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Abstract: We present a detailed analysis of integrated correlators for an 𝒩 = 2 supercon-
formal field theory on a squashed sphere with SU(N) gauge group and fundamental/anti-
symmetric matter. Employing the matrix model arising from supersymmetric localisation, we
compute derivatives of the partition function 𝒵 with respect to the fundamental mass (µ),
the anti-symmetric mass (m) and the squashing parameter (b), corresponding to integrated
insertions of the 𝒩 = 2 flavour-current and stress-tensor multiplets, which are holographically
dual to gluon and graviton scatterings in the presence of D7-branes. For correlators dual to
only graviton scatterings, we confirm the planar-limit equivalence with 𝒩 = 4 SYM. Our
main result is a remarkable universality for the mixed gluon-graviton scattering amplitudes
off D7-branes, obtained from ∂2
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b log𝒵. We show that the leading and
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asymptotic series, identical to those found for integrated giant-graviton correlators in 𝒩 = 4
SYM. We also propose an SL(2,ℤ)-invariant completion of these results in terms of non-
holomorphic Eisenstein series. This completion provides exact constraints on higher-derivative
terms in the dual AdS5 brane-string amplitudes and highlights an unexpected universality
across distinct superconformal theories at strong coupling.
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1 Introduction and summary of results

In the study of non-perturbative phenomena in Quantum Field Theories (QFTs), localisation
has emerged as a very powerful framework for obtaining exact results in supersymmetric
theories [1, 2], thanks to the reduction of the QFT path-integral to a finite dimensional
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matrix model. Classic examples of such exact computations using localisation include the
vacuum expectation value of 1

2 -BPS Wilson loops [1] and extremal correlators of 1
2 -BPS

local operators [3] in four-dimensional conformal theories with extended supersymmetry
(𝒩 ≥ 2). In these cases, the spacetime dependence of the observables is completely fixed by
symmetries, and localisation provides the exact coupling-dependent coefficients multiplying
these fixed structures.

This idea has recently been generalized to observables with nontrivial spacetime depen-
dence, such as higher-point correlators of local operators [4–7] and correlators in the presence
of defects [8–11]. This generalization is achieved by considering integrated correlators, in which
the spacetime dependence is integrated against specific supersymmetry-preserving measures.
From the localisation perspective, this corresponds to deforming the Super-Conformal Field
Theory (SCFT) by suitable supersymmetric operators and taking derivatives of the partition
function with respect to the deformation parameters.

When applied to 𝒩 = 4 SYM, this procedure yields integrated constraints for the four-
point correlators of 1

2 -BPS scalar operators belonging to the 𝒩 = 4 stress-tensor multiplet or
higher-dimensional chiral primaries. These results have provided deep insights into the 𝒩 = 4
non-perturbative dynamics, modular structure and S-duality properties which have been
extensively studied both analytically and numerically [5, 7, 12–25]. Moreover, the 𝒩 = 4
integrated correlators at finite charges have been used in the AdS5/CFT4 correspondence to
obtain constraints on four-graviton scattering processes (and higher Kaluza-Klein modes)
in AdS space. Recently, also the integrated correlators involving heavy operators have been
considered. For operators of conformal dimensions larger than N2, localisation combined
with semiclassical techniques has provided exact results for the heavy-heavy-light-light
correlators [26–31]. Particularly relevant to this paper are the cases involving operators
with conformal dimensions scaling as N , which are called giant gravitons and are dual
to D3-branes (wrapping an S3 inside either the S5 or the AdS5 factor of the AdS5 × S5).
The corresponding integrated correlators provide exact constraints on the scattering of two
gravitons off D3-branes [32, 33].

Analogous procedures have been applied to theories with reduced supersymmetry, in-
cluding several classes of 𝒩 = 2 SCFTs, which allow for a broader range of constructions
and physical setups [34–45]. The matrix model integrals arising from localisation in 𝒩 = 2
SCFTs are typically more involved than in 𝒩 = 4 SYM, and the resulting expressions are cor-
respondingly more complex. Nevertheless, explicit examples [37, 46–51] have already revealed
an intriguing phenomenon: certain observables in special 𝒩 = 2 SCFTs coincide with those of
𝒩 = 4 SYM in the ’t Hooft large-N limit, a property often referred to as planar equivalence.

In this work, we further explore these connections, both between 𝒩 = 4 SYM and 𝒩 = 2
SCFTs, and among different 𝒩 = 2 theories. We focus primarily on a special 𝒩 = 2 theory,
known as the D-theory, originally considered in [52–54]. This is an 𝒩 = 2 SCFT with gauge
group SU(N) and a matter content consisting of two anti-symmetric and four fundamental
hypermultiplets. It can be engineered in Type IIB string theory with N D3-branes in the
presence of a ℤ2-orbifold probing an O7-orientifold background with (4 + 4) D7-branes which
give rise to a U(4)⊂SO(8) flavour symmetry [55, 56]. A closely related 𝒩 = 2 SCFT with
Sp(N) gauge group, one anti-symmetric and four fundamental matter hypermultiplets and an
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SO(8) flavour symmetry, has been recently considered in [36, 42, 54, 57, 58]. In both setups,
localisation provides exact field-theoretic results that can be interpreted holographically as
constraints on gluon and graviton scattering amplitudes in AdS in the presence of D7-branes.
These observables can be compared with the scattering of gravitons off a D3 brane in 𝒩 = 4
SYM, arising from heavy insertions in the large-N limit as discussed above. Remarkably,
despite their distinct microscopic origins and very different weak-coupling expressions, we find
that their strong-coupling expansions are governed by the same asymptotic series, revealing
a surprising universality among these observables.

1.1 Summary of results and outline

We now briefly summarize our findings. One of the main advances of this paper is at the level
of the matrix-model computations. Previous studies of integrated correlators in 𝒩 = 2 SCFTs
have focused on mass deformations, corresponding to integrated insertions of the so-called
moment-map operator. Here, we introduce also a squashing deformation of the four-sphere,
corresponding to integrated insertions of the 𝒩 = 2 stress-tensor multiplet. In particular, we
consider a deformation of the D-theory, which we call the D∗-theory. This deformed theory
is defined on an ellipsoid with squashing parameter b, where the two anti-symmetric and
the four fundamental hypermultiplets acquire masses m and µ, respectively. Although they
arise from distinct supermultiplets on the field-theory side, in the holographic dual both the
b- and m-deformations correspond to closed-string excitations in AdS that probe graviton
scattering processes. In contrast, the µ-deformation corresponds to open-string excitations
in AdS probing the scattering of gluons on the D7-brane world-volume.

We derive in detail the matrix model for the D∗-theory, paying particular attention to
its dependence on b and clarifying some subtleties in its construction. Denoting by 𝒵D∗ the
partition function of the D∗-theory, we then study the following quantities:

∂4
m log𝒵D∗ ∣∣

D
,

(
∂4

b − 15∂2
b

)
log𝒵D∗ ∣∣

D
, ∂2

m∂
2
b log𝒵D∗ ∣∣

D
, (1.1)

where the notation |D means that the derivatives are evaluated in the undeformed D-theory.
In the planar limit, we find that these quantities are identical to those in 𝒩 = 4 SYM [13].
This fact points to a universal structure underlying the integrated correlators of both the
D-theory and 𝒩 = 4 SYM.

Next, we consider other types of integrated correlators, corresponding to

∂2
m∂

2
µ log𝒵D∗ ∣∣

D
, ∂2

µ∂
2
b log𝒵D∗ ∣∣

D
, (1.2)

which are holographically dual to mixed scattering amplitudes involving two gluons and two
gravitons. At large N , both these observables admit a topological expansion of the form

ℱ(λ′, N) =
∞∑

g=0
N1−g ℱg(λ′) , (1.3)

where λ′ denotes the shifted ’t Hooft coupling, 1/λ′ = 1/λ + log(2)/(2π2N). While the
weak-coupling series exhibit intricate structures, the strong-coupling expansions simplify
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dramatically. Indeed, in both cases the leading contribution ℱ0 takes the form

ℱ0(λ′) ∼
λ′→∞

a0 +
π2a1
λ′

−
∞∑

n=1

64nΓ(n− 1
2)

2 Γ(n+ 1
2) ζ(2n+ 1)

π3/2 Γ(n) (λ′)n+1/2 , (1.4)

while the sub-leading term ℱ1 is given by

ℱ1(λ′) ∼
λ′→∞

b0 +
3a1
8 log(λ′) +

∞∑
n=1

16nΓ(n− 1
2) Γ(n+ 1

2)
2 ζ(2n+ 1)

π3/2 Γ(n) (λ′)n+1/2 , (1.5)

where a0, a1 and b0 are constants. These constants are the only non-universal terms that
depend on the specific deformation. Remarkably, the same asymptotic expansions (1.4)
and (1.5) also describe the integrated giant-graviton correlators in 𝒩 = 4 SYM [32, 33],1 as
well as analogous integrated correlators in the 𝒩 = 2 SCFT with Sp(N) gauge group [42].
The presence of common asymptotic series at strong coupling across distinct observables
in different theories is highly nontrivial and surprising.

Finally, considering the large-N expansion with fixed YM coupling τ2 = 8πN/λ′, we
show that the combination Nℱ1 +ℱ0 admits an SL(2,ℤ)-invariant completion in terms of
the non-holomorphic Eisenstein series given by

c0+
3a1
8 E(1;τ, τ̄)−

E
(3

2 ;τ, τ̄
)

√
2N1/2 −

3E
(5

2 ;τ, τ̄
)
−4E

(3
2 ;τ, τ̄

)
32
√
2N3/2 (1.6)

−
405E

(7
2 ;τ, τ̄

)
−288E

(5
2 ;τ, τ̄

)
+ . . .

8192
√
2N5/2 −

7875E
(9

2 ;τ, τ̄
)
−4050E

(7
2 ;τ, τ̄

)
+ . . .

131072
√
2N7/2 +O(N−9/2) ,

where c0 is a coupling-independent constant and the ellipses denote additional non-holomorphic
Eisenstein series of lower half-integer index. We observe that the appearance of the Eisenstein
series E(1; τ, τ̄) and E(3

2 ; τ, τ̄) in the first two orders is fully consistent with the leading higher-
derivative corrections arising from the α′-expansion of the dual superstring amplitudes [59–62].

This paper is organized as follows. Section 2 reviews how integrated correlators in
𝒩 = 2 SCFTs can be obtained as derivatives of the partition functions with respect to
supersymmetric deformations, such as masses and squashing. Section 3 presents the matrix
model of the D∗-theory and the derivation of the main inputs for our subsequent computations.
In section 4 we study integrated correlators dual to four-graviton amplitudes and show that
at the leading order in the large-N limit they are identical to those of 𝒩 = 4 SYM. Section 5
extends the analysis to mixed amplitudes involving two gluons and two gravitons, using both
the Lie-algebra and the topological recursion approaches to obtain their large-N expansion.
In section 6 we analyze the strong-coupling regime and show that all observables exhibit a
universal asymptotic behavior that matches the one of integrated giant-graviton correlators
in 𝒩 = 4 SYM. In section 7 we consider the large-N expansion at fixed YM coupling,
where instanton effects become relevant, and show that our results can be completed by

1In the case of giant-graviton correlators, there is no redefinition of the ’t Hooft coupling, and the ratio
between the coefficients of the 1/λ and log(λ) terms is 4π2/3 (rather than 8π2/3 as in (1.4) and (1.5)). This
factor of 2 becomes relevant in the SL(2,ℤ) completion discussed below and in details in section 7, and is
compensated by the fact that the complexified YM coupling in 𝒩 = 2 theories, as given in (2.2), is twice that
of 𝒩 = 4 SYM.
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non-holomorphic Eisenstein series, yielding an SL(2, ℤ)-invariant form. Finally, section 8
summarizes our conclusions and outlines future research directions. Several appendices collect
technical details and complementary results.

2 SUSY deformations and integrated correlators

In this section, we review how integrated correlators in SCFTs with extended supersymmetry
can be computed using localisation.

The procedure begins by placing the theory on a compact curved space (typically a
four-sphere S4 or an ellipsoid) and introducing suitable deformations that preserve 𝒩 = 2
supersymmetry. The integrated correlators are then obtained by differentiating the partition
function with respect to the deformation parameters. This differentiation effectively inserts
into the path-integral local operators integrated over their spacetime positions. On the other
hand, the deformed partition function on such curved spaces, when at least 𝒩 = 2 supersym-
metry is preserved, can be computed exactly by means of supersymmetric localisation [1, 2].
Therefore, the integrated correlators take the following schematic form:∫

dµ(xi)
〈
𝒪1(x1)𝒪2(x2)𝒪3(x3)𝒪4(x4)

〉
= ∂h1∂h2∂h3∂h4 log𝒵(hi)

∣∣
hi=0 , (2.1)

where µ(xi) denotes the supersymmetry-preserving integration measure and 𝒵(hi) is the
deformed partition function depending on the deformation parameters hi. Since the right-
hand side of (2.1) is exactly computable via localisation, this relation provides a set of integral
constraints on correlation functions, valid for arbitrary values of the theory’s parameters.

2.1 SUSY-preserving deformations in SCFTs

We now illustrate this general procedure by first reviewing the most extensively studied
supersymmetric deformations in 𝒩 = 2 SCFTs, namely the chiral/anti-chiral Coulomb-branch
deformations and the mass deformations. Later we extend the discussion to integrated
correlators corresponding to squashing deformations.

