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1 Introduction

Four-dimensional gauge theories with extended supersymmetry are a typical playground
where to find and test techniques that can shed light on the strong-coupling regime. A lot
of progress in this direction has been made over the years in the maximally supersymmetric
theory, i.e. N = 4 Super Yang-Mills (SYM), especially in the planar limit of a large number
of colors. In this case a variety of methods, like for instance localization, integrability,
holography and others, have been successfully used to obtain information on the strong-
coupling phase of the theory.

When the supersymmetry is not maximal, things are more complicated. In the last few
years, however, significant developments have been realized in the context of N' = 2 gauge



theories with the use of localization techniques (for a review see for example [1]). Indeed, as
originally shown in [2], a generic N' =2 SYM theory in flat space can be mapped to a ma-
trix model defined on a 4-sphere and the functional path-integral can be reduced to a finite
dimensional integration over the elements of a matrix. Using this approach, many inter-
esting results have been obtained in particular when the A = 2 theory is superconformal,!
like for example the Wilson loop vacuum expectation value [4-11], the chiral/anti-chiral
correlators [12-28], the correlators of chiral operators and Wilson loops [29-33], the free
energy [34-36] and the Bremsstrahlung function [37-41]. In the weak-coupling regime it
is possible to check at the first perturbative orders that the results obtained with the
matrix model agree with those obtained with standard Feynman diagrams (see for exam-
ple [4, 19, 22, 42, 43]). However, while the diagrammatic methods soon become unpractical,
the matrix model approach allows one to obtain explicit results with little computational
effort even at high orders in perturbation theory. In this way one can efficiently generate
long series expansions that are very useful for numerical simulations.

These calculations become particularly simple in a special N' = 2 SYM theory whose
matter hypermultiplets transform in the symmetric plus anti-symmetric representation.
This theory, which has a vanishing S-function, has been dubbed “E theory” in [22, 24]
and represents the AN/ = 2 gauge theory which is closest to the NV = 4 SYM, in the
sense that it shares with it many properties even though it has only half of the maximal
supersymmetry. The main reason behind this fact is that the hypermultiplets of the E
theory are altogether in a representation (symmetric plus anti-symmetric) which is not so
different from the adjoint representation to which the hypermultiplets of the N'= 4 SYM
belong. This similarity becomes more evident in the planar limit where several observables,
like for instance the free energy and the vacuum expectation value of the circular Wilson
loop, coincide in the two theories and the differences show up only in the non-planar sector.
However, the A/ = 4 SYM and the E theory are not planar equivalent since there are other
observables, like for instance the correlators of gauge invariant operators of odd conformal
dimensions, which remain different even in the planar approximation and are therefore
very interesting to study. These features have a nice interpretation in the dual holographic
description. Indeed, the E theory is dual to Type II B string theory in AdS5x S°/Z (see for
example [44]) which is realized as a suitable Z5 orbifold/orientifold projection of AdSs x S°
that is the well-known holographic dual of the N'=4 SYM [45]. Therefore, all observables
of the E theory which in the holographic dictionary correspond to strings excitations of
the untwisted sector and are thus insensitive to the orbifold/orientifold, must coincide at
strong coupling with those of the maximally supersymmetric theory in the planar limit.
On the contrary, the observables of the E theory which correspond to string configurations
of the twisted sector crucially feel the presence of the orbifold/orientifold and at strong
coupling deviate from those of the N'=4 SYM even in the planar limit.

In this paper we continue the study of the E theory with group SU(NN) which was
initiated in [24, 26], with the aim of making a further step towards a complete understanding
of its strong coupling regime. To do so we exploit the power of the matrix model which, as

LN = 2 superconformal gauge theories were originally investigated in [3].



mentioned above, allows us to obtain explicit expressions for many observables at a small
computational cost. While the matrix model associated to the N' = 4 SYM is free, the
one corresponding to the E theory is interacting but with an interaction action that is
remarkably simple despite the fact that it contains an infinite number of terms. Further
simplifications occur in the large- N limit where one is able to resum the (long) perturbative
expansions produced by the matrix model and infer from them formal expressions that are
valid for all values of the 't Hooft coupling A. In particular one can show [24, 26] that in
the planar limit the partition function Z of the matrix model acquires the form

Z =det2(1—X) (1.1)

where X is an infinite A-dependent matrix whose elements are known in terms of an integral
convolution of Bessel functions with arguments proportional to v/A. Expanding these Bessel
functions in power series for small values of A one recovers the perturbative results at weak
coupling, while if one uses the asymptotic limit of the Bessel functions for large values
of \ one can obtain the strong-coupling behavior. Using this method in [26] the 2-point
functions of the single-trace chiral/anti-chiral operators of the E theory have been studied
in detail both at week and at strong coupling in the planar limit. In particular, the 2-point
correlators of operators with even conformal dimensions, which in the string construction
belong to the untwisted sector, do not receive A-dependent corrections in the planar limit
and coincide with the corresponding ones of the A/ = 4 SYM. On the contrary, the 2-
point functions of operators with odd conformal dimension, which correspond to string
configurations of the twisted sector, deviate from those of the N' = 4 SYM even in the
planar approximation and at strong coupling are proportional to 1/A. Similar results have
been obtained in [28] for quiver theories, from which the E theory descends with a suitable
projection.

Here we generalize this analysis to the 3-point functions of single-trace scalar opera-
tors.? It is worth recalling that so far the 3-point functions in A/ = 2 SYM theories have
not been considered very much in the matrix-model literature. Indeed, one can find only
some results for the 3-point correlators of operators with even dimension in the SU(2)
N = 2 superconformal QCD in [12], or some perturbative results for such correlators at
large N in [15] and more recently in [27], where also a resummation of all terms linear in
the Riemann (-values has been proposed. In this paper we fill this gap and study in detail
the 3-point functions of single-trace scalar operators in the E theory both at weak and at
strong coupling. Exploiting the simplicity of the matrix model of this theory we are able to
analyze the 3-point functions in full generality and find that only the correlators involving
two operators with odd conformal dimension deviate from the AN/ = 4 SYM expressions
and become proportional to 1/\ at strong coupling. To our knowledge this is the first
explicit result on the 3-point functions in a A/ = 2 SYM theory in which the perturbative
expansion has been fully resummed and extrapolated at strong coupling. Combining these

2While the matrix-model techniques are completely general and can be applied also to multi-trace oper-
ators, we focus on the single-trace operators since in the large- N limit they form a closed set of observables,
in the sense that their planar 3-point functions do not involve mixings with multi-trace operators [15].



findings with those on the 2-point functions, we also compute the normalized 3-point coef-
ficients at strong coupling and find that they depend on the conformal dimensions of the
operators in a remarkably simple way that is similar, but of course not identical, to that of
the N'=4 SYM in the planar limit. In particular, we find that the normalized coefficient
in the correlation function of three untwisted operators at strong coupling in the planar

1
CU1U2U3 = N \/W (1.2)

where the d’s are the conformal dimensions of the operators, and that the normalized

limit is

coefficient in the 3-point function of one untwisted and two twisted operators is

1
CU1T2T3 = N \/dUl (dT2 - 1) (dT3 - 1) . (13)

These formulas are exact at large N and receive corrections at order O(1/N3). With
these normalized coefficients one can in principle obtain other correlation functions at
strong coupling using the standard conformal field theory methods. We thus believe that
our findings are a significant step towards a more complete understanding of the strong-
coupling regime in the case of conformal theories with A/ = 2 supersymmetry.

The paper is organized as follows: in section 2 we review the main features of the
extremal correlators in a generic N' = 2 superconformal gauge theory with group SU(N)
and of their computation in the matrix model using localization. In section 3 we focus
on the E theory and exhibit the first perturbative terms of the 2- and 3-point correlators
of single-trace operators at large N, providing also a simple interpretation in terms of
Feynman diagrams. In section 4 we present a complete analysis of the simplest 3-point
function, showing in particular how to obtain its strong-coupling limit. We also perform
some numerical checks and compare our results with a Monte Carlo simulation. In section 5
we discuss the most general 3-point function of single-trace operators of the E theory at
large N and at strong coupling. Finally in section 6, after deriving the normalized 3-
point coefficients and their dependence on the conformal dimensions of the operators, we
draw our conclusions. Several technical details that are useful to check and reproduce
our calculations are collected in the appendices, which contain also various formulas and
results that may be relevant for possible extensions of our analysis beyond the leading
planar approximation.

2 Extremal correlators in N/ = 2 superconformal gauge theories

We consider a generic N/ = 2 superconformal Yang-Mills theory in R* with gauge group
SU(N) and denote by ¢(z) the complex field in the adjoint vector multiplet. A set of
interesting gauge-invariant local operators of this theory is that of the multi-traces of the
powers of ¢. Given a collection of integers

n={ny,ng,...,ng}, (2.1)

we define
On(z) =tro(z)™ tro(z)" .. trp(z)™ (2.2)



where the traces are in the fundamental representation. Oy () is a chiral primary operator
with conformal dimension
n|=n1+ng+---+ny, (2.3)

and is annihilated by half of the supercharges of the N/ = 2 algebra. The anti-chiral
operator Op(x) is defined in a similar way with ((x) replaced by its complex conjugate
®»(z), and is annihilated by the other half of the supercharges.

