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1 Introduction

Supersymmetric localization [1] is a powerful technique for studying quantum field theories
in perturbative and non-perturbative regimes. Under suitable assumptions, it allows the
evaluation of various protected observables defined on compact space-times by means of
matrix-model averages [2].

In four-dimensional N = 4 and superconformal N = 2 gauge theories, supersymmetric
localization on the four-sphere S4 has been extensively used to study families of BPS
local operators [3–12], extended probes such as supersymmetric Wilson loops [2, 13–19]
and interfaces [20, 21], Bremsstrahlung functions [22–26] and the so-called “integrated
correlators” [27–39]. Exploiting conformal symmetry one can naturally extend the results on
S4 to flat space, thereby allowing for the use of the matrix integrals generated by localization
to probe the strong coupling dynamics of superconformal gauge theories in R4 [11, 40–50]
and, in certain cases, also their dual holographic descriptions.

However, when the theory contains dimensionful parameters, such as a mass term
in N = 2∗ Super Yang-Mills (SYM), or a scale dynamically generated by dimensional
transmutation, conformal symmetry is broken. This breaking leads to a non-trivial separation
between short- and long-distance physics, and consequently the connection of observables
computed on S4 and their flat-space counterparts becomes less clear. For instance, in massive
theories the observables on the sphere depend explicitly on the dimensionless combination
RM , where R is the radius of S4 and M is the mass scale appearing in the Lagrangian; this
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dependence typically differs from that of the corresponding flat-space observables already
at perturbative level, as explicitly shown in [51] for the 1

2 -BPS circular Wilson loop. In
asymptotically free theories, where conformal symmetry is dynamically broken via a non-zero
β-function, the situation is more subtle and, although the presence of a running coupling
introduces a scale dependence, certain localization results on S4 still retain a meaningful
connection to flat-space physics.

A first preliminary attempt to investigate whether the correlation functions of gauge-
invariant local operators in R4 could be obtained using localization techniques in S4 was made
in [52] at the two-loop order in non-conformal N = 2 SQCD. There it was found that the
results in R4 matched those of the matrix model in S4 only for a class of suitably normalized
correlators that are insensitive to the non-zero β-function of the theory. A more complete
and exhaustive analysis has been recently performed in [53–55] for the expectation value of
1
2 -BPS Wilson loops in non-conformal N = 2 gauge theories with massless hyper-multiplets
in a generic representation R. In these papers it has been shown that, within a specific
regime of validity, there is a perfect consistency between the diagrammatic results in flat
space and the localization predictions up to three loops. The reason is that at a given order
in perturbation theory there are evanescent contributions that vanish in four dimensions but
which in non-conformal theories can interfere with the ultraviolet (UV) poles of the running
coupling in dimensional regularization and give rise to finite terms at the next perturbative
order. Taking these contributions into account a perfect match between the flat-space results
and the sphere localization predictions is obtained even for theories with a non-vanishing
β-functions, contrary to naive expectations. The goal of this work is to extend the analysis
of [53–55] and show that such agreement exists in full generality also for the correlators of
local chiral and anti-chiral operators. More precisely, we prove that in N = 2 gauge theories
with massless hyper-multiplets and non-vanishing β-function, supersymmetric localization on
S4 allows us to compute two-point functions of local chiral/anti-chiral operators that are in
complete agreement with the results on R4 in the perturbative regime

Λ≪ 1/R≪ µ (1.1)

where Λ is the dynamically generated energy scale at which the running coupling diverges,
R is the sphere radius and µ is the renormalization scale.1

The paper is organized as follows. In section 2, we present the perturbative calcula-
tions of the two-point correlators in flat space using Feynman diagrams. In particular, we
generalize the analysis presented in [52] to a generic representation R of the gauge group
and, importantly, show the emergence of new subtle interference effects due to evanescent
terms which are essential to guarantee the agreement with the localization results. The
matrix-model calculation is presented in section 3, where we give the details for the derivation
of the two-point correlators at the first non-trivial order in perturbation theory. We also
show in full generality the perfect match with the flat-space results. Conclusions and future
extensions of the present work are discussed in section 4, where we comment on the possibility
and interest of obtaining the correlators at higher orders and at large N using the matrix

1Note that in this regime the running coupling is ≪ 1 so that the non-perturbative instanton contributions
are exponentially suppressed and can be neglected.

– 2 –



J
H
E
P
0
7
(
2
0
2
5
)
2
8
2

model. Finally, some calculational details are summarized in the appendices, where we collect
various formulas and some explicit results for low dimensional operators.

2 Field theory calculations

We consider N = 2 SYM theories with gauge group SU(N) and massless hypermultiplets in
a generic representation R. In these theories, classical conformal symmetry is dynamically
broken at the quantum level by a one-loop exact β-function which, in d = 4−2ϵ dimensions, is

β(g∗) = −ϵg∗ − β0
g3
∗

16π2 . (2.1)

Here g∗ is the renormalized coupling evaluated at the renormalization scale 1/µ and

β0 = 2
(
N − iR

)
, (2.2)

where iR is the Dynkin index of the representation R. Even if our analysis is completely
general, we will sometimes consider specific N = 2 theories with Nf fundamental, Ns

symmetric and Na anti-symmetric flavors. In this case

R = Nf ⊕Ns ⊕Na (2.3)

and
β0 = 2N −Nf −Na(N − 2)−Ns(N + 2) . (2.4)

Our goal is to study the correlators of the gauge-invariant multi-trace operators

On⃗(x) =
ℓ∏

i=1
gni

B trϕni(x) (2.5)

where ϕ is the complex scalar of the vector multiplet, n⃗ = (n1, n2, . . . , nℓ) and gB is the bare
coupling. These operators have a bare scaling dimension

n =
ℓ∑

i=1
ni (2.6)

and a U(1) charge which, in our conventions, is equal to n.
Writing ϕ(x) = ϕa(x)T a, where T a (a = 1, . . . , N2 − 1) are the generators of su(N) in

the fundamental representation,2 we see that (2.5) becomes

On⃗(x) = gn
B R a1...an

n⃗ ϕa1(x) . . . ϕan(x) (2.7)

where the completely symmetric tensor R a1...an
n⃗ is

R a1...an
n⃗ = trT (a1 · · ·T an1 trT an1+1 · · ·T an1+n2 . . . trT an1+...+nℓ−1+1 · · ·T an) . (2.8)

The anti-chiral operators On⃗(x) are defined as in (2.5) with ϕ(x) replaced by its complex
conjugate ϕ(x).

2We normalize the generators such that tr T aT b = 1
2 δab.
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2.1 Two-point functions in perturbation theory

The (dimensionally regularized) two-point functions of chiral/anti-chiral operators in theories
with a non-vanishing β-function take the following form [52]〈

On⃗(x)Om⃗(0)
〉
= Gn⃗,m⃗(gB, x, ϵ)∆n(x, ϵ) δnm (2.9)

where ∆(x, ϵ) is the massless scalar propagator in d = 4 − 2ϵ dimensions

∆(x, ϵ) =
∫ ddp

(2π)d

eip·x

p2 = Γ(1− ϵ)
4π (πx2)1−ϵ . (2.10)

In perturbation theory, the function Gn⃗,m⃗ can be expanded in powers of gB according to

Gn⃗,m⃗(gB, x, ϵ) = g2n
B G

(0)
n⃗,m⃗

[
1 +

∞∑
k=1

g2k
B G

(k)
n⃗,m⃗(x, ϵ)

]
(2.11)

where G
(0)
n⃗,m⃗ is the tree-level term and G(k)

n⃗,m⃗ is the contribution at k loops. When the notation
is not ambiguous, we simply write G(k) rather than G(k)

n⃗,m⃗ and always understand the factor
δnm that enforces the U(1) charge conservation.

