈ {1 , . . . , N}, let Jj ⊃ [aj , bj ] be the maximal open interval 
on which the function η̃j  is injective.

Then the following assertions hold true: 
(i)	 there exists d > 0 such that for any j ∈ {1, . . . , N} and d ∈ (0, d), the map defined 

by 

	

Γj,d : Jj × (−d/2, d/2) → Γj,d

(
Jj × (−d/2, d/2)

)
,

Γj,d(t, s) := η̃j(t) + sn(t) ,

 is a C1 diffeomorphism, where as usual n denotes the unit normal vector to the curve.

(ii)	 For j ∈ {1, . . . , N} and α, β ∈ Jj , with α < β, define 

	
W (j, α, β, d) := Γj,d

(
[α, β] × (−d/2, d/2)

)
.

 Then for some d, possibly smaller than the one found in (i), we have that there exists a 
projection map 

	 Πj,d : W (j, α, β, d) → η̃j([α, β]) ,

 such that for any point P ∈ W (j, α, β, d), Πj,d(P ) is the unique point in η̃j([α, β]) 
satisfying 

	 |P − Πj,d(P )| = dist(P, η̃j([α, β])) .
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(iii)	 For j, k ∈ {1, . . . , N}, recalling the notation of (1.9)-(1.10), suppose that the inter-
section between the curves γj([aj , bj ]) and γk([ak, bk]) is given by the singleton 
{Pjk}; then there exists δ > 0 such that 

	
diam

(
∂V (η̃j , d) ∩ V (η̃k, d) ∩ Bδ(Φi,m(Pjk))

)
= O(d) as d → 0+ ,

 where Bδ(Φi,m(Pjk)) denotes the open disk centered at Φi,m(Pjk) of radius δ.

(iv)	 For j, k ∈ {1, . . . , N} and δ as in (iii), up to shrink δ, we have for any d ∈ (0, d)

	
Γ−1

j,d

(
∂V (η̃j , d) ∩ V (η̃k, d) ∩ Bδ(Φi,m(Pjk))

)
⊂

(
K+

j,k,d ×
{

d
2
})

∪
(
K−

j,k,d ×
{

− d
2
})

� (3.13)

 for some K+
j,k,d and K−

j,k,d compact intervals satisfying 

	 length(K+
j,k,d) = O(d) , length(K−

j,k,d) = O(d) as d → 0+ .� (3.14)

Proof  We prove separately the different items of the lemma.

Proof of (i). Proceeding as in the proof of Lemma 3.1, using (1.7) and the construction 
of ηj  in (1.12), we deduce that the map Γj,d, defined in the statement of the present lemma, 
is a C1 diffeomorphism for d ∈ (0, d), for some d sufficiently small.

Proof of (ii). Given P, by a minimization argument, it can easily be proved that there 
exists a point Q ∈ η̃j([α, β]) such that |P − Q| equals dist(P, η̃j([α, β]). Moreover P lies 
on the normal direction to the curve passing through Q. We preliminarily observe that if 
P ∈ W (j, α, β, d), for stationary points t0 ∈ [α, β] of the function g(t) := |η̃j(t) − P |2, 
we see that P lies on the normal direction to η̃j  passing through η̃j(t0).

For P ∈ W (j, α, β, d) let t ∈ [α, β] and s ∈ (−d/2, d/2) be such that Γj,d(t, s) = P .
If t ∈ {α, β} we can verify that P is on the normal direction to the curve passing through 

Q with Q = η̃j(α) if t = α and Q = η̃j(β) if t = β since otherwise, for d small enough, 
Q = η̃j(t0) for some t0 ∈ (α, β), so that g′(t0) = 0. Therefore, P lies on the normal direction 
to ̃ηj  passing through Q = η̃j(t0). This implies Γj,d(t, s) = P = Γj,d(t0, σ) for some σ ∈ R 
that necessarily belongs to (−d/2, d/2) being |Q − P | = dist(P, η̃j([a, b]) < d/2. Since Γj,d 
is injective in Jj × (−d/2, d/2) and (t, s), (t0, σ) ∈ Jj × (−d/2, d/2) then t0 = t ∈ {α, β} 
and σ = s, a contradiction.

On the other hand, if t ∈ (α, β) suppose by contradiction that Q = η̃j,d(τ) for τ ∈ {α, β} 
and |Q − P | < |η̃j(t) − P |. Just to fix ideas, suppose that τ = β. Fix a, b ∈ Jj  such that 
α < a < β < b. Then for d small enough, the minimum of g on [a, b] cannot be achieved 
at a or b and therefore it is achieved at some point t0 ∈ (a, b) where g′(t0) = 0. In this way, 
|η̃j(t0) − P | ≤ |Q − P | < |η̃j(t) − P |.

With the same argument used above, based on the injectivity of Γj,d we conclude that 
t0 = t, a contradiction. We have proved that Q = η̃j,d(τ) for some τ ∈ (α, β). Then, we 
have g′(τ) = 0 and, hence, repeating the above argument, we conclude that τ = t.

Summarizing, we have proved that given P ∈ W (j, α, β, d), Q is uniquely determined 
by P and, moreover, Q = η̃j(t) where (t, s) = Γ−1

j,d(P ).
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This completes the proof of the existence of the projection map Πj,d.
Proof of (iii). Letting Pjk be as in (1.10), we now claim that there exists δ > 0 such that

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|P − Φi,m(Pjk)| → 0 as d → 0+ .� (3.15)

Proceeding by contradiction, for any δ > 0 there exist ε > 0 and a sequence 
{Pn} ⊂ ∂V (η̃j , 1/n) ∩ V (η̃k, 1/n) ∩ Bδ(Φi,m(Pjk)) such that |Pn − Φi,m(Pjk)| ≥ ε. 
Up to subsequences, we may assume that Pn → P  for some P  that necessarily belongs 
to η̃j(R) and to η̃k(R), being the distance of Pn from the two curves less or equal than 
1/n. But, if δ is small enough, the intersection of the two curves in Bδ(Φi,m(Pjk)) is the 
singleton {Φi,m(Pjk)} thus proving that P = Φi,m(Pjk), a contradiction. This gives the 
proof of (3.15).

To complete the proof of (iii), it will suffice to prove that there exists a constant C > 0 
such that

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|P − Φi,m(Pjk)| ≤ C d .

� (3.16)

Let tj ∈ [aj , bj ] and tk ∈ [ak, bk] be such that η̃j(tj) = Pjk and η̃k(tk) = Pjk. Let [αj , βj ] 
and [αk, βk] be as in (ii) so that tj ∈ [αj , βj ] and tk ∈ [αk, βk], where the indices j and k 
refer to the curves η̃j  and η̃k, respectively. Choosing δ small enough, if P is as in (3.16), 
then P ∈ W (k, αk, βk, d) and

	dist(Πk,d(P ), η̃j([αj , βj ]) ≤ |Πk,d(P ) − P | + dist(P, η̃j([αj , βj ]) < d
2 + d

2 = d

so that Πk,d(P ) ∈ W (j, αj , βj , 2d) and, moreover,

	 |Πj,2d(Πk,d(P )) − Πk,d(P )| < d .� (3.17)

Combining (3.15) with the fact that |Πk,d(P ) − P | < d/2, we have

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|Πk,d(P ) − Φi,m(Pjk)| → 0 as d → 0+

� (3.18)

and by (3.17) we also have

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|Πj,2d(Πk,d(P )) − Φi,m(Pjk)| → 0 as d → 0+ .� (3.19)

Now, let t(d, P ) ∈ [αk, βk] and τ(d, P ) ∈ [αj , βj ] be such that η̃k(t(d, P )) = Πk,d(P ), 
η̃j(τ(d, P )) = Πj,2d(Πk,d(P )). By Steps (i)-(ii) and (3.18)-(3.19), we have

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|t(d, P ) − tk| → 0 as d → 0+ ,� (3.20)
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and