The operators (2.2) satisfy the freely generated chiral ring relation

On(@) Om(0) = Opm(0) + ... , (2.4)

where the notation n, m simply denotes the union of n and m, and the ellipses stand for
terms that are exact with respect to the supercharges annihilating the chiral operators.
In the following we will study the so-called “extremal” correlators given by

gnl,..., ny;m

<On1 (xl) e Onk(xk) Om<y) > = (47T2($1 B y)z)‘nﬂ - (47T2(g;‘k, _ y)2)|nk| (2.5)

where the space-dependent terms in the denominator arise from the free scalar propagator
in R* and the coefficient Oni,...,n;m in the numerator is a non-trivial function of the Yang-
Mills coupling g and of IV which satisfies the selection rule

Gn,omigm X Oy [+ Jm| (2.6)

imposed by the U(1)g symmetry. By repeatedly using the chiral ring relation (2.4), it is
easy to realize that this same coefficient appears in the 2-point function

—= gnl,...,nk;m
nk(x) Om(y) > - (47T2(1' B y)2)‘n1|+“'+‘nk| . (27)

-----

Thus, the computation of the extremal correlators (2.5) is effectively reduced to the com-
putation of the 2-point functions of generic multi-trace operators.

Particular cases of the general formula (2.7), on which we will focus in the following
sections, are the 2-point functions of single-trace operators

gn;m

@) Om = 2.8
where
gn;m =Gy 5n,m ) (29)
and the 3-point functions of single-trace operators
< On, (71) On, (22) CT)m(y) > = gné,ng;m n (2.10)
(472 (21 —y)?) " (A2 (22 — y)?)"™
where
Gnimasm = Gnyng Ony4ngm With  Gryng = Gy, - (2.11)



The coefficients Gy, ... n,;m can in principle be computed in perturbation theory using
Feynman diagrams, but in this way only very few terms can be found in an explicit form
due to the intrinsic difficulty of the evaluation of the loop integrals. As originally pointed
out in [12-15], a much more efficient way to obtain these coefficients, even at high orders,
is by using the localization techniques and matrix models.

2.1 Matrix model approach

As extensively discussed in the literature (for a review see for example [1]), by exploiting
localization one can replace a " = 2 SYM theory on R? with an interacting matrix model on
a 4-sphere S* [2] and reduce the calculation of the correlation functions to finite dimensional
matrix integrals.

Denoting by a a (N x N) traceless hermitian matrix, such that

a=d"Ty (2.12)
where T}, (b= 1,..., N?—1) are the SU(IV) generators in the fundamental representation,?

the partition function of the matrix model is given by

Z = / da e~ tra®=Sin(a) (2.13)
Here we follow the so-called “full Lie algebra” approach [19, 24, 26, 27, 34] and integrate
over all elements a® of the matrix with a measure given by

N2-1
dab

da:gm

(2.14)

in such a way that the Gaussian integration is normalized to 1. In (2.13) Siy(a) represents
an interaction term whose explicit form depends on the representation R in which the
matter hypermultiplets transform. As shown in [22, 24], for a generic N' = 2 SU(N) theory

Sint(a) can be written as a linear combination of the following traces*

Trr a®F — Tradjoint a®* (2.15)

which, when expressed in terms of the traces in the fundamental representation, become a

Qkfé)

superposition of double traces of the form (tr altra and of single traces of the form

tra®®. From (2.15), we see that if R is the adjoint representation, which is the case of
the N/ = 4 SYM theory, then Siy(a) vanishes and the matrix model becomes free with a
purely Gaussian term. In a genuinely N' = 2 theory the interacting part Siyt(a) is instead
not zero and can be regarded as a deformation of the free Gaussian model.

Given any function f(a), its expectation value is defined as

() e,

(e=Sm(@)

(fla)) = % / da f(a) e~ @ —Smi(@) (2.16)

3Here and in the following we fix the normalization of the generators T} in such a way that tr T, T, = %513@.
4We neglect the instanton contributions since we are ultimately interested in studying the ’t Hooft
large-N limit where instantons are exponentially suppressed.



where the notation ( ) stands for the expectation value in the free model.” Through
this formula, the calculation of any expectation value in the N’ = 2 matrix model is thus
reduced to the calculation of expectation values in the free theory. Given the structure of
Sint(a) that we have recalled above, which implies that Sin(—a) = Sint(a), only functions
that are even under the exchange a — —a may have a non-vanishing expectation value.

A natural set of operators to consider in the matrix model is that of the multi-traces

Qp =tra™ tra”™ ... tra™ (2.17)

which clearly obey the relation
Q0 Om = Qym - (2.18)

We denote their expectation values as T}, namely
Th = Thy,my = (tra™ tra™...tra™), (2.19)

that are non-zero only if |n| is even.

The operators €),, however, are not the representatives in the matrix model of the
local chiral operators Oy (x) of the gauge theory [14]. Indeed, the latter correspond to
the normal-ordered version of €2, which is defined by the Gram-Schmidt orthogonalization
procedure:

On=m— Y COm. (2.20)
|m|<|n]
Here the mixing coefficients Ci" are fixed by demanding that O, be orthogonal to all
operators Oy, of lower dimensions, i.e.

(OnOm) =0 forall lm| < |n|. (2.21)

Notice that 2-point functions (On Om) with [n| = |m| are not required to be diagonal.
Of course, it would be possible to redefine the operators and orthogonalize them as well.
However, the same situation holds for the corresponding multi-trace operators in the gauge
theory and there one does not usually redefine the operators by mixing different trace
structures with the same dimension. Therefore here, as in most of the literature, we do
not make this step and perform a Gram Schmidt procedure which is not complete.
Enforcing the condition (2.21) one can determine the mixing coefficients in terms of
the expectation values (2.19), and find that C;* is different from zero only when |n| and
|m| are both even or both odd. For example, the double-trace operator Oz 3 of dimension 5
can only mix with the single-trace operator O3 of dimension 3, and the mixing coefficient is

c..3 1533
23

= 2.22
, Tys (2.22)

Of course, when the dimension of the operators increases, the mixing coefficients become
more and more intricate. However, as shown in appendix A, it is possible to write them

®Here we have followed the conventions of [19, 24, 26] and instead of writing the Gaussian term as
82N 41 2
A

, we have performed the rescaling a — /A/(872N) a to bring it to the canonical form. In this
way all dependence on the coupling is inside the interaction action Sint(a) (see eq. (3.1) below).



in closed form as ratios of determinants of matrices constructed with the expectation val-
ues (2.19).
The normal-ordered operators Oy satisfy the relation

OnOm = Onm + ... (2.23)

where the dots stand for terms of dimension smaller than |n| + |m|, which is the matrix-
model counterpart of the chiral ring relation (2.4). From the definition (2.20) and the
orthogonality condition (2.21), one easily finds that

(On Om) = (25 Om) = (O Q) for |n| = |m] . (2.24)

Notice that the last term can be further manipulated and rewritten using the expectation
values (2.19) as follows

(OnQm) = (mOm)— D CP{pm)+ > CPCI(QqOm)+...

[p[<|n] lal<|p|<|n]

=Tam— », CPTom+ >, CPCITqm+....

[p[<|n] la|<|p|<|n

(2.25)

The various terms in the second line above can be summed and a closed-form expression
for the correlator can be obtained as a ratio of determinants of matrices constructed with
the expectation values (2.19) (see appendix A for details).

As proposed in [12-15], the coefficient Gn, .. ny;
tor (2.5) of the gauge theory is entirely captured by the 2-point correlator between Oni,...n

m appearing in the extremal correla-

k
and Oy, in the matrix model, namely

gnl,...,nk;m = <On1,...,nk Om> . (226)

From (2.21) and (2.24) it immediately follows that the right hand side is non-vanishing
only if [n1|+ ...+ |ng| = |m|, in agreement with the selection rule (2.6). In case of single-
trace operators these formulas simplify. In particular, for the 2-point correlators we have
Gnim = Gp, 0pm with

Gpn =(0,0,)=(0,Q,), (2.27)

while for the 3-point correlators we have Gy, no:m = Gny ng Ony+no,m With

Gm,nQ - <On1,n2 On1+n2> - <Qn17m On1+n2> - <On17m Qn1+n2> : (228)

Thus, the calculation of the 2- and 3-point functions of the single-trace primary operators
in the gauge theory is reduced to the calculation of the 2-point correlators in the matrix
model and ultimately to the evaluation of the expectation values T}, . n,-
2.2 Single-trace correlators at large N

Several significant simplifications occur in the procedure outlined above, when one considers
the ’t Hooft large-N limit in which N — oo with

A= Ng? (2.29)



kept fixed. Focusing for simplicity on the single-trace observables, one can show that in the
planar limit instead of the operators O,,, which are orthogonal to all operators of dimension
smaller than n with both single and multi-traces, it is enough to consider a set of simpler
operators Oy, which are orthogonal to only the single-trace operators of dimension smaller
than n. These operators are defined by

On=%— > CpmOmn (2.30)

m<n

where the mixing coefficients C,, ,, are obtained by requiring that
(0 Op)=0 form<n. (2.31)

This amounts to implement the Gram-Schmidt orthogonalization procedure only in the
subspace of the single-trace operators. Thus, the operators O, and O,, differ from each
other.® However, one can show (see for example [15, 24]) that the difference is sub-leading
in the large-N expansion, i.e.