The perturbative expansion (2.11) can be efficiently organized by decomposing the loop
corrections G(k) as

G(k) = G(k)
R + G(k)

v.m. (2.12)

where G(k)
R accounts for diagrams with internal hyper-multiplet lines in the representation R,

while G(k)
v.m. captures the contributions coming from diagrams with internal vector-multiplet

lines only. Of course this decomposition also holds for N = 4 SYM, which can be seen as
a N = 2 theory with an adjoint hypermultiplet. So, in this case we can write (2.12) with
R = adj. On the other hand, it is well-known that in N = 4 SYM the loop corrections
identically vanish in d = 4. This means that3

G(k)
v.m. = −G

(k)
adj + δ′G(k) (2.13)

where G(k)
adj describes the contributions of diagrams with internal hyper-multiplet lines in

the adjoint representation, while δ′G(k) vanishes for d → 4 and thus can be expanded in
positive powers of ϵ: it is an evanescent term.

In a generic N = 2 gauge theory, the vector-multiplet contribution G(k)
v.m. is in common

with N = 4 SYM, and so we can use (2.13) in (2.12) to get

G(k) = G(k)
R − G(k)

adj + δ′G(k) ≡ G′ (k) + δ′G(k) . (2.14)

Note that G′ (k) is obtained by subtracting from the diagrams with internal lines in the
representation R the same diagrams with internal lines in the adjoint representation. These

3See ref. [56] for an example of the relation (2.13) in the calculation of supersymmetric Wilson loops. See
also ref. [57] where the two-point correlator of local operators of dimension 2 in N = 4 SYM theory has been
computed in momentum space in d = 4 − 2ϵ dimensions. We have checked that the ϵ-term of our one-loop
calculation given in (2.30) is fully consistent with what reported in [57].
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contributions go under the name of difference-theory diagrams [17, 18] and, as we will see in
section 3, they tie nicely in with the corrections computed in the matrix model generated by
localization on a four-sphere S4. In four-dimensional conformal theories, where the gauge
coupling is a pure constant, the evanescent part δ′G(k) is irrelevant since we can safely set
ϵ = 0. Conversely, in theories with a non-vanishing β-function the evanescent terms interfere
with the UV ϵ-poles of the bare coupling and provide finite corrections at higher orders
in perturbation theory.4

For non-conformal N = 2 SQCD, the functions G′ (k) were computed in [52] for k = 1, 2,
while the evanescent corrections δ′G(k) are one of the novelties of this work. In the following
sections, we generalize the calculations of [52] to any matter representation R, and show
that by including the interference effects between the evanescent contributions and the UV
poles of the bare coupling, the renormalized correlators perfectly match the localization
predictions up to two loops.

2.2 Tree-level

At tree-level there is a unique diagram which can be simply computed using Wick’s theorem
and the scalar propagator

〈
ϕa(x)ϕb(0)

〉
= 0, bx, a

= δab ∆(x, ϵ) . (2.15)

Going through the calculation, it is straightforward to get

〈
On⃗(x)Om⃗(0)

〉∣∣∣
tree

= • • 0x .
.
. = g2n

B G
(0)
n⃗,m⃗ ∆n(x, ϵ) δnm (2.16)

where

G
(0)
n⃗,m⃗ = n!Ra1...an

n⃗ Ra1...an
m⃗ . (2.17)

The factor of n! counts the different ways in which the n indices of the two symmetric tensors
Rn⃗ and Rm⃗ can be contracted among themselves. Notice that the vectors n⃗ and m⃗ can be
different, but the sum of their components must be equal because of U(1) charge conservation.
Of course, in (2.16) we can safely set ϵ = 0 and obtain the two-point correlator in d = 4.
Here, we give a few explicit values of G

(0)
n⃗,m⃗ for operators of low dimensions:

G
(0)
2,2 = N2 − 1

2 , G
(0)
3,3 = 3(N2 − 1)(N2 − 4)

8N
, G

(0)
(2,2),(2,2) =

N4 − 1
2 (2.18a)

G
(0)
4,(2,2) =

(N2 − 1)(2N2 − 3)
2N

, G
(0)
4,4 = (N2 − 1)(N4 − 6N2 + 18)

4N2 . (2.18b)

The expressions of G
(0)
n⃗,m⃗ for higher dimensional operators can be calculated straightforwardly

using the fusion/fission identities presented in [8].
4See [54, 55] for a detailed discussion about these effects in the expectation value of half-BPS Wilson loops.
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2.3 One loop

At one-loop accuracy (k = 1), the two-point function (2.9) receives contributions from the
following classes of diagrams

• •.. 0x , • •
... 0x , • •...

0x . (2.19)

Here the dashed line represents the matter hypermultiplets in the representation R, while
the wavy line denotes the propagation of the N = 1 vector multiplet sitting inside the N = 2
vector multiplet. Therefore, in terms of the decomposition (2.12), the first diagram accounts
for G(1)

R , while the second and third diagram yield G(1)
v.m..

We can conveniently combine together the first two contribution in (2.19) and represent
their sum as

• •... 0x

v2,1

(2.20)

where the grey bubble stands for the one-loop correction to the propagator of the adjoint
scalar. Thus, our task is to evaluate diagrams dressed with a one-loop scalar self-energy
and with an internal vector exchange.

Diagrams with a one-loop correction to the propagators. The one-loop correction
to the scalar propagator is given by

x, a 0, bv2,1 =
x, a 0, b +

x, a 0, b
. (2.21)

The last diagram receives contributions only from the N = 2 vector multiplet and thus is
in common with N = 4 SYM. Exploiting the fact that in N = 4 SYM the total one-loop
correction to the scalar propagator identically vanishes in any dimension, we can write

x, a 0, b = −
x, a 0, b (2.22)

where the loop in the right-hand side is associated with the hypermultiplet in the adjoint
representation. Therefore, (2.21) becomes

x, a 0, bv2,1 =
x, a 0, b −

x, a 0, b

≡
x, a 0, b = g2

B v2,1(x, ϵ)∆(x, ϵ) δab .

(2.23)
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Here we have introduced the double dashed/continuous line to emphasize that this combination
of diagrams is a difference-theory contribution and defined5

v2,1(x, ϵ) = β0
(πx2)ϵ

8π2
Γ(1− ϵ)
2ϵ(1− 2ϵ) (2.24)

where β0 is the β-function coefficient (2.2). This function exhibits a UV divergence, associated
with the pole in ϵ, and vanishes in superconformal models where β0 = 0.

Using this result, it is straightforward to calculate the contribution of the diagram
in (2.20) and get

• •... 0x

v2,1

= g2n+2
B n v2,1(x, ϵ)G

(0)
n⃗,m⃗ ∆n(x, ϵ) (2.25)

where n is the symmetry factor corresponding to the insertion of the bubble in each of the
n propagators. According to the decomposition (2.14), we have

G′ (1)
n⃗,m⃗(x, ϵ) = n v2,1(x, ϵ) (2.26)

since (2.25) is a pure difference-theory contribution.

Diagrams with internal vector lines. To compute the contribution of the rightmost
diagram in (2.19), it is convenient to first consider the following building block diagram
(see appendix A for some details):

x, a1

x, a2

0, b1

0, b2

= g2
B Ca1a2b1b2 e2,1(x, ϵ)∆2(x, ϵ) (2.27)

where the tensor

Ca1a2b1b2 = − 1
N

fa1b1c fa2b2c (2.28)

encodes the color structure, and the function

e2,1(x, ϵ) = 3N ζ(3) ϵ (x2)ϵ Γ(2− 3ϵ)
41+2ϵ π2+ϵ Γ(1− ϵ)2 Γ(1 + 2ϵ) = ϵ

3N ζ(3)
4π2 +O(ϵ2) (2.29)

captures the space-time dependence of the diagram. Note that this term is evanescent
when d → 4.

