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The physical model

e Formulated back in 1931, the Kronig—Penney model is a simple
quantum-mechanical model for describing the motion of electrons
in a crystalline structure.

e The central idea is to replace the complicated potential generated
by the atoms in a real crystal with a one-dimensional periodic
potential, typically represented by a sequence of barriers.

o Despite this idealisation, the model captures a fundamental feature
of crystalline materials: the spectrum separates into allowed
energy bands and forbidden gaps.

e This band structure is central to the electronic properties of
materials and provides the basic physical picture underlying
semiconductor devices, from transistors and microprocessors to
LEDs and photovoltaic cells.
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Mathematical formulation

e We consider a one-dimensional quantum particle with energy
E > 0 interacting with N equally spaced point barriers:

N
V(x) =AY d(x—nL), A>0.
n=1
o The stationary states are governed by the time-independent
Schriodinger equation

B N
[ 38+ A D 85— L)) = (o)

n=1

e This equation together with boundary conditions defines the
one-dimensional scattering problem.

Lidia Aceto September 28, 2026

4/22



The piecewise general solution

Since V(x) = 0 between consecutive d-barriers, the Schrodinger
equation reduces to the free-particle equation in each region. Thus, the
wave function has the form

A1e™ 4 Bie7**  Region R : x <L,

Y(x) =< A,e™ + B,e™, RegionR, : (n—1)L<x<nL,
ANHe”“, Region Ry41: x> NL,

where

is the wave number.

e Ajand B;,j = 1,2,...,N + 1, are the amplitudes of the
right-moving and left-moving waves, respectively.

e In the rightmost region, By41 = 0: since the wave is incident
from the left, there is no incoming wave from the right.
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Wave function in the different regions

V(x)
A
R R, Ry Ry+1
E>0
() =A% || go(0) =Ape® [ {i-1(0) = Ay-1e® [ | Ynx) = Ayelks
g < & g N ()=
Ay
Ble—ikx : Bze—ikx ‘BN_le—ikx . BNe—ikx
- . - e o 0 - = - - ~ - = ; 3 o
=0 =20 x=(N-1)L x=NL

Scattering configuration for a particle with energy E traversing an array

of N Dirac delta barriers located at x = L, 2L, ..., NL. Each delta

potential is represented by a narrow normalized Gaussian function with

a width of €, which approximates J(-) as ¢ — 0.
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Matching conditions

e At each barrier x = nL, the wave function remains continuous,
while its derivative has a finite jump induced by the §-potential:

UR(nL) = Gu(nL),  U(nL) — ¥ (nL) = 222y (nL)

where the R, L index corresponds to the left and right wave
functions with respect to x = nL.

e Introducing the parameter ¢ = (ih’k)/(2m)), the matching
conditions can be written directly in terms of the wave amplitudes:

AnetknL + BneftknL — A,H_lelknL + Bn_HeflknL

(1+c)Ae™™ 4 (1 — ¢)B,e ™ = ¢ A, e — ¢ B, e "L
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Matching conditions in matrix form

For convenience, set
K — oikL

Then, the matching conditions at x = nL take the matrix form

K" K™ A\ (K* KT\ [Anp
(1+c)K" (1—c)K ") \B,)  \cK" —cK™") \Buy1/)’

To remove the explicit dependence on n, we introduce the normalized
amplitudes

An=AK",  B,=B,K "

The matching conditions then become

11\ (A (k' K (A
l+c 1-c¢) \B, Nk ! —cK En—s—l
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Principal transfer matrix

From the previous relation, we obtain
Ai” _1r %”“ ,
Bn 2c Bn+l

- (2c — HK™! -K
B K (2c+ 1K)’

Iterating this relation across the N barriers gives

A IR S Ay
(o) =@ (%)

We refer to TV as the principal transfer matrix of the finite array.

where
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Transmission coefficient

From the first row of the transfer-matrix relation,

~ (M)~
Al = A
1= o AN

we obtain

(T")n

AK =
T 20N

—N-1 ikL
AN+1K N ’ K= elk ’

Hence, the transmission coefficient is

ihk

T oma

T = |AN+1|2 . @ N 1
META T Uma

(1Y) 1|
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A regular pattern in the entry (7V)q;
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/8 — (ZC _I_ 1 )K : Varato,Cosl 110V, Vapart, hl

N (TV)u

3 o —|(2a+0)
4 ot —|(3a® + 208 + 8%) | +[1]
5 o —[(40® +30%5 + 208 + 5°) | +] (Ba + 25)
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Triangular arrays

These coefficients coincide with known integer triangular arrays.

Triangular arrays OEIS link
1
2 1
3 2 1
A004736
4 3 2 1
5 4 3 2 1
6 5 4 3 2 1
1
3
A104633
6 3
10 12 9 4
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Triangular arrays

These coefficients coincide with known integer triangular arrays.