1
O, =0, + N(single and multi traces) (2.32)

where the second term in the right hand side stands for single and multi-trace operators of
dimension smaller than n which, when inserted inside correlators, yield contributions that
are suppressed in the large- N limit. It is worth pointing out that the coefficients C,;* and
Cp,m, which account for the mixing of the single-trace operator of dimension n with the
single-trace operator of dimension m in the two schemes, are not the same but they agree
at large N:

C'=Cpm +O(1/N) . (2.33)

Using these properties, we can simplify the calculation of the 2- and 3-point correla-
tors in the large- IV limit. Let us first consider the 2-point correlator (2.27), which upon
using (2.30) becomes

Grn = (0, Q) =(0,0,) . (2.34)

Then, exploiting (2.32), we can replace O,, with O,, and conclude that
Gp =(0,0,)+O(1/N) . (2.35)

This is precisely the form of the 2-point correlator that was used, for example, in the
calculations reported in [24, 26].

Also the 3-point correlators of single-trace operators in the large- IV limit can be written
only in terms of the operators O,,. To show this, we first observe that in last term of (2.28)
we can substitute €y, r, with Oy, 4r, since the difference consists of operators of dimension
smaller than (n; + ng) which are orthogonal to Oy, n,. Thus we have

Gnl,nz = <On1,n2 Qn1+n2> = <On1,n2 On1+n2> . (2'36)

SActually, @, = O, for n = 2,3,4,5 since in these cases the mixing can occur only with single-trace

operators. For n > 5, instead, where also multi-trace operators appear, one has O,, # O,,.



Then, we can use the following relation, proven in [15],
Onyns = Ony On, + (single traces) + %(multi traces) , (2.37)
and upon substituting it in (2.36), we get
Grins = (Ony Oy Opy4ny) + O(1/N) . (2.38)

Indeed, the single traces in (2.37) are of dimension smaller than (n; + n2) and, hence, are
orthogonal to Oy, +n,, while the multi traces give rise to contributions which are suppressed
when N — oo.

The 2- and 3-point correlators (2.35) and (2.38) can be explicitly evaluated with a
moderate computational effort, and thus provide a very efficient way to obtain information
on the 2- and 3-point correlation functions of the SYM theory in the planar limit.

3 Two- and three-point functions in the E theory at large IN: perturba-
tive results

In the following we will provide explicit examples of the functions G,, and Gy, », in the
so-called E theory [22, 24]. When the hypermultiplets are in the symmetric plus anti-
symmetric representation of SU(NV), using (2.15), one can show that the interacting part
of the matrix model is [22, 24, 26]

( A >€+m+1 (20 4+ 2m + 1)1 ¢(20 +2m + 1)

2041 tr a2m+1
8m2N 20+ 1) (2m + 1)!

tra

Sint(a) = 4 i (=1)cm
e (3.1)

where ( are the Riemann zeta-values. The fact that, differently from what happens in other
N = 2 superconformal theories, only products of two traces of odd powers of a appear
in (3.1) is the main reason behind the possibility of obtaining closed-form expressions and
eventually extrapolate the perturbative results at strong coupling.

Using the interaction action (3.1), it is rather straightforward to obtain the first pertur-
bative contributions to the 2- and 3-point coefficients G,, and Gy, p,, even if the calculation
becomes longer and longer as the dimensions of the operators grow. This is clearly due
to the fact that, even in the simplified set-up of the large-N limit, an increasing number
of mixing coeflicients have to be determined in order to find the explicit expression of the
operators O, to be used in the correlators. Nevertheless, in the E theory the very first
perturbative terms in G, and Gy, », can be easily obtained in full generality at large N,
as we are going to show in the following.

3.1 Two-point functions

The planar limit of the 2-point functions G, in the E theory has been extensively studied
in [24, 26], and here we simply recall the main results. When N — oo, one finds”

Gn =G [(1+A0) +O(1/N?)] (3.2)

"In the E theory, the first non-planar corrections are of order 1/N?, differently from other superconformal
theories in which they are of order 1/N. In the matrix model this property is a consequence of the fact

~10 -



Here G%O) denotes the 2-point function coefficient in the N/ =4 SYM at large N, which in
our normalization is given by
N n
G%O) =n <2> , (3.3)

and A, is a function of \ representing the deviation from the N/ = 4 result. As shown
in [24, 26], when n = 2k

Ao =0, (3.4)
and when n =2k +1
C(4k + 1) [4k +2 A\ okio

Thus, in the large-N limit the 2-point functions of operators of even dimensions of the E
theory coincide with those of the N = 4 SYM, while those of operators of odd dimension
are different.

3.2 Three-point functions

So far, the 3-point functions Gy, , in the E theory have not been studied. Here we report
the results of the calculations in the large-N limit that we have performed following the
procedure described above (for details we refer again to [24, 26]). Analyzing in detail
numerous examples, we find that the general structure of the 3-point functions is

Gm,nz = GgLol),nz [(1 + Am,nz) + 0(1/N2)] (3'6)
where ( ) I
nina(ny + no N\ ™M=

G0, = — 5 (2) (3.7)

is the 3-point coefficient in the N = 4 SYM at large N, and A, , is a function of .
When n; = 2k and ny = 20 we get
Aok =0 (3.8)

in analogy with (3.4). Thus, like the 2-point functions, also the 3-point functions of oper-
ators of even dimension do not deviate from those of the N’ = 4 theory at large N. When
n1 = 2k and ny = 2¢ + 1 we find

C40+1) (4042 A\ 2
Dok2et = = oot 9941 (SWQ> +O(N¥12) | (3.9)

This is exactly the first perturbative contribution of order A2*! to Agpi; as we see
from (3.5). Thus, we can write

Aogaer1 = Dory1]yaesr + O(\2F2) (3.10)

that the interaction action Sins(a) of the E theory contains only products of two odd traces, as one can see
from (3.1). On the contrary, the interaction action of other superconformal theories contains also products
of two even traces and/or terms with single traces. As explicitly shown in [24], this different structure is
responsible for the different behavior in the large-N limit.

- 11 -



On($)< n legs }On (y)

Figure 1. Graphical representation of the chiral and anti-chiral operators O, (z) and O,,(y). The
outgoing lines represent the chiral field ¢ while the incoming lines represent the anti-chiral field @.

© n contractions :

Figure 2. When the contractions are made with free propagators one obtaines the tree-level result
G%O) at the leading order for N — oo is given by (3.3).

Finally, when n; = 2k 4+ 1 and ne = 2¢ 4+ 1, with k < ¢, we have
Agki12001 = (1+ 0pe) Aogit] yonn + O(AFF2) (3.11)

These results show that, like the 2-point functions, also the 3-point functions involving
operators of odd dimensions are different from those of the A/ = 4 theory even in the
large-N limit®

3.3 Diagrammatic interpretation

The results reported above have a nice diagrammatic interpretation. Indeed, the 2-point
function G,, corresponds to the diagram in figure 1, where the n legs of O, (x) have to be
contracted with the n legs of O, (y) using the rules and methods explained in [22, 24].

If these contractions are made with free propagators like in figure 2, one obtains the

tree-level contribution G%O) whose leading term at large N is given by (3.3). If instead the

80ne can easily check that the tree-level 2- and 3-point functions given in (3.3) and (3.7) are in agreement
with the chiral ring relation (2.4). Furthermore, they are related as follows: G(nol),n2 = LN"? Gﬁ?ﬁ GS);.
Using (3.8), (3.10) and (3.11), it is easy to realize that the same relation holds also in the interacting theory
at the first perturbative order.

