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Abstract
We define and analyze preconditioners for the Riesz operator −(−∆) α

2 , α ∈ (1, 2] 
commonly used in fractional models, such as anomalous diffusion. For α close to 
2 there are various effective preconditioners at disposal with linear computational 
cost. Seminal results on treatment of the case α near 1 that still maintains linear 
computational complexity has been obtained approximating the Riesz operator as 
a fractional power of a discretized Laplacian, using Gauss-Jacobi formula. In this 
work, we extend this rational preconditioning approach by leveraging additional 
quadrature rules with exponential convergence. More precisely, we investigate both 
sinc and Gauss-Laguerre quadratures and show that, after an opportune choice of 
the involved parameters, both allow us to construct preconditioners based on a sum 
of a few shifted Laplacian inverses, and achieve high computational efficiency, 
ensuring numerical optimality. Several numerical results show that the sinc-based 
preconditioner is more versatile than the Gauss-Laguerre preconditioner, and that 
both outperform the Gauss-Jacobi one.
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1  Introduction

In this paper we concentrate on the non-local operator defined as

	
−(−∆) α

2 u := − 1
2 cos(απ/2)

k∑
i=1

(
ai

Dα
xi

u + xi
Dα

bi
u

)
, α ∈ (1, 2],

on Ω =
∏k

i=1[ai, bi], with aiD
α
xi

u, xiD
α
bi

u the left and right Riemann-Liouville 
fractional derivatives. This operator, known as the Riesz operator, frequently arises 
in mathematical models that describe processes with memory or hereditary proper-
ties, such as anomalous diffusion and fractional quantum mechanics.

The numerical treatment of these models involves discretizing the Riesz operator, 
typically using finite difference or finite element methods. However, this often 
leads to dense and ill-conditioned linear systems. To address the computational 
challenges associated with these linear systems, various preconditioning 
techniques have been investigated, each with distinct strengths and limitations. 
Multigrid methods offer robustness across the range of α values with a cost of 
O(N log N), with N the matrix-size [1, 2]. Circulant preconditioners [3] achieve 
the same computational cost, though they cannot ensure convergence when the 
problem involves higher spatial dimensions [4]. Among algebraic preconditioners 
specifically designed for coefficient matrices with Toeplitz structure, the τ
-preconditioner analyzed in Huang et al. [5] is proven to be convergent while 
maintaining an O(N log N) complexity. For values of α near 2, simple Laplacian-
based preconditioners [1] and in general banded preconditioners [6, 7] obtained 
as a truncation of the coefficient matrix have proven effective with a cost of O(N). 
On the other hand, banded preconditioners are not expected to properly work in 
case α is near 1, due to the low decay of the coefficient matrix entries. In [8] we 
have proposed a rational preconditioner that still maintains linear computational 
complexity and that is efficient also for α close to 1. Here we investigate the 
performances of new rational alternatives valid again for α ≈ 1.

The core idea of a rational preconditioning builds on approximating −(−∆) α
2  as a 

fractional power of a discretized Laplacian using the Matrix Transfer Technique [9].
A widely used approach to define the fractional powers of a self-adjoint positive 

definite operator L acting in a Hilbert space H involves an integral representation. 
For β > 0, the function L−β  can be represented in the Dunford-Taylor integral form 
as follows

	
L−β = 1

2πi

ˆ

γr,θ

z−β(z I − L)−1dz,� (1)

where the contour γr,θ encircles the negative real axis clockwise and is the union of 
two half-lines connected with an open arc of a circle as shown in Fig. 1. As r → 0 
and θ → π, the integral (1) can be written as
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L−β = sin(βπ)

π

ˆ +∞

0
s−β(s I + L)−1ds, β ∈ (0, 1),� (2)

cfr. [10, Eqs. (1.1)-(1.2)].
Rational approximations of this operator have been approached through various 

methods in the literature. For example, in the context of unbounded operators, meth-
ods based on the best uniform rational approximation (BURA) of functions related to 
λ−β  have been studied in [11–14], using a modified version of the Remez algorithm.

More recently, the time-stepping methods introduced in Vabishchevich [15] for 
the parabolic reformulation of fractional diffusion equations were interpreted by Hof-
reither in [16] as rational approximations of λ−β .

Among the techniques that approximate the action of matrix fractional powers, we 
mention Krylov-type methods like those in [17] and Massei and Robol [18], and the 
reduced conjugate gradient basis method in Li et al. [19].
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Fig. 1  Shape of the integration contour γr,θ
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After a suitable change of variable, alternative and effective methods for the 
numerical approximation of (2) are quadrature rules; see, e.g., [17, 20–29]. This 
approach typically yields rational approximations Rm−1,m(L) of (2), where

	
Rm−1,m(λ) = pm−1(λ)

qm(λ)
, pm−1(λ) ∈ Πm−1, qm(λ) ∈ Πm,

with Πℓ representing the set of polynomials of degree at most ℓ, and m being either 
equal to or closely related to the number of points of the quadrature formula.

In [8] we have investigated the Gauss-Jabobi quadrature approach given in [22] 
to propose a preconditioner that results in the sum of m inverses of shifted Laplacian 
matrices, where m is equal to the number of points of the quadrature formula. Here 
with Laplacian matrix is intended the one corresponding to the chosen discretization. 
Whenever we are equipped with an efficient solver for it, solving a linear system 
associated with the preconditioner in [8] can be done applying that same algorithm 
m-times, which makes this strategy independent of the given discretization and of the 
structure of the resulting coefficient matrix. A moderately small m yields good results, 
and increasing m with mesh refinement helps achieve optimal iteration counts. The 
need of increasing m with the mesh refinement is motivated by the fact that, although 
exponential, the Gauss-Jacobi quadrature convergence depends in the exponent also 
on the spectrum of the Laplacian. However, higher m values raise the computational 
cost of solving the linear system associated with the preconditioner.

In this work, we extend the rational preconditioning approach in [8] by leverag-
ing additional quadrature rules with exponential convergence, specifically the sinc 
quadrature [25, 26] and Gauss-Laguerre quadrature [24]. Both methods allow us to 
form preconditioners that result again in the sum of m inverses of shifted Laplacian 
matrices, where m is closely related to the quadrature points number, and therefore is 
structure-independent.

Concerning the sinc quadrature, we unify and generalize the results in [25, 26] 
by introducing a parameter µ in the change of variable s = e−µx, that reduces to 
the one in Bonito and Pasciak [26] for µ = 2 and to the one in Bonito et al. [25] 
for µ = −1. We show that µ can be selected independently of the approximation 
goals and discuss a strategy to opportunely truncate the sinc formula. As a result, 
the sinc preconditioner refines and enhances the performance of the Gauss-Jacobi 
for α close to 1 keeping the number of inverses small and ensuring numerical 
optimality.