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|τ(d, P ) − tj | → 0 as d → 0+ .� (3.21)

Then we can use Taylor expansions to write

	

Πk,d(P ) = Φi,m(Pjk) + (t(d, P ) − tk)[η̃′
k(tk) + Rk(d, P )] ,

Πj,2d(Πk,d(P )) = Φi,m(Pjk) + (τ(d, P ) − tj)[η̃′
j(tj) + Rj(d, P )] ,

as d → 0+, where and Rk, Rj  are two vector functions that, thanks to (3.20) and (3.21), 
satisfy

	

sup
P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))

|Rk(d, P )| → 0 ,

sup
P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))

|Rj(d, P )| → 0 ,
� (3.22)

as d → 0+.
Combining the two expansions with (3.17), we obtain

	
∣∣(t(d, P ) − tk)[η̃′

k(tk) + Rk(d, P )] − (τ(d, P ) − tj)[η̃′
j(tj) + Rj(d, P )]

∣∣ < d .� (3.23)

Now we can apply in (3.23) the following general inequality valid for non parallel vectors 
W1, W2 with angle between them given by θ ∈ (0, π)

	|aW1 + bW2|2 ≥ (1 − | cos θ|)|W1|2 a2 + (1 − | cos θ|)|W2|2 b2 for any a, b ∈ R .� (3.24)

For d small enough, using (3.22), we estimate the modulus of the vectors 
η̃

′
k(tk) + Rk(d, P ), η̃

′
j(tj) + Rj(d, P ) and the cosine of the angle θd between them in the 

following way

	|η̃
′
k(tk) + Rk(d, P )| ≥ |̃η

′
k(tk)|

2 , |η̃′
j(tj) + Rj(d, P )| ≥ |̃η

′
j(tj)|
2 , 1 − | cos θd| ≥ 1−| cos θ|

2 ,

with θ the angle between the vectors η̃′
k(tk), η̃

′
j(tj).

Then, by (3.23) and (3.24), we obtain

	 d2 >
(1−| cos θ|)|̃η

′
k(tk)|

8 [t(d, P ) − tk]2 + (1−| cos θ|)|̃η
′
j(tj)|

8 [τ(d, P ) − tj ]2

from which it follows

	
|t(d, P ) − tk| <

√
8

(1−| cos θ|)|̃η
′
k(tk)|

d and |τ(d, P ) − tj | <

√
8

(1−| cos θ|)|̃η
′
j(tj)|

d .
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Inserting the estimate on |t(d, P ) − tk| in the first Taylor expansion above, by (3.22), we 
deduce that

	
sup

P ∈∂V (η̃j ,d)∩V (η̃k,d)∩Bδ(Φi,m(Pjk))
|Πk,d(P ) − Φi,m(Pjk)| ≤ C d

for some positive constant C independent of d and this combined with the estimate 
|Πk,d(P ) − P | < d/2 proves (3.16) and completes the proof of (iii).

Proof of (iv). It is enough to observe that for d small enough Γ−1
j,d  is Lipschitz continu-

ous in ∂V (η̃j , d) ∩ V (η̃k, d) ∩ Bδ(Φi,m(Pjk)). Then (3.13) follows from the definition of 
V (η̃j , d). Finally, (3.14) follows from (iii) and the Lipschitz continuity of Γ−1

j,d . � □

We now need to prove a couple of Poincaré-type inequality for domains depending on the 
parameter d. We start with following inequality for domains independent of d.
Lemma 3.4  Let I ⊆ R be an open interval, let G+, G− ⊆ I  be finite unions of open inter-
vals such that the sets K+ := I \G+ and K− := I \G− are finite unions of compact disjoint 
intervals, i.e. K+ =

∪N+

j=1 K+
j  and K− =

∪N−

j=1 K−
j .

Let R > 0  and D > 0  be such that

	
R ≥ max

i∈{1,...,N+}, j∈{1,...,N−}
Rij := max

i∈{1,...,N+}, j∈{1,...,N−}
length(K+

i ∩ K−
j ) , � (3.25)

	
D ≤ min

i1,i2∈{1,...,N+}, j1,j2∈{1,...,N−}, (i1,j1) ̸=(i2,j2)
inf

P ∈K+
i1

∩K−
j1

, Q∈K+
i2

∩K−
j2

|P − Q| � (3.26)

where the infimum in the above definition equals +∞ whenever at least one of the two sets 
K+

i1
∩ K−

j1
, K+

i2
∩ K−

j2
 is empty.

Letting G :=
(
G+ ×

{ 1
2

})
∪

(
G− ×

{
− 1

2
})

, we denote by C ∞
0 ,G

(
I ×

(
− 1

2 , 1
2

))
 

the space of functions belonging to C ∞ (
I ×

[
− 1

2 , 1
2

])
 and vanishing on G, and by 

H 1
0 ,G

(
I ×

(
− 1

2 , 1
2

))
 the closure of C ∞

0 ,G
(
I ×

(
− 1

2 , 1
2

))
 in H 1 (

I ×
(
− 1

2 , 1
2

))
.

Then there exists a positive constant C(R, D) depending only on R and D such that

	

ˆ

I×(− 1
2 , 1

2 )
w2 dtds ≤ C(R, D)

ˆ

I×(− 1
2 , 1

2 )
|∇w|2 dtds� (3.27)

for any w ∈ H 1
0 ,G

(
I ×

(
− 1

2 , 1
2

))
.

Proof  Up to sets of zero measure, we can split I ×
(
− 1

2 , 1
2
)
 into the union of the following 

sets:

	(G+ ∩ G−) ×
(
− 1

2 , 1
2
)

, (G+ \ G− ) ×
(
− 1

2 , 1
2
)

, (G− \ G+ ) ×
(
− 1

2 , 1
2
)

, (K̊+ ∩ K̊−) ×
(
− 1

2 , 1
2
)

. � (3.28)

Proceeding as in the proof of Proposition 2.1, if A is one of the first three domains in (3.28) 
then we have
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ˆ

A
w2dtds ≤

ˆ

A
|∇w|2dtds� (3.29)

for any w ∈ H1
0,G

(
I ×

(
− 1

2 , 1
2
))

, being sets of width 1 and being w functions vanishing 
identically on A ∩

(
I ×

{ 1
2
})

 or on A ∩
(
I ×

{
− 1

2
})

.

Concerning the subdomain (K̊+ ∩ K̊−) × (−1/2, 1/2), we can split the set K̊+ ∩ K̊− 
as

	

∪
i∈{1,...,N+} , j∈{1,...,N−}

(K̊+
i ∩ K̊−

j ) .

Whenever K̊+
i ∩ K̊−

j ̸= ∅, we can define the open rectangles Rij := [(K̊+
i ∩ K̊−

j )

+(0, D)] × (−1/2, 1/2).
Our purpose is to prove a Poincaré-type inequality in Rij  for the restriction to Rij  of 

functions belonging to the space H1
0,G

(
I ×

(
− 1

2 , 1
2
))

.
After a horizontal translation, Rij  becomes (0, Rij + D) × (−1/2, 1/2), with Rij  as in 

the statement of the lemma, and restrictions of functions in H1
0,G

(
I ×

(
− 1

2 , 1
2
))

 become 
functions that belong to the space H1 (

(0, Rij + D) ×
(
− 1

2 , 1
2
))

 and vanish at least on one 
of the two sets

	 (Rij , Rij + D) × {1/2} , (Rij , Rij + D) × {−1/2} .

