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Abstract. Multiple Systems Estimation has been used as an approach
to quantify hard-to-reach or hidden populations and to inform public
policy. Motivated by the application to human trafficking and to mod-
ern slavery, we review a particular methodological advancement in the
frequentist regime, that makes it possible to account for model selection
when finding confidence intervals for estimates.
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1 Introduction

It is often a difficult task to estimate the size of capture-shy and hard-to-reach
populations. These situations often arise in for example, criminal justice systems
and human trafficking. To obtain an estimate of the total population size is
invaluable as it could raise public awareness of the severity of the issues as well as
to inform public policy. Multiple systems estimation (MSE) has been introduced
as a way to quantify hidden population; for an overview of the development of
this discipline as well as the various application domains, one is referred to [3].
This article focuses on the application to human trafficking, and reviews material
in a number of papers [4, 9–11] by the authors.

One of the standard approaches in MSE is the Poisson loglinear regression
([5]). Such an approach requires model selection, in particular on what parame-
ters are to be included in the model, and then the estimation is conditional on
the model selected for inference, see [1]. A comparison of several frequentist and
Bayesian methods is illustrated in [10].

This goal of this article is to expose the latest methodological advances from
a frequentist perspective, in particular the generalisation of the bootstrap ap-
proach to the well established approach to model choice using Bayes informa-
tion criterion (BIC) as in [1, 2]. Since the BIC approach considers every possible
model, to perform a bootstrap procedure is computationally expensive and time
consuming. To overcome this bottleneck, [11] developed a modified bootstrap
approach that for each bootstrap replication, only considers models that have
high-ranking BIC scores on the original data. The issue of data sparsity which
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LA X X X X X X X

NG X X X X X X X X X

PF X X X X X X X X

GO X X X X X X X X

GP X X X X

Counts 54 463 995 695 316 15 19 3 62 19 1 76 11 8 1 1 4 1
Table 1. LA: Local Authority, NG: Non-governmental organisation, PF: Police force:
GO: Government organisations, GP: The general public

is a phenomenon commonly observed in human trafficking context due to sparse
or non-overlapping combination of lists is also taken into account, building on
the work of [4].

The outline of the article is as follows: In Section 2, we will illustrate the
U.K. Home Office data set on human trafficking originally analysed in [9], the
model and briefly discussed the issue of data sparsity. In Section 3, the modified
bootstrap procedure is discussed and in Section 4 it is applied to the U.K. Home
Office dataset.

2 Data, model and sparsity

In the 2013 UK National Crime Agency strategic assessment, potential victims
in modern slavery came from large number of separate source organisations, and
they were crossed referenced and consolidated into five lists as shown in Table 1.
Each column shows the number of cases which fall into the combination of lists
indicated by the cells marked by the crosses.

Each possible combination of lists is a subset ω of {1, . . . , t}, where t is the
number of lists, ω is called the capture history, the order of ω is defined to be the
order of the subset and Nω is the number of cases with the particular capture
history ω. To define a model is to specify a collection of capture histories Θ,
where the t capture histories of order one and the history ∅ which corresponds
to the cases that do not appear on any lists are always included. The capture
counts Nω are modelled as independent random variables with

Nω ∼ Poisson(µω); logµω =
∑
θ⊆ω

αθ,

where the sum is taken over all subsets θ of ω. The parameters can be estimated
by the generalised linear model approach. We will restrict attention to hierar-
chical models, meaning that if θ ∈ Θ, then so are all subsets θ′ of θ. The goal
is to estimate the dark figure N∅ (which corresponds to the capture history ∅)
and hence the total population size.

The datasets commonly observed in the context of human trafficking are
often sparse in the sense that some of the capture counts Nω are zero (e.g. the
count for the combination LA:GP is 0 in Table 1) and this might lead to non-
existence of maximum likelihood estimate. This was discussed in [4] as an issue
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that should be rigorously dealt with. Fienberg and Rinaldo [7] showed that to
check the existence is equivalent to solving a linear programming problem and
we refer the readers to [11] on how to economise this check.

3 BICs, bootstrap and models considered

The Bayesian information criterion (BIC) [8], is one of the standard approaches
to model selection and such an approach is implemented in [1] in MSE. The BIC
value BICΘ for any particular model Θ is defined as

BICΘ = |Θ| logNtotal + 2
∑
ω/∈∅

(µ̂ω −Nω log µ̂ω + logNω ),

where |Θ| is the number of parameters in the model,Ntotal is the number of cases
actually observed, µ̂ is the expected capture count estimates and the expression
involved in the summation is maximum likelihood estimates. Denote Ht,l to
be the set of all hierarchical models for t lists allowing parameters/interactions
effects of order up to l, to apply the BIC method, the model in Ht,l with the
smallest BICΘ value is chosen.

The bootstrap approach is a natural way to take into account model selection,
because the entire estimation procedure including the choice of the model can be
carried out on each of the bootstrap replications. The approach being used here
is the bias-corrected and acceleration method introduced in [6]. The bootstrap
replications are obtained by simulating from a multinomial distribution with
Ntotal trials and event probabilities proportional to the individual Nω. For more
details on the bias correction and acceleration parameters and how to obtain the
resulting confidence intervals, the readers are referred to [11].

The full bootstrap approach can be extremely computationally expensive,
if we take into account all the models in the bootstrap replications. One way
to mitigate this computational burden is to approximate the bootstrap using a
smaller number of models. The idea is to apply fix a number ntop and apply the

BIC condition to the original data and define Ht,l[ntop] to be the set of Θ in
Ht,l giving the ntop smallest values of BICΘ. The key step in the approximation
is then to restrict the bootstrap and jackknife choice in the bias-corrected and
acceleration method considering only these ntop models. The intuition for such
a restriction is that if the model scored extremely badly for the original data, it
is unlikely that it would end up having the best BIC scores in the replication.

4 Application to the U.K. data

The U.K. five-list data was introduced in Table 1 in Section 2. This dataset was
discussed in detail in [2] and subsequently, more detailed analyses were carried
out in for example [10]. We applied the modified bootstrap as sketched out in
Section 3 to this dataset, in particular to investigate the effect of varying the
number of top models considered, i.e. ntop.
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Fig. 1. Estimates and confidence interval for the U.K. 5 list data. Blue lines: maximum
order 2; red lines: maximum order 4. Dot-dashed horizontal lines: estimate; short dash
lines: 80% confidence interval; solid lines: 95% confidence interval

Fig. 1 shows the effect of varying ntop, where ntop = ∞ corresponds to a full
calculation taking into account all possible models of the corresponding orders
(1024 models of maximum order 2 and 6893 models for maximum order 4). One
can observe that for both values of maximum order, the results when ntop = 60
are practically the same. This shows that the modified bootstrap procedure
introduced provide large computational gains whilst having little effect on the
inference.

5 Discussion

MSE can often lead to the need of choosing from a large number of models, it
is shown here that the proposed procedure has large computational gains whilst
impacting little on the inference. In this work, the BIC is used and investigated
but the proposed approach can be adapted to other information criteria. It
would be of interest in future work to investigate the inference performance by
comparing different information criteria and the method set out would make
that much more feasible.
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