Regarding the Gauss-Laguerre proposal, since the weights of the Gauss-Laguerre 
rule decay exponentially, it is possible to truncate the formula in a suitable way with-
out loss of accuracy. However, the truncation parameter may vary in a large range 
corresponding to a large number of inversions which makes this preconditioning pro-
posal less versatile than the sinc one, although better performing than Gauss-Jacobi 
in more than one dimension.

The rest of the paper is structured as follows. In Section 2 we recall the Gauss-
Jacobi quadrature rule and related error estimates. In Section 3 we generalize the 
approach associated with sinc quadrature and recall the Gauss-Laguerre one. In Sec-
tion 4 we discuss our preconditioning proposals. In Section 5 we present numerical 
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experiments in which we compare the performance of the different approaches dis-
cussed in the previous sections, including a comparison with state-of-the-art meth-
ods. Finally, in Section 6 some conclusions are drawn.

Notation  Throughout the work, the symbol ≈ denotes a generic approximation, and 
the symbols ∼ and ≲ are used to denote asymptotic equivalence and less than or 
asymptotically equal to, respectively. The symbol I refers to either the identity oper-
ator or the identity matrix, with its size being understood from the context.

2  Guass-Jacobi quadrature rule

In this section, we review some key results of the Gauss-Jacobi quadrature approach 
developed in [20–22], relevant to our analysis.

Consider the Cayley-type transform

	
s = τ

1 − t

1 + t
, τ > 0,

which allows us to rewrite the integral (2) as follows

	
L−β = 2 sin(βπ)τ1−β

π

ˆ 1

−1
(1 − t)−β (1 + t)β−2

(
τ

1 − t

1 + t
I + L

)−1

dt.

Approximating this integral using the m-point Gauss-Jacobi rule with weight func-
tion ω(t) = (1 − t)−β(1 + t)β−1, and corresponding weights wj  and nodes ϑj , we 
obtain

	
L−β ≈

m∑
j=1

2 sin(βπ)τ1−β

π

wj

1 + ϑj

(
τ

1 − ϑj

1 + ϑj
I + L

)−1

=: τ−βRGJ
m−1,m

(
L
τ

)
.

The error analysis can be conducted by first considering the scalar case with a generic 
λ, and then extending the result to the operator case by taking the maximum.

For a bounded operator LN  with spectrum contained in the interval [λ1, λN ], 
where λ1 = λmin(LN ) and λN = λmax(LN ), the following bound for the absolute 
error holds

	

∥∥∥∥L−β
N − τ−βRGJ

m−1,m

(
LN

τ

)∥∥∥∥
2

≤ max
λ∈[λ1,λN ]

τ−β

∣∣∣∣Em−1,m

(
λ

τ

)∣∣∣∣ ,� (3)

and for the relative error we have

	

∥∥∥∥I − Lβ
N

(
τ−βRGJ

m−1,m

(
LN

τ

))∥∥∥∥
2

≤ max
λ∈[λ1,λN ]

(
λ

τ

)β ∣∣∣∣Em−1,m

(
λ

τ

)∣∣∣∣ .� (4)
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Here,

	 Em−1,m (λ/τ) := (λ/τ)−β − RGJ
m−1,m(λ/τ).

In this case, the order of convergence is given by

	 O(exp(−4m 4
√

λ1/λN )).

A suitable choice for τ  can be obtained by minimizing both bounds in (3) and (4). In 
the first case, a reliable value is

	

τ = τm :=





λ1

(
β

2me

)2
exp

(
2W

(
4m2e

β2

))
, if m ≤ m,(

σ̃m +
√

σ̃2
m + (λ1λN )1/2

)2

, if m > m,
� (5)

where W (·) is the Lambert W function,

	
m = β

2
√

2

(
λN

λ1

)1/4 [
ln

(
λN

λ1

)
+ 2

]1/2

,

and

	
σ̃m := − β

8m
ln

(
λN

λ1

)
λ

1/2
N .

We refer the reader to [22, Propositions 3, 4, and eqs. (37)-(38)] for additional details. 
In the second case, following [8, Theorem 3], we set

	 τ =
√

λ1λN .� (6)

For β ∈ ( 1
2 , 1], a finer selection of τ, based on the spectral properties of the discreti-

zation matrices, has been proposed in [8]. Interpolating between these values, for a 
uni-dimensional problem, we define

	
τ = 1

N2β
,� (7)

ensuring a smooth transition between the behavior of τ  in (6), suitable for β close to 
1
2 , and in (5), which is more appropriate for β near 1. In the multi-dimensional case N 
is replaced by the number of discretization points in each direction.
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3  Exponential convergent quadrature rules

This section revisits and generalizes the sinc approximation previously developed in 
[25, 26] and reviews key results of the Gauss-Laguerre approach discussed in [24].

3.1  Sinc quadrature

Using the change of variable

	 s = e−µx, µ ∈ R \ {0},

the integral representation (2) of L−β  is converted into an integral defined over the 
entire real line, i.e,

	

L−β =µ sin(βπ)
π

ˆ +∞

−∞
eµβx (I + eµxL)−1

dx

=:µ sin(βπ)
π

ˆ +∞

−∞
g(x; L)dx.

By approximating this integral using the infinite trapezoidal rule (also known as sinc 
quadrature or single exponential quadrature) with stepsize h we obtain

	
L−β ≈ µ sin(βπ)

π
h

+∞∑
ℓ=−∞

g(ℓh; L)

which, after truncation, becomes

	
L−β ≈ µ sin(βπ)

π
h

M2∑
ℓ=−M1

g(ℓh; L) =: RSE
m−1,m(L), m = M1 + M2 + 1� (8)

where M1, M2 are positive integers to be chosen appropriately.
We now apply classical error analysis to this type of quadrature. In this light, we 

define

	 EM1,M2,h(L) :=
∥∥L−β − RSE

m−1,m(L)
∥∥

where ∥ · ∥ is the operator norm. To estimate this error, we follow a scalar approach 
based on the results of Crouzeix and Palencia [30]. For the scalar argument, we have

	
EM1,M2,h(λ) :=

∣∣λ−β − RSE
m−1,m(λ)

∣∣ ≤ µ sin(βπ)
π

(ED + ETL
+ ETR

) ,
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where, up to a constant,

	
ED :=

∣∣∣∣∣
ˆ +∞

−∞
g(x; λ)dx − h

+∞∑
ℓ=−∞

g(ℓh; λ)

∣∣∣∣∣� (9)

is the discretization error and

	
ETL

:= h

−M1−1∑
ℓ=−∞

|g(ℓh; λ)| , ETR
:= h

+∞∑
ℓ=M2+1

|g(ℓh; λ)|

are the left and right truncation errors, respectively. For the sake of simplicity, we 
omit their dependence on M1, M2, h. To determine an estimation for the discretiza-
tion error, we can apply the following result given in [31, Theorem 2.20].

Theorem 1  Let f : R → R be an integrable function that is analytic in the infinite 
strip domain

	 Dd := {ζ ∈ C : |Im(ζ)| < d}, d > 0 ,

and which satisfies the following conditions:

	●
ˆ d

−d

|f(x + iη)|dη = O(|x|a), x → ±∞, 0 ≤ a < 1,

	● N (f, d) := lim
η→d−

{ˆ +∞

−∞
|f(x + iη)|dx +

ˆ +∞

−∞
|f(x − iη)|dx

}
< +∞.