5We evaluate the diagrams using the N = 1 superfield formalism. In this approach, the scalar ϕ(x)
corresponds to the lowest component of the N = 1 chiral superfield Φ(x, θ, θ̄) sitting inside the N = 2 vector
multiplet. Our conventions for the Feynman rules in this super-space formalism are the same as in [8, 52] to
which we refer for details.
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Using (2.27) and exploiting the fusion/fission rules of SU(N) to compute the color factor
of the corresponding correlator as explained in [52],6 we obtain

• •...
0x = −g2n+2

B n e2,1(x, ϵ)G
(0)
n⃗,m⃗ ∆n(x, ϵ) . (2.30)

This is an explicit realization of an evanescent contribution and thus, according to (2.14),
we can write

δ′G(1)
n⃗,m⃗(x, ϵ) = −n e2,1(x, ϵ) . (2.31)

Combining together (2.26) and (2.31), we find that the total one-loop result is

G(1)
n⃗,m⃗(x, ϵ) = G′ (1)

n⃗,m⃗(x, ϵ) + δ′G(1)
n⃗,m⃗(x, ϵ) = n

[
v2,1(x, ϵ)− e2,1(x, ϵ)

]
. (2.32)

The previous expression confirms that, up to evanescent terms, the one-loop corrections are
encoded in the difference-theory term G′ (1)

n⃗,m⃗ given in (2.26). At two loops, we exploit this
fact to reduce the number of diagrams we have to compute.

2.4 Two loops

We now consider the two-loop contributions (k = 2). Since we are interested in computing
correlators up to order g2n+4

B , we can focus on the difference-theory terms and discard the two-
loop evanescent parts which only affect the result at order g2n+6

B . Most of the difference-theory
diagrams at this order were already computed in [52] for the non-conformal N = 2 SQCD.
Here, we generalize these results to a generic representation R and also include contributions
containing the one-loop evanescent factor e2,1(x, ϵ) that were not considered in [52].

Diagrams with two one-loop corrections to the propagators. At two loops the
correlator (2.9) receives contributions from diagrams in which two propagators are dressed
with the self-energy (2.23), namely

• • 0x
...

v2,1

v2,1

= g2n+4
B

n(n− 1)
2 v2

2,1(x, ϵ)G
(0)
n⃗,m⃗ ∆n(x, ϵ) (2.33)

where the symmetry factor n(n−1)
2 takes into account the combinatorics of the possible

bubble insertions.

6See in particular eqs. (2.36)-(2.39) of [52].
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Similarly, we can consider a single scalar propagator with two one-loop corrections (2.23)
and get

• • 0x
...

v2,1v2,1

= g2n+4
B n v2

2,1(x, ϵ)G
(0)
n⃗,m⃗ ∆n(x, ϵ) (2.34)

where n is the combinatorial factor of the diagram.

Diagrams with a two-loop correction to the propagators. The two-loop correction to
the scalar propagator is described by the following diagrams evaluated in [52]:

x, a 0, bv2,2 =
x, a 0, b +

x, a 0, b

+
x, a 0, b +

x, a 0, b

= g4
B v2,2(x, ϵ)∆(x, ϵ) δab

(2.35)

where

v2,2(x, ϵ) = (πx2)2ϵ

(8π2)2

[
6 ζ(3)

(
CR iR −N2 + Nβ0

4

)
+ Nβ0 Γ2(1− ϵ)

4ϵ2 (1− 2ϵ)(1 + ϵ)

]
+O(ϵ) (2.36)

with CR denoting the quadratic Casimir invariant of the representation R. For the special
representation R (2.3), the overall coefficient of ζ(3) inside the square brackets becomes

−3
(

Nf

2N
+ Na(N − 2)(4 + 2N −N2)

2N
+ Ns(N + 2)(4− 2N −N2)

2N
+ N2

)
(2.37)

which reduces to the one given in [52] for SQCD. Notice that the term in (2.36) proportional
to ζ(3) is regular when ϵ→ 0, while the second term proportional to Nβ0 exhibits a double
pole in ϵ. Using this result, it is immediate to find that

• •... 0x

v2,2

= g2n+4
B n v2,2(x, ϵ)G

(0)
n⃗,m⃗ ∆n(x, ϵ) (2.38)

where n is the symmetry factor of the diagram.

Diagrams with internal vector lines and one-loop self-energies. At two loops,
the correlator (2.9) receives contributions also from diagrams involving vector-multiplet
propagation and a single scalar self-energy (2.23). These contributions can be organized in

– 9 –
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two distinct families of corrections according to the insertion of the self-energy. For instance,
when dressing with the one-loop correction (2.23) the lines of the diagram (2.27), we obtain
the diagrams originally analyzed in [52], namely

x, a1

x, a2

0, b1

0, b2

v4,2 ≡

x, a1

x, a2

0, b1

0, b2

+

x, a1

x, a2

0, b1

0, b2

+

x, a1

x, a2

0, b1

0, b2

= g4
B Ca1a2b1b2 v4,2(x, ϵ)∆2(x, ϵ) + · · · .

(2.39)

Here, the color tensor is defined in (2.28) and the function v4,2(x, ϵ) is given by7

v4,2(x, ϵ) = (πx2)2ϵ

(8π2)2 Nβ0

[21 ζ(3)
2 + Γ2(1− ϵ)

4ϵ2 (1− 2ϵ)(1 + ϵ)

]
+O(ϵ) . (2.40)

Finally, the ellipses on right-hand side of (2.39) stand for terms that are anti-symmetric in
(a1, a2) and (b1, b2). Since they do not contribute when this sub-diagram is inserted in a
chiral/anti-chiral correlator, they can be neglected. Using this result and the fusion/fission
identities of SU(N) to compute the overall color factor, we find

• •x 0...

v4,2

= −g2n+4
B n v4,2(x, ϵ)G

(0)
n⃗,m⃗ ∆n(x, ϵ) (2.41)

where the sign and the factor of n have the same origin of those in (2.30).
A second class of contributions arises from diagrams where the one-loop correction is

inserted in one of the scalar propagators that are not involved in the vector exchange, i.e.

• • 0x ...

v2,1

= −g2n+4
B n(n− 2) v2,1(x, ϵ) e2,1(x, ϵ)G

(0)
n⃗,m⃗ ∆n(x, ϵ) . (2.42)

7In [52] this function is denoted by v
(A)
4,2 (x, ϵ) and contains also a factor of g4

B which instead here we have
explicitly put in front of the whole amplitude.
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The overall symmetry factor can be explained as follows. The sign and the factor of n are
analogous to those appearing in the vector-exchange diagram at one loop (see (2.30)), while
the factor of (n− 2) arises from the possibilities of inserting the one-loop self-energy in each
of the (n− 2) remaining propagators. Importantly, the function appearing in (2.42) is finite
in limit ϵ→ 0, since the pole of v2,1(x, ϵ) is compensated by the evanescent term e2,1(x, ϵ).
Therefore this contribution is regular at this order.

Diagram with a scalar box. The last two-loop correction to the correlator (2.9) we have
to consider corresponds to diagrams with an internal loop of hypermultiplets in the difference
theory [8, 52]. The basic building block is

x, a1

x, a2

0, b1

0, b2

v̂4,2 ≡

x, a1

x, b1

0, a2

0, b2

= g4
B Ĉ a1a2b1b2 v̂4,2(x, ϵ)∆2(x, ϵ)

(2.43)

where the color factor is

Ĉ a1a2b1b2 = TrR T a1T b1T a2T b2 − Tradj T a1T b1T a2T b2 (2.44)

while the function v̂4,2(x, ϵ) is8

v̂4,2(x, ϵ) = (πx2)2ϵ

(8π2)2 3 ζ(3) +O(ϵ) . (2.45)

Inserting this diagram in the two-point correlator, we find

• •x 0...

v̂4,2

= g2n+4
B v̂4,2(x, ϵ) Ĝn⃗,m⃗ ∆n(x, ϵ) (2.46)

with

Ĝn⃗,m⃗ = n(n− 1)n! Ĉ a1a2b1b2 R
a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ . (2.47)

The symmetry prefactor is due to the fact that there are two ways to connect two of the
n indices of Rn⃗ with Ĉ, two ways to connect two of the n indices of Rm⃗ with Ĉ, and
(n − 2)! ways to contract the remaining (n − 2) indices of Rn⃗ and Rm⃗ among themselves.
Therefore, altogether we have

2
(

n

2

)
× 2

(
n

2

)
× (n− 2)! = n(n− 1)n! . (2.48)

8In [52] this function, originally computed in [8], is denoted by v
(B)
4,2 and contains also a factor of g4

B which
here we have put in front of the amplitude.
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We point out that in contrast to the previous cases, the color factor (2.47) is not proportional
to the tree-level coefficient G

(0)
n⃗,m⃗ and must computed on a case-by-case basis.