Triangular arrays OEIS link
1
2 1
3 2 1
A004736
4 3 2 1
5 4 3 2 1
6 5 4 2 1
1
32
A104633
6 6 3
10 12 9 4

Why do these triangular arrays appear in the matrix-power problem?
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The Cayley—-Hamilton theorem

=(2c—1DK™!
T:<Oj1 _K>, with { (2e=1)
K p B=2c+ 1)K

Theorem
Every square matrix satisfies its own characteristic equation.

e For T, the characteristic polynomial is
det(T — pul) = pi* — Te(T)p + det(T)

Since
To(T)=a+p det(T) =af +1

T’ — (a+ BT+ (@B + 1) =0
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The recurrence relation

e Multiplying the characteristic equation by 7"~!, for n > 1, yields
the second-order matrix recurrence

" = (a+ B)T" — (af + 1)T"!

e Since matrix addition and scalar multiplication act entrywise, each
matrix entry satisfies the same recurrence. Defining

M = (1)
we obtain
MY = (a+BMY — (B + 1)Mf; 7Y
with initial conditions
MO =1, MP=qa
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Mapping to Chebyshev polynomials

e Introduce the rescaling
My = (B + 1)z,
Substituting this expression into the recurrence yields

o = 2z — 7 pim 2B
l’l+1_ n n—1s A Zm

with initial conditions

(87
w=L a=mmms

e This is the standard three-term recurrence relation for the
Chebyshev polynomials of the second kind, U,,.
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Determination of the coefficients

e The general solution of the recurrence can be written as a linear
combination

Zn = c1Up(x) + c2Uy—1(x)

e Recalling that the Chebyshev polynomials of the second kind
satisfy

U_i(x) =0, Up(x) =1, U (x) = 2x,
using the initial conditions zg and z;, we obtain
zo:con(x)—l—czU_l(x) —c1=z=1,

B

VaB+1’

21 :clUl(x)—i—czUo(x) ==y =271 —2x70 = —

Therefore,

B
Vap +1
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Chebyshev closed-form for M §11v)

Recalling
(n) _ n/2 . « 5
M = +1 ==
1 (af )", o 2v/ab + 1
we obtain

«

My = (@b + )V | g

UN_1 (x) s UN_Z(.X')

e The (1,1) entry of TV is expressed entirely in terms of U, (x).

e Closed-form expression: no recursive matrix multiplications are
required.
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Combinatorial closed-form for M lev)

Using the standard series expansion

Lm/2] (m—j '
U = 3 1Y (")
=0 J

substitution of

_a+p

 2VaBF1
and combination of the resulting sums yield the following
combinatorial formula

[N/2]
MY = S (-1y@p+ 1)

n=0

a(N_; _n> (O4+5)N_1_2n

A e
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The combinatorial structure behind the triangles

Starting from the generating function

ey My 1 — B
_Z:M“ = 1—(a+pB)t+ (af + 1)

we obtain the following bivariate polynomial expansion, making the
powers of « and /3 explicit:

IN/2] N—2n
_ N—-—n—s\(n+s—1\ y_on_sos
—ete e 3 (V) (0
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The combinatorial structure behind the triangles

Starting from the generating function

ey My 1— Bt
_Z:M“ = 1—(a+pB)t+ (af + 1)

we obtain the following bivariate polynomial expansion, making the
powers of « and /3 explicit:

IN/2] N—2n
_ N—-—n—s\(n+s—1\ y_on_sos
—ete e 3 (V) (0

The triangular arrays above naturally emerge from this expansion.
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HAGN and triangular arrays

The identity

(N _:_S> (n:: 1) = @;) TN=2"(20 4 1)

where TV=2"(2n + 1) denotes the Hypercomplex Appell Generated
Numbers (HAGN), was established in [ I. Cacdo, H. R. Malonek, M. I.
Falcdo, G. Tomaz, J. Integer Sequences 26 (2023)].

e The identity links the observed triangular arrays to
hypercomplex Appell polynomials, previously studied in the
context of hypergeometric function theory [ M. I. Falcdo and H. R.
Malonek, Opuscula Math. 32(4) (2012), 661-673].

Lidia Aceto September 28, 2026 20/22



Conclusions and perspectives

> We established a closed-form representation of M Ylv) for finite
one-dimensional Kronig—Penney arrays of Dirac delta potentials,
providing a rigorous resolution of the open question in [ J.

Figueroa, I. Gonzalez, D. Salinas-Arizmendi, Phys. Lett. A, 555
(2025)].
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Conclusions and perspectives

> We established a closed-form representation of M YIV) for finite
one-dimensional Kronig—Penney arrays of Dirac delta potentials,
providing a rigorous resolution of the open question in [ J.
Figueroa, I. Gonzalez, D. Salinas-Arizmendi, Phys. Lett. A, 555
(2025)].

P> The explicit representation reveals a rich interplay between
quantum scattering, matrix combinatorics, and hypercomplex
analysis, with the emergence of characteristic integer triangular
arrays.

The triangular structures suggest a deeper connection between
scattering theory and hypercomplex analysis.
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More details can be found in . . .

o L.A. P A. Grassi, H.R. Malonek, Arithmetic triangular structures in
the transfer-matrix of finite Kronig—Penney models, arXiv:2609.08523
(2026).
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