Then,

	

∣∣∣∣∣
ˆ +∞

−∞
f(x)dx − h

+∞∑
ℓ=−∞

f(ℓh)

∣∣∣∣∣ ≤ N (f, d)
sinh(2πd/h)

e−πd/h

≲N (f, d) e−2πd/h, h → 0.

� (10)

As for the poles of the function g(x; λ), by solving

	 1 + eµxλ = 0

we find that they are given by

	
xk = − 1

µ
log |λ| − i

(
π

µ
+ 2k

π

µ

)
, k ∈ Z.

Consequently, the function g(x; λ) is analytic in Dπ/|µ|, that is in the strip domain 
with d = π/|µ|.
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To maintain clarity in the presentation, we will focus on the case µ > 0 from here 
on, as the case µ < 0 can be treated in a similar manner.

Now, we observe that, for η ∈ R, |η| < π/µ and λ ≥ λ0 > 0

	

∣∣∣(1 + eµ(x+iη)λ)−1
∣∣∣ ≤

{
1, for x ≤ 0,
e−µxλ−1

0 , for x > 0.

Therefore,

	
|g(x + iη; λ)| ≤

{
eµβx, for x ≤ 0,
e−µ(1−β)xλ−1

0 , for x > 0.

This implies that

	

N (g, π/µ) = lim
η→(π/µ)−

{ˆ +∞

−∞
|g(x + iη; λ)| dx +

ˆ +∞

−∞
|g(x − iη; λ)| dx

}

≤ 2
µ

(
1
β

+ 1
(1 − β)λ0

)
,

and also that

	

ˆ π/µ

−π/µ

|g(x + iη; λ)|dη = O(1), x → +∞.

Finally, for the discretization error in (9) we have the estimate (cf. (10))

	
ED ≤ 2

µ

(
1
β

+ 1
(1 − β)λ0

)
e−2πd/h, d = π

µ
.

To obtain an estimate of ETL  and ETR  we first note that

	
|g(x; λ)| ≤

{
eµβx, for x ≤ 0,
e−µ(1−β)xλ−1

0 , for x > 0.

Then we immediately have

	
ETL

≤ 1
µβ

e−µβM1h, ETR
≤ 1

µ(1 − β)λ0
e−µ(1−β)M2h.

We are now in the position to state the result which bounds the quadrature error.

Theorem 2  Let RSE
m−1 ,m(L) be the truncated sinc quadrature defined by (8) with L 

replaced by λ ≥ λ0 . Then, for µ > 0
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∣∣λ−β − RSE

m−1,m(λ)
∣∣ ≤ µ sin(βπ)

π

(
2(1 − β)λ0 + 2β

µ β(1 − β)λ0
e− 2π2

µh + e−µβM1h

µβ
+ e−µ(1−β)M2h

µ(1 − β)λ0

)
.�(11)

In this case, the convergence order is

	 O(exp(−π
√

2β(1 − β)
√

m)).

Remark 1  As mentioned at the beginning of this section, it is important to 
emphasize that this error analysis has already been addressed in the literature 
for specific values of µ. For instance, in Bonito and Pasciak [26], Bonito and 
Pasciak develop a sinc approximation based on the integral representation (12) 
under the transformation x = log(t). This corresponds to the case of µ = 2 in 
our analysis. However, they determine the parameters M1, M2, h corresponding 
to the strip with d = π/4. The estimate obtained in this way can be improved by 
selecting the maximum allowable value for d, i.e., d = π/2. In [25], the authors 
instead consider the fractional powers of operators given by the integral (2) 
(referred to as the Balakrishnan integral in this context) and apply the change 
of variable corresponding to the case µ = −1 in our analysis. Therein, the strip 
domain is correctly set with d = π/2 at the beginning of Section 3.1, where the 
error analysis is performed. However, when equalizing the three exponentials in 
the estimate, the value of d is set equal to π/4 (see [25, Remark 3.1]), leading to 
an exponential decay that is less efficient than the one obtained with the correct 
value of d.

3.2  Gauss-Laguerre approach

The substitution s = t−2 allows us to rewrite the integral in equation (2) as

	
L−β =2 sin(βπ)

π

ˆ +∞

0
t2β−1 (

I + t2L
)−1

dt. � (12)

This can be separated into two integrals

	
L−β =sin(βπ)

π

[
2
ˆ 1

0
t2β−1 (

I + t2L
)−1

dt + 2
ˆ +∞

1
t2β−1 (

I + t2L
)−1

dt

]
.

Next, we perform the following transformations

	 t2β = e−y, t2(β−1) = e−y,

which leads to the following two integrals
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I(1)(L) :=
ˆ +∞

0
e−y(I + e−y/βL)−1dy,

I(2)(L) :=
ˆ +∞

0
e−y(e−y/(1−β)I + L)−1dy.

By applying the n-point Gauss-Laguerre rule to both integrals with respect to the 
weight function ω(y) = e−y, with the weights ω(n)

j  and the nodes ζ(n)
j  (in ascending 

order) we obtain the following rational approximation

	

L−β =sin(βπ)
βπ

I(1)(L) + sin(βπ)
(1 − β)π

I(2)(L)

≈ sin(βπ)
βπ

R(1)
n−1,n(L) + sin(βπ)

(1 − β)π
R(2)

n−1,n(L)

=:RGL
m−1,m(L), m = 2n,

� (13)

where

	

R(1)
n−1,n(L) :=

n∑
j=0

ω
(n)
j

(
I + e−ζ

(n)
j

/βL
)−1

,

R(2)
n−1,n(L) :=

n∑
j=0

ω
(n)
j

(
e−ζ

(n)
j

/(1−β)I + L
)−1

.

The error analysis is provided in [24, Section 5], and here we present only the key 
results. The absolute error is bounded as follows

	
∥∥L−β − RGL

m−1,m(L)
∥∥ ≈ 4 sin(βπ)S

(m

2
, β

)
,

where for each even m, 

	
S

(m

2
, β

)
=




e−3( m
2 β2π2)1/3

, (∀ m ∧ β ≤ 1/2) ∨ (m > m∗ ∧ β > 1/2),

e−(8π(1−β) m
2 )1/2

, (m ≤ m∗ ∧ β > 1/2),
�(14)

with

	
m∗ ≈ 9β4

(1 − β)3 .

Since the weights of the Gauss-Laguerre quadrature decay exponentially, the formula 
can be truncated to reduce the number of inversions without compromising accuracy, 
cf. [24, Sec. 6]. For any even positive integer m, the truncation involves mtr = 2ntr 
terms instead of m, where
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ntr =





⌊
2
√

3
(

βm2

4π2

)1/3 ⌋
, (∀ m ∧ β ≤ 1/2) ∨ (m > m∗ ∧ β > 1/2),

⌊
2(1 − β)1/4 (

m
π

)3/4
⌋
, (m ≤ m∗ ∧ β > 1/2),

�(15)

see [24, Eqs. (6.8) and (6.11)]. Truncation is advantageous for approximation, espe-
cially when many inversions are needed, as it reduces computational cost.