By an extension procedure based on symmetric reflections, we can extend such func-
tions to the set (0, R + D) × (−1/2, 1/2): let w ∈ H1 (

(0, Rij + D) ×
(
− 1

2 , 1
2
))

, just 
for fixing ideas, with a zero trace on (Rij , Rij + D) × {1/2}, being the other case with 
(Rij , Rij + D) × {−1/2} completely equivalent. After a symmetric reflection with respect 
to the vertical edge {Rij + D} × (−1/2, 1/2) of w|(Rij ,Rij+D)×(−1/2,1/2), we obtain a 
function w̃ ∈ H1 (

(0, Rij + 2D) ×
(
− 1

2 , 1
2
))

 with zero trace on (Rij , Rij + 2D) × {1/2}. 
After a number of steps less or equal than R/D + 1, we can construct an extended func-
tion, that we can still denote by w̃ ∈ H1 (

(0, R + D) ×
(
− 1

2 , 1
2
))

, with zero trace on 
(Rij , R + D) × {1/2} such that

	

ˆ

(0,R+D)×(− 1
2 , 1

2 )
|∇w̃|2 dtds ≤

(
R
D + 1

) ˆ
(0,Rij+D)×(− 1

2 , 1
2 )

|∇w|2 dtds .� (3.30)

Thanks to (3.30), in order to obtain a Poincaré-type inequality with a constant depending only 
on R and D, it will suffice to prove a Poincaré-type inequality for functions w ∈ H1

0,Σ (R) 
where R := (0, R + D) × (−1/2, 1/2) and Σ is indifferently one among the sets

	 (R, R + D) ×
{ 1

2
}

, (R, R + D) ×
{

− 1
2
}

.

We claim that there exists a positive constant C1(R, D) depending only on R and D such 
that
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ˆ

R
w2dtds ≤ C1(R, D)

ˆ

R
|∇w|2dtds for any w ∈ H1

0,Σ (R) .� (3.31)

In order to prove the claim, we define in H1 (R) the norm

	
∥w∥∗ :=

(ˆ
R

|∇w|2dtds +
ˆ

Σ
w2 dσ

) 1
2

where dσ denotes the arc length differential. We now prove that for any ε > 0 there exists 
Cε > 0 such that

	 ∥w∥L2(R) ≤ ε∥w∥H1(R) + Cε∥w∥∗ for any w ∈ H1 (R) .� (3.32)

Suppose by contradiction that there exist ε > 0 and a sequence {wn} such that

	 ∥wn∥L2(R) > ε∥wn∥H1(R) + n∥wn∥∗ .� (3.33)

It is not restrictive, after normalization, to assume that ∥wn∥H1(R) = 1 and up to a subse-
quence that wn ⇀ w weakly in H1(R) for some w ∈ H1(R).

Hence, by continuous embedding H1(R) ⊂ L2(R), ∥wn∥L2(R) is bounded and, by 
(3.33), we obtain ∥wn∥∗ → 0 as n → +∞.

Since by trace inequality, the linear functional fw : H1(R) → R defined by

	
fw(v) :=

ˆ

R
∇w · ∇v dtds +

ˆ

Σ
wv dσ

is continuous, then by weak convergence fw(wn) → fw(w) = ∥w∥2
∗. On the other hand, 

by the Schwarz inequality |fw(wn)| ≤ ∥w∥∗ ∥wn∥∗ → 0 as n → +∞, thus proving that 
w = 0 and wn ⇀ 0 weakly in H1(R) and, by compact embedding of H1(R) into L2(R), 
wn → 0 strongly in L2(R). This contradicts (3.33) since ∥wn∥L2(R) > ε. This completes 
the proof of (3.32).

Choosing ε < 1 in (3.32), from the definition of ∥ · ∥∗, it follows the existence of a con-
stant C0(R, D) depending only on R and D such that

	
∥w∥L2(R) ≤ C0(R, D)

[(ˆ
R

|∇w|2dtds

) 1
2

+
(ˆ

Σ
w2 dσ

) 1
2
]

for any w ∈ H1(R) .

Choosing w ∈ H1
0,Σ(R) and putting C1(R, D) = (C0(R, D))2, the last estimate proves the 

claim (3.31).

Combining (3.30) and (3.31), we obtain the following Poincaré-type inequality

	

ˆ

Rij

w2 dtds ≤ C1(R, D)
(

R
D + 1

) ˆ
Rij

|∇w|2 dtds for any w ∈ H1
0,G

(
I ×

(
− 1

2 , 1
2
))

.� (3.34)

We may conclude the proof of the lemma by observing that the rectangle I × (−1/2, 1/2) 
may be split into a finite number of rectangles including the rectangles of the type Rij  
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defined above and the remaining rectangles on which functions in H1
0,G

(
I ×

(
− 1

2 , 1
2
))

 
either have a zero trace on the upper horizontal edge or they have a zero trace on the lower 
horizontal edge. For this last class of rectangles, one may proceed as in (3.29) by applying 
Proposition 2.1.

On all these rectangles, we have a Poincaré inequality of the type (3.29) or of the type 
(3.34) and hence combining all of them we arrive to the conclusion.

For an example about the decomposition of the set I × (−1/2, 1/2), see Fig. 7. � □
As an immediate consequence of Lemma 3.4 we have the following

Corollary 3.5  Let I ⊆ R be an open interval, let G+
d , G−

d ⊆ I  be unions of open intervals 
depending on a parameter d > 0  such that the sets K+

d := I \G+
d  and K−

d := I \G−
d  are 

unions of N + and N − compact disjoint intervals, with N + and N − independent of d, and 
such that, writing K+

d =
∪N+

j=1 K+
j,d   , K−

d =
∪N−

j=1 K−
j,d , we also have

	 length(K+
j,d) = O(d) , length(K−

j,d) = O(d) , as d → 0+ ,� (3.35)

for any j ∈ {1 , . . . , N +} and j ∈ {1 , . . . , N −} respectively.
Letting Gd :=

(
G+

d ×
{ d

2
})

∪
(
G−

d ×
{

− d
2

})
, consider the space 

H 1
0 ,Gd

(
I ×

(
− d

2 , d
2

))
 according to the definition in Lemma 3.4.

Then there exist d  and a positive constant C independent of d such that for any d ∈ (0 , d)

	

ˆ

I×(− d
2 , d

2 )
w2dtds ≤ Cd2

ˆ

I×(− d
2 , d

2 )
|∇w|2dtds ,

for any w ∈ H 1
0 ,Gd

(
I ×

(
− d

2 , d
2

))
.

Proof  The proof of the corollary follows immediately from Lemma 3.4 and a resca-
ling argument. More precisely if w ∈ H1

0,Gd

(
I ×

(
− d

2 , d
2
))

, we define a function 

w̃(t, s) := w(d t, d s) for any (t, s) ∈ Ĩd × (−1/2, 1/2) where we put Ĩd := 1
d I . In this 

way, letting G̃d := 1
d Gd, w̃ ∈ H1

0,G̃d

(
Ĩd ×

(
− 1

2 , 1
2
))

, we can apply to it Lemma 3.4. We 

finally observe that the interval Ĩd becomes larger and larger as d → 0+. However, we point 
out that the constant C(R, D) defined in Lemma 3.4 does not depend on the length of the 
interval I defined there.

Fig. 7  Example of decomposition of the set I × (−1/2, 1/2): in red the boundary sets K+ × {1/2} 
and K− × {−1/2}, in light red the sets Rij  and in light blue the sets where we apply Proposition 2.1
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Moreover, by (3.35), we can find R independent of d such that (3.25) holds for d small 
when calculated on the corresponding sets 1

d K+
j,d, 1

d K−
j,d. We can also find D > 0 indepen-

dent of d such that (3.26) holds for d small, again when calculated on the corresponding sets 
1
d K+

j,d, 1
d K−

j,d.
Finally, it is enough to apply (3.27) to the function w̃ and proceed with a change of vari-

ables. � □
Lemma 3.6  Let I ⊆ R be an open interval and let γ : I → R2  be a 
curve of class C 1 (I ;R2 ) and piecewise C 2  in the sense that there exist 
−∞ ≤ inf I = t0 < t1 < t2 < · · · < tM−1 < tM = sup I ≤ +∞ such that 

γ| (tj−1 ,tj)
∈ C 2

(
(tj−1 , tj)

)
 for any j ∈ {1 , . . . , M}. We also assume that |γ′(t)| ≠ 0  for 

any t ∈ I  and that γ′, γ′′ ∈ L∞(I ;R2 ). Letting γ = (γ1 , γ2 ) and letting n = (n1 , n2 ) be 
the unit normal vector to γ, for any d > 0 , let Ud  be the domain defined by

	 Ud :=
{(

γ1 (t) + sn1 (t), 1
d γ2 (t) + s

d n2 (t)
)

: t ∈ I , s ∈
(
− d

2 , d
2

)}
.