The deformations associated with the Coulomb-branch chiral and anti-chiral operators
𝒜p and 𝒜̄p arise from the corresponding couplings κp and κ̄p. In particular, 𝒜2 corresponds
to the exactly marginal coupling

κ2 ≡ τ = θ

π
+ i 8π

g2
YM

, (2.2)

where gYM is the YM coupling and θ the vacuum angle. Following the prescription of [3], the
integrated insertions of these chiral and anti-chiral operators can be implemented by placing
𝒜p at the North pole and 𝒜̄p at the South pole of S4, thus adding to the action the terms

Sκp = κp 𝒜p(N) , Sκ̄p = κ̄p 𝒜̄p(S) . (2.3)

For the mass deformations, instead, we can follow the recent approach of [10]. Consider an
𝒩 = 2 SCFT with a U(1) flavour symmetry (usually embedded in a larger non-Abelian group).
The associated flavour current multiplet contains an 𝔰𝔲(2)R triplet of scalars Φij = Φji (with
i, j = 1, 2) satisfying the reality condition (Φij)∗ = ϵik ϵjℓ Φkℓ, an 𝔰𝔲(2)R doublet of chiral and
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anti-chiral fermions Xiα and X α̇
i , two real scalars P and P of opposite 𝔲(1)R charges, and the

conserved flavour current jµ. A supersymmetry-preserving deformation can be constructed
by coupling this flavour current multiplet to an off-shell background vector multiplet, whose
components we denote as (Aµ, λiα, λ

α̇
i , φ, φ̄, Yij). Assigning nontrivial vacuum expectation

values to the scalar and auxiliary fields in this background yields a supersymmetric mass
deformation. A configuration preserving the desired supersymmetry on S4 takes the form [10]

φ = m eiϑ

2 , φ = m e−iϑ

2 , Yij = ±i m2r δij , (2.4)

with all other components vanishing. Here, m is the mass parameter, ϑ is one of the angular
coordinates of S4 required to maintain supersymmetry and r is the radius of the sphere.
The corresponding mass deformation of the action is:

Sm = m

2

∫
d4x

√
g

[
eiϑP + e−iϑP ± i

r

(
Φ11 +Φ22)] , (2.5)

where g is the determinant of the metric of S4. Differentiating with respect to m yields
integrated correlators of P , P and Φij , which are related among themselves by supersymmetric
Ward identities. This procedure determines the explicit form of the integration measure
in (2.1).2

The best studied cases of integrated correlators arising from mass deformations are in
𝒩 = 4 SYM, which can be regarded as an 𝒩 = 2 SCFT with a single adjoint hypermultiplet.
In this theory, the mass deformation breaks the R-symmetry according to SU(4)R → SU(2)F ×
SU(2)R ×U(1)R, with SU(2)F being the flavour symmetry. The associated flavour current
multiplet belongs to the 𝒩 = 4 stress-tensor multiplet, whose top-component is the well-
known 20′ operator 𝒪2. In this setting, two classes of integrated correlators can be obtained
from the mass-deformed theory (also known as the 𝒩 = 2∗ theory) via

∂κp∂κ̄p∂
2
m log𝒵 𝒩=2∗

∣∣
0 , ∂4

m log𝒵 𝒩=2∗
∣∣
0 , (2.6)

where the notation |0 denotes evaluation in the undeformed 𝒩 = 4 SYM, namely at κp =
κ̄p = m = 0. These observables provide integrated constraints on the 𝒩 = 4 correlators
⟨𝒪p𝒪p𝒪2𝒪2⟩ and ⟨𝒪2𝒪2𝒪2𝒪2⟩, with 𝒪p a gauge-invariant scalar operator of dimensions p.
The explicit integration measures for these correlators are collected in appendix A, and many
detailed computations can be found in [5, 7, 12–25].

Another supersymmetry-preserving deformation of 𝒩 = 2 SCFTs on S4 is the squashing
deformation, characterized by a parameter b chosen in such a way that the round-sphere limit
corresponds to b → 1. Defining the theory on the squashed sphere and taking derivatives
with respect to b, we generate a new class of integrated correlators involving the 𝒩 = 2 stress-
energy tensor. For 𝒩 = 4 SYM, where the operator associated to the b-deformation is again
part of the larger 𝒩 = 4 stress-tensor multiplet, two notable classes of such correlators are3

∂2
m∂

2
b log𝒵 𝒩=2∗

∣∣
0 ,

(
∂4

b − 15∂2
b

)
log𝒵 𝒩=2∗

∣∣
0 , (2.7)

2See [5] and [7] for the cases involving two and four mass-derivatives, respectively, and [9–11] for the
analogous derivation for two mass derivatives in presence of a line defect.

3The specific combination
(
∂4

b − 15∂2
b

)
yields a scheme-independent result as pointed out in [13].
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where now 𝒵 𝒩=2∗
b is the partition function of the 𝒩 = 2∗ theory in presence of the b-

deformation and the notation |0 means evaluation at m = 0 and b = 1. Integrated correlators
arising from the squashing deformation remain largely unexplored. While localisation-based
computations of the b-derivatives in the maximally supersymmetric case have been considered
in [13], the derivation of the corresponding integration measure in the left-hand side of (2.1)
is still missing.

We now outline the conceptual framework needed to study integrated correlators arising
from b-deformations in general 𝒩 = 2 settings. To this end, we first consider 𝒩 = 2 SCFTs
on four-dimensional ellipsoids preserving rigid supersymmetry, following the general approach
of [63, 64] and the specific construction of [65]. The four-dimensional ellipsoid is defined
as the surface in ℝ5 described by the equation

x2
1 + x2

2
ℓ2

+ x2
3 + x2

4

ℓ̃ 2
+ x2

5
r2 = 1 . (2.8)

The two radii, ℓ and ℓ̃, can be conveniently parametrized as [65]

ℓ = b r , ℓ̃ = r

b
, (2.9)

where b = (ℓ/ℓ̃)1/2 is the dimensionless squashing parameter. Since (2.8) is invariant under
b ↔ 1/b, corresponding to the exchange (x1, x2) ↔ (x3, x4), one may restrict to b ∈ (0, 1].
In the limit b → 1, the ellipsoid reduces to the round sphere of radius r, which can be set
to 1 without losing generality.

The construction proceeds analogously to the mass deformation. Defining a SCFT on
the ellipsoid requires coupling it to an off-shell conformal supergravity multiplet

M , ηi , Kµν , Kµν , V 0
µ , (Vµ)i

j , ψi
µ , Gµν , (2.10)

where M is a scalar field, ηi is the dilatino (with i = 1, 2 as before), Kµν and Kµν are real
self-dual and anti self-dual tensors, V 0

µ and (Vµ)i
j are the gauge fields of the SU(2)R × U(1)R

R-symmetry, ψi
µ is the gravitino and Gµν is the metric on the ellipsoid. The corresponding

dual operator is the 𝒩 = 2 stress-tensor multiplet:

O2 , χi , Hµν , Hµν , t0µ , (tµ)i
j , J i

µ , Tµν , (2.11)

where O2 is the scalar top-component with conformal dimension 2, neutral under U(1)R and
singlet under SU(2)R, χi is a chiral fermion with dimension 5

2 transforming as a doublet
of SU(2)R, Hµν and Hµν are dimension-3 (anti) self-dual operators, t0µ and (tµ)i

j are the
conserved R-symmetry currents, J i

µ is the supercurrent and finally Tµν is the stress tensor.
To preserve supersymmetry on the ellipsoid we must require the vanishing of the gravitino

and dilatino variations. This leads to Killing spinor equations that constrain the bosonic
background fields in (2.10) in terms of the geometry. Their explicit (and rather involved) form
can be found in section 3 of [65] (see also [66]), but it is not needed for our purposes. Here,
it suffices to note that this background configuration depends on the geometric parameters
of the ellipsoid, including the squashing parameter b, and that it plays a role analogous to
the background vector-field configuration in (2.4). We thus expect the b-deformation Sb

– 7 –



J
H
E
P
0
2
(
2
0
2
6
)
0
1
9

Nadj NF NA NS

𝒩 = 4 SYM 1 0 0 0

A-theory (a.k.a. SQCD) 0 2N 0 0

B-theory 0 N − 2 0 1

C-theory 0 N + 2 1 0

D-theory 0 4 2 0

E-theory 0 0 1 1

Table 1. The superconformal 𝒩 = 2 theories with group SU(N), following the nomenclature of [52, 53].
In the first case the supersymmetry is enhanced to 𝒩 = 4.

of any 𝒩 = 2 SCFT to be qualitatively similar to the mass deformation of (2.5), though
with greater complexity. In particular, for small deformations, all bosonic operators of the
stress-tensor multiplet, O2, Hµν , Hµν , t0µ, (tµ)i

j and Tµν , appear linearly in Sb with coefficients
proportional to (b − 1), so that differentiating with respect to b yields insertions of these
operators, integrated over spacetime together with their corresponding geometrical factors.
All these insertions are again related to each other by supersymmetry, and the appropriate
system of superconformal Ward identities can be used to derive the integration measure
for different classes of integrated correlators involving the stress tensor. Since the explicit
derivation of this measure lies beyond the scope of this paper, we defer it to future work.

2.2 Classes of integrated correlators in 𝓝 = 2 SCFTs with fundamental matter

We now introduce the main 𝒩 = 2 superconformal gauge theory that will be the main focus
of this work, together with the integrated correlators studied in subsequent sections. We
begin by considering the class of four-dimensional 𝒩 = 2 theories with gauge group SU(N)
and matter content consisting of hypermultiplets transforming in the representation

ℛ = Nadj
(
adjoint

)
⊕ NF

( )
⊕ NA

( )
⊕ NS

( )
, (2.12)

whose β-function is proportional to

β0 = 2N
(
1−Nadj

)
−NF − (N − 2)NA − (N + 2)NS . (2.13)

In table 1, we list the integer values of Nadj, NF, NA and NS that yield superconformal
theories with β0 = 0.

The most prominent example in this list is 𝒩 = 4 SYM, for which we have previously
discussed the integrated correlators. Among the other superconformal models, the D- and E-
theories are special since the number of hypermultiplets is independent of the rank of the gauge
group. This property greatly simplifies the large-N expansion of various observables, making
these theories especially suitable for the study of integrated correlators when supersymmetry
is not maximal.4

4See [37] and [39] for the study of some integrated correlators in the E- and D-theories, respectively.
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In this paper we focus on the D-theory whose flavour symmetry group is SU(2)L ×
U(1)L ×U(4). This model can be engineered with N D3-branes in Type IIB string theory
in the presence of a ℤ2-orbifold probing an O7-orientifold background with (4 + 4) D7-
branes [55, 56]. From the D7-branes viewpoint, the U(4) symmetry acts as a gauge group,
so that the dynamics on the D7-branes world-volume is dual to U(4) gluon scattering in
AdS. From the bulk perspective, instead, the D7-branes introduce nontrivial defects which
can be probed by gravitons.

The D-theory allows for several deformations associated with its matter content. In
particular, we can assign masses µF (F = 1, . . . , 4) to each of the four fundamental hypermul-
tiplets and masses mA (A = 1, 2) to the two anti-symmetric multiplets, and also deform the
four-sphere into an ellipsoid with squashing parameter b. To streamline the discussion, we
take all fundamental masses to be equal, µF = µ for any F, and similarly all anti-symmetric
masses to be equal, mA = m for any A. We refer to the theory deformed by these mass
parameters and the squashing as the D∗-theory. Several classes of integrated correlators
can then be studied in the presence of these deformations, which we classify according to
their dual interpretation in AdS space.

Gluons in AdS. As discussed above, the brane realization of D-theory gives rise to an eight-
dimensional SYM theory with U(4) ⊂ SO(8) gauge group on the D7-branes world-volume.
The corresponding fields in AdS5 are obtained from a Kaluza-Klein (KK) reduction on S3,
yielding a tower of modes labeled by an integer k = 2, 3, . . . . For each k these KK modes
transform in the adjoint representation of U(4) and in the spin jL = k

2 − 1 representation of
SU(2)L. We refer to these as “gluon supermultiplets”, as they are associated to open string
excitations in AdS. In particular, the k = 2 mode corresponds to a massless U(4) vector-
multiplet in AdS5, which is dual to the U(4) flavour current multiplet in the CFT. Hence, the
integrated correlator obtained by taking derivatives only with respect to the fundamental mass

∂4
µ log𝒵D∗ ∣∣

D
(2.14)

provides integrated constraints for the four-gluon scattering amplitude in AdS. The large-N
expansion of this quantity, including the case of non equal masses µF, has been studied in [39].

Gravitons in AdS. Analogously, starting from the ten-dimensional graviton, one can
perform a KK reduction to AdS5, producing a tower of fields labeled by an integer p =
2, 3, . . . with Lorentz spins ranging from zero to two. A subset of these organize into 1

2 -BPS
supermultiplets similar to the gluon case, but transforming differently under the global
symmetries. Such supermultiplets carry SU(2)L spin jL = p/2, are singlets of U(4) and
are related to closed string excitations. We focus on the p = 2 mode, corresponding to a
massless vector multiplet in five dimensions, dual to the SU(2)L flavour current multiplet.
Following the terminology of [42], we refer to these as “graviton supermultiplets”, although
there are no spin-two fields, to emphasize their origin from the ten-dimensional graviton.
Conversely, the direct reduction to the massless five-dimensional graviton generates a gravity
supermultiplet dual to the stress-tensor multiplet, which is a singlet under U(4)× SU(2)L.
Therefore, although the m- and b- deformations activate different CFT supermultiplets, they
are both associated to closed-string modes in the dual description.
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Integrated correlators dual to scattering processes. We can classify the integrated
correlators studied in this paper from their dual interpretation described above. In particular,
we refer to the integrated correlators

∂4
m log𝒵D∗ ∣∣

D
,

(
∂4

b − 15∂2
b

)
log𝒵D∗ ∣∣

D
, ∂2

m∂
2
b log𝒵D∗

∣∣∣
D
, (2.15)

which are dual to scattering processes of gravitons, as the integrated correlators with closed
string modes. These observables have been studied in 𝒩 = 4 SYM using matrix-model
techniques in [13], where it was shown that only one of them provides nontrivial constraints
to the four-graviton scattering amplitude as a consequence of nontrival relations. In section 4
we revisit these properties and examine how they are modified for the D-theory.

The other class of integrated correlators considered in this paper correspond to mixed
gluon-graviton scattering process, which at the matrix-model level can be extracted from
the mixed derivatives

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
, ∂2

µ ∂
2
b log𝒵D∗ ∣∣

D
. (2.16)

In the following, we compute these quantities using supersymmetric localisation. We emphasize
that, while all observables associated to four mass-derivatives have a well-defined CFT
derivation (i.e. the left-hand side of (2.1)), for observables involving derivatives with respect
to the squashing parameter b such a CFT derivation has not yet been provided and in particular
the integration measure has not yet been computed. We leave this derivation for future work.

3 The matrix model for massive 𝓝 = 2 theories on a squashed sphere

When the 𝒩 = 2 SYM theory is defined on a compact space 𝒮, its partition function 𝒵
can be expressed as an integral over the eigenvalues au of a Hermitian matrix a ∈ 𝔰𝔲(N)
according to [1]

𝒵 =
∫ N∏

u=1
dau e

− 8π2
g2

YM
tr a2 ∣∣Z1−loop Zinst

∣∣2 δ( N∑
u=1

au

)
. (3.1)

Here, g2
YM denotes the YM coupling, Z1−loop encodes the fluctuations around the localisation

points, and Zinst represents the instanton contribution [67]. Since we will primarily work in
the ’t Hooft planar limit, instanton effects can be neglected, allowing us to set Zinst = 1. The
precise form of Z1−loop depends on both the matter content of the theory and the geometry
of the compact manifold 𝒮. In the present work, we take 𝒮 to be an ellipsoid with squashing
parameter b (see (2.8)). A further ingredient that plays a crucial role in the expression for
Z1-loop is the possibility of assigning a generic mass to the matter hypermultiplets. While
such a deformation explicitly breaks conformal invariance, it preserves 𝒩 = 2 supersymmetry.
To illustrate this point, let us first consider the massive deformation of 𝒩 = 4 SYM, i.e.
the 𝒩 = 2∗ SYM theory. Although this case has already been analyzed in [13], we briefly
review it here using a slightly different approach to introduce notation that will be employed
in subsequent sections.
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3.1 𝓝 = 2∗ SYM

This is an 𝒩 = 2 gauge theory with one massive hypermultiplet in the adjoint representation
of SU(N). When the theory is put on a squashed sphere with parameter b, the 1-loop part
appearing in the matrix-model partition function is5

∣∣Z 𝒩=2∗
1−loop

∣∣2 =
Υ′

b(0)N−1
N∏

u<v=1
Υb

(
i auv

)
Υb

(
− i auv

)
Υb

(
Q

2 + im
)N−1 N∏

u ̸=v=1
Υb

(
Q

2 + i auv + im
) , (3.2)

where m is the mass, auv ≡ au − av, Q ≡ b+ 1
b and the function Υb(x), related to the Barnes

double Gamma functions, is defined in [65]. This function, which was first introduced in [68] to
study the structure constants of the conformal Liouville field theory with coupling b, satisfies

Υb(x) = Υ1/b(x) and Υb

(
Q

2 + x

)
= Υb

(
Q

2 − x

)
. (3.3)

Consequently, the right-hand side of (3.2) is invariant under b ↔ 1/b and m ↔ −m. We
recall that, in principle, the regularized partition function of the 𝒩 = 2∗ theory is ambiguous
due to the presence of divergences [69]. However, the physical observables obtained from
the partition function (in particular the integrated correlators that we will consider) are free
of such ambiguities [13]. The specific regularized representation given in (3.2) corresponds
to the ellipsoid version of the 1-loop factor of the matrix model originally found in [1] for
the 𝒩 = 2∗ theory on a round sphere.