The quadrature rules discussed in this section provide efficient rational approxi-
mations of the fractional power operator. In the next section, we examine how these 
approximations can be utilized to construct effective preconditioners that enhance 
both computational efficiency and robustness in solving fractional differential 
equations.

4  Rational preconditioning

We now extend the rational preconditioning approach proposed in [8] by leveraging 
boh sinc quadrature and Gauss-Laguerre quadrature for solving linear systems with 
coefficient matrix a discretization of −(−∆) α

2 , α ∈ (1, 2]. While existing precondi-
tioning techniques often struggle when α is close to 1, by leveraging these quadra-
ture approximations with exponential convergence, we propose new preconditioners 
that significantly improve numerical performance while maintaining computational 
efficiency.

Le us start from the following boundary value problem

	

D(x)(−∆)α/2u(x) = f(x), x := (x1, . . . , xk) ∈ Ω ⊂ Rk

u(x)|Ω̂ = 0, Ω̂ = Rk\Ω
� (16)

with D(x) ≥ 0, f(x) the source function. For the sake of simplicity, here we focus 
on a uniform centered finite difference discretization, but other discretazions could 
be taken into account as well. Given n = (n1, . . . , nk) a multi-index, let us define 
the uniform partition of the domain Ω =

∏k
i=1[ai, bi] as ξj = (ξ(1)

j1
, . . . , ξ

(k)
jk

) with

	
ξ

(i)
ji

= ai + jiνi, νi = bi − ai

ni + 1
, ji = 0, 1, . . . , ni + 1, i = 1, 2, . . . , k.

The centered finite difference discretization of −(−∆)α/2 is then

	
A(k)

α,N :=
k∑

i=1
In−

i
⊗ Ani

⊗ In+
i

,� (17)

where N =
∏k

j=1 nj , n−
i =

∏i−1
j=1 nj , n+

i =
∏k

j=i+1 nj , and Ani = ν−α
i Tni(fα) 

with νi = 1/(ni + 1)
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	 fα(θi) := ( 2 − 2 cos(θi) )α/2
,

and

	

Tni
(fα) =




ℓ0 ℓ−1 . . . . . . ℓ1−ni

ℓ1 ℓ0 ℓ−1
...

...
. . . . . . . . .

...
... ℓ1 ℓ0 ℓ−1

ℓni−1 . . . . . . ℓ1 ℓ0




,

the Toeplitz matrix related to fα, where

	
ℓj = (−1)jΓ(α + 1)

Γ(α/2 − j + 1)Γ(α/2 + j + 1)
, j = 0, ±1, ±2, . . . , ±(ni − 1),

and Γ(·) the Euler gamma function. Without loss of generality, we focus only on the 
case n = (ñ, . . . , ñ) and on the domain Ω =

∏k
i=1[0, 1]. This leads to rewriting (17) 

as follows

	 A(k)
α,N = ν−αT

(k)
N (ψα),

with ν = 1/(ñ + 1), ψα(θ) :=
∑k

i=1(2 − 2 cos θi)
α/2

, and T
(k)
N (ψα) the k-level 

Toeplitz generated by ψα. When k = 1, ψα = fα and T (1)
N (ψα) = TN (fα).

Note that for α = 2, A(k)
α,N  corresponds to the finite-difference discretization of the 

k-dimensional Laplace operator with mesh-width ν in each direction.
Thanks to the k-level Toeplitz structure of A(k)

α,N  and in light of the results obtained 
in [32], we know that the function ψα(θ) corresponds to the so-called symbol and 
provides an estimate of the eigenvalues of the matrices ναA(k)

α,N  in the sense of [33, 
Definition 3.1] when ñ → ∞. Moreover, it holds that

	
κ2(ναA(k)

α,N ) ∼ 1
ñα

,� (18)

with κ2(·) the spectral condition number of a matrix. Note that in presence of other 
discretizations, for instance when B-splines are used [34], or when sufficiently regu-
lar nonuniform grid are employed, the coefficient matrix is not a pure multi-level 
Toeplitz anymore, but reduces to the more general GLT class [33] and similar results 
can be derived as well.

The spectral knowledge in (18) has been leveraged in [8] to define the following 
preconditioner based on the Gauss-Jacobi quadrature
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(
P GJ

m,N

)−1 := τ− α
2 RGJ

m−1,m

(
LN

τ

)

=
2 sin( α

2 π)τ1− α
2

π

m∑
j=1

wj

1 + ϑj

(
τ

1 − ϑj

1 + ϑj
I + LN

)−1

,

with τ  as in (7) for β = α/2, and with LN = A(k)
2,N , a finite difference discretization 

of the Laplacian on a grid with mesh-width ν = 1/(ñ + 1) in each direction. The 
proposed preconditioner is then the inverse of a sum of m inverses of shifted k-level 
Toeplitz matrices. As shown in [8], thanks to the theory systematically presented in 
Garoni and Serra-Capizzano [33], it can also be endowed with a symbol that provides 
an estimate of its eigenvalues, and is defined as follows

	
pGJ

m,α(θ) :=
2 sin( α

2 π)τ α
2

π
ψ2(θ)

m∑
j=1

w̃j

1 + ϑ̃j

(
τ

1 − ϑ̃j

1 + ϑ̃j

+ ψ2(θ)
)−1

,� (19)

with w̃j  and ϑ̃j  the weights and nodes of the Gauss–Jacobi rule with weight function 
(1 − t) α

2 −1(1 + t)− α
2 . Roughly speaking, according again to the theory in Garoni 

and Serra-Capizzano [33], if pGJ
m,α approximates ψα well enough, the eigenvalues of 

the preconditioned matrix (weakly) clusters at 1.
In line with the results in [8], Figure 2 shows that in the one-dimensional case, 

when α ≈ 1, the accuracy of the approximation provided by pGJ
m,α improves sig-

nificantly as m increases. On the other hand, for α ≈ 2, pGJ
m,α is already accurate for 

m = 1. This means that P GJ
m,N  behaves as a (shifted) Laplacian preconditioner, which 

is known to be highly effective when α ≈ 2; see Donatelli et al. [4].

Remark 2  In the general case, the k-dimensional Laplacian used in the definition of 
the preconditioner should be interpreted as the one associated with the chosen dis-
cretization. Whenever we are equipped with an efficient solver for the k-dimensional 
Laplacian, solving a linear system associated with a preconditioner consisting of a 
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Fig. 2  Comparison of (2 − 2 cos(θ))
α
2  (blue line) and pGJ

m,α for α = 1.1 (left) and α = 1.9 (right)
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sum of inverses of shifted Laplacians (such as P GJ
m,N ) can be done by applying the 

same algorithm m times, which makes this strategy independent of the chosen dis-
cretization and of the structure of the resulting coefficient matrix. The overall cost is 
therefore m times the cost of solving a linear system with a shifted Laplacian, so the 
effectiveness of these preconditioners depends on how small m can be kept and on 
how m should scale with N.