Combining all the two-loop contributions together, we obtain

G(2)
n⃗,m⃗(x, ϵ) = n(n + 1)

2 v2
2,1(x, ϵ) + n

[
v2,2(x, ϵ)− v4,2(x, ϵ)

]
− n(n− 2) v2,1(x, ϵ) e2,1(x, ϵ) + v̂4,2(x, ϵ)

Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

+O(ϵ) .
(2.49)

These terms define the difference-theory part G′ (2) while the O(ϵ) term is the two-loop
evanescent contribution δ′G(2). Since this is relevant only at the next perturbative order, its
explicit expression is not needed. Note that the combination [v2,2(x, ϵ)− v4,2(x, ϵ)] is finite
when ϵ→ 0, as one can see from (2.36) and (2.40). This means that the UV singularities are
entirely encoded in the one-loop function v2,1(x, ϵ), as expected from the one-loop exactness
of the β-function.

2.5 Renormalized correlators

Collecting all contributions up to two loops, we find that the correlator (2.9) is

Gn⃗,m⃗(gb, x, ϵ) = G
(0)
n⃗,m⃗

[
g2n

B(
1− g2

B v2,1(x, ϵ)
)n − g2n+2

B n e2,1(x, ϵ)

+ g2n+4
B n

[
v2,2(x, ϵ)− v4,2(x, ϵ)

]
− g2n+4

B n (n− 2) v2,1(x, ϵ) e2,1(x, ϵ)

+ g2n+4
B v̂4,2(x, ϵ)

Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

]
+O(g2n+6

B ) . (2.50)

In this expression, the terms proportional to g2n+4
B are finite in the limit ϵ → 0, while the

UV singularities are captured by the geometric progression
1(

1− g2
B v2,1(x, ϵ)

)n = 1 + n g2
B v2,1(x, ϵ) + 1

2n(n + 1) g4
B v2,1(x, ϵ)2 + . . . . (2.51)

To remove these divergences, we use a modified minimal subtraction scheme and introduce
the renormalized coupling constant g∗ evaluated at the scale 1/µ according to9

gB = g∗
(
µ e−

1
2 (2+γ+log π)

)ϵ
Zg∗ ≡ g∗ µ̄ϵ Zg∗ (2.52)

where γ is the Euler-Mascheroni constant and

Z2
g∗ =

(
1 + g2

∗ β0
16π2ϵ

)−1
. (2.53)

Then, the renormalized correlator G∗
n⃗,m⃗ is obtained by replacing in (2.50) the bare coupling

with the renormalized one according to (2.52) and taking the limit ϵ→ 0, namely10

G∗
n⃗,m⃗ = lim

ϵ→0
Gn⃗,m⃗(gB, x, ϵ)

∣∣∣
gB=g∗ µ̄ϵ Zg∗

. (2.54)

9In (2.52) we have included the factor e− ϵ
2 (2+γ+log π) in order to remove some numerical terms in the

following formulas.
10For composite operators a separate renormalization function is in general required. The reason why in our

case we can reabsorb all singularities with a single function Zg∗ is because the operators On⃗ have an overall
factor of gn

B as one can see from (2.5).
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It is easy to check that in this way the ϵ-poles of Zg∗ precisely remove those appearing
in (2.51), leading to a finite result in d = 4. Indeed, one has

lim
ϵ→0

g2n
B(

1− g2
B v2,1(x, ϵ)

)n ∣∣∣∣
gB=g∗ µ̄ϵ Zg∗

=
(

g2
∗

1− g2
∗

β0
16π2 log(µ2x2)

)n

≡ g2n (2.55)

where g is the running coupling evaluated at the scale |x|. Furthermore, using (2.29) one
can show that

lim
ϵ→0

g2n+2
B n e2,1(x, ϵ)

∣∣∣
gB=g∗ µ̄ϵ Zg∗

= −g2n+4 3Nζ(3)β0
64π4 n(n + 1) +O

(
g2n+6) . (2.56)

Here we explicitly see that the one-loop evanescent contribution e2,1, upon renormalization,
produces a finite term at two loops. As already anticipated, the remaining contributions of
order g2n+4

B in (2.50) are regular in the limit ϵ→ 0. So for them we can safely set ϵ = 0 and
replace the bare coupling with the running coupling g. In particular, we see that

lim
ϵ→0

g2n+4
B n(n− 2) v2,1(x, ϵ) e2,1(x, ϵ)

∣∣∣
gB=g∗ µ̄ϵ Zg∗

= g2n+4 3Nζ(3)β0
64π4 n(n− 2) +O

(
g2n+6) .

(2.57)

The two contributions (2.56) and (2.57) produced by the evanescent function e2,1 are new
with respect to the analysis of [52].

Altogether, the renormalized correlator (2.54) takes the following simple form

G∗
n⃗,m⃗ = g2n G

(0)
n⃗,m⃗

[
1 +

(
g2

8π2

)2

3ζ(3) C(2)
n⃗,m⃗ +O(g6)

]
(2.58)

where

C(2)
n⃗,m⃗ = 2n

(
CR iR −N2)+ Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

(2.59)

with Ĝn⃗,m⃗ defined in (2.47). We would like to remark that in (2.58) there is a hidden
dependence on x since the running coupling g is evaluated at the scale |x|. Of course, in
conformal theories, where β0 = 0 and the coupling does not run, this dependence is absent.

For completeness and to facilitate the comparison with existing results in the literature,
we now give the explicit expressions of the renormalized correlator (2.58) for the lowest
dimensional operators when the representation R is (2.3). Evaluating Ĝn⃗,m⃗ in this case and
using the results in (2.18a), we obtain

G∗
2,2 = g4 N2 − 1

2

{
1 +

(
g2

8π2

)2 3ζ(3)
2N

[
Nf (2N2 − 3)− 10N3 (2.60a)

+ Na(N − 2)(5N2 − 6N − 12) + Ns(N + 2)(5N2 + 6N − 12)
]
+O(g6)

}
,

G∗
3,3 = g6 3(N2 − 1)(N2 − 4)

8N

{
1 +

(
g2

8π2

)2 9ζ(3)
2N

[
Nf (N2 − 3)− 4N3 (2.60b)

+ 2Na(N3 − 4N2 + 12) + 2Ns(N3 + 4N2 − 12)
]
+O(g6)

}
.
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The expressions for the correlators of operators with dimensions 4 and 5 can be found in
appendix B.

3 Matrix model approach

In this section, we turn our attention to the calculation of the chiral/anti-chiral correlator (2.9)
by supersymmetric localization.

In four-dimensional gauge theories with extended supersymmetry algebra, this technique
was originally applied in [2] to compute the partition functions and the vacuum expectation
value of half-BPS Wilson loops on S4 in terms of an interacting matrix model. Subsequently,
supersymmetric localization on the four-sphere was also applied to extremal correlators of
chiral/anti-chiral operators in superconformal N = 2 theories [3–5]. For all these observables,
the path-integral localizes about a set of critical configurations, known as the BPS locus, in
which the vector-multiplet scalar ϕ reduces to a constant Hermitian traceless matrix a, while
the gauge field reduces to an instanton solution. As a result, the “sum” over the critical points
corresponds to both an integral over the matrix a and a sum over instantons. Moreover, the
saddle-point approximation, which takes into account the fluctuation determinants around
the BPS locus, is exact.