- 12 —



— N >
Nk
X 7
\s
N\
’ \
s \
R R 1 K
L
Lo
2k + 1 legs * . . 2k + 1 legs
[N
So0m
—_—— —_—— - — =

Figure 3. The diagram which produces a planar contribution when inserted in the contraction of
(2k + 1) legs as an effective vertex. In the right hand side we use the same notation of [19, 22] for
the matter hypermultiplets represented by the dashed and dotted lines. This contribution turns
out to be proportional to ((4k + 1) A2**1 as a result of the integration over the loop momenta
according to [46].

contractions are made with the insertion of interaction vertices, one gets the loop correc-
tions. In [24] it was proved that when n = 2k there is no planar diagram that contributes
to the 2-point function so that Ay, = 0, in agreement with the matrix model result.”
On the contrary, when n = 2k 4+ 1 one can show that the first perturbative contribu-
tion at large N arises from the diagram represented in figure 3, which is proportional to
C(4k + 1) A2k*1. The insertion of this structure in the contraction between Qg1 () and
Oosk11(y), as shown in figure 4, yields precisely the term proportional to N2 in Gy,
namely Gg,? 11 Dokt ‘ y2k41, 0 agreement with the matrix model calculation.

This analysis can be easily extended to the 3-point function Gy, ,, which is obtained
from the diagram in figure 5.

By contracting the (n1 +n2) legs of Oy, n,(z) with those of Oy, 10, (y) with free prop-
agators as shown in figure 6, one obtains the tree-level result G%Ol)m whose leading term
at large N is given by (3.7). Using the same argument of the 2-point functions of even
operators (see footnote 9), one can show that no loop diagram can contribute to the planar
limit of Gag 20, so that Ag oy = 0 in agreement with the matrix model result. If instead
either ni or no or both are odd, there is a non-trivial planar contribution because we can
insert the structure of figure 3 in the contraction. For example, if ny = 2k and no = 2+ 1,
we can draw the diagram shown in figure 7 which produces the term Gg,]g% 41 A2[+1’ \2041
in the planar limit, in full agreement with the matrix model calculation. When ny = 2k+1

9This argument is based on the fact that in the 2-point functions of even operators the first perturbative
contribution is produced by a structure similar to that represented in figure 3, but with an even number of
incoming and outgoing legs. A careful analysis of the color factor associated to this structure shows that
this contribution either vanishes or is sub-leading in N with respect to the tree-level term. For details we
refer to section 7.1 of [24].
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Oaky1(x) oot Oak11(y)

contractions .

Figure 4. When the effective vertex of figure 3 is used in the contraction of the (2k+1) legs, one gets
the first perturbative contribution to the 2-point function Gayy1 proportional to ((4k + 1) A2+1
as given in (3.5).

ny legs

Onl ,n2 (IE) H On1+n2 (y)

nsy legs

Figure 5. Graphical representation of the chiral operator Oy, n,(z) on the left, with two groups
of legs corresponding to its two traces, and of the anti-chiral operator O,,, 1, (y) on the right.

and ny = 2¢ 4+ 1, we can use the effective vertex of figure 3 to contract either the n; legs
or the ny legs of the two traces inside Oy, n,(z) with those of Op,4n,(y). Suppose that
k < £. In this case the first perturbative correction arises from the insertion of the effective
vertex in the contraction of the 2k 41 legs emanating from the first trace of Qa1 2041 ().

This insertion produces a planar term proportional to ((4k + 1) \2k+1

in agreement with
the matrix model result reported in (3.11). The insertion of the effective vertex in the
contraction of the 2¢ + 1 legs of the second trace of Ogj412¢+1(x) also produces a planar
term, but this is of higher order because £ > k. Finally, if k = ¢ the effective vertex can
obviously be used in the contraction of the legs of both traces, and this fact accounts for

the factor of 2 which appears in (3.11) when k = /.

— 14 —



Onhnz (:U)

ny + ny contractions

Figure 6. By contracting all legs with the tree-level propagators one obtains the coefficient Gﬁ?},nz
whose leading term at large N is given in (3.7).

2k

* contractions

O2p,2041()! Oot2041(y)

* contractfong

Figure 7. The effective vertex of figure 3 is used in the contraction of the (2¢ + 1) legs and yields
a planar contribution proportional to ¢(4¢ + 1) A>*! in the 3-point function Gok 2041

4 A simple three-point function at large N

Before addressing the strong-coupling behavior of the 3-point functions Gy, p, in full gener-

ality, we discuss in detail a simple example, namely G2 3. In the matrix model this 3-point
function is given by!’

G273 >~ <02 03 O5> (4.1)
where, according to the definitions presented in section 2, the operators are
T
Oy =0 —Ty, O3=0Q3, 05:Q5—T3’593. (4.2)
3,3

10Here and in the following, the symbol ~ means that only the leading term in the large-N expansion is
written.
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Using these expressions, we easily obtain

T
(0303 05) = (230305) = To 35 — ﬁ Thss . (4.3)

The expectation values T5 p, », satisfy the relation (proven in appendix B, see in particu-

lar (B.11))
1
T2,n1,n2 = §(N2 —14+n1+n9—2X 8)\]:) Tn17n2 + )\8)\Tn1’n2 (4.4)

where F = —log Z is the free energy. Exploiting this relation, after straightforward ma-
nipulations we can rewrite (4.3) as follows

T:
(O20305) = T35+ A0y <T§Z> T3 . (4.5)

The crucial observation is that it is possible to write an exact formula for the expectation
values T}, n, in the E theory that is valid for all values of the t Hooft coupling at large
N. This formula makes use of the infinite matrix X, firstly introduced in [24, 26|, which is
related to the partition function Z of the matrix model in the following way

Z =det™2(1—X), (4.6)

and whose elements are

X = —8(—1)“@\/(214: +1)(2¢+1) /Oocit (etitl)g Jok+1 <M> a1 <M> (4.7)

0 2T 2T

where k,¢ > 1 and J are the Bessel functions of the first kind. More precisely, in [26] it
was proved that at large N the even expectation values Ty 2, do not depend on A and thus
coincide with those of the N’ =4 SYM, namely

T NFE+E+2 (2k)! (20)!
W2 Tk K (k1O (C+ 1)1

(4.8)

while the odd expectation values To;41,2¢+1 depend in a non-trivial way on A and at large
N are given by

N k4041 k—1¢-1 1
Togs1,2041 = () SN cric; ( > (4.9)
k—ijb—j

2 i=0 j=0 1-X
where
2 1
Chi = ( Rt >\/2k:—2z'+1. (4.10)
1

In particular, the correlators T3 3 and T35 appearing in (4.5) are

3N3 1
Ty~ [ ——
53 8 (]1—X>11 ’

4.11

15N4[< 1 ) 1 ( 1 ) ] (4.11)

T35 =~ FPEERV] tTo= .
16 1-X 1,1 \/ﬁ 1-X 1,2
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Expanding the matrix X for small A by exploiting the well-known expansion of the Bessel
functions, and using the result in the above expressions, it is possible to generate very
long series in a quite efficient way. For example, the first few terms in the perturbative
expansion of the correlator (O2 O3 Os) obtained with this method are:

<O20305>:15N4 {1_10“5) ()\)3+245g(7)( A )4_23316(9)< A\ >5

16 872 2 82 2 82
6 7
HESLCD+25C6P) (g ) — 7 (26169613 +700¢(5) <) (o5
+@(105963C(15)+3072C(5) C(9)+1988C(7)2) (A)S-i- } (4.12)
“ o R

Actually we have generated all terms of (O2 O3 O5) up to order A3 without any difficulty.
These long expansions are very useful for the numerical analysis, as we will see in the next
subsection.

More importantly, using the asymptotic expansion for large \ of the Bessel functions
appearing in (4.7) and then performing a Mellin transform, it is possible to obtain the
strong-coupling behavior of the matrix X and show [26] that when A — oo it becomes
three-diagonal with elements given by

20+1 Ok—1,0 Okt Ok1,0 A
X0 (1) ( , , +1, ) A 0y
be = (=1) 1 \k@h—1) Tkk+D T i k1)) s TN

(4.13)
From this expansion, following the procedure explained in appendix A of [26], one can show
that
1 472 k(k+1 ifk<¢,
() = T @k + )20+ 1) x (k1) ifk< (4.14)
1-X/)ke A (e+1) k>0,

up to terms of order 1/\2. Using this result in (4.9) and performing the sums over i and
j, one finally gets

2

42 (NNFHHL QR+ 1) (204+1) 1 ~
( ) ( ) ) +0(1/22) = TG, oy - (415)

T ~ —
2k+1,204+1 h\ Rl(k—1)00@—1)k+¢

We have now all ingredients to write the correlator (O O3 Os) at strong coupling. In
fact, from (4.15) we see that for A\ — oo
9N37? 30N*72

Tyy~ TN = T HO(/N) and Tys = T = T HO/N) . (416)

This implies that at leading order in the large-\ expansion, the ratio T3 5/75 3 is constant

so that the A-derivative term in (4.5) can be discarded, leaving us with

30N4r?
A

<02 O3 O5> ~ + O(l/)\Q) . (4.17)

Writing the result in the form (3.6), namely

Go3 = 1 [(1+A273) +O(1/N2)} , (4.18)
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we see from (4.17) that the strong-coupling expansion of the deviation Ay 3 is given by

3272

Ag3 = (1/X%) . (4.19)

4.1 Numerical checks

Here provide a few numerical checks that we have performed in order to test the above
results. First of all, using the perturbative expansion of the matrix X inherited from
that of the Bessel functions appearing in (4.7), we have generated very long series for the
expectation values 73 3 and T3 5 and numerically evaluated the coefficients up to order A9,

Using these expansions, we have then obtained the mixing coefficient of Os in the form

T35 32 F 140
Cs3 = = Z (2) +O(\M0) (4.20)
where
N
) ~ 57 (4.21)

is the mixing coefficient in the free theory, i.e. in the N'=4 SYM. The series (4.20) has a
radius of convergence at A\ = 72 (see for example the discussion in [24, 26]) but it can be
extended beyond this bound with a Padé resummation. Therefore, we have computed the
diagonal Padé approximants

139 k
P (Cs3) = [205 <W> ] (4.22)

[M/M]

for M = 26,40, 68 and compared them with the strong-coupling behavior of Cs 3 that can
be obtained using the asymptotic form of 753 and T35 given in (4.16), i.e

(00)
00 T. 10N
( ) — ] ~ 3
Cs3" = )\hm Cs3 ~ ?E )= 3 (4.23)

The three Padé approximants that we have computed and the strong-coupling result (4.23)
are plotted in figure 8, which shows that for increasing values of M and for large values of
A the numerical curves tend towards the expected asymptotic value.!!