Let Υd : I × (−d/2 , d/2 ) → Ud  be the map defined by

	 Υd(t, s) :=
(
γ1 (t) + sn1 (t), 1

d γ2 (t) + s
d n2 (t)

)
.

(i)	 Then there exists d > 0 such that for any d ∈ (0, d) the 
map Υd is a homeomorphism and, for any j ∈ {1, . . . , M}, 

Υ
d | (tj−1,tj)×(−d/2,d/2) ∈ C1

(
(tj−1, tj) × (−d/2, d/2)

)
.

(ii)	 For d ∈ (0, d), let G+
d , G−

d , K+
d , K−

d , Gd be sets satisfying all conditions of Corol-
lary 3.5 and let Γd := Υd(Gd) where we observe that Υd is naturally defined also in 
I × [−d/2, d/2]. Then there exists a positive constant C independent of d such that 
for any d ∈ (0, d), the following inequality holds true 

	

ˆ

Ud

v2 dtds ≤ C

[
d2
ˆ

Ud

∣∣∣∣
∂v

∂t

∣∣∣∣
2

dtds +
ˆ

Ud

∣∣∣∣
∂v

∂s

∣∣∣∣
2

dtds

]
for any v ∈ H1

0,Γd
(Ud) ,

 where H1
0,Γd

(Ud), accordingly with Lemma 3.4 and Corollary 3.5, is the closure in 
H1(Ud) of the space of smooth functions vanishing on Γd.

Proof  Part (i) of the lemma can be proved proceeding as in the proof of Lemma 3.1.

The proof of (ii) follows by applying Corollary 3.5 to the function w(t, s) := v(Υd(t, s)) 
and using a change of variables. We first observe that, thanks to the assumptions of the 
lemma, there exist three positive constants c1, c2, c3, independent of d ∈ (0, d) and of 
(t, s) ∈ I × (−d/2, d/2), such that

	 c1 ≤ d | det(JΥd(t, s))| ≤ c2 for any (t, s) ∈ I ×
(
− d

2 , d
2
)
� (3.36)
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and

	|∇w(t, s)|2 ≤ c3

[∣∣ ∂v
∂t (Υd(t, s))

∣∣2 + 1
d2

∣∣ ∂v
∂s (Υd(t, s))

∣∣2
]

for any (t, s) ∈ I ×
(
− d

2 , d
2
)

.� (3.37)

By (3.36), (3.37) and Corollary 3.5 we have

	

ˆ

Ud

v2 dtds ≤ c2

d

ˆ

I×(− d
2 , d

2 )
w2 dtds ≤ c2 C d

ˆ

I×(− d
2 , d

2 )
|∇w|2 dtds

≤ c2 c3 C d

ˆ

I×(− d
2 , d

2 )

[∣∣∣∣
∂v

∂t
(Υd(t, s))

∣∣∣∣
2

+ 1
d2

∣∣∣∣
∂v

∂s
(Υd(t, s))

∣∣∣∣
2
]

dtds

≤ c2 c3 C

c1
d2
ˆ

Ud

(∣∣∣∣
∂v

∂t

∣∣∣∣
2

+ 1
d2

∣∣∣∣
∂v

∂s

∣∣∣∣
2
)

dtds .

This completes the proof of the lemma with a new constant C given by (c2 c3 C)/c1. � □
Similarly to what we did in Subsect. 2.1, here we define a rescaled domain that we denote 

again by Ω̃d. This time, Ω̃d is defined by rescaling in the vertical direction the deformed 
domain Φi,m(Ωd), with i ∈ {1, . . . , N} and m ∈ {1, . . . , Mi}, and not directly the domain 
Ωd. In this way, the domain Ω̃d depends on the indices i and m but, since we keep them 
fixed, to simplify notation, we omit them. In other words, we have

	 Ω̃d := {(t, s) ∈ R2 : (t, d s) ∈ Φi,m(Ωd)} .

We are in a position to combine together the previous lemmas to obtain the crucial Poincaré-
type inequality for functions in H1

0 (Ω̃d). This inequality will be fundamental to obtain the 
desired estimates on the rescaled solutions ũd defined below.

The main difficulty in proving the Poincaré-type inequality is that the domain Ω̃d is 
made up of many subdomains and the functions of H1

0 (Ω̃d) vanish only on a portion of their 
boundaries. Indeed, those functions do not vanish on the junctions where each subdomain 
is connected to all the other subdomains adjacent to it. This difficulty justifies the presence 
of Lemmas 3.2-3.6.

Once we have fixed the indices i and m, we can define on the domain Ω̃d the function 
ũd(t, s) := 1

d2 wd(t, d s) with wd as in (3.9). Then the function ũd solves the boundary 
value problem

	

{
−∇d · (Ãd ∇d ũd) = 1

d2 f̃d in Ω̃d ,

ũd = 0 on ∂Ω̃d ,
� (3.38)

where Ãd(t, s) := A(t, d s), f̃d(t, s) := f(t, d s) and ∇d := (∂t, d−1∂s) is the vector oper-
ator which acts on scalar functions v and vector fields V = (v1, v2) in the following way

	
∇d v := ∂v

∂t
i + 1

d

∂v

∂s
j , ∇d · V := ∂v1

∂t
+ 1

d

∂v2

∂s
.

We now prove the following
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Proposition 3.7  Suppose that all the assumptions of Theorem 1.2 hold true. Then there exist 
a positive constant C and d > 0  such that for any d ∈ (0 , d), the following Poincaré-type 
inequality holds true

	

ˆ

Ω̃d

w2 dtds ≤ C d2
ˆ

Ω̃d

|∇d w|2 dtds for any w ∈ H1
0 (Ω̃d) .

Moreover, we also have |Ω̃d | = O(1 ) as d → 0 +.

Proof  From (1.7)-(1.10), from the construction of the curves ηi in (1.12) and the properties 
of the deformation Φi,m stated in Lemma 3.1, we deduce that for any j ∈ {1, . . . , N}, the 
curves η̃j = Φi,m ◦ ηj  satisfy the conditions assumed in Lemma 3.6 on the curve γ. Now, 
in view of Lemma 3.2, every function w ∈ H1

0 (Φi,m(Ωd)) can be trivially extended outside 
Φi,m(Ωd) and then restricted to V (η̃j , L d).

Keeping j fixed, let us consider the values of k as in Lemma 3.3 (iv) and the correspond-
ing sets K+

j,k,Ld and K−
j,k,Ld. Moreover, let us define

	
G+

j,d := R \
∪
k

K+
j,k,Ld and G−

j,d := R \
∪
k

K−
j,k,Ld ,

where the unions are extended to the values of k described above, and the set

	 Gj,d :=
(
G+

j,d ×
{

Ld
2

})
∪

(
G−

j,d ×
{

− Ld
2

})
.