In the undeformed theory (b = 1,m = 0), one has∣∣Z 𝒩=2∗
1−loop

∣∣2 ∣∣∣
0
= ∆(a) , (3.4)

where ∆(a) is the Vandermonde determinant, so that the partition function reduces to
the one of the free Gaussian matrix model describing 𝒩 = 4 SYM on S4. Since for the
computation of integrated correlators one considers the fluctuations around m = 0 and b = 1,
it is convenient to define the functions6

Hv(x; b) :=
Υb(ix)Υb(−ix)
Υ1(ix)Υ1(−ix) , Hh(x; b,m) :=

Υb

(
Q

2 + im+ ix
)

Υ1
(
1 + ix

) , (3.5)

which, by construction, satisfy Hv(x; 1) = 1 and Hh(x; 1, 0) = 1. Then, it is straightforward
to see that (3.2) can be recast in the form

∣∣Z 𝒩=2∗
1−loop

∣∣2 = ∆(a)
Υ′

b(0)N−1
N∏

u<v=1
Hv(auv; b)

Υb

(
Q

2 + im
)N−1 N∏

u ̸=v=1
H

1
2
h (auv; b,+m)H

1
2
h (auv; b,−m)

. (3.6)

5The factor Υ′
b(0) = ∂xΥb(x)|x=0 was missing in [65] and has been added in [13].

6These functions are related (but not identical) to the functions Hv and Hh introduced in [70].
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Introducing the rescaling

a→

√
λ

8π2N
a , (3.7)

with λ = Ng2
YM the ’t Hooft coupling, adopting the full Lie-algebra approach of [71], and

exploiting the properties of the functions Hv and Hh listed in appendix C, the partition
function of the 𝒩 = 2∗ theory can be written, up to an overall normalization constant, as7

𝒵 𝒩=2∗ =
∫
da e− tra2−S 𝒩=2∗

, (3.8)

where8

S 𝒩=2∗ = (N − 1)
[
logΥb

(
Q

2 + im
)
− logΥ′

b(0)
]
−

N∑
u<v=1

logHv

(√
λ

8π2N
auv; b

)

+
N∑

u ̸=v=1
logHh

(√
λ

8π2N
auv; b,m

)
. (3.9)

We are interested in the fluctuations around the undeformed point (b = 1,m = 0), at which
S 𝒩=2∗ vanishes. Exploiting the invariance under b ↔ 1/b and m ↔ −m, the expansion
of S 𝒩=2∗ takes the form

S 𝒩=2∗ = m2 ℳ 𝒩=4
2 +

[
(b− 1)2 − (b− 1)3

]
ℬ𝒩=4

2 +m4 ℳ 𝒩=4
4

+m2(b− 1)2 𝒞 𝒩=4 + (b− 1)4 ℬ𝒩=4
4 + . . . , (3.10)

where the coefficients ℳ 𝒩=4
2 , ℬ𝒩=4

2 , etc. are nontrivial functions of the coupling λ which are
related to integrated correlators in 𝒩 = 4 SYM.

3.2 D∗-theory

The above analysis easily extends to the D-theory (see table 1) on a squashed sphere with
massive hypermultiplets, which we have called the D∗-theory. In this case we have

∣∣ZD∗
1−loop

∣∣2=e−SD∆(a)Υ′
b(0)N−1

N∏
u<v=1

Hv(auv;b)
[ 4∏

F=1

N∏
u=1

H
− 1

2
h (au;b,+µF)H

− 1
2

h (au;b,−µF)
]

×
[ 2∏

A=1

N∏
u<v=1

H
− 1

2
h (au+av;b,+mA)H

− 1
2

h (au+av;b,−mA)
]

(3.11)

7Decomposing a = abTb with b = 1, . . . , N2 − 1, where Tb are the generators of SU(N) in the fundamental
representation normalized by tr(TbTc) = 1

2 δbc, the integration measure is

da =
N2−1∏

b=1

dab

√
2π

so that
∫

da e− tr a2
= 1 .

8Even if (3.9) is expressed in terms of the eigenvalues au, it is easy to rewrite it using powers of tr a, as we
will explicitly see in section 4.
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where SD is the interaction action of the matrix model for the D-theory, which will be given
shortly. The terms in the square brackets of the first line of (3.11) are associated to the
four fundamental multiplets with mass µF (F = 1, . . . , 4), while the terms in the second line
correspond to the two anti-symmetric multiplets with mass mA (A = 1, 2). As written above,
we take all masses to be equal, namely µF = µ for any F, and mA = m for any A.

Proceeding as described in the previous subsection, after the rescaling (3.7) we can
write the partition function as

𝒵D∗ =
∫
da e− tra2−SD∗

, (3.12)

where

SD∗ = SD − (N − 1) logΥ′
b(0)−

N∑
u<v=1

logHv

(√
λ

8π2N
auv; b

)

+ 4
N∑

u=1
logHh

(√
λ

8π2N
au; b, µ

)
+ 2

N∑
u<v=1

logHh

(√
λ

8π2N
(au + av); b,m

)
, (3.13)

with [39, 53]

SD = 2
∞∑

n=1

n−1∑
k=1

(−1)n (2n+ 2)! ζ(2n+ 1)
(n+ 1)(2k + 1)! (2n− 2k + 1)!

(
λ

8π2N

)n+1
tr a2k+1 tr a2n−2k+1

− 4
∞∑

n=1
(−1)n (4n − 1) ζ(2n+ 1)

n+ 1

(
λ

8π2N

)n+1
tr a2n+2 . (3.14)

The action SD∗ admits an expansion similar to (3.10), namely

SD∗ = SD +m2 ℳD
2,A + µ2 ℳD

2,F +
[
(b− 1)2 − (b− 1)3

]
ℬD

2 +m4 ℳD
4,A + µ4 ℳD

4,F

+m2(b− 1)2 𝒞D
A + µ2(b− 1)2 𝒞D

F + (b− 1)4 ℬD
4 + . . . . (3.15)

Also in this case, the coefficients ℳD
2,A, ℳD

2,F, etc., which are related to integrated correlators
in the D-theory, are nontrivial functions of λ which can be explicitly written in terms of
derivatives of logHv and logHh, as we will see in the next section.

4 Integrated correlators with only closed string modes

We now examine how the gauge theory responds to deformations corresponding to the
squashing of the four-sphere and to the introduction of a mass parameter m, either for the
adjoint hypermultiplet in the case of 𝒩 = 4 SYM, or for the anti-symmetric hypermultiplets
in the case of the D-theory. As argued in section 2, both deformations admit an interpretation
as closed string excitations from the holographic dual perspective. From the standpoint of
the matrix model, instead, the response is simply encoded in the coefficients ℳ2, ℬ2, etc.,
appearing in the expansion of the effective action around the point (m = 0, b = 1), see (3.10)
and (3.15). To illustrate the structure of this expansion, we first consider the deformation
of 𝒩 = 4 SYM into the 𝒩 = 2∗ theory on the ellipsoid.
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4.1 𝓝 = 4 SYM

The simplest quantity is ℳ 𝒩=4
2 defined as

ℳ 𝒩=4
2 := 1

2∂
2
mS

𝒩=2∗
∣∣
0 (4.1)

=
{
N − 1

2 ∂2
m logΥb

(
Q

2 + im
)
+ 1

2∂
2
m

[ N∑
u ̸=v=1

logHh

(√
λ

8π2N
auv; b,m

)]}
m=0
b=1

.

Using the results summarized in appendix C, this expression reduces to

ℳ 𝒩=4
2 = (N2−1)(1+γ)+

∞∑
n=1

2n∑
k=0

(−1)n+k (2n+ 1)! ζ(2n+ 1)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak , (4.2)

where γ is the Euler-Mascheroni constant. A parallel computation for ℬ𝒩=4
2 yields

ℬ𝒩=4
2 := 1

2∂
2
bS

𝒩=2∗
∣∣
0

=
{
N−1
2 ∂2

b logΥb

(
Q

2 +im
)
−N−1

2 ∂2
b logΥ′

b(0) (4.3)

−1
2∂

2
b

[ N∑
u<v=1

logHv

(√
λ

8π2N
auv;b

)]
+1
2∂

2
b

[ N∑
u ̸=v=1

logHh

(√
λ

8π2N
auv;b,m

)]}
m=0
b=1

.

After applying again the results of appendix C, drastic simplifications occur and the above
expression reduces to

ℬ𝒩=4
2 = (N2−1)(1+γ)+

∞∑
n=1

2n∑
k=0

(−1)n+k (2n+ 1)! ζ(2n+ 1)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak . (4.4)

A direct comparison with (4.2) immediately shows that

ℬ𝒩=4
2 = ℳ 𝒩=4

2 . (4.5)
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The remaining coefficients in (3.10) can likewise be expressed as power series of tr a, leading
to a uniform description of the expansion. Explicitly, we find

ℳ 𝒩=4
4 = −(N2 − 1)

2 ζ(3)

− 1
12

∞∑
n=1

2n∑
k=0

(−1)n+k (2n+ 3)! ζ(2n+ 3)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak , (4.6a)

𝒞 𝒩=4 = (N2 − 1)
(1
3 − ζ(3)

)

+ 1
6

∞∑
n=1

2n∑
k=0

(−1)n+k (4n2 + 4n) (2n+ 1)! ζ(2n+ 1)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak

− 1
6

∞∑
n=1

2n∑
k=0

(−1)n+k (2n+ 3)! ζ(2n+ 3)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak , (4.6b)

ℬ𝒩=4
4 = −N

2 − 1
2

(
ζ(3)− 5 γ

2 − 19
6

)

+ 1
12

∞∑
n=1

2n∑
k=0

(−1)n+k (8n2 + 8n+ 15)(2n+ 1)! ζ(2n+ 1)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak

− 1
12

∞∑
n=1

2n∑
k=0

(−1)n+k (2n+ 3)! ζ(2n+ 3)
(2n− k)! k!

(
λ

8π2N

)n

tr a2n−k tr ak . (4.6c)

From these expressions one can verify the following interesting identities among these quantities

ℬ𝒩=4
4 − 5

4 ℬ
𝒩=4
2 +ℳ 𝒩=4

4 = 𝒞 𝒩=4 , (4.7)

𝒞 𝒩=4 − 2ℳ 𝒩=4
4 = 4 c𝒩=4

3 + 2
3
(
2λ∂λ + λ2∂2

λ

)
ℳ 𝒩=4

2 , (4.8)

where c𝒩=4 = (N2 − 1)/4 is the central charge of 𝒩 = 4 SYM.
The expansion (3.10) of the effective action translates in the following expansion for

log𝒵 𝒩=2∗ :

log𝒵 𝒩=2∗ = −m2 〈ℳ 𝒩=4
2

〉
0 −

[
(b− 1)2 − (b− 1)3

] 〈
ℬ𝒩=4

2
〉

0

−m4
[〈
ℳ 𝒩=4

4
〉

0 −
1
2
〈
(ℳ 𝒩=4

2 )2〉
0 +

1
2
〈
ℳ 𝒩=4

2
〉2

0

]
−m2(b− 1)2

[〈
𝒞 𝒩=4〉

0 −
〈
ℳ 𝒩=4

2 ℬ𝒩=4
2

〉
0 +

〈
ℳ 𝒩=4

2
〉

0
〈
ℬ𝒩=4

2
〉

0

]
− (b− 1)4

[〈
ℬ𝒩=4

4
〉

0 −
1
2
〈
(ℬ𝒩=4

2 )2〉
0 +

1
2
〈
ℬ𝒩=4

2
〉2

0

)
+ . . . , (4.9)

where ⟨ · ⟩0 denotes the Gaussian matrix-model average in 𝒩 = 4 SYM,

〈
f(a)

〉
0 :=

∫
da e− tr a2

f(a) . (4.10)
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Using (4.9), the identities (4.5), (4.7) and (4.8) become

∂2
b log𝒵 𝒩=2∗

∣∣
0 = ∂2

m log𝒵 𝒩=2∗
∣∣
0 , (4.11a)(

∂4
b − 15 ∂2

b + ∂4
m

)
log𝒵 𝒩=2∗

∣∣
0 = 6 ∂2

m∂
2
b log𝒵 𝒩=2∗

∣∣
0 , (4.11b)(

3 ∂2
m∂

2
b − ∂4

m

)
log𝒵 𝒩=2∗

∣∣
0 = −16 c𝒩=4 + 4

(
2λ∂λ + λ2∂2

λ

)
∂2

m log𝒵 𝒩=2∗
∣∣
0 . (4.11c)

These relations perfectly match those proposed in [13]9 and show that the derivatives with
respect to b and m are not independent. It is also worth noting that the first two rela-
tions, (4.11a) and (4.11b), can be understood as the result of a supersymmetry enhancement
when m = ±1

2
(
b − 1/b

)
[72].

Large-N limit. We now briefly comment on the large-N expansion of the operators in-
troduced above. A convenient way to organize this expansion is to perform a change of
basis [39]. Rather than working directly with the traces tr ak, we introduce a new set of
operators 𝒫k defined through

tr ak =
(
N

2

) k
2
⌊ k−1

2 ⌋∑
ℓ=0

√
k − 2ℓ k!

ℓ! (k − ℓ)! 𝒫k−2ℓ +
〈
tr ak〉

0 , (4.12)

where the Gaussian averages are given by〈
tr a2n+1〉

0 = 0 ,〈
tr a2n〉

0 = Nn+1

2n

(2n)!
n! (n+ 1)! −

Nn−1

2n+1
(2n)!

n! (n− 1)!