However, to avoid infrared divergences that obstruct this computation, the theory must
be placed on a compact space, such as a four sphere S4 of radius R, or a squashed version of
it. For this reason, one might expect that localization techniques can provide information
on observables in flat space only for conformal theories, since a mapping from S4 to R4 is
needed. However, contrarily to these expectations and common lore, we demonstrate below
that, within a specific regime of validity, localization on the sphere still retains a meaningful
connection with flat space when the conformal symmetry is broken at the quantum level.

As explained in [2, 53, 54], the matrix model of a theory with non-vanishing β-function
requires a particular regularization prescription for the fluctuation determinants. Usually,
these appear as infinite products that have to be regulated. In particular, if the gauge theory
has a zero β-function, i.e. iR = N , these products are packaged into well-behaved H-function
(see (3.10)); if the matter hypermultiplets are massive, a divergent factor remains, but it is
a-independent and consequently, it disappears in properly normalized observables.

However, when the theory is asymptotically free, i.e. iR < N , the regularization based on
the H-functions is not sufficient. In this case, the divergences are removed by “embedding” the
theory in a larger model with matter in a representation R∗ such that R ⊂ R∗ and iR∗ = N ,
so that the divergent terms cancel. Let g∗ be the coupling constant of the regulated theory
and let the additional hypermultiplets (those not in R) have mass M . In the decoupling
limit MR → ∞, one remains with the original theory based on R, but the additional
matter affects the coefficient of the Gaussian term in the matrix integral, which becomes
proportional to the combination

1
g2
∗
− β0

16π2 log
(
M2R2

)
(3.1)

where β0 = 2(N − iR).
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Figure 1. A pictorial representation of the relation between S4 and R4 which shows that operators
at antipodal points on S4 correspond to operators at a separation |x| = 2R in R4.

The observables we want to compute with localization must correspond to BPS con-
figurations on S4. For instance, the 1

2 -BPS Wilson loop must lie on a great circle, while
for the two-point functions we require that the chiral and anti-chiral operators be placed
at antipodal points, as represented in figure 1. Therefore, the two-point function on S4

maps to a field-theory correlator at a separation |x| = 2R on R4. This relation sets the
scale of this observable in the two descriptions. Furthermore, if we choose M = 2µ, we see
that the combination (3.1) precisely coincides with the running coupling constant g at the
scale |x| introduced in section 2.5, namely

1
g2
∗
− β0

16π2 log
(
µ2x2

)
= 1

g2 , (3.2)

in full agreement11 with (2.55).
Another effect of adding additional massive matter hypermultiplets is that an instanton

configuration with instanton number k is weighted with Λkβ0 where

Λ = µ e
− 8π2

g2
∗β0 (3.3)

is the mass scale at which the running coupling diverges.
Taking all this into account, the partition of the matrix model arising from localization is

Z =
∫

Da e−
8π2
g2 R2 tr a2 ∣∣Z1−loop(aR)

∣∣2 ∣∣Zinst(aR,Λβ0)
∣∣2 (3.4)

where Z1−loop represents the determinant of the fluctuations around the fixed points and
Zinst is the Nekrasov instanton partition function encoding the result of the integration over
the instanton moduli. In the regime

M ≫ 1/R≫ Λ , (3.5)

11Note that in the decoupling limit the factor of 2 between the UV scales M and µ is immaterial since
log
(
M2x2) = log

(
µ2x2)+ log 4 and the shift by log 4 is negligible with respect to the large logs.
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the additional matter hypermultiplets decouple and instantons can be neglected,12 so that
the partition function (3.4) reduces to

Z =
∫

Da e−
8π2
g2 R2 tr a2−Sint(aR) (3.6)

where
Sint(aR) = − log

∣∣Z1−loop(aR)
∣∣2 . (3.7)

From the results of [2], one can show that this interaction action can be written as

Sint(aR) = Tr′ logH(aR) (3.8)

where we have introduced the “difference theory” trace [18]

Tr′ • ≡ TrR • − Tradj • (3.9)

and defined

H(x) = G(1 + ix)G(1− ix) e−(1+γ)x2 =
∞∏

n=1

(
1 + x2

n2

)n

e−
x2
n , (3.10)

with G being the Barnes G-function. Expressing the matrix a as

a =

√
g2

8π2
â

R
(3.11)

in such a way that â is dimensionless, the Gaussian term in (3.6) becomes exp
(
− tr â2)

and the coupling constant appears in the interaction vertices of Sint(â). Furthermore, the
partition function gets rescaled by an overall factor which, however, is irrelevant in any
normalized correlator and consequently, it can be ignored. Writing for simplicity again a

instead of â, we finally have

Z =
∫

Da e− tr a2−Sint(a) . (3.12)

Exploiting the expansion of (the logarithm of) the Barnes G-functions for small arguments,
one can easily deduce the following form of the interaction action

Sint(a)=−
∞∑

m=2
(−1)m

(
g2

8π2

)m
ζ(2m−1)

m
Tr′a2m =−

(
g2

8π2

)2
ζ(3)
2 Tr′a4+O(g6) . (3.13)

We remark that all explicit dependence on R has disappeared. However, there remains a
hidden dependence on R through the running coupling g which, as argued above, is evaluated
at the scale |x| = 2R.

12The Nekrasov instanton partition function can be worked out also for the N = 2 theories we are
considering. However, as clear from (3.3), it yields non-perturbative contributions which, in the regime (3.5),
are exponentially suppressed with respect to the perturbative terms we compute. We stress these non-
perturbative corrections depend on the dimensionless product ΛR and have an intrinsic infrared nature. As a
result, we expect that such contributions differ between the sphere and flat space.
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In the following, we adopt the so-called “full Lie algebra” approach, originally introduced
in [8], namely we expand the matrix a over a basis of generators of su(N) in the fundamental
representation according to a = ab T b (b = 1, . . . , N2 − 1), and integrate over all components
ab with a flat integration measure

∫
Da =

∫ N2−1∏
b=1

dab

√
2π

. (3.14)

The normalization is chosen so that the partition function and the basic “contraction” in
the free Gaussian model, labeled by a subscript 0, are simply

Z0 =
∫

Da e− tr a2 = 1 and
〈
ab ac〉

0 ≡
∫

Da ab ac e− tr a2 = δbc . (3.15)

Given an arbitrary operator f(a), its vacuum expectation value in the interacting matrix
model representing the N = 2 gauge theory is

〈
f(a)

〉
= 1
Z

∫
Da f(a) e− tr a2−Sint(a) =

〈
f(a) e−Sint(a)〉

0〈
e−Sint(a)〉

0

. (3.16)

In perturbation theory, it can be computed diagrammatically: expanding the interaction
action Sint(a) in powers of g according to (3.13) provides the vertices while the propagators
are simply given by the free contraction (3.15). For instance, at order g4 there is a quartic
interaction vertex proportional to ζ(3):

Tr′ a4 ←→ . (3.17)

This treatment very closely resembles the computation of a corresponding observable in field
theory by means of Feynman diagrams and is therefore well suited to check matrix-model
and field-theory results against each other.

3.1 Chiral/anti-chiral correlators at order g4

In [3–5, 8] it was shown that for conformal theories the correlators of chiral/anti-chiral
operators in R4 are captured by analogue correlators in the matrix model on S4. Here we
show that, up to two loops, the same is true in models where conformal symmetry is broken
by a non-vanishing β-function.

In the matrix model, both the chiral operators On⃗(x) introduced in (2.5) and their
anti-chiral counterparts are represented by

On⃗(a) =:
ℓ∏

i=1
gni tr ani := gn Ra1...an

n⃗ : aa1 . . . aan : (3.18)

where the fully symmetric R tensor is defined as in (2.8) and the normal ordering ensures that
On⃗(a) has no self-interactions, just as On⃗(x). It is easy to realize that this way of representing
the operators in the matrix model is completely equivalent to the most commonly used
one in which the mixing with lower dimensional operators is taken into account and the
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coefficients are fixed with the Gram-Schmidt orthonormalization procedure to eliminate
all self-contractions.