We have also computed the correlator Ga3 in the E theory with a Monte Carlo
simulation using the Metropolis-Hastings algorithm (see for instance [47]) for N = 50
and N = 150, along the same lines discussed in [26]. The results of these simulations
are shown in figure 9, where we have also plotted the Padé approximant for the ratio
Gg,g/Gg?% = (14 Ag3) with M = 68 and the large-\ theoretical prediction (4.19). We see
that as A increases, the Monte Carlo points tend towards the Padé curve which in turn
tends towards the theoretical strong-coupling curve. As expected, the agreement of the
Monte Carlo simulation is better for N = 150 than for N = 50. We regard these numerical
results as a strong evidence of the validity of our analysis.

1 The agreement could be improved by considering sub-leading contributions to the asymptotic value.
These contributions can be obtained by keeping the sub-leading terms in the expansion of the matrix X for
large A.
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Figure 8. Comparison between the Padé curves Pz a(Cs 3) for M = 26 (green curve), M = 40
(blue curve), M = 68 (red curve) and the large-A theoretical prediction (4.23) (black dashed curve)
for the mixing coefficient Cs 3 divided by N.

G
— P[se/ee](gzg‘)a:)
----- Strong coupling
o N=50
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Figure 9. Comparison between the Padé curve at M = 68 for the ratio G 3/ Gé?% (red curve),
the large-\ theoretical prediction (4.19) (black dashed curve) and the points from the Monte Carlo
simulations at N = 50 (green open circles) and at N = 150 (blue open triangles).
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5 Three-point functions in the E theory at large IN: strong coupling
results

We now extend the results of the previous section by computing a generic 3-point function
of single-trace operators of the E theory in the large-N limit at strong coupling.

To do so, we first analyze in more detail the structure of the single-trace operators O,
introduced in (2.30). The mixing coefficients C, ,,,, defined by imposing the orthogonality

relation (2.31), are given by

where n and m are both even or both odd, with m < n. It is not difficult to realize that
these coefficients in the end become rational homogeneous functions of the expectation
values T s where r and s are both even if n and m are even, or both odd if n and m are
odd.

As discussed in the previous sections, the form of these expectation values is explicitly

known in the large- N limit, both at weak and at strong coupling. Using this information
we find that when A — 0, i.e. in the N' = 4 SYM, the mixing coefficients are'?

N n—m

2

On the other hand when A — oo we can exploit the strong-coupling behavior of the
expectation values T s given in (4.8) and (4.15), and find that when the indices are even,
the mixing coefficients remain unchanged at leading order, namely

k—¢
(00) _ 1. A0 (N 2k
Copar = Jim Care ~ Copop ™ <2> (k B (5.3)
while when the indices are odd they acquire an extra simple numerical factor and become

~ , k+0+1 o 2k+1 (N\F* [ 2k
Charn = Jim O = "5 0 e = 577 () (0] 69

Note that for £ = 2 and ¢ = 1 we recover the explicit result in (4.23). The relation (5.4),
which we have checked in numerous examples even with very high values of k£ and ¢, can
be proven with a nested inductive method as shown in appendix C.'3

To perform explicit calculations it is actually more convenient to express the operators

O,, in the basis of the vevless operators'

-~

O = — () =Q — T, (5.5)

12This result follows directly from the findings of [17] where it was shown that in the free Gaussian model
at large N the mixing coefficients of an operator of dimension n are related to the coefficients of the n-th
Chebyshev polynomial of the first kind. Using this information, the result in (5.2) immediately follows, see
also section 3.2 of [24].

13We warmly thank the anonymous referee for suggesting this proof.

MNote that ﬁo = 61 =0 and §2k+1 = Q2k+1.

—90 —



and write
On= > MymQp (5.6)

with n and m being both even or both odd. Comparing this with (2.30), we easily see that
the mixing matrices M and C are related as follows

1
Mym=|—— . 5.7
e (ﬂ+CJmm (57)
In the free theory at large IV, using (5.2) one can show that
. N % n n+m—2
M) = lim My, = (_2> ~ ( L2 ) (5.8)
2

and check that the expression in the right hand side is related to the coefficients of (suitably
rescaled) Chebyshev polynomials, as originally pointed out in [17]. At strong coupling,
instead, we have a different behavior depending on whether the indices are even or odd.
In fact, from (5.3), (5.4) and (5.7) we find, respectively,

o0 : 0 NNk (k+¢—-1
Myygy = lim Magae = My, = (-2) ) (5.9)
and
o , 2%k 0 2k+1 [ NNk (k+0—1
Mz(k—i-)l,%—i-l = Hm Mopi1,2e41 = k40 2(’“)%2“1 = 2t1 <_2) l ( k— ¢ ) '
(5.10)

We are now in the position of computing the generic 3-point function of single-trace
operators in the E theory. We start by considering G 2¢4+1. In this case we have to compute

(O O2¢11 O2p11) (5.11)

with p = ¢+ 1. Using (5.6) we immediately find

¢ p
(02 Og¢11 Ogpi1) = (2 O2p41 O2pi1) = Z Z Mspi1,2r4+1 Mop 125111220 41,2541

r=1s=1
(5.12)
which, upon exploiting the relation (4.4), can be rewritten as

¢ p
(N2 +1-2A 8,\]:) SN Mogi1or1 Mopy2s01 Tors2641

r=1s=1

1

2
¢ p

+ 30N Mopi1 941 Mopi1asyr (7 + 8) Tor1,2541 (5.13)

r=1s=1
¢ p
+ Y 0> Mopi1 901 Mapi1 2611 A 02 Torg1,2641 -

r=1s=1
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The first line in the above expression vanishes because the double sum reconstructs the
expectation value <025+1 02p+1> which is zero due to the orthogonality condition (2.31).
Since we are interested in the strong coupling limit at large N, we can replace the mixing
coefficients M and the expectation values T with their asymptotic expressions M () and
T(>) given, respectively, in (5.10) and (4.15). Having done this and exploiting the fact that
)‘8>\T2(;~)i)1,2s+1 = _TQ(,,(?j_172S+1, we see that also the third line of (5.13) does not contribute
at leading order when A\ — oo because it is proportional to (Ogzp41 O2p11) which vanishes.
Thus, we are left with

¢

P
<O2 Oae11 O2p+1 Z Z M2(;i1 2r+1 MQ(;j—)l,2s+1 (r+s) T2(7?i)1,23+1
r=1s=1

( N)EerJrl ].671'2

5 (2 +1)p(2p+1)

e €+T_1) 2o (pts—1)!
x; — )l (r—1)! 8;(—1) = s)sl (s -1 (5.14)

where the second step follows from (5.10) and (4.15) and some simple algebraic manipula-
tions. Using the identity

‘
, (A r=1 ,
2(_1) TR (5.15)
we finally obtain
N l+p+1 16
(O3 Os1 Ospin) = <2> T”z (20+1)p2p+1) . (5.16)

Setting p = £+ 1 in this expression, we deduce that at strong coupling the 3-point function
G2,2¢41 is simply

N\ 242 16
Goory1 = (> 167 ) (04 1) 20+ 1) (20 + 3)
2 y ) (5.17)
0 T
= Gg,%eﬂ ——te+1).
Of course, for £ = 1 we retrieve the results of section 4 (see (4.17)—(4.19)).
Applying the same methods, one can show that
N m~+-L+p ].671'2
(O Oz O = (5 ) (204 1) p(2p+ 1) (5.18)

which is a simple generalization of (5.16). The details of the derivation of this result can
be found in appendix D. If in (5.18) we set m = k and p = k + ¢, we obtain

(N) 2k+2¢ ].67'('2
2

Gok2041 =~ (k+0)(20+1)(2k +20+1)
1622 (5.19)

0
SHe L0,
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while if we set m =k + ¢+ 1 and p = k, we get

2

kO(2k+1)(20+1) (k+(+1)

N 2k—+20+1 1671'2
Goky1,2041

5.20
0 167’(‘2 ( )
= G2k+1,2£+1 N ke .