(
1− n− 1

6

)
+O

(
Nn−3) . (4.13)

The operators 𝒫k, which are proportional to those introduced in [73] in terms of Chebyshev
polynomials, enjoy the important property of being orthonormal in the planar limit of the
Gaussian model: 〈

𝒫k 𝒫ℓ

〉
0 = δk,ℓ +O

(
N−2) . (4.14)

Under this change of basis, the double-trace and even single-trace terms reorganize schemat-
ically as

N−n tr a2n−2ℓ tr a2ℓ −→ N2 α0 +N α1 𝒫 +
(
α2 𝒫𝒫 + α3

)
+O

(
N−1) , (4.15a)

N−n tr a2n−2ℓ−1 tr a2ℓ+1 −→ β𝒫𝒫 , (4.15b)
N−n tr a2n −→ N γ0 + γ1 𝒫 +O

(
N−1) , (4.15c)

with α#, β and γ# being N -independent coefficients. Consequently, in the planar limit any
operator of the type considered here scales as N2 and admits the following large-N expansion:

𝒪 =
∞∑

g=0
N2−g cg(𝒪) , (4.16)

where 𝒪 stands for ℳ 𝒩=4
2 , ℬ𝒩=4

2 , ℳ 𝒩=4
4 , 𝒞 𝒩=4 or ℬ𝒩=4

4 .
9Note that these relations are valid even after including the instanton contributions [13]. In the case of

non-vanishing θ-angle, the differential operator (2λ∂λ + λ2∂2
λ) in the third relation (4.11c) should be promoted

to the SL(2, ℤ)-invariant hyperbolic Laplacian ∆τ = 4τ2
2 ∂τ ∂τ̄ .
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Using this notation, it is straightforward to verify from (4.1) and (4.13) that the leading
term of ℳ 𝒩=4

2 is given by

c0
(
ℳ 𝒩=4

2
)
= (1 + γ) +

∞∑
n=1

n∑
ℓ=0

(−1)n (2n+ 1)! ζ(2n+ 1)
(n− ℓ)! (n− ℓ+ 1)! ℓ! (ℓ+ 1)!

(
λ

16π2

)n

= (1 + γ) + 8
π

∞∑
n=1

(−1)n Γ
(
n+ 3

2
)2
ζ(2n+ 1)

Γ(n+ 2)Γ(n+ 3)

(
λ

π2

)n

, (4.17)

which can be resummed to

c0
(
ℳ 𝒩=4

2
)
= (1 + γ) +

∫ ∞

0
dw

w

sinh(w)2

[ 4π2

w2λ
J1

(√
λw

π

)2
− 1

]
. (4.18)

Analogous exact expressions can be obtained for the leading terms of the other operators, as
well as for their sub-leading contributions in the 1/N expansion. In particular, for g odd one
finds that cg(𝒪) is linear in 𝒫k and thus its vacuum expectation value vanishes. Therefore, the
large-N expansion of ⟨𝒪⟩0 proceeds in powers of 1/N2, rather than 1/N , and takes the form〈

𝒪
〉

0 =
∞∑

h=0
N2−2h 〈c2h(𝒪)

〉
0 . (4.19)

This structure is consistent with the fact that these expectation values compute integrated
correlators that are holographically dual to closed string amplitudes. Finally, since c0(𝒪)
does not depend on 𝒫, one simply has〈

c0
(
𝒪
)〉

0 = c0
(
𝒪
)
. (4.20)

4.2 D-theory

We now extend our analysis to the D-theory, concentrating on the terms that depend on
the mass m of the anti-symmetric hypermultiplets and the squashing parameter b in the
expansion (3.15), setting the fundamental mass µ to zero. The coefficient of m2 is

ℳD
2,A = N(N − 1)(1 + γ) +

∞∑
n=1

2n∑
k=0

(−1)n (2n+ 1)! ζ(2n+ 1)
k! (2n− k)!

(
λ

8π2N

)n

tr a2n−k tr ak

−
∞∑

n=1
(−1)n (2n+ 1) ζ(2n+ 1)

(
λ

2π2N

)n

tr a2n . (4.21)

The first line closely resembles the expression (4.2), although it is not identical. In contrast,
the second line introduces a qualitatively novel structure involving single-trace terms of even
degree. This difference arises because we are considering massive hypermultiplets in the
anti-symmetric representation of SU(N). A similar analysis — though algebraically more
involved — yields the coefficient

ℬD
2 = (N2−1)(1+γ)+

∞∑
n=1

n∑
ℓ=0

(−1)n (2n+1)!ζ(2n+1)
(2ℓ)!(2n−2ℓ)!

(
λ

8π2N

)n

tra2n−2ℓ tra2ℓ (4.22)

+ 1
3

∞∑
n=1

n−1∑
ℓ=1

(−1)n
(2n+2)!

[
4nζ(2n+1)+(2n+3)ζ(2n+3)

]
(2ℓ+1)! (2n−2ℓ+1)!

(
λ

8π2N

)n+1
tra2n−2ℓ+1 tra2ℓ+1

− 4
3

∞∑
n=1

(−1)n
(
4n−1)

[
2nζ(2n+1)−(2n+3)ζ(2n+3)

]( λ

8π2N

)n+1
tra2n+2 .
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As before, both double-trace and even single-trace contributions appear. Unlike the 𝒩 = 4
SYM case, the operators ℬD

2 and ℳD
2,A differ significantly, and thus no simple relation

analogous to (4.5) can be established.
The other coefficients in the expansion of the effective action can also be derived within

this formalism. Although the derivations are straightforward, they are algebraically lengthy.
For completeness, here we write the explicit forms of ℳD

4,A and 𝒞D
A:

ℳD
4,A=−N(N−1)

2 ζ(3)− 1
12

∞∑
n=1

2n∑
k=0

(−1)n (2n+3)!ζ(2n+3)
k!(2n−k)!

(
λ

8π2N

)n

tra2n−k trak

+ 1
12

∞∑
n=1

(−1)n(2n+3)(2n+2)(2n+1)ζ(2n+3)
(

λ

2π2N

)n

tra2n , (4.23a)

𝒞D
A =N(N−1)

(1
3−ζ(3)

)
(4.23b)

+1
6

∞∑
n=1

2n∑
k=0

(−1)n
(2n+2)!

[
2nζ(2n+1)−(2n+3)ζ(2n+3)

]
k!(2n−k)!

(
λ

8π2N

)n

tra2n−k trak

−1
6

∞∑
n=0

(−1)n(2n+2)(2n+1)
[
2nζ(2n+1)−(2n+3)ζ(2n+3)

]( λ

2π2N

)n

tra2n .

The expression for ℬD
4 , which is considerably longer, is reported in appendix D. In all cases,

both double-trace and single-trace structures occur. It is evident from these formulas that
these operators of the D-theory are significantly more complicated than those of 𝒩 = 4 SYM.
However, we now show that at leading order in the ’t Hooft planar limit they greatly simplify
and in fact match exactly with those in 𝒩 = 4 SYM.

Large-N limit. Adopting the basis introduced in (4.12), one readily observes that, in the
’t Hooft limit, all operators defined above scale as N2 and admit a large-N expansion with
the same structure as in (4.16):

𝒪 =
∞∑

g=0
N2−g cg(𝒪) , (4.24)

where 𝒪 stands for any of the operators ℳD
2,A, ℬD

2 , ℳD
4,A, 𝒞D

A or ℬD
4 .

Consider for example ℳD
2,A. Using (4.21) together with (4.13), one finds that the leading

term c0
(
ℳD

2,A
)

coincides precisely with (4.18), namely

c0
(
ℳD

2,A
)
= c0

(
ℳ 𝒩=4

2
)
. (4.25)

Hence, quite remarkably, in the planar limit the operator ℳD
2,A becomes identical to its 𝒩 = 4

counterpart, differing only at the sub-leading orders in 1/N . Explicitly,

ℳD
2,A = ℳ 𝒩=4

2 +O(N) . (4.26)

An analogous pattern holds for all other operators:

ℬD
2,A = ℬ𝒩=4

2 +O(N) , ℳD
4,A = ℳ 𝒩=4

4 +O(N) ,
𝒞D

4 = 𝒞 𝒩=4
4 +O(N) , ℬD

4 = ℬ𝒩=4
4 +O(N) . (4.27)
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Recalling that the vacuum expectation value of any matrix operator f(a) in the D-theory
is defined as

〈
f(a)

〉
:=

〈
e−SD

f(a)
〉

0〈
e−SD〉

0

, (4.28)

it follows immediately that 〈
c0(𝒪)

〉
= c0(𝒪) (4.29)

since the leading coefficients are 𝒫-independent constants (see, for example, (4.17)). By
contrast, the subleading terms cg(𝒪), including those with odd g, acquire a non-vanishing
vacuum expectation value. This occurs because the operators 𝒪 in the D-theory contain
explicit single-trace contributions. Consequently,

〈
𝒪
〉
=

∞∑
g=0

N2−g 〈cg(𝒪)
〉
. (4.30)

Thus, in contrast with (4.19), the large-N expansion of
〈
𝒪
〉

involves both even and odd powers
of 1/N . This is consistent with the fact that these expectation values are holographically
dual to quantities in the theory involving open strings due to D7-branes.

Using relations such as

∂2
m log𝒵D∗ ∣∣

D
= −2

〈
ℳD

2,A
〉
, ∂2

b log𝒵D∗ ∣∣
D
= −2

〈
ℬD

2
〉
, etc. (4.31)

together with the equality of the leading coefficients c0
(
𝒪
)

in the D-theory and in 𝒩 = 4
SYM, one obtains the following relations:

∂2
m log𝒵D∗ ∣∣

D
= ∂2

m log𝒵 𝒩=2∗
∣∣
0 +O(N) , (4.32a)

∂4
m log𝒵D∗ ∣∣

D
= ∂4

m log𝒵 𝒩=2∗
∣∣
0 +O(N) , (4.32b)

∂2
m∂

2
b log𝒵D∗ ∣∣

D
= ∂2

m∂
2
b log𝒵 𝒩=2∗

∣∣
0 +O(N) . (4.32c)(

∂4
b − 15 ∂2

b

)
log𝒵D∗ ∣∣

D
=
(
∂4

b − 15 ∂2
b

)
log𝒵 𝒩=2∗

∣∣
0 +O(N) . (4.32d)

These relations demonstrate that the identities (4.11), which hold exactly in 𝒩 = 4 SYM,
continue to be valid in the D-theory only at leading order in the large-N expansion. This
observation is consistent with the planar equivalence of the D-theory with 𝒩 = 4 SYM,
provided one considers only operators that in the holographic dual description correspond
to modes of the closed string sector. This equivalence can also be understood from the
superstring amplitude viewpoint, since at leading order in the large-N limit, the four-graviton
scattering occurs entirely in the bulk and is not affected by the presence of the D7-branes.

5 Integrated correlators with open and closed string modes

We now analyze the response of the D-theory when the four fundamental hypermultiplets are
assigned a mass µ. This scenario differs qualitatively from the cases previously considered,

– 19 –



J
H
E
P
0
2
(
2
0
2
6
)
0
1
9

since such deformations correspond to open-string excitations in the holographic dual descrip-
tion [36, 39, 42]. Within the matrix model, this response is captured by the coefficients in the
expansion of the effective action that involve powers of µ. The quadratic and quartic terms in
µ were already studied in detail in [36, 39], providing integrated results that can be used as
constraints for the four-gluon scattering process in AdS. Here, instead, we focus on the mixed
structures proportional to µ2m2 and µ2(b− 1)2. These terms are associated with integrated
correlators of the D-theory that, in the holographic dual, correspond to mixed scattering
amplitudes involving both open and closed strings. The µ2m2 structure was recently analyzed
in [42] for a conformal 𝒩 = 2 SYM theory with gauge group Sp(N). In this work, we extend
that analysis to the D-theory, also including the effects of the squashing deformation.

From the expansion (3.15), one finds

log𝒵D∗ = log𝒵D + . . .+ µ2m2
[〈
ℳD

2,F ℳD
2,A
〉
−
〈
ℳD

2,F
〉 〈
ℳD

2,A
〉]

− µ2(b− 1)2
[〈
𝒞D

F
〉
−
〈
ℳD

2,F ℬD
2
〉
+
〈
ℳD

2,F
〉 〈
ℬD

2
〉]

+ . . . ,
(5.1)

where we have displayed only the terms that are relevant to our present discussion. These
will be studied in detail in the following.

5.1 The µ/m mixed derivative: ∂2
µ ∂2

m log𝓩D∗

We first analyze the mixed derivative

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
= 4

[〈
ℳD

2,F ℳD
2,A
〉
−
〈
ℳD

2,F
〉 〈
ℳD

2,A
〉]
, (5.2)

where ℳD
2,A is defined in (4.21) and ℳD

2,F is

ℳD
2,F = 4

[
N(1 + γ) +

∞∑
n=1

(−1)n (2n+ 1) ζ(2n+ 1)
(

λ

8π2N

)n

tr a2n
]
. (5.3)

A direct evaluation of the correlators in the right-hand side of (5.2) is challenging. However,
upon performing a large-N expansion of the operators ℳD

2,F and ℳD
2,A, the computation

becomes tractable and can be carried out systematically order by order in 1/N . In what
follows, we demonstrate this procedure first using the full Lie-algebra approach, and then
independently using the topological recursion.

Full Lie-algebra approach. As shown in (4.16), the term ℳD
2,A admits the expansion

ℳD
2,A = N2 c0

(
ℳD

2,A
)
+N c1

(
ℳD

2,A
)
+ c2

(
ℳD

2,A
)
+O(1/N) , (5.4)
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where c0
(
ℳD

2,A
)

is given in (4.18). The sub-leading coefficients can be expressed in terms of
the 𝒫-operators after performing in (4.21) the change of basis (4.12) and resumming the per-
turbative series in λ using Bessel functions, as detailed in [39]. The first two coefficients are10

c1
(
ℳD

2,A
)
= 8π√

λ

∞∑
k=1

(−1)k
√
2kM(1)

1,2k𝒫2k+𝒫-independent terms, (5.5a)

c2
(
ℳD

2,A
)
=

∞∑
n,m=1

(−1)n+m
(√

2n
√
2mM(2)

2n,2m𝒫2n𝒫2m−
√
2n+1

√
2m+1M(2)

2n+1,2m+1𝒫2n+1𝒫2m+1

)
−

∞∑
k=1

(−1)k
√
2kẐ(2)

2k 𝒫2k+𝒫-independent terms, (5.5b)

where we defined the integral representations:

M(p)
n,m =

∫ ∞

0

dw

4w
(2w) p

sinh2w
Jn

(√
λw

π

)
Jm

(√
λw

π

)
, (5.6)

Ẑ(p)
n =

∫ ∞

0

dw

4w
(2w) p

sinh2w
Jn

(2√λw
π

)
, (5.7)

which are valid at arbitrary positive coupling λ.
Applying the same procedure to (5.3), we note a crucial difference: the leading con-

tribution of ℳD
2,F scales as N , rather than N2. This is consistent with the fact that the

derivative with respect to fundamental mass µ is related to open string modes. Consequently,
its large-N expansion takes the form

ℳD
2,F = N c0

(
ℳD

2,F
)
+ c1

(
ℳD

2,F
)
+O(1/N) , (5.8)

where

c0
(
ℳD

2,F
)
= 4(1 + γ) + 2

∞∑
n=1

(−1)n (2n+ 2)! ζ(2n+ 1)
Γ(n+ 2)2

(
λ

16π2

)n

= 4(1 + γ) +
∫ ∞

0
dw

4w
sinh2w

[ 2π
w
√
λ
J1

(√
λw

π

)
− 1

]
, (5.9a)

c1
(
ℳD

2,F
)
= 4

∞∑
k=1

(−1)k
√
2k Z(2)

2k 𝒫2k , (5.9b)

with

Z(p)
n =

∫ ∞

0

dw

4w
(2w) p

sinh2w
Jn

(√
λw

π

)
. (5.10)

Substituting the large-N expansions (5.4) and (5.8) into (5.2), we easily realize that the terms
N2 c0

(
ℳD

2,A
)

and N c0
(
ℳD

2,F
)

can be dropped since, being 𝒫-independent, they cancel in the
combination in the right-hand side of (5.2). Thus, the mixed derivative simplifies to

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
= 4N

[〈
c1
(
ℳD

2,F
)
c1
(
ℳD

2,A
)〉

−
〈
c1
(
ℳD

2,F
)〉 〈

c1
(
ℳD

2,A
)〉]

(5.11)

+ 4
[〈
c1
(
ℳD

2,F
)
c2
(
ℳD

2,A
)〉

−
〈
c1
(
ℳD

2,F
)〉 〈

c2
(
ℳD

2,A
)〉]

+O(1/N) .