In the next sections we extend this same approach of defining a preconditioner to 
the case of sinc quadrature and the Gauss-Laguerre quadrature described in Section 
3.1 and Section 3.2.

4.1  Sinc preconditioning

Starting from (8), let us define the preconditioner based on the sinc quadrature

	

(
P SE

m,N

)−1 := RSE
m−1,m(LN )

= µ
sin( α

2 π)
π

h

M2∑
ℓ=−M1

eµ α
2 ℓh

(
I + eµℓhLN

)−1
, m = M1 + M2 + 1,

�(20)

with LN = A(k)
2,N . Of course, similar computational considerations to the ones done 

for P GJ
m,N  in Remark 2 apply to this preconditioner. In what follows we discuss the 

choice of M1, M2, µ, h and search for a way to keep m small.

4.1.1  Parameters estimation considerations

As m represents the number of inversions, in light of preconditioning purposes, 
M1, M2 should be kept small so to perform few inversions. The goal is to choose 
M1 and M2 such that the three exponential terms in the error bound (11) decay at a 
similar rate. With this aim, we define

	
δ := 2π2

µh
,� (21)

and, setting β = α
2 , we compute

	
M1 =

⌈
δ2

απ2

⌉
, M2 =

⌈
δ2

(2 − α)π2

⌉
.� (22)

Choosing δ ≈ π and computing M1 and M2 by (22) we expect that the discretiza-
tion and the truncation errors have similar exponential behavior for α ≤ 1.5. This is 
confirmed in Fig. 3 that shows the three exponentials on the right-hand side of (11) 
with β = α

2 . The left side of the figure corresponds to δ = 1 , while the right side 
corresponds to δ = π. For values of α close to 1, M2 is small. In contrast, for α → 2, 
M2 tends to infinity. On the other hand, M1 remains constant at 1. This behavior is 
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illustrated in Fig. 4 where α ∈ [1.1, 1.9] and δ = π. As a consequence, we expect that 
P SE

m,N  involves few inversions and is competitive for values of α close to 1, while it 
requires an increasing number of inversions and becomes expensive, as α tends to 2.

About the choice of µ and h, let us first note that the two appear in (20) only as 
a product, meaning we can adjust one while keeping the other fixed such that their 
product does not change. Setting δ ≈ π, from (21) we get µh ≈ 2π. A practical choice 
is then to fix µ = 2 and set h ≈ π. However, any other choice of µ would simply 
require an inversely proportional adjustment in h, making µ arbitrary in this sense.
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Fig. 4  Values of M1 and M2, computed by (22), vs α for δ = π
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4.1.2  Spectral properties

By following the same steps done in [8], we can associate to the inverse of (20) the 
function

	
pSE

m,α(θ) := µ
sin( α

2 π)
π

h ψ2(θ)
M1∑

ℓ=−M2

eµ(1− α
2 )ℓh

(
1 + eµℓhψ2(θ)

)−1
� (23)

that, as ñ → +∞, provides an estimate for the eigenvalues of P SE
m,N .

Figure 5 shows that, in the one-dimensional case, for α ≈ 1, the accuracy of the 
approximation of ψα provided by pSE

m,α improves with m and that small values of 
m corresponding to δ in the neighbor of π give satisfactory results. However, this 
approach fails to be competitive for α ≈ 2 because m increases rapidly, as already 
evident from Figure 4.

Comparing Fig. 5 with Fig. 2, we observe that for α ≈ 1, pSE
m,α provides a more 

accurate approximation of ψα near zero than pGJ
m,α, which retains a visible quadratic 

behavior at zero even for large values of m. This suggests that P SE
m,N  is the better 

choice where accuracy is most needed, namely for α ≈ 1. On the other hand, for 
α ≈ 2, as previously noted, the most effective option remains the Laplacian precon-
ditioner proposed in Donatelli et al. [4].

4.2  Gauss-Laguerre preconditioning

Starting from (13) and fixed n, we define the preconditioner based on the Gauss-
Laguerre quadrature
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1 3



Numerical Algorithms

	

(
P GL

m,N

)−1 :=RGL
m−1,m(LN )

=
sin( α

2 π)
α
2 π

n∑
j=0

ω
(n)
j

(
I + e−2ζ

(n)
j

/αLN

)−1

+
sin( α

2 π)
(1 − α

2 )π

n∑
j=0

ω
(n)
j

(
e−ζ

(n)
j

/(1− α
2 )I + LN

)−1
, m = 2n,

�(24)

where LN = A(k)
2,N . Moreover, mimicking the approximation approach, we also con-

sider mtr in place of m and define the preconditioner based on the truncated Gauss-
Laguerre quadrature

	

(
P GL,tr

mtr,N

)−1
:=

sin( α
2 π)

α
2 π

ntr∑
j=0

ω
(n)
j

(
I + e−2ζ

(n)
j

/αLN

)−1

+
sin( α

2 π)
(1 − α

2 )π

ntr∑
j=0

ω
(n)
j

(
e−ζ

(n)
j

/(1− α
2 )I + LN

)−1
, mtr = 2ntr,

�(25)

where ntr is defined in (15) with β = α/2. The considerations in Remark 2 apply to 
these preconditioners as well. Of course, considered the same set of Gauss-Laguerre 
nodes, P GL,tr

mtr,N  is expected to be less expensive than P GL
m,N .

4.2.1  Parameter estimation considerations

In principle, also for Gauss-Laguerre approach we could use the error estimates 
in Section 3.2 to choose the parameter m. In this light, if we impose that the error 
behaves as e−π  according to the findings in Section 4.1.1 for the sinc quadrature, 
we obtain m = 2. This is also confirmed by Fig. 6 where we can compare the 
number of inversions needed by the sinc and the Gauss-Laguerre quadrature 
rules, fixed the error estimate as e−δ . However, since the Gauss-Laguerre 
approach involves two distinct integrals, we expect that choosing m = 2 is not 
enough to define a good preconditioner. The numerical experiments presented in 
the next section corroborate this behavior. Therefore, for P GL

m,N  in (24) there is 
no clear criterion for selecting the value of m. The only observation we can make 
is that since m∗ is already large near α = 1, to maintain m sufficiently small, the 
estimate we use should rely on the second term in the formula (14). Thus, we can 
only provide a range of variation for m between 2 and m∗ that is far too large, 
and limits the use of the Gauss-Laguerre preconditioner to a “by trial-and-error”, 
progressively increasing m.