Then functions w ∈ H1
0 (Φi,m(Ωd)) can be interpreted, in the sense explained above, as 

functions in H1
0,Γ

j,d
(Gj,d)(V (η̃j , L d)) with Γj,d

(t, s) = η̃j(t) + sn(t) defined as in Lemma 
3.3. We observe that the set Gj,d defined here satisfies the assumptions of the set Gd defined 
in Corollary 3.5 and Lemma 3.6, due to Lemma 3.3 (iv). Then, according to the notation 
introduced in Lemma 3.6, we can define the map Υj,d associated with η̃j = (η̃j,1, η̃j,2):

	Υj,d(t, s) :=
(
η̃j,1(t) + sn1(t), 1

d η̃j,2(t) + s
d n2(t)

)
for any (t, s) ∈ R ×

(
− Ld

2 , Ld
2

)
.

For d small the map Υj,d defined here is still a homeomorphism despite the fact that the 
variable s may vary in the set 

(
− Ld

2 , Ld
2

)
 and not in 

(
− d

2 , d
2
)
 as in Lemma 3.6. Then 

we define the rescaling map Ts,d(t, s) := (t, d−1 s) and the sets Γj,d := Υj,d(Gj,d), 
U j

d := Ts,d(V (η̃j , L d)) in such a way that a function w ∈ H1
0 (Ω̃d), when extended trivi-

ally outside Ω̃d and then restricted to U j
d , becomes a function of the space H1

0,Γj,d
(U j

d).
The proof of the lemma then follows applying Lemma 3.6 to the space 

H1
0,Γj,d

(U j
d ), then restricting this functional inequality to functions vanishing outside Ω̃d. 

Indeed, for w ∈ H1
0 (Ω̃d) we have
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ˆ

Ω̃d

w2 dtds ≤
N∑

j=1

ˆ

Ω̃d∩Uj
d

w2 dtds ≤
N∑

j=1

Cj d2
ˆ

Uj
d

|∇dw|2 dtds

=
N∑

j=1

Cj d2
ˆ

Ω̃d∩Uj
d

|∇dw|2 dtds ≤ d2

(
N∑

j=1

Cj

)ˆ
Ω̃d

|∇dw|2 dtds .

Concerning the last statement of the proposition about |Ω̃d|, we first estimate 
|V (η̃j , L d) ∩ Φi,m(Ω

d
)| with d ∈ (0, d) for some d small enough. Indeed, for some R > 0 

large enough, we have

	
|V (η̃j , L d) ∩ Φi,m(Ω

d
)| ≤

ˆ

(−R,R)×(− Ld
2 , Ld

2 )
| det(JΓ

j,d
(t, s)| dtds = O(d) as d → 0+ . � (3.39)

It remains to apply the scaling Ts,d and observe that 

	
Ω̃d ⊆

N⋃
j=1

Ts,d

(
V (η̃j , L d) ∩ Φi,m(Ω

d
)
)

� □
We now have the tools to apply again the procedure used in Subsection 2.1 in the case 

of the H-shaped domain. The next lemma is the analogous of Lemma 2.2 adapted to the 
present case.
Lemma 3.8  Let ũd  be as in (3.38). Then ∥ũd∥L2 (Ω̃d) remains bounded as d → 0 +. In par-

ticular, we also have 
∥∥∥ ∂ũd

∂s

∥∥∥
L2 (Ω̃d)

 and 
∥∥∥d ∂ũd

∂t

∥∥∥
L2 (Ω̃d)

 remain bounded as d → 0 +.

Proof  Testing (3.38) with ũd and using (3.11), (3.12), Proposition 3.7 and the Hölder 
inequality, we obtain

	

ˆ

Ω̃d

|ũd|2 dtds ≤ Cd2
ˆ

Ω̃d

|∇d ũd|2 dtds ≤ C

α0
d2
ˆ

Ω̃d

(Ãd∇d ũd) · ∇d ũd dtds = C

α0

ˆ

Ω̃d

f̃d ũd dtds

≤ C

α0
∥f∥L∞(Φi,m(Ωd)) |Ω̃d| 1

2 ∥ũd∥
L2(Ω̃d)

and hence, considering the first and the last term, we immediately infer ∥ũd∥
L2(Ω̃d) = O(1) 

as d → 0+. Once we have ∥ũd∥
L2(Ω̃d) = O(1), we again use the previous estimates to 

obtain d2 ´
Ω̃d

|∇dũd|2 dtds = O(1) as d → 0+ and hence the conclusion. � □

We now prove an extended version of Lemma 2.3.

Lemma 3.9  Let ũd ∈ H 1
0 (Ω̃d) be as in (3.38).

Then, letting Ii,m  be as in Lemma 3.1 and Ri,m := Ii,m ×
(
− 1

2 , 1
2

)
, we have
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	̃
ud ⇀ w weakly in L2 (Ri,m) ,

∂ũd

∂y
⇀

∂w

∂y
weakly in L2 (Ri,m) , as d → 0+,

for some function w ∈ L2 (Ri,m) with ∂w
∂y ∈ L2 (Ri,m).

Moreover, w is independent of the variable t and it is given by w(t, s) = − 1
2

(
s2 − 1

4

)
.

Proof  Let v be a test function in C∞
c (Ri,m) ⊂ H1

0 (Ω̃d) in such a way that

	

ˆ

Ri,m

[
Ãd

(
d

∂ũd

∂t
,

∂ũd

∂s

)T
]

·
(

d
∂v

∂t
,

∂v

∂s

)
dtds =

ˆ

Ri,m

f̃d v dtds� (3.40)

and by Lemma 3.8, along a sequence dn ↓ 0, we infer that there exist two functions 
ψ ∈ L2(Ri,m) and w ∈ L2(Ri,m), with ∂w

∂s ∈ L2(Ri,m), such that

	̃udn ⇀ w weakly in L2(Ri,m), ∂ũdn

∂s ⇀ ∂w
∂s weakly in L2(Ri,m), dn

∂ũdn

∂t ⇀ ψ weakly in L2(Ri,m).

On the other hand, by the definitions of f̃d and Ãd appearing below (3.38), and by (3.10), 
we deduce that, as d → 0+,

	 f̃d → f(t, 0) = |γ′
i(t)| uniformly in Ri,m .� (3.41)

and

	
Ãd → A(t, 0) =

(
|γ′

i(t)|−1 0
0 |γ′

i(t)|

)
uniformly in Ri,m .� (3.42)

Then, passing to the limit in (3.40) as n → +∞, we obtain

	

ˆ

Ri,m

|γ′
i(t)|

∂w

∂s

∂v

∂s
dsdt =

ˆ

Ri,m

|γ′
i(t)| v dtds for any v ∈ C∞

c (Ri,m)

which means that ∂2w
∂s2 = −1 in the sense of distributions.

Then one can proceed similarly to the proof of Lemma 2.5 by exploiting the fact that 
ũdn  vanishes on the two horizontal edges of the rectangle Ri,m expect for a finite num-
ber of regions whose diameters vanish as n → +∞. More precisely, according to the 
notation of Lemma 3.3, we introduce the sets K+

i,k,d and K−
i,k,d for all values of k as in 

Lemma 3.3 (iii)-(iv) and we define G+
i,m,d := Ii,m\

∪
k K+

i,k,d, G−
i,m,d := Ii,m\

∪
k K−

i,k,d 
where the unions are extended to the values of k described above. We also define the set 
Gi,m,d :=

(
G+

i,m,d ×
{ 1

2
})

∪
(
G−

i,m,d ×
{

− 1
2
})

⊆ ∂Ri,m. Thanks to Lemmas 3.2-3.3, 
it is not restrictive to assume that the set valued maps d �→ G+

i,m,d and d �→ G−
i,m,d are 

monotone decreasing with respect to the inclusion when d is small enough, and that their 
1-dimensional Lebesgue measures |Ii,m\G+

i,m,d| and |Ii,m\G−
i,m,d| tend to zero as d → 0+.
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Then, we can define C∞
0,Gi,m,d

(Ri,m) as the space of C∞(Ri,m)-functions vanishing on 
Gi,m,d and the space H0,Gi,m,d

(Ri,m) ⊂ L2(Ri,m) as the completion of C∞
0,Gi,m,d

(Ri,m) 
with respect to the norm

	
v �→

(
‖v‖2

L2(Ri,m) +
∥∥ ∂v

∂s

∥∥2
L2(Ri,m)

) 1
2

.