This concludes the analysis of the 3-point functions at strong coupling.

6 Summary of results and conclusions

The main result we have obtained in this paper is the strong coupling behavior of the
3-point functions of single-trace operators O, (x) of the E theory at large N. Writing

_ G
On On Onin = nnhn2 Ty 6.1
< 1('771) 2($2) 1+ z(y)> (471_2(331 _ y)g) 1 (47‘(2(.%'2 N 3/)2) 2 ( )

we have found for A — oo that
Gak20 =~ Gg])g),%a
0 1672
Gokoe41 =~ ng)72@+1 N C(k+1), (6.2)
1672

0
Goky1,2041 ~ ng)+172g+1 N ke,
where Gﬁ?ﬂm is the 3-point correlator in the A’ =4 SYM given in (3.7). On the other hand
in [26] it was shown that at strong coupling and in the large- N limit the 2-point functions
of the single-trace operators in the E theory are

Gn

(On(x)Only) ) = @@ -y

(6.3)
with o
GQk = ng) )

872 (6.4)
Gory1 ~ Gé(,?H DY k(2k+1),

where G\ is the 2-point correlator in the N' = 4 SYM given in (3.3). We can combine
these results by defining the normalized operators

6, (z) = On@) (6.5)

whose correlators are
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with

P~ Gn n
ni,ng — B (67)
\/Gm an Gn1+n2
Using (6.2) and (6.4), it is easy to see that at strong coupling
~ 1
Gorae = V(2k) (20) 2k + 20),
~ 1
Goraert = ~ V(28) (20) (2k +20), (6.8)

~ 1
Gzt ~ V(2k) (20) (2K + 20 +2) .

These normalized coefficients are part of the intrinsic data that characterize the conformal
field theory under consideration in the strong-coupling regime. To our knowledge this is
the first time that such a strong-coupling result is obtained in a N/ = 2 SYM theory.

We can rephrase our findings in a suggestive way by observing that the operators with
even dimension @Qk(x) belong to the so-called “untwisted” sector, while those with odd
dimension @2k+1(f1}) are in the “twisted” sector. As explained in [26, 28] this terminol-
ogy derives from the string construction of the E theory in terms of a suitable orientifold
projection of a two-node quiver model, which in turn can be engineered with a system of
fractional D3-branes in a Zs orbifold of Type II B string theory [48]. Indeed, by exploit-
ing the open/closed string correspondence, one can prove that the even operators @zk (x)
correspond to open string configurations that are dual to closed string excitations of the
untwisted sector which are even under the orbifold/orientifold parity, while the odd oper-
ators @Q;H_l(x) are associated to open string configurations that are dual to closed string
modes of the Zs twisted sector surviving the orbifold/orientifold projection [49]. In com-
puting the 3-point functions we have therefore two possibilities: a 3-point function with
three untwisted operators or a 3-point function with one untwisted and two twisted oper-
ators. Calling, in an obvious notation, Cy,u,u, and Cy, 7,1y the coefficients appearing in
the corresponding 3-point functions, our strong-coupling results (6.8) can be rewritten as

1
CU1U2U3 = N\/my (6.93)

1
CU1T2T3 = N \/dUl (dTQ - 1) (dT:; - 1) ) (69b)

where d denotes the conformal dimension of the operator.

We point out that (6.9a) is the same result found in N' = 4 SYM. Indeed, the untwisted
operators of the E theory behave in the same manner as the corresponding ones of the
N =4 SYM since they do not feel the Z5 orbifold /orientifold projection. By exploiting the
AdS/CFT correspondence, the strong-coupling formula (6.9a) has been explicitly confirmed
long ago in [50] with an explicit calculation of the 3-point functions in AdSs x S®. On the
other hand, (6.9b) is a new strong-coupling result which would be very interesting to
compare with a dual calculation in an AdS space with a Z5 orbifold /orientifold.

Note added. While this paper was being reviewed, we have extended the calculation of
the 3-point functions of scalar operators and of the corresponding structure constants to
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N = 2 quiver gauge theories with M nodes, and showed that the strong-coupling behavior
predicted by localization perfectly agrees with the one obtained with an holographic ap-
proach based on the AdS/CFT correspondence [51, 52]. The E theory considered in this
paper is obtained from the two-node quiver theory by means of an orientifold projection.
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A The mixing coefficients

In this appendix we provide some details on mixing coefficients C™ appearing in the re-
cursive definition (2.20) of the normal ordered operators Oy, and derive a closed-form
expression in terms of expectation values of non-normal ordered multi-trace operators.

Note that the definition of the normal ordered operators Oy, is such that they are
orthogonal to all operators of lower dimension only. The 2-point functions (OnOm) with
In| = |m| are instead not required to be diagonal. Of course, one could redefine the
operators so as to orthogonalize them. However, like in the gauge theory where one does
not mix different trace structures with the same dimensions, also in the matrix model we do
not make this step and perform a Gram Schmidt procedure which is not complete. Thus,
the formulas that we obtain in this way are not standard. Nevertheless we think that it
may be useful to report them, also because they are valid in any matrix model and not
only in the E theory considered in this paper.

The coefficients C;* are determined by solving recursively the orthogonality condi-
tions (2.21). Keeping n fixed, for all m’s such that |m| < |n| we have to impose

0=(OmOn) = (Om) — 3 (OmOp)CP . (A1)
IpI<In)

If we have already determined the expression of operators with dimensions lower than |n|
and their 2-point functions

Gm;p = <Om Op> ] (A.2)

then we can solve the linear system for the unknowns Cy given by the equations (A.1) for
all values of m with |m| < |n|.

Due to the symmetry of the matrix model integral, the Gram-Schmidt procedure takes
place separately in the sectors of even and odd operators. Here, for definiteness, we illus-
trate the formulas in the odd sector. The lowest dimension odd operator is Os, for which
the expansion (2.20) reduces simply to O3 = 23, so that

G3,3 =T33 . (A.3)
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At dimension 5 there are two operators, Os and O3 3, for which the expansion (2.20) reads
Os =05 —C3 03, Oo3=03—Cy3° O (A.4)

For each of these operators we have to impose a single orthogonality relation of the
type (A.1), with m = 3. This immediately determined the mixing coefficients which are

T35 3 13923
C3 — ’ , C — it A5
i (45)

With this information, we can now compute the 2-point correlators between the two oper-
ators of dimension 5, finding

1
T33

T33 1323

? 3054,y T T
2,3,3 42323

(A.6)

Proceeding recursively to operators of higher dimensions, we find that these formulas
can be generalized as follows. Let us introduce the matrices 7) whose matrix elements
are the 2-point functions of the operators €2, with dimensions up to k, namely

[T(k)}m;p =Tpm with [ml[, [p| <k . (A7)

Then the mixing coefficient CJ® can be expressed in closed form as a ratio of determinants
according to

det 70™) ‘
cm = mon_ (A.8)

det 7(m)

where the notation in the numerator means that one has to replace the elements Ty, in
the column corresponding to the index m of 7™ with the quantities Ty n. For example,
the mixing coefficient C? is given by

CP=—32T =|Ts3 Tsr Tsos Ts3 Ts5 T523 | - (A.9)

det 7OG) T33 137 1323 T33 T35 T323
det 76 /
T533 T235 12323

T533 To37 12323
Finally, to describe the 2-point function Gy, we introduce the matrix Tn') with elements

[T = Toa (A.10)

with |p| < |n| or p = n and |q| < |n’| or q = 0. In practice, the matrix 7™ is obtained
from the matrix 7(™=2) introduced above, by adding one row with index n and one column

of index n’. For instance,

T(5:23) _ TO | Ty05 _ (T33 T3 7 (A11)
Ts53 | T523 Ts53 T523
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and

T343 T33 T35 T223 T343
5
(7:4,3) T® T54,3 Tss Tss Ts523 Ts543
T = = : (A.12)
To343 To33 1235 12323 12343
T73 T75 Tros | Tr43 Trs T7s Tr23 Trags

Then, the 2-point functions are written as ratio of determinants as follows

det 7 (mn’)
gn'n’

)

= A3
det 7 (Inl=2) 1)

B Recursion relations

In this appendix we derive a relation valid at large IV between a correlator of the type
Tomn = (Qomn) = (tr a?™ tr @20+ g g2ttt ) (B.1)

where n = {201 +1,2¢,+1,...} has an even number of odd components, and the correlator
where the even insertion is missing, namely

To = (Qn) = (tra®F1 tra?2tt ) . (B.2)

The non-trivial relation that we find is instrumental in deriving the strong-coupling expres-
sion of the 3-point functions of one even and two odd operators which is reported in (5.18)
of the main text and is derived in appendix D. This relation can also be useful in evaluating
the large-N behavior of more general correlators in the matrix model.