Hence, it could be convenient to use the truncated formula which, for the same 
level of error, allows us to reduce the number of inversions; see Fig. 6. We then con-
sider P GL,tr

mtr,N  from (25) with ntr as defined in (15), where β = α/2. Table 1 lists the 
first ten values of ntr for α = 1.1, 1.2, 1.5. Since multiple values of m could result in 
the same ntr, to maximize approximation accuracy, one could select the largest pos-
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sible m, as highlighted in bold in Table 1. However, this approach also corresponds 
to proceed by trial-and-error, without precise method to determine the optimal m in 
advance. On the other hand, if we reverse the procedure and select ntr corresponding 
to m∗, we may end up with large values of mtr. For example, when α = 1.1, 1.2, 1.5, 
we obtain mtr = 6, 10, 58, respectively. In other words, truncating the formula is 
advantageous because it reduces the computational cost, but the truncation parameter 
may still vary in a large range corresponding to a large number of inversions. As a 
result, in all the numerical tests presented in Section 5, we proceed by progressively 
increasing ntr.

4.2.2  Spectral properties

Starting from (24), we can compute the symbol

Table 1  Values of the quantity ntr  given in (15) for m = 2, 4, 6, . . . , 20 with α = 2β

2 4 6 8 10 12 14 16 18 20 m∗

1.1 1 1 2 3 3 4 4 5 5 6 9.0377
1.2 1 1 2 3 3 4 4 5 5 6 18.2250
1.5 1 1 2 2 3 3 4 4 5 5 182.2500
The bold values are the ones used in the numeral tests shown in Table 3
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Fig. 6  Number of inversions vs the error estimate e−δ  for α = 2β, with β = 0.55, 0.6, 0.75. for sinc 
(SE), Gauss-Laguerre (GL), truncated Gauss-Laguerre (GL,tr) quadratures
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pGL
m,α(θ) :=

sin( α
2 π)

α
2 π

ψ2(θ)
n∑

j=0
ω

(n)
j

(
e−2ζ

(n)
j

/α + ψ2(θ)
)−1

+
sin( α

2 π)
(1 − α

2 )π
ψ2(θ)

n∑
j=0

ω
(n)
j

(
1 + e−ζ

(n)
j

/(1− α
2 )ψ2(θ)

)−1
,

� (26)

that, as ñ → +∞, provides an estimate for the eigenvalues of P GL
m,N . The symbol 

pGL,tr
mtr,α for the truncated case is similarly obtained replacing n with ntr.

For k = 1, Figure 7 illustrates the accuracy of the approximation of ψα provided 
by pGL

m,α and pGL,tr
mtr,α when α = 1.1. The behavior of the two symbols is not particu-

larly satisfactory for the considered values of m and mtr. This can be attributed to 
the fact that, in the Gauss-Laguerre approach, we perform two separate quadratures 
on the positive and negative semi-axes, using only a few points for each when m is 
small. For this same reason truncation does not lead to a real improvement, and may 
even worsen the results.

4.3  Spectral comparisons

A comparison of the three symbols in (19), (23) and (26) provides insights into 
the performance of the corresponding preconditioners. In this context, we first 
recall that all three symbols, for a fixed number of addends, exhibit a zero at 
the origin of order two due to the presence of ψ2(θ). Meanwhile, the symbol 
of the coefficient matrix ψα(θ) has a zero at the origin of order α. We then 
follow this reasoning: we first examine the behavior of ratio pquad

m,α (θ)/ψ2(θ), 
quad = GJ, SE, GL at the origin and as the number of addends increases; we 
then establish a hierarchy among the symbols at the origin based on this behavior. 
Let us define the following quantities
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mtr,α for mtr = 2ntr = 2, 4, 6, 8, corresponding to 
m = 4, 6, 10, 12

 

1 3



Numerical Algorithms

	
pGJ

0 :=
2 sin( α

2 π)
π

τ
α
2 −1

m∑
j=1

w̃j

1 − ϑ̃j

, � (27)

	
pSE

0
µ=2:= 2

sin( α
2 π)

π
h

M1∑
ℓ=−M2

e2(1− α
2 )ℓh, � (28)

	
pGL

0 :=
sin( α

2 π)
α
2 π

n∑
j=0

ω
(n)
j e2ζ

(n)
j

/α +
sin( α

2 π)
(1 − α

2 )π

n∑
j=0

ω
(n)
j . � (29)

We first note that the sum in (27) is the m-nodes Gauss-Jacobi quadrature of the 
improper integral

	

ˆ 1

−1
(1 − x)α/2−1(1 + x)α/2 1

1 − x
dx = lim

t→1−

1
2 − α

(
1 + t

1 − t

)1−α/2

=
y= 1

1−t

lim
y→+∞

1
2 − α

(2y − 1)1−α/2.

As a consequence, we can assert that

	
pGJ

0 ∼
2 sin( α

2 π)
π

1
2 − α

(
2y − 1

τ

)1−α/2

, y → +∞.

Similarly, h times the sum in (28) is the sinc-quadrature of the improper integral

	

ˆ +∞

−∞
e(2−α)xdx = lim

y→+∞

e(2−α)y − e−(2−α)y

2 − α

= 2
2 − α

lim
y→+∞

sinh (2 − α)y

that then implies

	
pSE

0 ∼
2 sin( α

2 π)
π

2
2 − α

sinh (2 − α)y, y → +∞.

Finally, the two sums in (29) correspond to the n-nodes Gauss-Laguerre quadratures 
of e2x/α and of 1, that is

	

ˆ +∞

0
e(2/α−1)xdx = α

2 − α
lim

y→+∞
e(2/α−1)y − 1

ˆ +∞

0
e−xdx = lim

y→+∞
1 − e−y
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leading to

	
pGL

0 ∼
2 sin( α

2 π)
π

1
2 − α

(
e(2/α−1)y − e−y

)
, y → +∞.

Now, for the case of interest, that is α → 1, we have that for y → +∞

	
pGJ

0 ∼ 2
π

√
2y − 1

τ
, pSE

0 ∼ 4
π

sinh y, pGL
0 ∼ 4

π
sinh y.� (30)

This analysis suggests that for a fixed number of addends and consequently for a 
fixed y, all the symbols behave near the origin as θ2 · cy , where cy  is a constant that 
increases positively with y according to the hierarchy in (30), that is as a square-root 
for Gauss-Jacobi quadrature, and as an hyperbolic sine for sinc and Gauss-Laguerre 
quadratures. Notably, in the case of Gauss-Jacobi quadrature, the behavior can be 
modulated via the parameter τ .

From these results, we expect that both P SE
m,N  and P GL

m,N  exhibit superior conver-
gence properties compared to P GJ

m,N , whose performance is significantly influenced 
by the choice of τ . This aligns with the findings in previous studies [8].

5  Numerical experiments

In this section, we assess the performance of the newly defined preconditioners 
P SE

m,N , P GL
m,N , P GL,tr

mtr,N  (referred to as “SE”, “GL”, and “truncated GL”, respectively) 
and compare them with P GJ

m,N  (briefly, “GJ”) for solving the linear system using pre-
conditioned conjugate gradient (PCG)

	 A(k)
α,N u = D−1

N b, k = 1, 2,

where DN  is the diagonal matrix that discretizes D(x) in (16), and b is the vector that 
discretizes the source term f(x).