In this way, once we fix an arbitrarily small d, we see that {ũdn } is a bounded sequence in 
H0,G

i,m,d
(Ri,m) and also weakly convergent to w in H0,G

i,m,d
(Ri,m) as n → +∞.

This shows that w ∈ H0,G
i,m,d

(Ri,m) for any d small and therefore proceed-

ing as in the proof of Lemma 2.5, we may conclude that w(t, s) = − 1
2

(
s2 − 1

4
)
 

for any (t, s) ∈ (G+
i,m,d

∪ G−
i,m,d

) × (−1/2, 1/2). Letting d → 0+ we deduce that 

w(t, s) = − 1
2

(
s2 − 1

4
)
 a.e. in Ri,m.

This shows that the weak limit does not depend on the sequence dn ↓ 0, thus proving that 
the convergence ũd ⇀ w holds true as d → 0+ and completing the proof of the lemma. �□

We now proceed with the statement of the last lemma which is the natural generalization 
of Lemma 2.4.

Lemma 3.10  Let ũd ∈ H 1
0 (Ω̃d) be as in (3.38) and let Ri,m  be as in Lemma 3.9. Then

	
lim

d→0+

ˆ

Ri,m

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds =

length(γi|Ii,m
)

12
,� (3.43)

and, recalling the notation of Lemma 3.1, for any j ∈ {1 , . . . , N}\{i} and 
m ∈ {1 , . . . , Mi} such that the set Zi,m,d ∩ Uj,d ̸= ∅, we have

	
lim

d→0+

ˆ

Ri,m∩Ũi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds = 0 ,� (3.44)

where Ũi,m,j,d := Ts,d(Φi,m(Uj,d)) and Ts,d(t, s) = (t, d−1 s), and for any (i, j) ∈ I 
and m ∈ {1 , Mi}, we also have

	
lim

d→0+

ˆ

Ṽi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds = 0 ,� (3.45)

where Vi,m,j,d := Ts,d(Φi,m(Vi,j,d)).

Proof  Recalling from Lemma 3.1 the definition Ii,m = (ti,m−1, ti,m), let

	
Σd := Ω̃d ∩

(
(ti,m−1 −

√
d, ti,m +

√
d) ×

(
− 1√

d
, 1√

d

))
.

We claim that

	 |Σd \ Ri,m| = O(
√

d) as d → 0+ .� (3.46)
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For this purpose, let Uj,d be such that Zi,m,d ∩ Uj,d ̸= ∅, where we recall that the sets Zi,m,d 
were defined in Lemma 3.1. Thanks to (1.7) and (1.10) we deduce that for points of the por-
tion of the curve η̃j = Φi,m ◦ ηj  contained in the strip R × (−

√
d,

√
d), the tangent vector 

to the curve itself at those points has a nontrivial vertical component and therefore for the 
same points, the parameter t of the curve varies in an interval Jd whose length is O(

√
d) as 

d → 0+.
Recalling (3.39), we deduce that

	

∣∣∣Φi,m(Uj,d) ∩
(
R × (−

√
d,

√
d)

)∣∣∣ ≤
ˆ

Jd×(− Ld
2 , Ld

2 )
| det(JΓ

j,d
(t, s)| dtds = O

(
d

3
2

)
as d → 0+ .

When we consider the image of the last set after applying the map Ts,d, we infer that

	

∣∣∣Ũi,m,j,d ∩
(
R ×

(
− 1√

d
, 1√

d

))∣∣∣ = O(
√

d) as d → 0+ .� (3.47)

Concerning the intersection between the rectangle (
(ti,m−1 −

√
d, ti,m +

√
d) ×

(
− 1√

d
, 1√

d

))
 and the sets Ts,d(Φi,m(Ui,m−1)) and 

Ts,d(Φi,m(Ui,m+1)), we see that for points of the portion of the curve η̃i = Φi,m ◦ ηi con-
tained in the rectangle 

(
(ti,m−1 −

√
d, ti,m +

√
d) ×

(√
d,

√
d
))

, the parameter t of the 
curve varies in intervals whose length is O(

√
d) as d → 0+ thanks to (1.7). Proceeding as 

above, we then have

	
∣∣∣(Φi,m(Ui,m−1) ∪ Φi,m(Ui,m+1)) ∩

(
(ti,m−1 −

√
d, ti,m +

√
d) × (−

√
d,

√
d)

)∣∣∣ = O
(

d
3
2

)
as d → 0+

and, in turn,

	
∣∣∣Ts,d (Φi,m(Ui,m−1) ∪ Φi,m(Ui,m+1)) ∩

(
(ti,m−1 −

√
d, ti,m +

√
d) ×

(
− 1√

d
, 1√

d

) )∣∣∣ = O(
√

d)� (3.48)

as d → 0+. Combining (3.47) and (3.48) we obtain the proof of (3.46).
In the argument below, we also need the following estimates:

	 |Ri,m ∩ Ũi,m,j,d)| = O(d) as d → 0+ ,� (3.49)

and when (i, j) ∈ I and m ∈ {1, Mi}

	|Ṽi,m,j,d| = O(d) as d → 0+ and Ṽi,m,j,d ⊂ Σd \ Ri,m for d small enough,� (3.50)

that both follows from the arguments used in Lemmas 3.2-3.3 and the definition of Σd.
By direct computation, we see that w satisfies the identity

	

ˆ

Ri,m

|γ′
i(t)|

∣∣∣∣
∂w

∂s

∣∣∣∣
2

dtds =
ˆ

Ri,m

|γ′
i(t)|w dtds .
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Let η, ϕ ∈ C∞
c (R) be two cut-off functions such that η > 0 in (−1, 1), η ≡ 1 in 

[
− 1

2 , 1
2
]
, 

η ≡ 0 outside (−1, 1), ϕ > 0 in (−∞, 1), ϕ ≡ 1 in (−∞, 0], ϕ ≡ 0 in [1, +∞). Then we 
define ηd(s) := η(

√
d s) and ϕd so that ϕd ≡ 1 in Ii,m, ϕd(t) := ϕ((t − ti,m)/

√
d) if 

t > ti,m, ϕd(t) := ϕ((ti,m−1 − t)/
√

d) if t < ti,m−1.

Then, by Lemmas 3.8-3.9, weak lower semicontinuity of weighted L2-norms, (3.40) 
with v(t, s) = ϕd(t)ηd(s) ũd(t, s), (3.42), Lemma 3.1, (3.11), (3.12), (3.46), (3.41), the 
Hölder inequality and Lemma 3.9, we obtain

	

ˆ

Ri,m

|γ′
i(t)|w dtds =

ˆ

Ri,m

|γ′
i(t)|

∣∣∣∣
∂w

∂s

∣∣∣∣
2

dtds ≤ lim inf
d→0+

ˆ

Ri,m

|γ′
i(t)|

∣∣∣∣
∂ũd

∂s

∣∣∣∣
2

dtds

≤ lim inf
d→0+

ˆ

Ri,m

d2 (A(t, 0)∇d ũd) · ∇d ũd dtds = lim inf
d→0+

ˆ

Ri,m

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

≤ lim sup
d→0+

ˆ

Ri,m

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds ≤ lim sup

d→0+

ˆ

Σd

d2 ϕd(t)ηd(s)
(

Ãd∇d ũd

)
· ∇d ũd dtds

= lim sup
d→0+

[ˆ
Σd

ϕd(t)ηd(s)f̃d ũd dtds − d2
ˆ

Σd

(
Ãd ∇dũd

)
·
(

0,
1
d

ϕd(t) η′
d(s) ũd

)
dtds

−d2
ˆ

Σd

(
Ãd ∇dũd

)
· (ϕ′

d(t) ηd(s) ũd, 0) dtds

]

≤ lim sup
d→0+

[ˆ
Ri,m

f̃d ũd dtds +
ˆ

Σd\Ri,m

ϕd(t)ηd(s)f̃d ũd dtds

+
√

d ∥A∥L∞(R2)
(
∥ϕ′∥L∞(R) + ∥η′∥L∞(R)

) (∥∥∥∥d
∂ũd

∂t

∥∥∥∥
2

L2(Ω̃d)
+

∥∥∥∥
∂ũd

∂s

∥∥∥∥
2

L2(Ω̃d)

) 1
2

∥ũd∥
L2(Ω̃d)




≤ lim sup
d→0+

[ˆ
Ri,m

f̃d ũd dtds + |Σd \ Ri,m| 1
2 ∥f∥L∞(R2)∥ũd∥

L2(Ω̃d) + O
(√

d
)]

= lim
d→0+

[ˆ
Ri,m

f̃d ũd dtds + O
(

4
√

d
)]

=
ˆ

Ri,m

|γ′(t)|w dtds =
length(γi|Ii,m

)
12

.