10The explicit expressions of the 𝒫-independent parts of c1 and c2 are not required since they cancel in the
correlators relevant to our analysis.
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From the previously derived expressions we obtain〈
c1
(
ℳD

2,F
)
c1
(
ℳD

2,A
)〉

−
〈
c1
(
ℳD

2,F
)〉 〈

c1
(
ℳD

2,A
)〉

= 32π√
λ

∞∑
k,ℓ=1

(−1)k+ℓ
√
2k

√
2ℓ Z(2)

2k M(1)
1,2ℓ

〈
𝒫2k 𝒫2ℓ

〉c
, (5.12a)

〈
c1
(
ℳD

2,F
)
c2
(
ℳD

2,A
)〉

−
〈
c1
(
ℳD

2,F
)〉 〈

c2
(
ℳD

2,A
)〉

=

= 4
∞∑

k,ℓ,m=1
(−1)k+ℓ+m

√
2k Z(2)

2k

√
2ℓ

√
2m M(2)

2ℓ,2m

[〈
𝒫2k 𝒫2ℓ 𝒫2m

〉
−
〈
𝒫2k

〉〈
𝒫2ℓ 𝒫2m

〉]

− 4
∞∑

k,ℓ,m=1
(−1)k+ℓ+m

√
2k Z(2)

2k

√
2ℓ+ 1

√
2m+ 1 M(2)

2ℓ+1,2m+1
〈
𝒫2k 𝒫2ℓ+1 𝒫2m+1

〉c
− 4

∞∑
k,ℓ=1

(−1)k+ℓ
√
2k

√
2ℓ Z(2)

2k Ẑ(2)
2ℓ

〈
𝒫2k 𝒫2ℓ

〉c
, (5.12b)

where ⟨ · ⟩c denotes a connected correlator. These formulas show that everything is reduced
to the calculation of the expectation values of products of 𝒫-operators in the matrix model
of the D-theory. Such expectation values have been computed in [39] and here we report
them in the large-N expansion up to the order needed for our purposes:

〈
𝒫2k 𝒫2ℓ

〉c = δk,ℓ +
√
2k

√
2ℓ Y

N
+O(1/N2) , (5.13a)〈

𝒫2k 𝒫2ℓ 𝒫2m
〉
−
〈
𝒫2k

〉〈
𝒫2ℓ 𝒫2m

〉
= δk,ℓ Y2m + δk,m Y2ℓ +O(1/N) , (5.13b)〈

𝒫2k 𝒫2m+1 𝒫2n+1
〉c = 0 +O(1/N) , (5.13c)

where11

Y2k = (−1)k+12
√
2k
(

Ẑ(0)
2k − 4Z(0)

2k

)
, (5.14)

Y =
∞∑

k=1

√
2kY2k =

√
λ

π

(
Ẑ(1)

1 − 2Z(1)
1

)
. (5.15)

Using these results, it is immediate to obtain

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
=

∞∑
g=0

N1−g ℱD
g , (5.16)

where all coefficients ℱD
g can be written in terms of the integral kernels introduced above.

After some algebra, one obtains the following expressions for the first two coefficients:

ℱD
0 = 128π√

λ

∞∑
k=1

(2k)Z(2)
2k M(1)

1,2k , (5.17a)

ℱD
1 = 128π√

λ
Y

∞∑
k,ℓ=1

(−1)k+ℓ (2k)(2ℓ)Z(2)
2k M(1)

1,2ℓ − 16
∞∑

k=1
(2k)Z(2)

2k Ẑ(2)
2k

+ 32
∞∑

k,ℓ=1
(−1)ℓ(2k)

√
2ℓ Z(2)

2k M(2)
2k,2ℓ Y2ℓ . (5.17b)

11We point out that in [39] the integral representations for Y2k and Y are written with a different kernel,
but they are identical to those presented here.
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These results are exact in the ’t Hooft coupling λ. The higher-order terms ℱD
g (g ≥ 2)

can also be systematically computed in this way, but their derivation becomes increasingly
intricate. Substituting the integral definitions in terms of Bessel functions, one can prove that

ℱD
0 = 1

2F1 , (5.18)

with F1 defined in eq. (B.11) of [42] and

32
∞∑

k,ℓ=1
(−1)ℓ(2k)

√
2ℓ Z(2)

2k M(2)
2k,2ℓ Y2ℓ = −1

2F
hard , (5.19)

where F hard
2 is given in eq. (B.18) of the published version of [42].

Topological recursion approach. It is instructive to rederive the large-N results using
the method of topological recursion [74, 75], which has been employed in related contexts,
for example in [36, 42, 76]. This provides both an alternative derivation and an independent
check of our results.

To illustrate the method, we first rewrite the matrix-model action of the D-theory,
originally given in (3.14), as

SD =
∫ ∞

0

dω

4ω sinh2 ω

{
6N−

[
(f(2iω)−f(−2iω)

]2
+
[
f(4iω)− 4f(2iω)+ (ω → −w)

]}
, (5.20)

with

f(x) = tr exp
(√

λ

8π2N
ax

)
. (5.21)

Expanding the integrand of (5.20) in powers of ω and evaluating the resulting integrals
reproduces the full series in (3.14), where the double- and single-trace terms arise, respectively,
from the quadratic and linear contributions in f . A similar rewriting applies to the expansion
coefficients of the D∗-theory action (3.15). For example, one finds

ℳD
2,F=4N(1+γ)−

∫ ∞

0

2ωdω
sinh2ω

[
2N−f(2iω)−f(−2iω)

]
, (5.22a)

ℳD
2,A=N(N−1)(1+γ)−

∫ ∞

0

ωdω

2sinh2ω

{
2N(N−1)+

[
f(4iω)−f(2iω)2+(ω→−ω)

]}
, (5.22b)

which agree precisely with (5.3) and (4.21). Substituting these expressions into (5.2) gives

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
=
∫∫ ∞

0

4ω ν dω dν
sinh2 ω sinh2 ν

{[〈
f(2iν)2 f(2iω)

〉
−
〈
f(2iν)2〉 〈f(2iω)〉 (5.23)

−
〈
f(4iν) f(2iω)

〉
+
〈
f(4iν)

〉 〈
f(2iω)

〉
+ (ω → −ω)

]
+ (ν → −ν)

}
.

Thus, the relevant quantities are the correlators

〈 n∏
i=1

f(zi)
〉
=

〈
e−SD

n∏
i=1

f(zi)
〉

0〈
e−SD〉

0

. (5.24)
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Expanding the exponential factors and expressing SD in terms of f via (5.20), one finds that
the computation reduces to evaluating free correlators of the following form〈 n∏

i=1
f(zi)

〉
0 , (5.25)

for various values of n. These Gaussian correlators decompose naturally into connected
components. The latter can be systematically obtained through topological recursion [76],
which organizes them as a genus expansion in the large-N limit:〈 n∏

i=1
f(zi)

〉c
0 =

∞∑
g=0

N2−2g−nWn
g (z1, · · · , zn) . (5.26)

Explicit expressions for the first few genus-0 coefficients Wn
0 in terms of Bessel functions

are provided in appendix G.
Applying this procedure to (5.23) allows for a systematic generation of the large-N

expansion, reproducing the results in (5.17). At the planar level, the action SD itself does
not contribute, and the dominant terms arise from products of free connected correlators
with the maximal number of factors. Consequently,

ℱD
0 =

∫∫ ∞

0

8ω ν dω dν
sinh2 ω sinh2 ν

{[
W 1

0 (2iν)W 2
0 (2iν, 2iω) + (ω → −ω)

]
+ (ν → −ν)

]}

= −
∫∫ ∞

0

32ω2 ν dω dν

sinh2w sinh2 ν

J1
(√

λ ν
π

)[
ν J0

(√
λ ν
π

)
J1
(√

λ ω
π

)
− ω J1

(√
λ ν
π

)
J0
(√

λ ω
π

)]
ν2 − ω2 . (5.27)

Using the Bessel kernel identity

xJ0
(√

λ x
π

)
J1
(√λ y

π

)
− y J1

(√
λ x
π

)
J0
(√λ y

π

)
y2 − x2 = 4π√

λ

∞∑
k=1

k

x y
J2k

(√
λx

π

)
J2k

(√
λ y

π

)
, (5.28)

one verifies that (5.27) precisely reproduces ℱD
0 in (5.17a). Extending the analysis to the sub-

leading order reveals that only the single-trace part of the action SD is required, considerably
simplifying the derivation. Proceeding in this way, we have found complete agreement with
ℱD

1 in (5.17b), thereby establishing the full equivalence between the Lie-algebra approach
and the topological recursion approach.

5.2 The µ/b mixed derivative: ∂2
µ ∂2

b log𝓩D∗

We now consider the µ2(b− 1)2 term in the effective action (5.1), corresponding to

∂2
µ∂

2
b log𝒵D∗ ∣∣

D
= −4

[〈
𝒞D

F
〉
−
〈
ℳD

2,F ℬD
2
〉
+
〈
ℳD

2,F
〉 〈
ℬD

2
〉]
. (5.29)

Here, the operators ℳD
2,F and ℬD

2 are defined, respectively, in (5.3) and (4.22), while 𝒞D
F

is given by

𝒞D
F = 4N

(1
3 − ζ(3)

)
+ 2

3

∞∑
n=1

(−1)n
[
2n(2n+ 2)(2n+ 1) ζ(2n+ 1)

− (2n+ 3)(2n+ 2)(2n+ 1) ζ(2n+ 3)
]( λ

8π2N

)n

tr a2n . (5.30)

To extract explicit results, we proceed again via a large-N expansion, beginning with the
full Lie-algebra approach.
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Full Lie-algebra approach. After performing the change of basis (4.12) and resumming the
perturbative series as discussed in previous sections, the operator (5.30) can be rewritten as

𝒞D
F = N c0

(
𝒞D

F
)
+ c1

(
𝒞D

F
)
+O(1/N) , (5.31)

where

c0
(
𝒞D

F
)
= −2

√
λ

3π Z(3)
1 − 8π

3
√
λ

Z(3)
1 + 4

3 , (5.32)

c1
(
𝒞D

F
)
= 2

3

∞∑
k=1

(−1)k
√
2k
[
4k(k + 1)Z(2)

2k −
(
1 + λ

4π2

)
Z(4)

2k −
√
λ

π
Z(3)

2k+1

]
𝒫2k . (5.33)

As is typical for operators associated with derivatives with respect to the fundamental mass
µ, 𝒞D

F scales as N in the planar limit. In contrast, the operator ℬD
2 exhibits the following

large-N expansion (cf. (4.16)):

ℬD
2 = N2 c0

(
ℬD

2
)
+N c1

(
ℬD

2
)
+ c2

(
ℬD

2
)
+O(1/N) , (5.34)

where

c0
(
ℬD

2
)
= c0

(
ℳD

2,A
)
, (5.35a)

c1
(
ℬD

2
)
= c1

(
ℳD

2,A
)
+𝒫-independent terms , (5.35b)

with c0
(
ℳD

2,A
)

and c1
(
ℳD

2,A
)

given in (4.18) and (5.5a). Notice that in the combination
appearing in the right-hand side of (5.29), all 𝒫-independent components of ℬD

2 cancel. This
explains why we do not need to write them explicitly.

The coefficient c2
(
ℬD

2
)

is more intricate and its relation to c2
(
ℳD

2,A
)
, defined in (5.5b), is

c2
(
ℬD

2
)
= c2

(
ℳD

2,A
)

+ 1
3

∞∑
n,m=1

(−1)n+m
√
2n+ 1

√
2m+ 1

[
λ

π2 M(2)
2n+2,2m+2

+
(
4− λ

π2

)
M(2)

2n+1,2m+1 −
4
π
mM(1)

2n+2,2m+1 −
4
π
nM(1)

2n+1,2m+2

+ 8(n+m)(n+m+ 1)M(0)
2n+1,2m+1

]
𝒫2n+1𝒫2m+1

+ 1
3

∞∑
k=1

(−1)k
√
2k
[
16k(1− k)Z(0)

2k +
(
4 + λ

π2

)
Z(2)

2k − 4
√
λ

π
Z(1)

2k+1

− 4k(1− k) Ẑ(0)
2k +

(
2− λ

π2

)
Ẑ(2)

2k + 2
√
λ

π
Ẑ(1)

2k+1

]
𝒫2k , (5.36)

up to 𝒫-independent terms.
As we already remarked, all 𝒫-independent components of ℬD

2 cancel. Since the leading
N2-term belongs to this class, the mixed derivative (5.29) scales as N and admits an
expansion analogous to (5.16):

∂2
µ ∂

2
b log𝒵D∗ ∣∣

D
=

∞∑
g=0

N1−g ℱ̃D
g . (5.37)
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The coefficients ℱ̃D
g can be expressed in terms of the integral kernels introduced above

and take the form

ℱ̃D
g = ℱD

g +∆D
g . (5.38)

After an explicit but lengthy computation, the first two corrections are found to be

∆D
0 = 8

√
λ

3π Z(3)
1 + 32π

3
√
λ

Z(3)
1 − 16

3 , (5.39a)

∆D
1 = 32

√
λ

3π

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(1)

2k+1 − 2Z(1)
2k+1

)
− 16

√
λ

3π

∞∑
k=1

(2k)Z(3)
2k+1

(
Ẑ(0)

2k − 4Z(0)
2k

)
+ 32

3

∞∑
k=1

(2k)3 Z(2)
2k

(
Ẑ(0)

2k − 4Z(0)
2k

)
+ 32

3

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(2)

2k + 2Z(2)
2k

)
(5.39b)

− 16λ
3π2

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(2)

2k − Z(2)
2k

)
− 16

3

(
1 + λ

4π2

) ∞∑
k=1

(2k)Z(4)
2k

(
Ẑ(0)

2k − 4Z(0)
2k

)
.

We emphasize that these results are exact in λ. The expressions (especially ∆D
1 ) may look

complicated, but we note that only Z(p)
n and Ẑ(p)

n appear, but not M(p)
n,m. This has important

consequences and will lead to a huge simplicity in the strong-coupling regime, as we will
demonstrate in section 6.