Insertion of tra?. In the case m = 1 it is quite straightforward to obtain an exact

relation which is valid for any multi-trace €y, not restricted to have only odd components.
This is due to the special role played by the operator tra?, which is the Gaussian weight
of the matrix model.

Using the definition (2.16), we have

1
Tom = (Do) = 3 / da tra? Q, e~ @ Sim(@) (B.3)

If we perform the rescaling

8m2N
a=\/ M, (B.4)
A
then the quadratic term acquires a weight —SWiN and the interaction action become inde-

pendent of the coupling. More explicitly, we have

N24+1+|n|

2 ~
/da tr a2 Qn e—tra2—Sint(a) — <87T N> 2 /dM trM2 ﬁn e_@ tI‘M2—Sint(M)

A
(B.5)
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where Q, = tr M™ tr M™ ... and §int(M ) = Sint(a). Similarly, the partition function
becomes

N2

-1
gary Dol ~
Z= <87T N) | /dMe‘s"iN“MQ—Sm(W . (B.6)

A

Thus, after the rescaling the correlator (B.3) is given by

T2n:

)

(B.7)

<8W2N>"§+1 /dM b M2 Gy, o= M2 =S (M)

A /dM e—S’fN tr M2 — Sy (M)

Now we can trade the operator tr M? appearing in the numerator for a derivative with
respect to the coupling. With simple manipulations we find

~ 2 ~
(87T2]\7>r21 )‘a)\/dMQn e_8 S tr M2 —Sing (M)

Ton = — B.8
2n A /dM e~ 87‘-}2\1\] trMQ—Sint(M) ( )
Now we change integration variables back to the original matrix a getting
\ N2—14|n|
2 2
In| - 0., ¢ tra*—Sini(a)
872N 2 mk[(sﬂv) /da n e
Ton = 5 5 (B.9)
A 2 z
(87r2N>

Taking the derivative, we remain with two contributions that can be recast as follows

Ty = NQ_;*'“' To+ % NON(ZTh) . (B.10)

and further rearranged into
Tom = %(NQ — 1+ |n| = 2X0\F) Tn + A 0xTn (B.11)
where F = —log Z is the free energy of the matrix model. For a 2-component vector

n = {ni,n2}, this formula becomes the one written in (4.4) of the main text.

Insertion of tr a?™. When we consider the insertion of a generic even operator tra®™,
we can no longer use the strategy of the previous subsection because this operator does
not appear in the free part of the matrix model action. In fact, in the E theory it does not
appear at all in the action.

Using the recursion relations described in [19], it is not difficult to see that the following
holds in the free theory (A = 0):

m(m + 1)

t2m,n = <Q2m,n>0 = tom (1 + ON2 ‘n| + 0(1/N4)) tn, (B12)
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where n has an even number of odd entries. In the interacting case, we consider

<92m,n e_Sim (a)>
Tomn = °. (B.13)
(e=Sim (@)

Expanding in powers of the interaction action, up to quadratic order we have

Tomn = tamm — Ty + Tomd o + - (B.14)

where
T3 o = (Qomn St (0))g — (Q2mn)g (Sint (@), (B.15a)
T8 0 = 5 (Vomn S20())y — 5 (Qamady (S2ela))y — Tl (S2e(@)y - (B.15D)

We take now into account the explicit form of the interaction action in the E theory, given
n (3.1), which only contains products of traces of two odd operators, and write as

oo p—1

p+1
Sint ( Z Z (8712N> fpq tr a1t ¢y g2(P—a)+1 (B.16)

p=2¢g=1

The coefficients f,, can be determined by comparison with (3.1), but their expression is
not relevant for our present computation. Inserting (B.16) into (B.15a), we get

oo p—1

pHl
=y > ( 7r2N> foa (tamn2041,200-0)+1 — t2mm tagri20—q)+1) - (B.17)
p=2q=1

Now we can exploit the relation (B.12) obtaining

oo p—1

P+l

1)

T2(m n = tom Z Z < 71_2]\7) fp,q { 75n,2q—i—1,2(p—q)-i—1 —ln 752q—‘,—1,2(p—q)—|—1 (B'18)
p=2q=1

m(m +1 n n
+ (]\72) |:<|2| +p + ) n,2q+1,2(p—q)+1 — |2| tn t2q+1,2(p—q)+1:| + 0(1/N4)} .

Rearranging the terms and noting that, inside the sum, p + 1 can be traded for the action
of A0y, we see that the sum over p and ¢ reduces to the one in the expansion (B.16) of
Sint(a), and thus we can write

m(m + 1 n m(m +1
TQ(iz)n - tQm{ |:1 + (NQ) (|2’ +)\8 ):| Ttgl) + (]\72))\8)\< lnt >0tn+0(1/N4)}
(B.19)

The same methods can be used to evaluate the terms quadratic in the interaction action
given in (B.15b), even if the algebra is a bit more involved. The result is

T = 2m{ [1 + m(%jl) ('g’ + A0 )] TP (B.20)
+ P A5y — 52058 0)) -+ A0 (S @), 78" | + 0/ .
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Putting everything together, up to terms that are sub-leading at large N we obtain

m(m +1) (|n|

T2m,n =tom [1 + N2 ?
m(m+ 1)
2m Nz

+.o

+A aA>] (tn — T + T (B.21)

1 1
0 A0St @)y (tn — TE) = 5 AON(SEul@)) gt + 5 AON(Siae (@)

The expression in square brackets in the second line above can be rewritten in terms of the
logarithmic derivative of the free energy, which is

A 8)\<e_si“t(a) >0
NOVF = — (B.22)
<e—Sint(a)>0

= AO(Si(a)), — %Awsfm(a»o + %)\8,\<Sint(a)>§ b

Indeed, by expanding

m(m + 1)
N2

up to the second order in the interaction action, we precisely obtain the second line

— tom, AOOF Ty (B.23)

of (B.21). This result clearly suggests its completion to all orders. Altogether we get

m(m + 1 n

L A&A> + 0(1/N4)} T . (B.24)
In the particular case n = 0, this reduces to the following expression for the expectation

value of an even trace:

m(m + 1)

AOVF +0(1 /N4)> , (B.25)
which was already given in eq. (3.47) of [26]. Using (B.25) inside (B.24), we can rewrite
the latter as

m(m+1 n
TQm,n :TQm |:1+(]\72) (|2

+ A8A> + 0(1/N4)} Ty . (B.26)
If in (B.24) we take m = 1 we retrieve, up to corrections of order 1/N4, the exact formula
given above in (B.11).

C Proof of eq. (5.4)

Eq. (5.4) can be proved with a (nested) induction argument, namely we fix k and, assuming
it is valid for any k' < k, we prove that is valid also for k.

First of all, under our hypothesis we show that at strong coupling the following relation
holds

472 (N)WH 20(20 4 1) (2k +1)! 1)

Q ~
(o1 Orepn) = == 5 (k- 0) (k + 0)!
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We can prove this by induction on ¢. We have

Qa1 O2041) = (Vokg1 Qaes1) — Y Corrt 2mr1 (Qops1 O2me1)

m<t
_An? (N)WH (2k+1)! (20+1)! 1

A \2 E(k—1)0 00— k+¢

TG G R

Here the second line follows from (4.15), while the two square brackets in the last line arise

(C.2)

from using, respectively, (5.4) and (C.1) under our nested induction hypothesis. With some
straightforward algebra, we can recast (C.2) in the following form

(Qok+1 O2041)

Ar? (N R ke (2k\ (2¢ 2k 20
_>\<2) (2k+1)(2€+1){k+€ k )\ ¢ —m%?m k—m)\t—m }
Using the following binomial identity

2k 20 ke (2K (20
ng:£2m<k_m><€—m>:k:+€<k><g>’ (C.4)

we see that most of the terms cancel and we remain with

472 /N > k4041

(Qok+1 O2041) =~ Y <

2k
: (2k+1)(2£+1)2£<k_€>

_An? (N)W“ 20(20+1) 2k +1)! (©.5)
A 2 (k=0 (k+2)! '
which is (C.1). Then, using this result it is easy to see that
4r? (N)WH 20(20+1) (2k +1)!
o) C lm Qo1 02011) A 2 (k— ) (k+0)!
LA aso0 (Qgp41 Ogern) — dn? (N)%“ 20(20+1) (20 +1)!
A 2 (20)!
2% +1 <N>H 2k (C.6)
241\ 2 k—1t)’ '
which is the relation appearing in (5.4) of the main text.
D The calculation of <02m O2€—|—1 02p+1>
Here we provide some details on the computation of the 3-point function
(O2m O241 O2p11) (D.1)
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in the strong-coupling limit at large N for the E theory.
Using (5.6) we have