� (3.51)

We observe that the first term and the last term in the previous chain of inequalities coincide, 
thus showing the validity of (3.43) and the strong convergences

	
∂ũd

∂s
→ ∂w

∂s
strongly in L2(Ri,m), ũd → w strongly in L2(Ri,m),� (3.52)

where for the second convergence, we also use Proposition 3.7.
Combining (3.52) with (3.49) we also obtain (3.44). To show the validity of (3.45), we 

use (3.50) and we observe that the cut-off functions η and ϕ are 1 in Ṽi,m,j,d so that

	

ˆ

Ṽi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds ≤

ˆ

Σd\Ri,m

d2 ϕd(t)ηd(s)
(

Ãd∇d ũd

)
· ∇d ũd dtds → 0

as d → 0+, where the convergence to zero of the last term can be deduced from (3.51).
This completes the proof of the lemma. � □
End of the proof of Theorem 1.2. For any i ∈ {1, . . . , N} and m ∈ {1, . . . , Mi}, let us 

define the sets

1 3



Asymptotic estimates for the torsional rigidity of rods with thinning…

	
Si,d := Ui,d \

⋃
j∈{1,...,N}\{i}

Uj,d , S̃i,m,d := Ts,d(Φi,m(Si,d))

so that recalling the notation used in this section, recalling that ũd depends on the indices i 
and m, by (3.43)-(3.45), we obtain

	

Kd = 4
ˆ

Ωd

|∇ud|2dxdy = 4
N∑

i=1

ˆ

Si,d

|∇ud|2dxdy + 4
∑

(i,j)∈I, i<j

ˆ

Vi,j,d

|∇ud|2dxdy

= 4d3
N∑

i=1

Mi∑
m=1

ˆ

S̃i,m,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

+ 4d3
∑

(i,j)∈I, i<j

∑
m∈{1,Mi}

ˆ

Ṽi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

= 4d3
N∑

i=1

Mi∑
m=1

ˆ

Ri,m

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

− 4d3
N∑

i=1

Mi∑
m=1

∑
j ̸=i

ˆ

Ri,m∩Ũi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

+ 4d3
∑

(i,j)∈I, i<j

∑
m∈{1,Mi}

ˆ

Ṽi,m,j,d

d2
(

Ãd∇d ũd

)
· ∇d ũd dtds

= 4d3

(
N∑

i=1

Mi∑
m=1

length(γi|Ii,m
)

12
+ o(1)

)
− 4d3 · o(1) + 4d3 · o(1)

=
N∑

i=1

1
3

length(γi) d3 + o(d3) .

This completes the proof of the theorem.

Proof of Corollary 1.4  In order to prove the corollary we need the asymptotic estimates on 
T (Ωd), Per(Ωd) and |Ωd|. For the first one it is enough to use Theorem 1.2 and recall that 
T (Ωd) = 1

4 Kd. Let us proceed with the perimeter.

Let us define the map Γi : [ai, bi] × R → R2 defined by Γi(t, s) := γi(t) + sn(t) where, 
as usual, n denotes the unit normal vector to γi, see (1.11) for more details. Let us esti-
mate the length of the curves t �→ γi(t, d/2) and t �→ γi(t, −d/2), for t ∈ [ai, bi] in both 
cases. For simplicity, we only consider the case s = d/2 being the other one completely 
equivalent:

	

ˆ bi

ai

∣∣∣∣
∂Γi

∂t

(
t,

d

2

)∣∣∣∣ dt =
ˆ bi

ai

∣∣∣∣γ′
i(t) + d

2
n′(t)

∣∣∣∣ dt = length(γi) + O(d) as d → 0+ . � (3.53)
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Actually, only a portion of the two curves t �→ γi(t, d/2) and t �→ γi(t, −d/2) belongs to 
∂Ωd since we have to exclude the small portions that may belong to the interior of adjacent 
sets of the type Uj,d for some j ∈ {1, . . . , N}. But, looking for example at Lemma 3.3 
(iii), we see that those small portions can be parametrized by values of t belonging to sets 
contained in intervals of length converging to 0 like O(d) as d → 0+. Hence, the lengths of 
these portions behave like O(d) as d → 0+. In our setting, the situation is even simpler since 
we do not have to do with the deformation Φi,m used in that lemma.

On the other hand, we also observe that ∂Ωd also contains portions of the boundary of 
the sets Vi,j,d that can be found in (1.13). Invoking again Lemma 3.3 (iii), we may conclude 
that the lengths of these small portions also behave like O(d) as d → 0+. A contribution to 
the perimeter could also be given by the sets in the form {γi(ai) + s n : s ∈ (−d/2, d/2)} 
and {γi(bi) + s n : s ∈ (−d/2, d/2)} that, however, have a length which is d.

Collecting the above arguments, we may conclude that

	
Per(Ωd) = 2

N∑
i=1

length(γi) + O(d) as d → 0+ .� (3.54)

For the area of Ωd we can proceed by estimating the areas of the sets Ui,d. Indeed, it is 
enough to use again the map Γi employed for the estimate in (3.53):

	

|Ui,d| =
ˆ

(ai,bi)×(− d
2 , d

2 )
| det(JΓi(t, s))| dtds =

ˆ

(ai,bi)×(− d
2 , d

2 )
(1 − sκ(t))|γ′

i(t)| dtds

= d

ˆ bi

ai

|γ′
i(t)| dt −

ˆ d
2

− d
2

s ds ·
ˆ bi

ai

κ(t)|γi(t)| dt = length(γi) d

where κ is the curvature of γi in such a way that n′ satisfies n′ = −κγ′
i.

Invoking Lemma 3.3 (ii), we observe that the diameter of the intersection of two possibly 
intersecting sets Ui,d and Uj,d behaves like O(d) and so it does a set of the type Vi,j,d, hence 
we deduce that the area of all of them behaves like O(d2) as d → 0+.

Therefore, we may deduce that

	
|Ωd| =

N∑
i=1

length(γi) d + O(d2) as d → 0+ .� (3.55)

Finally, for the inner radius we have that RΩd
= d/2 for every d small enough being the 

curvature of every curve γi bounded.
The proof of the corollary then follows immediately from (3.54), (3.55), the estimate on 

the inner radius, the definitions (1.14) and the estimate on T (Ωd) coming from Theorem 1.2.

Acknowledgements  The author is grateful to the anonymous referee for the careful reading and for contrib-
uting substantially to improve the presentation of our article. The author is a member of the “Gruppo Nazio-
nale per l’Analisi Matematica, la Probabilità e le loro Applicazioni” (GNAMPA) of the “Istituto Nazionale 
di Alta Matematica” (INdAM). The author acknowledges support from the project “Perturbation problems 
and asymptotics for elliptic differential equations: variational and potential theoretic methods” funded by the 

1 3



Asymptotic estimates for the torsional rigidity of rods with thinning…

European Union - Next Generation EU and by MUR Progetti di Ricerca di Rilevante Interesse Nazionale 
(PRIN) Bando 2022 grant 2022SENJZ3.