Topological recursion approach. We now perform an independent consistency check of
the previous results using the topological recursion method. We first expand the functions
logHv(x; b) and logHh(x; b) around b = 1, finding

∂2
b logHv(x; b)

∣∣
b=1 = −4(1 + γ) + 4

∫ ∞

0

dω

sinh2 ω

[
ω + cothω (ω cothω − 1)

]
sin2(ω x) ,

∂2
b logHh(x; b,m)

∣∣
b=1 = −

∫ ∞

0

dω

sinh4 ω

[
sinh(2ω)− 2ω

]
sin2[ω(m+ x)] .

We then use these results to rewrite ℬD
2 and 𝒞D

F as follows

ℬD
2 = (N2 − 1)(1 + γ) +

∫ ∞

0

[
ω + cothω (ω cothω − 1)

]
dω

2 sinh2 ω

[
f(2iω)f(−2iω)−N2

]
(5.40)

+
∫ ∞

0

[
2ω − sinh(2ω)

]
dω

8 sinh4 ω

[
f(4iω)− f(2iω)2 − 4f(2iω) + 2N(N + 1) + (ω → −ω)

]
,

𝒞D
F = 4N

(1
3 − ζ(3)

)
+
∫ ∞

0

ω2[2ω − sinh(2ω)
]
dω

sinh4 ω

[
f(2iω)−N + (ω → −ω)

]
. (5.41)

These results provide all the necessary ingredients for the large-N expansion of ∂2
µ∂

2
b log𝒵D∗ ,

as written in (5.29), within the framework of topological recursion. We find that this
approach reproduces the results obtained through the full Lie-algebraic computation with
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exact agreement. As an illustrative example, we focus on the leading large-N contribution
which is O(N). In this case, by using (G.10) we find

4
[〈
ℳD

2,FℬD
2
〉
−
〈
ℳD

2,F
〉〈
ℬD

2
〉]∣∣∣∣

O(N)
=
∫ 4ν

[
ω+cothω(ωcothω−1)

]
dωdν

sinh2ω sinh2ν
(5.42)

×
{[
W 2

0 (2iν,−2iω)W 1
0 (2iω)+(ω→−ω)

]
+(ν→−ν)

}
−
∫ 2ν

[
2ω−sinh2ω

]
dωdν

sinh4ω sinh2ν

{[
W 2

0 (2iν,−2iω)W 1
0 (−2iω)+(ω→−ω)

]
+(ν→−ν)

}
,

which reproduces ℱD
0 in (5.27) upon substituting the explicit expressions for Wn

0 ’s given
in (G.5). For the leading O(N) contribution to

〈
𝒞D

F
〉
, from (G.9) we find

−4
〈
𝒞D

F
〉∣∣∣

O(N)
= 16ζ(3)− 16

3 +
∫ ∞

0

4ω2 dω

sinh4 ω

[
sinh(2ω)− 2ω

] (
W 1

0 (2iω)− 1 + (ω → −ω)
)

= 16π√
λ

∫ ∞

0

ω dω

sinh4 ω

[
sinh(2ω)− 2ω

]
J1

(
ω
√
λ

π

)
, (5.43)

which, although written in a different form, can be verified to coincide with ∆D
0 in (5.39a).

Once again, we see that the topological recursion and the full Lie-algebra approach
lead to same final results.

6 Strong-coupling universality

In the previous section we derived the large-N expansions

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
= N ℱD

0 +ℱD
1 + . . . , (6.1a)

∂2
µ ∂

2
b log𝒵D∗ ∣∣

D
= N ℱ̃D

0 + ℱ̃D
1 + . . . , (6.1b)

and obtained integral representations of ℱD
0,1 and ℱ̃D

0,1 in terms of Bessel functions valid for
all values of λ. We now turn to the strong-coupling regime λ → ∞.

Before considering explicit cases, we will comment on the general structure of the strong-
coupling expansion. To obtain it we will utilize the Mellin-Barnes representations of (products
of) Bessel functions, which appear in the building blocks of the integrated correlators, namely
Ẑ(p)

n , Z(p)
n , and M(p)

n,m (defined in (5.7), (5.10), and (5.6), respectively). We note that both
Ẑ(p)

n , Z(p)
n contain a single Bessel function, whereas M(p)

n,m is given by a product of two Bessel
functions, and that their Mellin-Barnes representations take the following form,

Jν(x) =
1
2πi

∫ +i∞

−i∞
dt

Γ(−t)xν+2t

2ν+2t Γ(ν + t+ 1) ,

Jµ(x) Jν(x) =
1
2πi

∫ +i∞

−i∞
dt

Γ(−t) Γ(2t+ µ+ ν + 1)xµ+ν+2t

2µ+ν+2t Γ(µ+ t+ 1)Γ(ν + t+ 1)Γ(µ+ ν + t+ 1) .
(6.2)

We will see that terms involving a single Bessel function contribute only a finite number
of terms to the strong-coupling expansion (up to exponentially suppressed corrections).
Consequently, the full asymptotic series of the integrated correlators at strong coupling is
governed entirely by M(p)

n,m. This leads to a striking simplification in the strong-coupling
regime, in sharp contrast to the intricate structures that appear at weak coupling, reported
in appendix E.
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6.1 Leading term

The leading term ℱD
0 , given in (5.17a), coincides with 1

2F1, where F1 is defined in eq. (B.11)
of [42]. Although the strong-coupling expansion of F1 was already established in that work,
here we provide an independent derivation based on our method. This approach will prove
instrumental for analyzing other quantities.

Employing the Mellin-Barnes representations of Bessel functions given in (6.2), together
with the integral representation of the Riemann ζ-function, we can rewrite (5.17a), or
equivalently (5.27), as follows

ℱD
0 = 32

∫∫ +i∞

−i∞

ds ds′

(2πi)2

∞∑
k=1

(2k) Γ(−s) Γ(2s+ 2k + 2) ζ(2s+ 2k + 1)
Γ(s+ 2k + 1) ×

× Γ(−s′) Γ(2s′ + 2k + 2)2 ζ(2s′ + 2k + 1)
Γ(s′ + 2)Γ(s′ + 2k + 1)Γ(s′ + 2k + 2)

(√
λ

4π

)2s+2s′+4k

. (6.3)

It is worth noting that, for the two terms in (5.17a), the s′-integral is associated to the
Mellin-Barnes representation of M(1)

1,2k and the s-integral to that of Z(2)
2k . This fact will become

important in the strong-coupling expansion. After the shifts s→ s−k+1 and s′ → s′−k+1,
the sum over k in (6.3) can be evaluated as

∞∑
k=1

(2k) Γ(−s+ k − 1) Γ(−s′ + k − 1)
Γ(s+ k + 2)Γ(s′ − k + 3)Γ(s′ + k + 2)Γ(s′ + k + 3)

= 2Γ(−s) Γ(−s′) 4F3(2,−s,−s′,−s′ − 1; s+ 3, s′ + 3, s′ + 4;−1)
Γ(s+ 3)Γ(s′ + 2)Γ(s′ + 3)Γ(s′ + 4)

= Γ(−s) Γ(−s′) 3F2(−s,−s′, s′ + 3; 2, s′ + 4; 1)
Γ(s+ s′ + 3)Γ(s′ + 2)Γ(s′ + 4) , (6.4)

where the last step follows from the following identity

4F3(a, b, c, d;a− b+ 1, a− c+ 1, a− d+ 1;−1)

=
Γ(a− b+ 1)Γ(a− c+ 1) 3F2

(
b, c, a

2 − d+ 1; a
2 + 1, a− d+ 1; 1

)
Γ(a+ 1)Γ(a− b− c+ 1) .

(6.5)

This yields the compact representation

ℱD
0 =

∫∫ +i∞

−i∞

ds ds′

(2πi)2 𝒢0(s, s′) , (6.6)

with

𝒢0(s, s′) = 32Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4)2 ζ(2s′ + 3) ×

× Γ(−s) Γ(−s′) 3F2(−s,−s′, s′ + 3; 2, s′ + 4; 1)
Γ(s+ s′ + 3)Γ(s′ + 2)Γ(s′ + 4)

(√
λ

4π

)2s+2s′+4
. (6.7)

The strong-coupling expansion is obtained by closing the integration contours counter-
clockwise in the ℜ𝔢 s < 0 and ℜ𝔢 s′ < 0 planes, and summing the residues of all poles located
at s = −n with n ∈ ℤ>0. Computing the residues yields

ℱD
0 ∼

λ→∞

∞∑
n=1

f
(n)
0 , (6.8)
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where

f
(n)
0 =

∫ +i∞

−i∞

ds′

2πi Res
[
𝒢0(s, s′)

]
s=−n

= −16
∫ +i∞

−i∞

ds′

2πi
Γ(n) Γ(2s′ + 4)2 Γ(−s′) ζ(2s′ + 3)
Γ(s′ + 3− n) Γ(s′ + 2)Γ(s′ + 4) ×

× B2n−2 (2n− 3) 3F2(n,−s′, s′ + 3; 2, s′ + 4; 1)
(2n− 2)!

(√
λ

4π

)2s′+4−2n

, (6.9)

with Bm denoting Bernoulli numbers.
For n = 1, exploiting the identity

3F2(1, a, b; 2, d; 1) =
(d− 1)

(a− 1)(b− 1)

(Γ(d− 1)Γ(−a− b+ d+ 1)
Γ(d− a)Γ(d− b) − 1

)
, (6.10)

setting s′ = t − 1 and using the duplication formula of the Γ-functions, one finds

f
(1)
0 = −16

∫ +i∞

−i∞

dt

2πi
Γ(−t) Γ(2t+ 2) ζ(2t+ 1)

Γ(t+ 2)

(22t+1 Γ(t+ 3
2)√

π Γ(t+ 2) − 1
)(√

λ

4π

)t

. (6.11)

A comparison with the planar term 𝒞(0)
𝒟 of the integrated giant-graviton correlator in

𝒩 = 4 SYM [32] (see eq. (5.27) of that reference and appendix B) reveals the remarkably
simple relation

f
(1)
0 = 4𝒞(0)

𝒟 . (6.12)

Expanding (6.11) at strong-coupling as discussed in [32] gives

f
(1)
0 ∼

λ→∞
8− 16π2

3λ −
∞∑

n=1

64nΓ(n− 1
2)

2 Γ(n+ 1
2) ζ(2n+ 1)

π3/2 Γ(n)λn+1/2 . (6.13)

For n = 2, we obtain

f
(2)
0 = −4

3

∫ +i∞

−i∞

ds′

2πi
Γ(2s′ + 4)2 Γ(−s′) ζ(2s′ + 3) 3F2(2,−s′, s′ + 3; 2, s′ + 4; 1)

Γ(s′ + 1)Γ(s′ + 2)Γ(s′ + 4)

(√
λ

4π

)2s′

= −4
3

∫ +i∞

−i∞

ds′

2πi
Γ(2s′ + 4)Γ(−s′) ζ(2s′ + 3)

Γ(s′ + 2)

(√
λ

4π

)2s′

= − 16π
3
√
λ
Z

(3)
1 , (6.14)

where in the second step we exploited the properties of the hypergeometric functions while
in the last step we introduced the quantity Z

(3)
1 defined in (5.10). Using the asymptotic

behavior Z(3)
1 ∼

λ→∞
2π√

λ
established in [39], it follows that

f
(2)
0 ∼

λ→∞
−32π2

3λ . (6.15)

For n ≥ 3, one finds

f
(n)
0 = 16(2n− 3)B2n−2

(2n− 2)!

∫ +i∞

−i∞

ds′

2πi
Γ(−s′ − 3 + n) Γ(2s′ + 4) ζ(2s′ + 3)

Γ(s′ + 3− n)

(√
λ

4π

)2s′+4−2n

.

(6.16)
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Since the integrand has no poles for s′ < 0, all these terms vanish in the strong-coupling limit:

f
(n)
0 ∼

λ→∞
0 for all n ≥ 3 . (6.17)

Combining all contributions, we arrive at

ℱD
0 ∼

λ→∞
8− 16π2

λ
−

∞∑
n=1

64nΓ(n− 1
2)

2 Γ(n+ 1
2) ζ(2n+ 1)

π3/2 Γ(n)λn+1/2 , (6.18)

in complete agreement, up to an overall factor of 1/2, with the independent derivation of [42].
Comparing with the strong-coupling expansion of the planar part of the integrated giant-

graviton correlator of 𝒩 = 4 SYM computed in [32] and displayed in (B.5), we may write

ℱD
0 − 4𝒞(0)

𝒟 ∼
λ→∞

−32π2

3λ , (6.19)

demonstrating that the difference between the two observables reduces to a single 1/λ
correction at strong coupling. Instead, ℱD

0 and 𝒞(0)
𝒟 have a completely different behavior

at weak coupling, as one can easily see considering (B.4) and (E.1a).
The above analysis shows that the s-integral (associated with Z(p)

n ) only contributes a
finite number of terms in the strong coupling expansion, as we stated earlier; on the contrary,
the s′-integral (associated with M(p)

n,m) is responsible for the infinite number terms of the
strong-coupling asymptotic series.

6.2 Sub-leading term

The sub-leading coefficient ℱD
1 , given in (5.17b) decomposes as

ℱD
1 = A1 +A2 +A3 , (6.20)

with

A1 = 128π√
λ

Y
∞∑

k,ℓ=1
(−1)k+ℓ (2k)(2ℓ)Z(2)

2k M(1)
1,2ℓ , (6.21a)

A2 = −16
∞∑

k=1
(2k)Z(2)

2k Ẑ(2)
2k , (6.21b)

A3 = 32
∞∑

k,ℓ=1
(−1)ℓ(2k)

√
2ℓ Z(2)

2k M(2)
2k,2ℓ Y2ℓ . (6.21c)

The techniques used for ℱD
0 apply to A1,2,3 as well. Details are given in appendix F, and

here we summarize the results.
For A1, which factorizes completely, we find

A1 ∼
λ→∞

64π√
λ

(1
4−

log(2)
2π2 λ

)(√
λ

8π − 1
4π+

∞∑
n=1

(n− 1
2) Γ(n− 1

2)
2 Γ(n+ 3

2) ζ(2n+ 1)
2π5/2 Γ(n)λn

)
. (6.22)

For A2, the large-λ behavior is logarithmic:

A2 ∼
λ→∞

−4 log
(
λ

4π2

)
− 8γ + 11 ζ(3)− 44

3 . (6.23)
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The structure of A3 is more involved and relates, up to a factor −1/2, to the quantity F hard
2

introduced in [42] where semi-numerical methods were used to find the first terms of its
strong-coupling expansion. Our approach, instead, enables us to derive this expansion in
a fully analytic form:12

A3 ∼
λ→∞

4 log(2)
π2 λ− 8 log(2)

π2

√
λ− 2 log

(
λ

π2

)
+ k + 4√

λ
(6.24)

+
∞∑

n=1

8Γ(n+ 1
2)

3 ζ(2n+ 1)
π3/2 Γ(n)λn+1/2 − log(2)

∞∑
n=1

16(n+ 1
2) Γ(n− 1

2)
2 Γ(n+ 3

2) ζ(2n+ 1)
π7/2 Γ(n)λn−1/2 ,

where

k = −53
15 − 4(1 + γ) + 8 log(2) + ζ(3)

10 . (6.25)

The first few terms of this expansion explicitly read

A3 ∼
λ→∞

4 log(2)
π2 λ− 8 log(2)

π2

√
λ− 2 log

(
λ

π2

)
+ k +

(
4− 18 ζ(3) log(2)

π2

) 1
λ1/2 (6.26)

+
(
2 ζ(3)− 75 ζ(5) log(2)

2π2

) 1
λ3/2 +

(27 ζ(5)
4 − 6615 ζ(7) log(2)

32π2

) 1
λ5/2 +O

(
λ−7/2) .