The weight and the nodes of both Gauss-Jacobi and Gauss-Laguerre quadratures 
are computed by means of the Chebfun functions jacpts.m and lagpts.m; see 
Hale and Trefethen [35].

All preconditioners are implemented by solving the linear systems associated to 
the shifted Laplacian matrices by the Thomas algorithm from Donatelli et al. [4] for 
the one-dimensional case (k = 1), and by the multigrid method from Moghaderi et al. 
[1] in the two-dimensional case (k = 2). This is the same choice made in [8], moti-
vated by the aim of enabling a direct comparison between the new rational proposals 
and the Gauss-Jacobi preconditioner introduced therein. Both methods achieve linear 
computational cost. Of course, other methods to solve the 2D-Laplacian matrices 
exist and can be combined with our preconditioners as well.
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For all tests, the tolerance of the PCG method is fixed at 10−7, and the initial guess 
is set to the zero vector.

The numerical results are presented separately for the 1D and 2D cases in the fol-
lowing subsections.

5.1  1D test

Let D(x) = Γ(3 − α)(1 + x)α and f(x) = 1, x ∈ [0, 10]. For this 1D example we 
compare the performance of different preconditioners in terms of clustering of the 
eigenvalues for the resulting preconditioned matrices and in terms of CPU times. 
Concerning the parameters choice, based on the discussion in Section 4.1.1 we fix 
m = 4 for SE ensuring for GJ, GL, and truncated GL the same number of inversions. 
A detailed discussion on how the GJ and GL preconditioners behave with respect to 
the related parameters is postponed to the 2D tests.

Figure 8 illustrates the eigenvalues of the preconditioned matrices for all the con-
sidered preconditioners. SE and GJ preconditioners show an almost α-independent 
clustering compared to GL preconditioners that exhibit less clustered and possibly 
dangerously close to zero eigenvalues for truncated GL preconditioner. The cluster 
provided by the SE preconditioner is tighter compared to those given by the GJ and 
GL preconditioners. This behavior suggests better convergence properties rates for 
the SE preconditioner, as confimed in Fig. 9 where we compare the computational 
time required by the different preconditioners as a function of the problem size N , 
with N = 210 − 1, . . . , 214 − 1. The truncated GL preconditioner is omitted due to 
its poor clustering properties. The left panel displays the performance of SE and GJ 
for m = 4, showing that SE reduces computation time for small α, particularly at 
α ≈ 1. The right panel compares GL and GJ for m = 4, indicating that GL does not 
provide a substantial computational benefit over GJ in 1D problems.

Fig. 8  Cluster of the eigenvalues for the preconditioned matrices with GJ, SE, GL and truncated GL 
preconditioners
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Overall, these numerical results confirm that in 1D, SE is the most efficient pre-
conditioner for small α, while GL does not offer significant advantages.

We conclude this section by comparing the SE preconditioner with the τ -precon-
ditioner proposed in Huang et al. [5] when α = 1.1. In the case of the finite differ-
ence scheme on a uniform grid described in Section 4, the SE preconditioner requires 
slightly more iterations than the τ -preconditioner. However, the overall CPU times 
remain comparable; see Fig. 10 for a 1D example. This is expected as the cost per 
iteration of our method is O(N) with a constant depending on m (here m = 4), while 
the τ -preconditioner involves a sine transform of cost O(N log N), but the lower 
iteration count of the τ -preconditioner compensates for its higher per-iteration cost, 
leading to similar total running times.

On the other hand, and consistently with the discussion in Remark 2, the main 
advantage of our preconditioners is that they remain effective even when fast trans-
forms are no longer applicable. This occurs, for instance, when the discretization of 
the Riesz operator is obtained via finite differences on a nonuniform grid obtained by 
mapping the uniform grid through the function 1 − cos( π

2 x). Crucially, although the 
Toeplitz structure of the coefficient matrix and the diagonalizability of the precon-
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Fig. 10  1D test: iterations (left panel) and CPU time in seconds (right panel) vs N for SE (m = 4) and 
τ  preconditioners in case of the finite difference on a uniform grid. Here α = 1.1
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ditioner via the sine transform are lost, the shifted Laplacian matrices that must be 
solved within the SE preconditioner remain tridiagonal, so the cost per iteration stays 
linear in N. Figure 11 reports the performance of the SE preconditioner compared 
with the τ -preconditioner from Huang et al. [5] in terms of both iteration counts and 
CPU times. These results clearly show that the τ -preconditioner loses effectiveness 
when the matrix no longer has a Toeplitz structure, whereas our approach is structure-
independent. Overall, the take-home message is that, whenever an efficient solver for 
the shifted Laplacian systems is available, the SE preconditioner inherits the same 
favorable performance.

5.2  2D test

Let D(x) = Γ(3 − α)(1 + x1)α(1 + x2)2 and f(x) = 1, x ∈ [0, 10]2. The perfor-
mance of the preconditioners in 2D both in terms of iteration number and CPU times 
is summarized in Tables 2, 3 and 4.

Table 2 reports the number of iterations and CPU times for the PCG method using 
the Gauss-Jacobi preconditioner with different values of m. The results confirm that 
increasing m reduces iterations, but with diminishing returns beyond m = 4.

Table 3 presents results for the GL preconditioner with different values of m and 
its truncated version with ntr as in Table 1. Unlike in 1D, GL achieves better per-
formance in 2D compared to GJ, demonstrating lower CPU times for m > 2. This 
is consistent with the fact that the condition number behaves as in (18), i.e., inde-
pendently of the dimensionality of the problem, which then means that in 2D the 
matrices are expected to be better conditioned than in 1D. About the truncated GL 
variant, for ntr > 1 it slightly improves the number of iterations and CPU times of 
GL, making it a viable alternative for reducing computational cost compared to GJ 
preconditioner although we do not know how to choose ntr a priori.

Table 4 compares the best of GJ and GL preconditioners with SE and Laplacian 
preconditioners. In light of these numerical results, we can conclude that in 2D, the 
GL preconditioner becomes a valid alternative to the GJ preconditioner, especially in 
its truncated form, where it maintains efficiency while reducing computational over-

Fig. 11  1D test: iterations (left panel) and CPU time in seconds (right panel) vs N for SE (m = 4) 
and τ -preconditioners in case of finite differences on a nonuniform grid obtained as a mapping of the 
uniform one by means of the function 1 − cos( π

2 x). Here α = 1.1
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head, and that the SE preconditioner at the largest considered dimension is the most 
competitive option for small α. In this case, unlike for the truncated GL variant, we 
do know how to choose m based on the error analysis.

A key observation from these experiments is that the SE preconditioner ensures 
optimality in the sense that the number of iterations does not increase with problem 
size. A similar, albeit less stable, trend is observed for GL, where iteration counts 
remain relatively stable as the dimension increases. In contrast, for the GJ precon-
ditioner, it is evident that achieving optimality requires increasing m as the problem 
size grows. Finally, note that, as expected, for the considered values of α, all rational 
preconditioners outperform the Laplacian preconditioner.