Then, according to (3.16), the two-point function correlator is given by

Gn⃗,m⃗ =

〈
On⃗(a)Om⃗(a) e−Sint(a)〉

0〈
e−Sint(a)〉

0

(3.19)

which up to order g4 explicitly reads

Gn⃗,m⃗ =
〈
On⃗(a)Om⃗(a)

〉
0 +

(
g2

8π2

)2
ζ(3)
2
〈
On⃗(a)Om⃗(a) Tr′ a4〉c

0 +O(g
6) . (3.20)

Here we have used (3.13) and denoted by a superscript c the connected part of the vacuum
expectation value, namely

〈
On⃗(a)Om⃗(a) Tr′ a4〉c

0 ≡
〈
On⃗(a)Om⃗(a) Tr′ a4〉

0 −
〈
On⃗(a)Om⃗(a)

〉
0
〈
Tr′ a4〉

0 . (3.21)

The first contribution in the right-hand side of (3.20) can be represented by the following
diagram

• • Om⃗(a)On⃗(a) .
.
. . (3.22)

Inserting the explicit expressions (3.18) of the operators, it can be trivially evaluated using
Wick’s theorem with the contractions (3.15) and the result is

〈
On⃗(a)Om⃗(a)

〉
0 = g2n n!Ra1...an

n⃗ Ra1...an
m⃗ = g2n G

(0)
n⃗,m⃗ (3.23)

where G
(0)
n⃗,m⃗ is the tree-level term of the field-theory computation (see (2.17)).

Let us now consider the interacting part. There are two important points that need to
be taken into account. The first is that the quartic vertex (3.17) can be written as

Tr′ a4 = Ĉabcd
s aaabacad (3.24)

where Ĉabcd
s = Tr′

(
T (aT bT cT d)

)
is the completely symmetrized version of the four-index

tensor defined in (2.44), namely13

Ĉabcd
s = 1

6
(
Ĉabcd + Ĉacdb + Ĉadbc + Ĉabdc + Ĉacbd + Ĉadcb

)
. (3.25)

The second point is that, in contrast to the operators On⃗(a) and Om⃗(a), the quartic interaction
is not normal ordered and consequently, contractions between its legs are possible. Taking these

13Since Ĉℓ1ℓ2ℓ3ℓ4 is a trace of four generators it is cyclically symmetric; hence the six permutations exhibited
in (3.25) are enough to fully symmetrize in all indices.
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observations into account, it is not difficult to realize that the connected contribution (3.21)
corresponds to the sum of two diagrams. The first diagram is given by

• •.
.
. Om⃗(a)On⃗(a) = g2n 12n n! Ĉa1b1d d

s R
a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗ , (3.26)

where we performed all contractions and computed the symmetry factor as follows. There are
2
(4

2
)

ways of selecting an ordered pair of indices (a1b1) in the tensor Ĉs, n ways of connecting
one index a1 of Rn⃗ with Ĉs, n ways of connecting one index b1 of Rm⃗ with Ĉs and (n− 1)!
ways of contracting the remaining indices of Rn⃗ and Rm⃗ with each other. This counting gives

2
(
4
2

)
× n× n× (n− 1)! = 12n n! (3.27)

as written in (3.26). The second diagram is

Om⃗(a)On⃗(a)
...

• • (3.28)

= g2n 6n(n− 1)n! Ĉa1a2b1b2
s R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ .

In this case the symmetry factor arises because there are
(4

2
)

ways of dividing the four indices
of Ĉs into two pairs, two ways of contracting two of the n indices of Rn⃗ with Ĉs, two ways of
contracting two of the n indices of Rm⃗ with Ĉs and (n−2)! ways of contracting the remaining
indices of Rn⃗ and Rm⃗ with each other. Altogether, we have(

4
2

)
× 2

(
n

2

)
× 2

(
n

2

)
× (n− 2)! = 6n(n− 1)n! (3.29)

as written in (3.28).
Adding the two contributions (3.26) and (3.28), we get〈
On⃗(a)Om⃗(a) Tr′ a4〉c

0 = 6g2n
[
2n n! Ĉa1b1d d

s R
a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗

+ n(n− 1)n! Ĉa1a2b1b2
s R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗

]
. (3.30)

In appendix C, we prove the following relations:

2nn! Ĉa1b1dd
s R

a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗ =2n

(
CR iR−N2+Nβ0

12

)
G

(0)
n⃗,m⃗ , (3.31a)

n(n−1)n! Ĉa1a2b1b2
s R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ = Ĝn⃗,m⃗−n

Nβ0
6 G

(0)
n⃗,m⃗ (3.31b)

where Ĝn⃗,m⃗ is defined in (2.47) and G
(0)
n⃗,m⃗ is the tree-level coefficient. Notice that when we

sum these two contributions as in the square brackets of (3.30), the terms proportional to
Nβ0 cancel against each other.

– 19 –



J
H
E
P
0
7
(
2
0
2
5
)
2
8
2

Using the relations (3.31), reinstating the prefactor
( g2

8π2
)2 ζ(3)

2 and collecting all terms
up to order g2n+4, we finally obtain

Gn⃗,m⃗ = g2n G
(0)
n⃗,m⃗ + g2n

(
g2

8π2

)2

3 ζ(3)
[
2n
(
CR iR −N2)G

(0)
n⃗,m⃗ + Ĝn⃗,m⃗

]

= g2n G
(0)
n⃗,m⃗

[
1 +

(
g2

8π2

)2

3ζ(3) C(2)
n⃗,m⃗ +O(g6)

]
(3.32)

where

C(2)
n⃗,m⃗ = 2n

(
CR iR −N2)+ Ĝn⃗,m⃗

G
(0)
n⃗,m⃗

, (3.33)

which perfectly matches the result of the field theory computation presented in section 2 (see
in particular eqs. (2.58) and (2.59)). This highly non-trivial agreement shows that, within
the regime (3.5), the two-loop prediction of the matrix model generated by supersymmetric
localization on S4 yields the same results of the standard Feynman diagrams in R4 also for
N = 2 gauge theories with a non-zero β-function. A key point for this agreement is the
identification of the running coupling constant at the separation scale in the two spaces,
namely the distance |x| in R4 between the two operators and the antipodal distance 2R in S4,
as indicated in figure 1. It is also interesting to observe that the numerical coefficient 3ζ(3),
which in the field-theory computations comes from the loop integrals in the limit d→ 4, in
the matrix model has instead a purely combinatorial explanation in terms of the symmetry
factors of the effective diagrams (3.26), (3.28) produced by the quartic interaction ζ(3)

2 Tr′ a4.
Finally, we would like to stress that beyond the perturbative regime (3.5) we do not

expect an exact correspondence between the results on S4 and those in R4. In fact, when
ΛR ∼ 1, the observables receive power-like contributions of the form Cn (ΛR)n, and it is
reasonable to expect that the coefficients Cn of these infrared corrections on the sphere and
in flat space differ from each other. We also remark that supersymmetric localization can
only provide information on a limited, though large, class of field-theory observables. For
instance, it does not compute non-extremal correlators nor observables with complicated
transcedental structures, as already happens in N = 4 SYM whose corresponding matrix
model is purely Gaussian.

4 Conclusions and perspectives

In the perspective of extending the class of quantum field theories where exact results can be
obtained, it is natural to pose the question of whether supersymmetric localization techniques
for protected observables in four-dimensional N = 2 SYM theories on S4 yield correct
predictions for the same observables in flat space even when the β-function is non-zero.