The first line above agrees, up to an overall factor −1/2, with eq. (B.19) of [42]. This
comparison also allows us to fix the constant chard

F2
defined in [42], yielding

chard
F2 = −2k = 106

15 + 8(1 + γ)− 16 log(2)− ζ(3)
5 ≃ 8.35363 . (6.27)

The numerical estimate chard
F2

= 8.3± 0.1 of [42] is in good agreement with the exact value.
Summing all contributions, the asymptotic form of ℱD

1 is

ℱD
1 ∼

λ→∞
−6 log

(
λ

π2

)
+ kℱD

1
− log(2)

∞∑
n=1

32nΓ(n− 1
2)

2 Γ(n+ 3
2) ζ(2n+ 1)

π7/2 Γ(n)λn−1/2

+
∞∑

n=1

16nΓ(n− 1
2) Γ(n+ 1

2)
2 ζ(2n+ 1)

π3/2 Γ(n)λn+1/2 , (6.28)

where the constant term is

kℱD
1
= 111 ζ(3)

10 − 101
5 − 12γ + 16 log(2) . (6.29)

Once again, we see that A1 and A3, which contain M(p)
n,m, produce infinite series in 1/λ,

whereas A2, which is given in terms of Z(p)
m and Ẑ(p)

m , truncates in the large-λ expansion.
Strikingly, the last line of (6.28) matches twice the asymptotic series appearing in the sub-

leading contribution 𝒞(1)
𝒟 to the giant-graviton correlator at strong coupling computed in [32]

and given in (B.6). Therefore, taking into account also the log(λ)-terms of 𝒞(1)
𝒟 , we can write

ℱD
1 − 2𝒞(1)

𝒟 ∼
λ→∞

−4 log
(
λ

π2

)
+ constant terms + · · · , (6.30)

12Some details of the derivation are given in appendix F.1.
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where the ellipsis denotes a tail of log(2)-dependent contributions. As shown in the next
section, these can be absorbed into a redefinition of the coupling, leaving a difference that
contains only a log(λ) term and λ-independent constants. This parallels the behavior observed
at the planar level in (6.19), reinforcing the picture of a remarkable underlying universality
between very different scattering processes.

6.3 Strong-coupling expansion for ∂2
µ ∂2

b log𝓩D∗ and summary

The strong-coupling expansions of ℱ̃D
0 and ℱ̃D

1 appearing in ∂2
µ ∂

2
b log𝒵D∗ ∣∣

D
can be obtained

from the relation (5.38), namely

ℱ̃D
g = ℱD

g +∆D
g . (6.31)

Since we have computed the strong coupling expansions for ℱD
g for g = 0, 1 in the previous

subsection, we now just need to analyze the behavior of the differences ∆D
0 and ∆D

1 as λ→ ∞.
For the genus-zero term, ∆D

0 , as given in (5.39a), one may exploit results from [39] to find

∆D
0 ∼

λ→∞

64π2

3λ . (6.32)

The derivation of the expansion for ∆D
1 for λ→ ∞ is much more involved (details are provided

in appendix F.2) but the final expression is very simple:

∆D
1 ∼

λ→∞
8 log

(
λ

π2

)
− 76 ζ(3)

5 + 152
5 + 16γ − 80 log(2)

3 . (6.33)

We note that both ∆D
0 and ∆D

1 truncate in the large-λ expansion and that the ratio between
the coefficients of the 1/λ and log(λ) terms remains fixed at 8π2/3, as for ℱD

0 and ℱD
1 . This

fact will be important for the SL(2,ℤ) completion of these integrated correlators.
In summary, we find that, despite being distinct functions, the mixed derivatives

∂2
µ ∂

2
m log𝒵D∗ and ∂2

µ ∂
2
b log𝒵D∗ exhibit striking similarities in the large-N limit, both among

themselves and with the giant-graviton correlators of 𝒩 = 4 SYM. At strong coupling, the
differences between these observables simplify drastically, and all these integrated correlators
are captured by universal expressions like (1.4) for the leading large-N order and (1.5) for
the sub-leading order. As emphasized earlier, this remarkable behavior can be understood
from the fact that the differences among these observables contain only the building blocks
Z(p)

m and Ẑ(p)
m . These quantities truncate in the large-λ expansion, even though they give

rise to infinite series in the small-λ regime. Furthermore, the remaining structure M(p)
n,m,

which does produce an infinite expansion in powers of 1/λ, appears only linearly in all the
quantities we have studied. This leads to the fact that the coefficient of each order in the
1/λ expansion contains only one Riemann ζ-value, in contrast to the products of many
Riemann ζ-values that appear in the weak-coupling expansion, as shown in appendix E. This
remarkably simple structure of the strong-coupling regime enables us to propose an SL(2,
ℤ)-invariant completion of our results, as discussed in the next section.

7 The “very strong-coupling” limit and modularity

We now turn to a regime distinct from that analyzed in the previous sections, namely the
limit of large N at fixed YM coupling gYM, rather than fixed ’t Hooft coupling λ. In this
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regime, often referred to as the “very strong-coupling limit”, instanton contributions become
significant. When these effects are taken into account, the resulting expressions change
qualitatively in structure, and typically acquire nontrivial transformation properties under
the modular group SL(2,ℤ).

In this context, however, we expect the observables discussed in section 6 to exhibit
modular invariance. Indeed, the mixed derivative ∂2

µ ∂
2
m log𝒵D∗ ∣∣

D
encodes the terms in

the effective action quadratic in the masses of both the fundamental and anti-symmetric
hypermultiplets. In the string theory realization, the latter correspond to open strings that
begin and end on D3-branes, crossing the orientifold plane. Since these states are associated
with D3-branes, we naturally expect their mass-dependent contributions to be modular
invariant. By contrast, the four fundamental hypermultiplets arise from open strings ending
on D7-branes and their masses transform nontrivially under SL(2,ℤ) [77] (see also [78]).
Nevertheless, the quadratic combination of such masses is invariant under modular transfor-
mations, implying that its coefficient must also be modular invariant. Similar considerations
apply to the other mixed derivative ∂2

µ ∂
2
b log𝒵D∗ ∣∣

D
. Another way to see this comes from the

holographic scattering amplitude perspective, where the SL(2,ℤ) transformations permute
the color factors of gluons. Since the scattering amplitudes corresponding to ∂2

µ ∂
2
m log𝒵D∗ ∣∣

D

and ∂2
µ ∂

2
b log𝒵D∗ ∣∣

D
involve two gluons and two gravitons, their overall color factor is trivial,

and therefore they remain invariant under SL(2,ℤ).13 This pattern closely parallels the
one found in the 𝒩 = 2 Sp(N) theory studied in [42]. We can therefore follow the same
approach and promote the strong-coupling results obtained in the zero-instanton sector to
an SL(2,ℤ)-invariant completion. As we will see that the results can be expressed in terms
of non-holomorphic Eisenstein series as in [12, 15, 20, 32, 42].

To illustrate this proposal in some detail, we consider the large-N strong-coupling
expansion of the mixed derivative ∂2

µ ∂
2
m log𝒵D∗ , which for convenience we rewrite explicitly:

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
≃ N

[
8− 16π2

λ
−

∞∑
n=1

64nΓ(n− 1
2)

2 Γ(n+ 1
2) ζ(2n+ 1)

π3/2 Γ(n)λn+1/2

]

+
[
− 6 log

(
λ

π2

)
+ kℱD

1
+

∞∑
n=1

16nΓ(n− 1
2) Γ(n+ 1

2)
2 ζ(2n+ 1)

π3/2 Γ(n)λn+1/2

− log(2)
∞∑

n=1

32nΓ(n− 1
2)

2 Γ(n+ 3
2) ζ(2n+ 1)

π7/2 Γ(n)λn−1/2

]
+O(N−1) , (7.1)

with the constant kℱD
1

given in (6.29).
A useful observation is that the log(2)-dependent terms in (7.1) can be absorbed by

redefining the coupling as [39, 57]

1
λ
→ 1

λ′
= 1
λ
+ log(2)

2π2N
with λ′ = 8πN

τ2
. (7.2)

13Conversely, observables involving four µ-derivatives, corresponding to four-gluon amplitudes, in general
transform non-trivially under SL(2,ℤ). In the D-theory, these four-gluon amplitudes carry U(4) color factors.
Since U(4) is embedded into SO(8), the associated color factors are permuted by SL(2,ℤ) transformations,
in direct analogy with the 𝒩 = 2 Sp(N) theory studied in [36], where the gluons transform under SO(8).
Consequently, the modular properties of the integrated four-gluon amplitudes in the D-theory can be obtained
following the same reasoning.
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Expressing the result in terms of τ2 ∼ 1/g2
YM , we have

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
= constant terms − 6

[
πτ2
3 + 2γ − log(4πτ2) +O(τ−1

2 )
]

−
[√2 ζ(3) τ3/2

2
π3/2 +O(τ−1/2

2 )
] 1
N1/2

−
[3 ζ(5) τ5/2

2
16

√
2π5/2 − ζ(3) τ3/2

2
4
√
2π3/2 +O(τ1/2

2 )
] 1
N3/2 (7.3)

−
[405 ζ(7) τ7/2

2
4096

√
2π7/2 − 9 ζ(5) τ5/2

2
128

√
2π5/2 +O(τ3/2

2 )
] 1
N5/2

−
[7875 ζ(9) τ9/2

2
65536

√
2π9/2 − 2025 ζ(7) τ7/2

2
32768

√
2π7/2 +O(τ5/2

2 )
] 1
N7/2 +O(N−9/2) ,

where the “constant terms” are coupling-independent contributions. In each square bracket,
the terms denoted as O(τ#

2 ) represent further contributions involving either integer powers of
log(2)/τ2 or half-integer powers of τ2 with Riemann ζ-valued coefficients. Upon including the
higher-order corrections ℱD

2 ,ℱD
3 , . . . in the 1/N expansion of (7.1), we expect all log(2)-term

to cancel and the ζ-valued contributions to be fixed.14

Since the correlators under consideration are modular invariant, their perturbative
expansion should be completed by modular invariant functions. We will assume that the
large-N (finite-τ2) expansion, as given in (7.3), is completed by the non-holomorphic Eisenstein
series, precisely as in [12, 32, 42]. The non-holomorphic Eisenstein series of index s is a
modular invariant function defined by the lattice sum

E(s; τ, τ̄) =
∑

(m,n) ̸=(0,0)

τ s
2

πs |m+ nτ |2s
, (7.4)

with τ = τ1 + i τ2, and admits a Fourier expansion of the type

E(s; τ, τ̄) =
∑
k∈ℤ

ℰk(s; τ2) e2kπiτ1 , (7.5)

where the 0-instanton term is given by15

ℰ0(s; τ2) =



πτ2
3 + 2γ − log(4πτ2) for s = 1 ,

2 ζ(2s) τ s
2

πs
+

2
√
π ζ(2s− 1) Γ

(
s− 1

2
)
τ1−s

2
πs Γ(s) for s ̸= 1 .

(7.6)

Notably, in the O(N0) contribution of (7.3) the coefficients precisely reproduce ℰ0(1; τ2),
including the scheme-dependent constants. At sub-leading orders in 1/N , we can similarly

14Such expectations were explicitly verified in the Sp(N) theory studied in [42] up to order 1/N .
15For s = 1 we have chosen to regularize the divergence by simply subtracting the pole 1

s−1 . More explicitly,

we have defined ℰ0(1, τ2) as lims→1

[
ℰ0(s, τ2) − 1

s−1

]
; see also [32].
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identify the perturbative part of ℰ0(s; τ2) for s ̸= 1. Therefore, following the same argu-
ments of [12, 32, 42], we propose the modular invariant completion of our results via the
substitution rule

πτ2
3 + 2γ − log(4πτ2) → E(1; τ, τ̄) ,

2 ζ(2s) τ s
2

πs
→ E(s; τ, τ̄) for s ̸= 1 .

(7.7)

Applying this prescription to (7.3) leads to

∂2
µ ∂

2
m log𝒵D∗ ∣∣

D
= constant terms − 6E(1; τ, τ̄)−

E
(3

2 ; τ, τ̄
)

(2N)1/2

−
3E

(5
2 ; τ, τ̄

)
− 4E

(3
2 ; τ, τ̄

)
16 (2N)3/2 −

405E
(7

2 ; τ, τ̄
)
− 288E

(5
2 ; τ, τ̄

)
+ . . .

2048 (2N)5/2

−
7875E

(9
2 ; τ, τ̄

)
− 4050E

(7
2 ; τ, τ̄

)
+ . . .

16384 (2N)7/2 +O(N−9/2) , (7.8)

where the ellipses denote additional contributions determined by the higher-order terms in
the large-N expansion. Several remarks are in order. First, the fact that in the O(N0)-term
of (7.3) the τ2- and log(τ2)-dependent contributions, originating respectively from ℱD

0 and
ℱD

1 , combine with the exact relative coefficient of the perturbative part of E(1; τ, τ̄) is highly
nontrivial, given the very different structure of ℱD

0 and ℱD
1 . This agreement can be regarded

as strong evidence in favor of our proposal. Moreover, also all γ-dependent terms can be
nicely absorbed into E(1; τ, τ̄). Second, from superstring theory we expect the appearance
of the Eisenstein series E(1; τ, τ̄) and E(3

2 ; τ, τ̄), since they correspond to the coefficients of
the higher-derivative terms R2F 2 and D2R2F 2, arising from the low-energy expansion of
flat-space superstring amplitudes in the presence of D-branes. These coefficients are fixed
to be E(1; τ, τ̄) and E(3

2 ; τ, τ̄) by the supersymmetry and modular invariance, following
the arguments of [59–62].16 Third, the prescription (7.7) has precise implications for the
strong-coupling behavior of the sub-leading coefficients ℱD

2 ,ℱD
3 , . . . of the large-N expansion.

For example, consider the term proportional to E(3
2 ; τ, τ̄) in the first line of (7.8). Its zero-

mode part contains both a ζ(3) τ3/2
2 -contribution, matching the ζ(3)/λ′3/2-term found in ℱD

0 ,
and a 1/√τ2-term. The latter predicts the existence of a

√
λ′-contribution with a specific

coefficient in the strong-coupling expansion of ℱD
2 at order 1/N . Similar considerations

apply to the higher Eisenstein series. Therefore, a further verification of our proposal would
require computing also the higher-order corrections in the 1/N expansion and analyzing their
strong-coupling behavior, as well as the non-perturbative instanton sectors. However, such
calculations are technically very demanding and beyond the scope of this paper.17 We should

16Note for the (unintegrated) superstring amplitudes, only the first two higher-derivative terms are determined
by supersymmetry. This can be achieved by deriving differential equations obeyed by the coefficients of R2F 2

and D2R2F 2 using supersymmetry as in [62], whose modular invariant solutions are given by E(1; τ, τ̄) and
E( 3

2 ; τ, τ̄).
17The difficulty stems from the necessity of computing connected correlators of the 𝒫-operators in the

D-theory at higher orders in 1/N as compared to (5.13). This calculation involves the double-trace part of
the action SD, significantly increasing the technical difficulties. This complexity is absent in the Sp(N) theory
studied in [42] where the matrix-model action contains only single-trace terms (see appendix H).
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therefore regard the SL(2,ℤ) completion in (7.8) as a well-motivated proposal, supported
by the cases studied in [12, 32] and fully analogous to those in [42].