Similar to the 1D case, also in this 2D test the performances of the SE precondi-
tioner (m = 4) are comparable to the one of the τ  preconditioner in Huang et al. [5] 
on a uniform grid in terms of CPU times while it requires a slight higher number of 
iterations; see Fig. 12 where α = 1.1. As a by-product of the versatility of the SE 
preconditioner, Figure 13 shows that its performances are satisfactory also in the case 
of non-uniform meshes where the τ  preconditioner use is intrinsically limited by its 
multi-level Toeplitz nature. The obtained results look promising and a more in-depth 
investigation of the non-uniform case will be subject of future research.

We conclude our numerical tests in the 2D case, comparing, again in case of a 
uniform mesh, the SE preconditioner with the preconditioner obtained from the 
(m − 1, m) min-max rational approximation, where the poles are computed using 
the minimax.m function from the Chebfun library. The choice of the (m − 1, m) 
approximant ensures consistency with the one obtained through SE. The results for 
m = 4, shown in Fig. 14, illustrate that the two preconditioners require nearly the 
same number of iterations. Since the iteration counts are very close for both methods, 
further comparisons, such as CPU time measurements, are unnecessary. It is worth 

Table 4  2D test: Number of iterations, execution time (in seconds), by PCG with the best of GJ (m = 6), 
GL (m = 6), truncated GL (ntr = 3), SE preconditioner with δ = π, M1 = 1, M2 = 2, m = 4 and 
Laplacian
α N GJ m = 6 GL ntr = 3 GL m = 6 SE m = 4 Lapl

It CPU It CPU It CPU It CPU It CPU
1.1 961 10 0.0041 10 0.0035 10 0.0045 10 0.0046 22 0.0023

3969 10 0.0465 10 0.0143 10 0.0460 11 0.0445 29 0.0154
16129 11 0.2214 11 0.0892 11 0.2102 11 0.1928 41 0.1802
65025 12 0.8748 11 0.5601 12 0.8874 12 0.8034 54 1.7093
261121 15 5.5209 12 4.4529 13 4.8601 12 4.2697 74 17.0342

1.2 961 10 0.0042 10 0.0038 10 0.0042 10 0.0031 20 0.0016
3969 10 0.0462 10 0.0160 10 0.0458 11 0.0353 27 0.0158
16129 11 0.2259 11 0.0973 11 0.2104 11 0.1509 35 0.1571
65025 13 0.9938 11 0.5736 12 0.8688 12 0.7237 47 1.4527
261121 15 5.6876 12 4.3941 13 5.2240 12 3.9573 61 14.9287

1.5 961 9 0.0050 10 0.0037 10 0.0064 10 0.0028 16 0.0013
3969 10 0.0583 10 0.0162 10 0.0464 10 0.0324 19 0.0113
16129 12 0.2803 10 0.0883 11 0.2129 11 0.1574 23 0.1042
65025 14 1.2475 11 0.5528 12 0.8687 11 0.6620 28 0.9479
261121 16 6.8828 11 4.1266 13 5.0956 11 3.7210 33 8.1894
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noting that the min-max preconditioner relies on an accurate approximation of the 
spectrum of the matrix LN . While this is straightforward in this particular case, it 
may increase the computational cost in general. On the other hand, SE achieves simi-
lar performance without requiring explicit spectral knowledge.

A potential alternative to our approach is given by rational Krylov-type methods 
[36] like the one in Massei and Robol [18], which employs a rational Krylov tech-
nique to solve linear systems where the coefficient matrix is a fractional power of 
a Laplacian. This method is particularly effective in its intended setting, where the 
system matrix is derived as a function of a Kronecker product structure. However, a 
direct comparison with our preconditioning approach is not entirely feasible. In our 
case, the coefficient matrix is not a fractional power of a Laplacian; rather, we use 
rational approximations of such operators as preconditioners for more general sys-
tems. Comparing the two approaches would therefore imply using the rational Kry-
lov method itself as a preconditioner, which might be pointless from a computational 
cost perspective. Similar considerations apply when taking into account the reduced 
conjugate gradient basis method proposed in Li et al. [19].

Fig. 12  2D test: Iterations (left panel) and CPU time in seconds (right panel) vs N for SE (m = 4) and 
τ  preconditioners in case of finite differences on a uniform grid. Here α = 1.1

 

Fig. 13  2D test: Iterations (left panel) and CPU time in seconds (right panel) vs N for SE (m = 4) and 
τ  preconditioners in case of finite differences on a non-uniform cartesian grid obtained in each direc-
tion as a mapping of the uniform one by means of the function 1 − cos( π

2 x). Here α = 1.1
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In conclusion, these findings highlight the effectiveness of rational precondition-
ers, particularly the sinc-based approach, in efficiently solving fractional diffusion 
problems, especially when α is close to 1. However, we emphasize that our study 
primarily focused on α close to 1, as the Laplacian preconditioner remains the most 
effective choice for α ≈ 2.

6  Conclusions and future perspectives

In this work, we have extended the rational preconditioning approach for the Riesz 
operator −(−∆) α

2 , α ∈ (1, 2], introduced in [8] by defining new preconditioning 
strategies based on sinc and Gauss-Laguerre quadratures.

A crucial aspect that emerged from our analysis is the discrepancy between 
approximation accuracy and preconditioning effectiveness. While Gauss-Laguerre 
quadrature provides a more precise approximation of the fractional power operator, 
this does not necessarily translate into better preconditioning performance. In fact, 
an effective preconditioner must not only approximate the operator well but also 
minimize the number of inversions required to maintain a stable iteration count as 
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Fig. 14  2D test: Iteration variation for SE preconditioner with δ = π, m = 4 (solid line) and for 
min-max rational approximation with degree (m − 1, m), m = 4 preconditioner (dashed line) when 
N = (2k − 1)2, k = 5, . . . , 9
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the problem size grows. From this perspective, sinc quadrature emerges as the best 
choice, as it strikes an optimal balance between approximation quality and compu-
tational efficiency, allowing for an a priori selection of parameters based on error 
analysis. In contrast, the Gauss-Jacobi preconditioner requires an increase in the 
parameter to sustain acceptable performance as the problem size increases. These 
results suggest that using preconditioners based on exponentially convergent quad-
ratures represents a significant step forward in efficiently solving fractional diffusion 
problems, particularly for values of α close to 1, with a special quote to SE that can 
be used choosing its parameter in advance, while the GL preconditioner can only be 
used by trial-and-error.

Looking ahead, a promising research direction is extending the proposed methods 
to more complex fractional models, such as an anisotropic Riesz operator with dif-
ferent variable coefficients in the different directions or problems defined on irregular 
domains where the introduction of non-uniform grids is often mandatory. Another 
potential avenue could be the integration of these preconditioners with rational Kry-
lov or reduced conjugate gradient methods to explore whether a combined approach 
can further enhance computational efficiency.
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