Building on insights already present in the original work of Pestun [2], as well as on the
observations of [52], it was argued in [53–55] that this is indeed the case. In these works it
was shown that the expectation value of the 1

2 -BPS Wilson loop, computed up to order g6,
matches precisely the matrix model predictions arising from localization. In this perturbative
correspondence, the coupling constant entering the matrix model is identified with the
field-theoretic running coupling evaluated at the characteristic energy scale of the observable.
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In this work, we extended this analysis to another class of protected observables: the two-
point functions of chiral and anti-chiral operators. We explicitly verified that the matrix model
reproduces exactly the field theory calculations up to the second non-trivial perturbative order.
As in the case of the Wilson loop, we worked in dimensional regularization, setting d = 4− 2ϵ,
and carefully took into account the fact that, in the N = 4 theory, all loop corrections
vanish in four dimensions and thus correspond at most to evanescent terms in the ϵ → 0
limit. Furthermore, we introduced a streamlined diagrammatic approach to the matrix model
computation that closely resembles the structure of the field-theoretical Feynman expansion.

Based on the arguments and consistency checks presented above, we can conjecture that
the localization matrix model correctly captures protected observables within the energy
regime specified by (3.5) even in N = 2 SYM theories with massless matter and a non-zero
β-function. This opens the door to using the matrix model as a tool for deriving new
non-trivial results in such theories. We mention two of them below.

Higher order diagrammatic computations. Computations in the matrix model are way
easier than in field theory and one can push them to higher perturbative orders without
much effort. For instance, in the diagrammatic approach, we can keep into account the sextic
vertex in the interaction action (3.13), namely

a

b

cd

e

f

=
(

g2

8π2

)3
ζ(5)
3 Ĉabcdef

s , (4.1)

where Ĉabcdef
s = Tr′

(
T (aT bT cT dT eT f)

)
is a completely symmetric tensor of rank six that

generalizes the one in (3.25). The diagrams of order g6 that contribute to a chiral/anti-chiral
two-point function

〈
On⃗(a)Om⃗(a)

〉
are the following:

• •.
.
. + • •.

.

. + • •.
.
. (4.2)

where the circular dots represent the two operators On⃗ and Om⃗. Keeping track of the
combinatorics of the Wick contractions in the three diagrams, we get(

g2

8π2

)3

ζ(5)n!
[20
3 n(n− 1)(n− 2)R

a1a2a3c1...cn−3
n⃗ R

b1b2b3c1...cn−3
m⃗ Ĉa1a2a3b1b2b3

s

+ 30n(n− 1)R
a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ Ĉa1a2b1b2dd

s

+ 30n R
a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗ Ĉa1b1ddee

s

]
. (4.3)

This matrix model prediction could possibly be checked against direct Feynman diagram
computations in the superfield formalism for which a computerized approach suitable to
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this kind of correlators has been proposed in [58]. It is however rather difficult to envisage
Feynman diagram computations at even higher orders, while there is no particular problem
to extend to higher orders the matrix model approach.

Specializing the tensors Rn⃗ and Rm⃗, and evaluating the tensor Ĉs for a given matter
representation R, we can easily derive explicit results. For instance, if we consider the
low dimensional operators O2 and O3 in SQCD with Nf flavors (and Na = Ns = 0),
from (2.60a), (2.60b) and the above formula (4.3), we get

G2,2 = g4 N2 − 1
2

{
1 +

(
g2

8π2

)2 3ζ(3)
2N

[
Nf (2N2 − 3)− 10N3]

−
(

g2

8π2

)3 5ζ(5)
N2

[
Nf (N4 − 3N2 + 3)− 14N5]+ O(g8)

}
(4.4)

and

G3,3 = g6 3(N2 − 1)(N2 − 4)
8N

{
1 +

(
g2

8π2

)2 9ζ(3)
2N

[
Nf (N2 − 3)− 4N3]

−
(

g2

8π2

)3 5ζ(5)
4N2

[
Nf (6N4 − 31N2 + 53)− 56N5]+ O(g8)

}
. (4.5)

Similar explicit expressions for higher dimensional operators can be easily worked out.

Large N and strong coupling analysis. The matrix-model description leads, for certain
classes of conformal N = 2 theories, to powerful results in the large-N ’t Hooft limit in which
the coupling λ = g2N is kept fixed while N tends to infinity [6, 7, 11, 41, 59–66]. In these
cases, the λ-perturbative expansion of correlators involving single-trace operators can be
resummed and even continued to strong coupling, allowing us to compare the result with
dual holographic descriptions [42–44, 47]. In the light of the results we have obtained, it
is natural to pose the question of whether such strong-coupling results can be extended to
some classes of theories with non-zero β-function. Let us note that in the ’t Hooft limit
the coupling g must be sent to zero in order to keep λ constant when N → ∞. The scale
1/R must therefore be much bigger than the IR scale Λ at which the running coupling g

would diverge (see (3.5)), and so one can neglect the instanton contributions and consider
just the perturbative interaction action as we did here. This is a very interesting direction
since it could lead to new insights regarding the holographic description of theories with a
non-vanishing β-function. Work is currently underway along these lines [67].
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A One-loop diagrams with internal vertices

In this appendix we provide some details on the calculation of the diagram

x, a1

x, a2

0, b1

0, b2

≡ Σa1a2b1b2 (A.1)

which enters the one-loop correction (2.19) of the two-point function. As already mentioned
in the main text, we follow the notations and conventions of [8, 52] to which we refer for
further details. In particular we use the N = 1 super-space formalism with the action and
super-Feynman rules given in section 3.1 of [8]. Applying these rules, we find

Σa1a2b1b2 = −Ng2
B Ca1a2b1b2

∫
dz3dz4 θ2

34 θ̄2
34 ∆(z3, z4)∆(x, z3)∆(x, z4)∆(z3, 0)∆(z4, 0)

≡ g2
B Ca1a2b1b2 Σ . (A.2)

Here C is the tensor defined in (2.28) which encodes the color structure of the diagram, z3
and z4 are the super-space points where the interaction vertices are inserted between which
the vector multiplet is exchanged, and ∆ is the super-propagator. More explicitly, if we
write the super-space points as zi = (xi, θi, θ̄i), the integration measure is dzi = d4xi d2θi d2θ̄i

and the super-propagator is

∆(zi, zj) = ei(θiσ θ̄i+θjσ θ̄j−2 θiσ θ̄j)·∂xij ∆(xij , ϵ) (A.3)

where ∆ is the scalar propagator (2.10). Furthermore, for the two external points where the
scalar operators are inserted, x and 0, the corresponding fermionic coordinates are zero.

To proceed with the calculation of the function Σ in (A.2), it is convenient to write the
propagators in momentum space using (2.10). In this way we find

Σ = −N

∫
d2θ4 d2θ̄2

4

∫ ddp

(2π)d

ddk

(2π)d

ddℓ

(2π)d

e−2θ4 p θ̄4 eipx

ℓ2 k2 (ℓ− k)2 (k + p)2 (ℓ + p)2

= N

∫ ddp

(2π)d

ddk

(2π)d

ddℓ

(2π)d

p2 eipx

ℓ2 k2 (ℓ− k)2 (k + p)2 (ℓ + p)2

(A.4)

where to obtain the second line we have integrated over the Grassmann variables θ4 and θ̄4
by Taylor expanding the exponential factor. The integrations over k and ℓ can be performed
using standard techniques [52, 68] and the result is proportional to ζ(3). Going through
the calculation, we find

Σ = e2,1(x, ϵ)∆2(x, ϵ) with e2,1(x, ϵ) = 3N ζ(3) ϵ (x2)ϵ Γ(2− 3ϵ)
41+2ϵ π2+ϵ Γ(1− ϵ)2 Γ(1 + 2ϵ) . (A.5)

Combining everything together, we see that (A.2) reproduces (2.27).
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B A few explicit formulas for the two-point correlators

Here we report the explicit expression of the renormalized correlators G∗
n⃗,m⃗ defined in (2.58)

for operators of dimension n = 4 and 5 up to order g6, when the matter content corresponds
to the representation R given in (2.3).