Funding  Open access funding provided by Università degli Studi del Piemonte Orientale Amedeo Avogrado 
within the CRUI-CARE Agreement.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as 
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons 
licence, and indicate if changes were made. The images or other third party material in this article are 
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. 
If material is not included in the article’s Creative Commons licence and your intended use is not permitted 
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the 
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1.	 Amato, V., Gavitone, N., Sannipoli, R.: On the optimal sets in Pólya and Makai type inequalities, 
arXiv:2410.06858, (2025)

2.	 Amato, V., Masiello, A.L., Paoli, G., Sannipoli, R.: Sharp and quantitative estimates for the p-torsion of 
convex sets, NoDEA Nonlinear Differential Equations Appl., 30, no. 1, Paper No. 12, 22 pp. (2023)

3.	 Ammann, O.H., von Kármán, T., Woodruff, G.B.: The failure of the Tacoma Narrows Bridge, Federal 
Works Agency (1941)

4.	 Arioli, G., Gazzola, F.: A new mathematical explanation of what triggered the catastrophic torsional 
mode of the Tacoma narrows bridge collapse. Appl. Math. Model. 39, 901–912 (2015)

5.	 Arioli, G., Gazzola, F.: On a nonlinear nonlocal hyperbolic system modeling suspension bridges. Milan 
J. Math. 83, 211–236 (2015)

6.	 Arioli, G., Gazzola, F.: Torsional instability in suspension bridges: the Tacoma Narrows Bridge case. 
Commun. Nonlinear Sci. Numer. Simul. 42, 342–357 (2017)

7.	 Beer, F.P., Johnston, E.R., DeWolf, J.T., Mazurek, D.F.: Mechanics of Materials, McGraw-Hill Educa-
tion, Seventh Edition, (2015)

8.	 Berchio, E., Gazzola, F.: A qualitative explanation of the origin of torsional instability in suspension 
bridges. Nonlinear Anal. TMA 121, 54–72 (2015)

9.	 Briani, L., Buttazzo, G., Prinari, F.: Some inequalities involving perimeter and torsional rigidity. Appl. 
Math. Optim. 84(3), 2727–2741 (2021)

10.	 Crasta, G., Fragalà, I., Gazzola, F.: A sharp upper bound for the torsional rigidity of rods by means of 
web functions. Arch. Ration. Mech. Anal. 164(3), 189–211 (2002)

11.	 Della Pietra, F., Gavitone, N.: Sharp bounds for the first eigenvalue and the torsional rigidity related to 
some anisotropic operators. Math. Nachr. 287(2–3), 194–209 (2014)

12.	 Ferrero, A.: An orthotropic plate model for decks of suspension bridges. Nonlin. Anal. Real World Appl. 
68, 103701 (2022)

13.	 Ferrero, A., Gazzola, F.: A partially hinged rectangular plate as a model for suspension bridges. Discrete 
Contin. Dyn. Syst. 35(12), 5879–5908 (2015)

14.	 Gazzola, F.: Mathematical models for suspension bridges, MS&A Vol. 15, Springer (2015)
15.	 Landau, L.D., Lifshitz, E.M.: Theory of elasticity, Pergamon Press, (1975)
16.	 Makai, E.: On the principal frequency of a membrane and the torsional rigidity of a beam, In Studies in 

mathematical analysis and related topics, 227–231, Stanford Univ. Press, Stanford, Calif. (1962)
17.	 McKenna, P.J.: Torsional oscillations in suspension bridges revisited: fixing an old approximation. 

Amer. Math. Monthly 106, 1–18 (1999)
18.	 McKenna, P.J., Tuama, C.Ó.: Large torsional oscillations in suspension bridges visited again: vertical 

forcing creates torsional response. Amer. Math. Monthly 108, 738–745 (2001)
19.	 McKenna, P.J., Walter, W.: Nonlinear oscillations in a suspension bridge. Arch. Rat. Mech. Anal. 98, 

167–177 (1987)
20.	 McKenna, P.J., Walter, W.: Travelling waves in a suspension bridge. SIAM J. Appl. Math. 50, 703–715 

(1990)
21.	 Paoli, G., Piscitelli, G., Trani, L.: Sharp estimates for the first p-Laplacian eigenvalue and for the p-tor-

sional rigidity on convex sets with holes, ESAIM Control Optim. Calc. Var. 26, Paper No. 111, 15 pp., 
(2020)

1 3

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2410.06858


A. Ferrero

22.	 Pólya, G.: Two more inequalities between physical and geometrical quantities. J. Indian Math. Soc. 
(N.S.) 24(1960), 413–419 (1961)

23.	 Pólya, G., Szegö, G.: Isoperimetric Inequalities in Mathematical Physics, volume No. 27 of Annals of 
Mathematics Studies, Princeton University Press, Princeton, NJ, (1951)

24.	 Ricciardelli, F., Marra, A.M.: Il crollo del ponte di Tacoma, settant’anni dopo, ​h​t​t​p​s​:​​/​/​w​w​w​​.​u​n​i​r​c​​.​i​t​/​​d​o​c​
u​m​​e​n​t​a​z​​i​o​n​e​/​m​​a​t​e​r​​i​a​l​e​_​​d​i​d​a​t​​t​i​c​o​/​5​​9​9​_​2​​0​1​0​_​2​6​4​_​7​5​2​5​.​p​d​f

25.	 Salakhudinov, R.G.: Torsional rigidity and Euclidean moments of a convex domain. Q. J. Math. 67(4), 
669–681 (2016)

26.	 Serrin, J.: A symmetry problem in potential theory. Arch. Rational Mech. Anal. 43, 304–318 (1971)
27.	 Tacoma Narrows Bridge collapse, http://www.youtube.com/watch?v=3mclp9QmCGs (1940)
28.	 Tullini, N.: Stati Limite Ultimi per Torsione e Sollecitazioni Composte, Corso di Costruzioni in C.A. e 

C.A.P., Laurea Specialistica in Ingegneria Civile, University of Ferrara (Italy)
29.	 van den Berg, M., Ferone, V., Nitsch, C., Trombetti, C.: On Pólya’s inequality for torsional rigidity and 

first Dirichlet eigenvalue. Integral Equations Operator Theory 86(4), 579–600 (2016)
30.	 Weinberger, H.F.: Remark on the preceding paper of Serrin. Arch. Rational Mech. Anal. 43, 319–320 

(1971)
31.	 Wikipedia, Torsion constant, ​h​t​t​p​s​:​​​/​​/​e​​n​.​w​i​k​i​p​e​d​i​​a​​.​o​​r​g​​/​w​i​​k​i​​/​T​o​r​s​​​i​o​n​_​​c​o​n​s​t​a​n​t

Publisher's Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

1 3

https://www.unirc.it/documentazione/materiale_didattico/599_2010_264_7525.pdf
https://www.unirc.it/documentazione/materiale_didattico/599_2010_264_7525.pdf
http://www.youtube.com/watch?v=3mclp9QmCGs
https://en.wikipedia.org/wiki/Torsion_constant

	﻿Asymptotic estimates for the torsional rigidity of rods with thinning cross sections
	﻿Abstract
	﻿1﻿ ﻿Introduction and main results
	﻿﻿2﻿ ﻿Proof of theorem ﻿1.1﻿
	﻿﻿2.1﻿ ﻿Asymptotic estimate of ﻿￼﻿﻿
	﻿﻿2.2﻿ ﻿Asymptotic estimate of ﻿￼﻿﻿

	﻿﻿3﻿ ﻿Proof of Theorem ﻿1.2﻿ and of Corollary ﻿1.4﻿
	﻿References