(O2mm O2p41 O2pt1)

m £ p (D2)
= Z Z Z Mo, 2n Mopi1 2r+1 Mopii1,2s+1 (Ton,2r 41,2541 — TonTor+1,2541) -

n=1r=1s=1
Exploiting the relation (B.26) for the case at hand, we easily see that

n(n+1)

N2 Ton, (1 + 5+ 1) Torq1,2541 + AO\Tor41,254+1] -

(D.3)
Inserting this result into (D.2), we realize that the factor (r + s + 1) can be replaced by

Ton2r41.2541 — TonTor 41,2541 =~

(r + s) since the 1 gives a vanishing contribution. Indeed, the resulting double sum over r
and s factorizes and reproduces the expectation value <02[+1 ng+1> which is zero due to
the orthogonality condition (2.21). Thus, the correlator (D.2) becomes

(O2m O2¢41 O2p11)
1 m £ p
3 Z n(n + 1) Top Mo, 2n Mogt1 2r+1 Mop i1 2541 (7 + 8) Torg1,2641

~

(D.4)

m £ p
+ =5 22> n(n+1) TonMomon Maes1,2r+1Map 12611 A 02 Tor 41,2641 -

To find the strong-coupling limit at large N we can replace the mixing coefficients M and
the expectation values T in the above formula with the corresponding asymptotic expres-
sions M(*) and T(*) for A — co. Exploiting the fact that A 6,\T2(fi)1,2s+1 = _T2(v?i)1,2s+17 we
observe that the second line of (D.4) does not contribute in this limit since it is proportional

to (O2,4+102p+1) which vanishes. We are then left with

(O2m02¢4102p+41)

m £ p
]‘ o o oo o0 o
=~ N2 Z Z Z n(n+1) T2(n )M2(m,)2nM2(£+)1,2r+1M2(p+)1,23+1 (r+s) T2(r+)1,23+1 :

n=1r=1s=1

(D.5)

Notice that the sum over n and the sums over r and s factorize. In particular the double
sum over 7 and s is precisely what appears in the first line of (5.14). Therefore, following
the same steps described in section 5 that lead to (5.16), we have

¢ Cp+1 2
NN\“PT 167
Z Z MQ(E?)1,27~+1M2(;?1,23+1 (r+s) T2(1<~>j—)1,23+1 = (2> —{20+1)p(2p+1).

r=1s=1 A
(D.6)
Let’s now consider the remaining sum over n. To evaluate it, we first recall that
N7 (2n))
n 27 nl(n+1)! (D7)
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(see eq. (3.3) of [24]); then using (5.9) we get

RN (00) 3 (%) N\ ()™ mAn =18 (NN
N2 2t D T Mooy > m (2> 2 =l =1) " ()

n=1

(D.8)

where in the last step we have exploited the identity (5.15). Finally, multiplying (D.6)
and (D.8) we obtain

N m-—+L+p 16 2
) T ome20+1)p(2p+1) (D.9)

(O2m O2¢41 Ozpt1) =~ (2

which is eq. (5.18) of the main text.

E Sub-leading corrections

In this appendix we study the sub-leading corrections in the large-N expansion of the
correlators of single-trace operators with odd dimension. Even if this material is not directly
relevant for the main purpose of this paper, it may be useful in future developments.

As a first step, we briefly recall that in the free theory, i.e. in N' = 4 SYM, at the
leading order (LO) in the large-N expansion one has (see [24] for details)

<92E1+1 QQ€2+1>0 = HKE,OKQ 5@1 6f2 (E]‘)
where
N2 (20 + 1) 1
= d HY =——— | E.2
¢ \/5 (ﬁ + 1)! an br,t 1+401+ 4o ( )

More generally, at large N the correlator involving an even number n of odd operators
takes the form

n
(20,41 Qappy1 -+ Qag, 1), =~ G | 12 (E.3)

i=1

where 7—{%&27“,7% represents the total Wick contraction computed with the “propagator”
H l%%j' For example, if n = 4 we have

LO _ LO LO LO LO LO LO
Hh,fz,@s,&; - H41,€2 Hf37f4 + H51,43 Hfz,& + Hfl,& Hf2,43 : (E4)

Let us now consider the next-to-leading (NLO) corrections in the large- N expansion.
Going to order 1/N?, the 2-point correlator (E.1) becomes

<Q251+1 QQZQ+1>0 =~ H[%%Q /Bfl ﬁfz + Hg%@g /651 552 (E5)
where
1 2
Hpgy = Toqr [ 2o =Dl =3) + (= 1)(la = 1) =20 | . (E.6)

1=
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This term can be interpreted as the O(1/N 2) correction to the propagator H }O There-

fore, we can promote 7—[}7052 et tO ’H%IOZQFNLO by performing the Wick contractions with the
propagator H, Z% + H EIEJQ. However, if we compute the 4-point correlator

(a0, 41 Q2041 Q241 Qgg4+1>0, we see that its O(1/N?) correction is not entirely captured

b H%Z?SLZ and one has to include an extra NLO term given by

1 4
O
VEIII,IZQJB,& = N2 (Z i+ 4) : (E.7)
i=1
Indeed, one can check that
LO+NLO o]
(D20, 11 Qaty 41 Q2511 Q20,11)) = (7'15174;@3744 + ZT,IZ‘%ZJ,Q) H Be; - (E.8)

We have verified that, remarkably, this quartic “vertex” together with the corrected prop-
agator is enough to generate the NLO terms in all higher correlators using Wick’s rule and
that no higher vertices are needed at this order. For example the correlator of six operators
up to NLO reads

 (1yLO+NLO NLO
(Qaey+1 Q26,41 Qoeg+1 V20441 Qo1 D2t 41) ) (Hel zz,eg,e4,z5,e6 + HE S, Vit b
NLO NLO
Hﬁl {3 W27€47€57Z6 + - Hfs Le 51732153 34) H P - (E.9)

This structure becomes more transparent if we use the basis of the normalized normal-
ordered operators of the free theory defined as

0
1 0
W2e+1 = o E :MZ(E—)&-IQT—H Qart1
/G =1
2041 "

where Mz(gil grp1 and GgZ_l are given, respectively, in (5.8) and (3.3). By construction,

(E.10)

these operators are orthogonal to each other at LO, but if we include the NLO corrections
their 2-point correlator acquires a non-diagonal term and becomes

(Waey+1Wae,11) = Oy e, + féfz? (E.11)

with

o V(20 +;i(2£2+1 (Zf (6 +1) _14> (Zg (6 +1> , (E.12)
=1

Using the w-basis, one finds that the quartic vertex (E.7) takes the following form

4
NP (H \/W) <Z&(&+1)> : (E.13)
im1
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DLO DLO DLO DLO DLO
e, + {j——, + { t,
fNLO ’UNLO

Figure 10. Graphical representation of the right hand side of (E.15). The first term corresponds
to the LO “propagator” DM© defined in (E.14). The second term represents the NLO contribution

to the propagator arising from the quadratic “vertex” fNF© defined in (E.12) which we have drawn

as a blue square. The last term describes the contribution due to the quartic “vertex” vNF© given

in (E.13) which is represented by a red circle. Note that all lines stand for the propagator DC.

NLO "which represents the difference D¥© — 1.

The only exception is the closed line above v
Let’s now analyze the sub-leading corrections in the E theory. As proved in [24], at
LO the 2-point correlators of the operators (E.10) are given by

1
41,02

where X is an infinite matrix whose elements are defined in (4.7). Higher point correla-
tors of w operators are described at LO by Feynman diagrams constructed only with this
“propagator” and no interaction vertices.

When we include the 1/N? corrections, after some algebra we find that (E.14) becomes

1 1
LO LO NLO nLO LO , NLO LO LO
(Warr 41 wats 1) = Dy, + 13 (Dél,m Fma iy + 5 Dok Vkmip.q (Ppig = Ipa) Dm,ﬁz)
(E.15)

where repeated indices are summed over. The right hand side can be graphically rep-
resented as in figure 10 which shows that the sub-leading terms can be understood as
corrections to the “propagator” DM due to the NLO “vertices” fNMO and vNO,

We have checked this result in the perturbative regime for several values of 1 and ¢ by

DO is proportional

expanding the matrix X for A — 0. On the other hand, knowing that
to 1/\ at strong coupling and observing that the NLO correction in (E.15) is quadratic
and cubic in DO, we see that the sub-leading correction to the 2-point correlators are of
order 1/A\? when A — co. Going back to the initial basis of the € operators by inverting
the relation (E.10), we may conclude that also the NLO terms of the 2-point correlators
Toty+1,200+1 = (Q2s,+1 Q2s,+1) in the E theory are proportional to 1/A? at strong coupling.

Like in the 2-point correlator (E.15), also for the higher point correlators of w operators
the NLO contribution is given by Feynman diagrams constructed with the “propagator”

» fNLO NLO

DO and with at most one quadratic “vertex or one quartic “vertex” v , in which

two lines may also be contracted with DO — 1 as in figure 10.
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