For the dimension 4 operators, we have

G∗
4,4 = g8 (N2−1)(N4−6N2+18)

4N2

{
1+
(

g2

8π2

)2 6 ζ(3)
N(N4−6N2+18)×

×
[
Nf (N6−8N4+45N2−81)− 4N7+12N5−54N3 (B.1)

+ Na (N − 2)(2N6−4N5−14N4+36N3+99N2−162N−324)

+ Ns (N + 2)(2N6+4N5−14N4−36N3+99N2+162N−324)
]
+O(g6)

}
,

G∗
4,(2,2) = g8 (N2−1)(2N2−3)

2N

{
1+
(

g2

8π2

)2 3 ζ(3)
N(2N2−3)×

×
[
Nf (5N4−18N2+27)+18N3−22N5 (B.2)

+ Na (N − 2)(11N4−18N3−45N2+54N+108)

+ Ns (N + 2)(11N4+18N3−45N2−54N+108)
]
+O(g6)

}
,

G∗
(2,2),(2,2) = g8 (N4−1)

2

{
1+
(

g2

8π2

)2 3 ζ(3)(N2+3)
N(N2+1) ×

×
[
Nf (2N2−3)− 10N3 + Na (N − 2)(5N2−6N−12) (B.3)

+ Ns (N + 2)(5N2+6N−12)
]
+O(g6)

}
.

For the dimension 5 operators, we have

G∗
5,5 = g10 5(N2−1)(N2−4)(N4+24)

32N3

{
1+
(

g2

8π2

)2 15ζ(3)
2N(N4+24)×

×
[
Nf (N6+N4+24N2−144)−4N7−24N5−48N3 (B.4)

+Na (2N7−8N6+12N5−8N4+24N3−192N2+1152)

+Ns (2N7+8N6+12N5+8N4+24N3+192N2−1152)
]
+O(g6)

}
,

G∗
5,(3,2) = g10 15(N2−1)(N2−2)(N2−2)

16N2

{
1+
(

g2

8π2

)2 3ζ(3)
N(N2−2)×

×
[
Nf (N4−14N2+30)+10N3−12N5 (B.5)

+Na (6N5−24N4−5N3+112N2−240)

+Ns (6N5+24N4−5N3−112N2+240)
]
+O(g6)

}
,

– 24 –



J
H
E
P
0
7
(
2
0
2
5
)
2
8
2

G∗
(3,2),(3,2) = g10 3(N2−1)(N2−4)(N2+5)

16N

{
1+
(

g2

8π2

)2 3ζ(3)
2N(N2+5)×

×
[
Nf (5N4+37N2−150)−22N5−194N3 (B.6)

+Na (11N5−40N4+97N3−296N2+1200)

+Ns (11N5+40N4+97N3+296N2−1200)
]
+O(g6)

}
.

Explicit expressions for operators of higher dimensions can be easily worked out with a
moderate computational effort.

C Identities for color factors

In this appendix we prove the relations (3.31) obeyed by the color factors of the two-point
correlators.

Let us first consider the amplitude (3.26) which (up to an overall factor of 6 g2n) is

An⃗,m⃗ = 2n n! Ĉa1b1d d
s R

a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗ . (C.1)

Taking into account the definition (3.25) of the symmetric tensor Ĉs and that of the tensor
Ĉ given in (2.44) where we recognize a primed trace of the product four generators, it is
straightforward to see that

An⃗,m⃗ = 2n n!
3
[
Tr′ T a1T b1T dT d+Tr′ T a1T dT b1T d+Tr′ T b1T a1T dT d

]
R

a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗ .

(C.2)

In any representation R we have the following identity

TrR T aT bT dT d = CRTrR T aT b = CR iR δab (C.3)

where CR and iR are, respectively, the quadratic Casimir invariant and the Dynkin index
of the representation R. Applying this identity to the primed trace, we have

Tr′ T aT bT dT d =
(
CR iR −N2) δab (C.4)

where we have used that for the adjoint representation Cadj = iadj = N .
The second trace in the square brackets of (C.2) can be rewritten as

Tr′ T a1T dT b1T d = Tr′ T a1T b1T dT d + i fd b1c Tr′ T a1T cT d (C.5)

where fd b1c are the structure constants. In any representation R the following relation holds

TrR T aT bT c = i iR
2 fabc + xR dabc (C.6)

where xR is a representation-dependent coefficient whose explicit expression is not needed
and dabc are the symmetric d-symbols. From this relation, it follows that

Tr′ T aT bT c = i (iR −N)
2 fabc + x′ dabc = −i β0

4 fabc + x′ dabc (C.7)
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where in the last step we have used that β0 = 2(N − iR). When this result is inserted in (C.5),
only the part proportional to the structure constants survives and so one finds

Tr′ T a1T dT b1T d = Tr′ T a1T b1T dT d + β0
4 fd b1cfa1cd =

[
CR iR −N2 + Nβ0

4

]
δa1b1 (C.8)

where to write the last equality we have used (C.4) and fabcfabd = N δcd.
Using (C.4) and (C.8) in (C.2), it is straightforward to obtain

An⃗,m⃗ = 2n n!
3

[
3
(
CR iR −N2)+ Nβ0

4

]
δa1b1 R

a1c1...cn−1
n⃗ R

b1c1...cn−1
m⃗

= 2n

(
CR iR −N2 + Nβ0

12

)
G

(0)
n⃗,m⃗ (C.9)

which is precisely the relation given in (3.31a).
Let us now consider the amplitude (3.28) which (again up to an overall factor of 6 g2n) is

Bn⃗,m⃗ = n(n− 1)n! Ĉa1a2b1b2
s R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ . (C.10)

Proceeding as in the previous case, from (3.25) we get

Bn⃗,m⃗ = n(n− 1)n!
3

[
Tr′ T a1T b1T a2T b2 + 2Tr′ T a1T a2T b1T b2

]
R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ .

(C.11)

The first primed trace in the above square brackets is just the tensor Ĉa1a2b1b2 defined
in (2.44), while the second primed trace can be manipulated as follows

Tr′ T a1T a2T b1T b2 = Tr′ T a1T b1T a2T b2 + ifa2b1c Tr′ T a1T cT b2

= Ĉa1a2b1b2 − β0
4 fa2b1cfa1c b2 + ix′fa2b1cda1c b2

= Ĉa1a2b1b2 + Nβ0
4 Ca1a2b1b2 + ix′fa2b1cda1c b2 (C.12)

where the second line is a consequence of (C.7) and in the third line we have introduced the
tensor C defined in (2.28). Notice that the part proportional to x′ can be discarded since
it gives rise to structures that are anti-symmetric in (a1, a2) and (b1, b2) and thus vanish
when contracted with the symmetric tensors Rn⃗ and Rm⃗.

Using the identity (C.12) in (C.10), we obtain

Bn⃗,m⃗ = n(n− 1)n!
3

[
3 Ĉa1a2b1b2 + Nβ0

2 Ca1a2b1b2

]
R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗

= n(n− 1)n! Ĉa1a2b1b2 R
a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗

+ Nβ0
6 n(n− 1)n!Ca1a2b1b2 R

a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ . (C.13)

The term proportional to Ĉ is exactly Ĝn⃗,m⃗ defined in (2.47), while the term proportional to
C corresponds to the color factor of the diagram (2.41). The latter can be evaluated using
the fusion/fission identities as described in [52] which give

n(n− 1)n!Ca1a2b1b2 R
a1a2c1...cn−2
n⃗ R

b1b2c1...cn−2
m⃗ = −n G

(0)
n⃗,m⃗ . (C.14)
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Therefore, collecting all terms we have

Bn⃗,m⃗ = Ĝn⃗,m⃗ − n
Nβ0
6 G

(0)
n⃗,m⃗ (C.15)

which is the relation written in (3.31b).
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