Applying the same prescription to the mixed derivative ∂2
µ ∂

2
b log𝒵D∗ , we find

∂2
µ ∂

2
b log𝒵D∗ ∣∣

D
= constant terms + 2E(1; τ, τ̄)−

E
(3

2 ; τ, τ̄
)

(2N)1/2

−
3E

(5
2 ; τ, τ̄

)
− 4E

(3
2 ; τ, τ̄

)
16 (2N)3/2 −

405E
(7

2 ; τ, τ̄
)
− 288E

(5
2 ; τ, τ̄

)
+ . . .

2028 (2N)5/2

−
7875E

(9
2 ; τ, τ̄

)
− 4050E

(7
2 ; τ, τ̄

)
+ . . .

16384 (2N)7/2 +O(N−9/2) . (7.9)

This expression closely parallels (7.8): the same combinations of Eisenstein series appear at
successive orders, with only differences confined in the constant terms and the coefficient
of E(1; τ, τ̄). This fact strongly suggests a form of universality among distinct 𝒩 = 2
observables in the limit N → ∞ at fixed gauge coupling.

Even more striking is the similarity to the integrated giant-graviton correlator 𝒢 in
𝒩 = 4 SYM. The first terms of its large-N expansion at fixed τ2 were obtained in [32], but
additional contributions can be generated straightforwardly, yielding18

𝒢= constant terms−E(1;τ, τ̄)−
E(3

2 ;τ, τ̄)
2N1/2 −

3E
(5

2 ;τ, τ̄
)
−4E

(3
2 ;τ, τ̄

)
32N3/2 (7.10)

−
405E

(7
2 ;τ, τ̄

)
−288E

(5
2 ;τ, τ̄

)
+ . . .

4096N5/2 −
7875E

(9
2 ;τ, τ̄

)
−4050E

(7
2 ;τ, τ̄

)
+ . . .

32768N7/2 +O(N−9/2) .

We see that the very same combinations of Eisenstein series found in (7.8) and (7.9) reappear
again in 𝒢 at successive orders. A closer inspection of the coefficients reveals a simple
correspondence: twice the integrated giant-graviton correlator 𝒢 in 𝒩 = 4 SYM with gauge
group SU(2N) matches the mixed derivatives in the SU(N) D-theory,19 up to constant
terms and the coefficient of E(1; τ, τ̄). This again highlights a universality across different
observables in the large-N regime at fixed τ2.

Finally, using the results in appendix H, one may also promote the strong-coupling
expansions of integrated correlators in the 𝒩 = 2 Sp(N) theory to be SL(2,ℤ) invariant. In
particular, we find once again that the results may be expressed in terms of linear combinations
of non-holomorphic Eisenstein series. The case of the mixed derivative ∂2

µ ∂
2
m log 𝒵̃∗ has

been worked out in [42] and is given in eq. (1.3) of that reference. Here, we provide the
expression for ∂2

µ ∂
2
b log 𝒵̃∗, which reads:

∂2
µ ∂

2
b log 𝒵̃∗

∣∣∣m,µ=0
b=1

= constant terms + 4E(1; τ, τ̄)−
2E(3

2 ; τ, τ̄)
(2N)1/2

−
3E

(5
2 ; τ, τ̄

)
− 8E

(3
2 ; τ, τ̄

)
8 (2N)3/2 −

405E
(7

2 ; τ, τ̄
)
− 576E

(5
2 ; τ, τ̄

)
+ . . .

1204 (2N)5/2

−
7875E

(9
2 ; τ, τ̄

)
− 8100E

(7
2 ; τ, τ̄

)
+ . . .

8192 (2N)7/2 +O(N−9/2) . (7.11)

18In this case, being a 𝒩 = 4 observable, we have used the relation λ = 4πN/τ2.
19This correspondence is natural given that the SU(N) D-theory can be realized via orbifold/orientifold

projections of SU(2N) 𝒩 = 4 SYM.
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It is easy to see that it takes the same form as ∂2
µ ∂

2
m log 𝒵̃∗ in [42] (except for the constant

terms and the coefficient of E(1; τ, τ̄)). We also note that, unlike the integrated correlators
in the D-theory, it matches with the integrated giant gravitons of SU(2N) 𝒩 = 4 SYM only
for the Eisenstein series with highest index at each order in the 1/N -expansion, whereas the
coefficients of the Eisenstein series with next-to-highest index differ by a factor of 2. This
difference is in agreement with [17, 18], where it was shown that integrated correlators in
𝒩 = 4 SYM with gauge groups SU(2N) and Sp(N) only match for the Eisenstein series
with highest index in the large-N expansion. We therefore expect that the result (7.11)
should be compared with the integrated giant-graviton correlators in 𝒩 = 4 SYM with
Sp(N) gauge group.

8 Conclusions and outlook

In this paper we studied the leading and sub-leading orders of the large-N expansion of various
mixed derivatives of the partition function in the matrix model of a special 𝒩 = 2 theory, called
D∗ theory. These quantities correspond to several classes of integrated correlators, which
holographically correspond to scattering amplitudes of gluons and gravitons in AdS space,
in the presence of D7-branes. The most notable cases are ∂2

µ ∂
2
m log𝒵D∗ and ∂2

µ ∂
2
b log𝒵D∗ ,

corresponding to the integrated correlators of four moment map operators and two moment
map and two stress energy tensor operators, respectively. In the dual perspective they both
describe mixed scattering amplitudes of two gluons and two gravitons. Even though their
weak-coupling expansions take very different expressions, their strong-coupling expansions are
in fact governed by exactly the same asymptotic series. Such common behavior becomes even
more surprising by finding that the integrated correlators of gluons and gravitons in a different
𝒩 = 2 theory [42] and the integrated giant-graviton correlators in 𝒩 = 4 SYM [32, 33]
are given by precisely the same asymptotic series in the strong-coupling expansion. These
results point to a remarkable universal property of the integrated correlators for graviton
scattering in the presence of D-branes.

As we argued, the integrated correlators considered here should be modular invariant, and
exhibit a modular completion governed by non-holomorphic Eisenstein series of half-integer
indices and E(1; τ, τ̄). This is, once again, exactly in agreement with the case of giant-
graviton correlators in 𝒩 = 4 SYM, where the SL(2,ℤ) completion by the non-holomorphic
Eisenstein series is better understood and expected [12, 15, 19, 20]. The precise matching of
perturbative contributions to the zero-mode of E(1; τ, τ̄), together with the recurrence of the
same Eisenstein series combinations across different observables, provides strong evidence
in support of this prescription. This is also in agreement with expectations from flat space
superstring amplitudes in the presence of D-branes.

The close parallel with the integrated giant-graviton correlator in 𝒩 = 4 SYM highlights
an unexpected universality: different supersymmetric theories, disparate quantities (with
or without the presence of heavy operators) and realized in different gauge-theory contexts,
seem to share the same modular structures in their large-N expansions. This universality
strongly suggests the presence of an underlying SL(2,ℤ)-invariant framework that organizes
sub-leading corrections across a wide class of observables. Our results and these observations
have also opened up many future directions.
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One natural question is to consider the higher order terms of integrated correlators in
the large-N expansion. As we have commented, the computation becomes more involved
beyond the large-N orders considered in this paper, due to the double-trace contribution in
the action SD, which will start to play a role. These results will be important for exploring
whether the strong-coupling universality persists at higher orders in the large-N expansion.
Furthermore, the higher order results will provide further checks on the SL(2,ℤ) completion
we proposed. Relating to further understanding the SL(2,ℤ) completion, it will be of interest
to compute explicitly the non-perturbative instanton contributions and compare with the
predictions from the non-holomorphic Eisenstein series.

It is also important to understand the origin of the strong-coupling universality and to
study its impact on the (unintegrated) correlators. As we emphasized, all these observables
have the nice holographic interpretation as gravitons (with additional gluons) scattering off
D-branes. It appears that being modular invariant, which we discussed above, also plays
an important role. As a comparison, one may consider the integrated correlators dual to
scattering amplitude of two gravitons in the presence of D1-branes, studied in [8, 9, 11, 79],
which is not modular invariant, and one finds the strong-coupling expansion is not governed
by the same asymptotic series.

Provided that all the integrated correlators we considered here do take very different
forms in the weak-coupling expansion, the universal strong-coupling asymptotic series must
be accompanied with exponentially suppressed terms. These non-perturbative terms should
account for the differences of these observables in the strong-coupling regime. It would be
interesting to analyze those terms explicitly and to study their resurgence properties. Similar
non-perturbative analyses have already been carried out in [33] for the leading large-N
terms of the integrated giant-graviton correlators and for integrated correlators in the Sp(N)
𝒩 = 2 theory considered in [42].
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A Integrated constraints from mass deformations of 𝓝 = 4 SYM

We review the main results for the integrated correlators of half-BPS four-point functions
coming from the mass deformation of 𝒩 = 4 SYM. These provide concrete examples of
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the supersymmetry preserving integration measures of integrated correlators, namely the
l.h.s. of the general formula in (2.1).

We consider the four-point function of 20′ scalar operator, namely the top component
of the 𝒩 = 4 stress-tensor multiplet. 𝒪20′ is the following gauge invariant combinations
of the six scalar fields ΦI ,

𝒪20′(x, Y ) = 1
2YI1YI2 Tr

(
ΦI1(x)ΦI2(x)

)
, (A.1)

where YI , with I = 1, . . . 6, is the SO(6) R-symmetry null vector. The four-point function
of 𝒪20′ reads [80, 81]:

⟨𝒪20′(x1, Y1) . . .𝒪20′(x4, Y4)⟩ = 𝒯free(xi, Yi) +R4(xi, Yi) 𝒯(u, v; τ) , (A.2)

where 𝒯free is the free theory result obtained via Wick contractions, and R4 is the following
prefactor

R4(xi, Yi) =
(z − α)(z − ᾱ)(z̄ − α)(z̄ − ᾱ)

zz̄(1− z)(1− z̄)
(Y1 · Y3)2

x4
13

(Y2 · Y4)2

x4
24

, (A.3)

with the R-symmetry cross-ratios

α ᾱ = Y1 · Y2Y3 · Y4
Y1 · Y3Y2 · Y4

, (1− α)(1− ᾱ) = Y1 · Y4Y2 · Y3
Y1 · Y3Y2 · Y4

, (A.4)

and spacetime cross-ratios:

u = z z̄ = x2
12x

2
34

x2
13x

2
24
, v = (1− z)(1− z̄) = x2

14x
2
23

x2
13x

2
24
. (A.5)

The relevant function containing all the dynamical properties is the so-called reduced correlator
𝒯(u, v; τ). In particular, one can define two integrated correlators constraining 𝒯, coming
from two or four mass derivatives. Hence, we define:

ℐ2[𝒯] = − 2
π

∫ ∞

0
dr

∫ π

0
dθ
r3 sin2 θ

u2 𝒯(u, v; τ) , (A.6)

and:
ℐ4[𝒯] = 1

π

∫ ∞

0
dr

∫ π

0
dθ
r3 sin2 θ

u2 (1 + u+ v) D̄1111(u, v)𝒯(u, v; τ) , (A.7)

where u = 1 − 2r cos θ + r2, v = r2 and D̄1111(u, v) is the following box integral:

D̄1111(u, v) =
1

z − z̄

(
log zz̄ log 1− z

1− z̄
+ 2Li2(z)− 2Li2(z̄)

)
. (A.8)

As written in the main text around (2.1), the integrated correlators (A.6) and (A.7) can
be computed via supersymmetric localisation (where m is the mass deformation of 𝒩 = 4
SYM) as follows:

I2[𝒯] = τ2
2 ∂τ∂τ̄∂

2
m log𝒵𝒩=2∗

∣∣
m=0 , I4[𝒯] = ∂4

m log𝒵𝒩=2∗
∣∣
m=0 . (A.9)

As explained in section 2, since the forms of the integration measures displayed in (A.6)
and (A.7) follow from 𝒩 = 2 supersymmetric Ward identities, they can be employed to
constrain classes of four-point functions for general 𝒩 = 2 SCFTs in the presence of mass
deformations. We expect similar expressions for the integration measures coming from the
squashing deformation. We leave the explicit derivation of such integration measures for
future work.
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B Exact results for integrated giant-graviton correlators in 𝓝 = 4 SYM

We recall here the results from [32], where the integrated correlator in presence of maximal
determinant operators — namely 𝒟(x, Y ) = detN Y ·ϕ(x), dual to giant-graviton D3 branes —
was computed using supersymmetric localisation. Such integrated correlator can be computed
in the mass-deformed matrix model as follows:

𝒞𝒟(τ ;N) = ∂𝒟∂𝒟∂
2
m log𝒵𝒩=2∗(τ, τ ′;m) |τ ′,m=0

∂𝒟∂𝒟 log𝒵𝒩=2∗(τ, τ ′;m) |τ ′,m=0
, (B.1)

and can be performed by re-expressing the ⟨𝒟𝒟𝒪2𝒪2⟩ integrated correlator as an infinite
sum over protected three-point functions. This method allows to obtain exact results in the
’t Hooft coupling λ at the first orders in the topological expansion:

𝒞𝒟(λ;N) =
∞∑

g=0
N1−g 𝒞(g)

𝒟 (λ) , (B.2)

where the exact results for the first two orders read [32]:

𝒞(0)
𝒟 (λ) = −

∫ ∞

0

8w dw

sinh(w)2
1
v
(J0(v)− 1) J1(v) ,

𝒞(1)
𝒟 (λ) =

∫ ∞

0

2w dw

sinh(w)2

[
J1(v)

(
J1(v)−

v

2

)
− (J0(v)− 1)2

]
,

(B.3)

with v = w
√
λ/π. In the holographic interpretation, these results provide exact constraints

for the scattering process of two gravitons off D3-branes (wrapping an S3 inside of S5), where
the direct calculation of the correlators becomes challenging.20 Expanding such results at
weak coupling yields the following perturbative expansions:

𝒞(0)
𝒟 (λ) = 4

∞∑
ℓ=1

(−1)ℓ+1ζ(2ℓ+1)

(2ℓ+ 1
ℓ

)2

−
(
2ℓ+ 1
ℓ

)( λ

16π2

)ℓ

,

𝒞(1)
𝒟 (λ) = 2

∞∑
ℓ=1

(−1)ℓ+1ζ(2ℓ+1) (ℓ+1)

(2ℓ+ 1
ℓ

)2

− (ℓ+2)
(
2ℓ+ 1
ℓ

)( λ

16π2

)ℓ

.

(B.4)

20See [82, 83] for the results of the first orders of the giant-graviton correlator in the planar limit at weak
and strong coupling expansions, which have also been shown to match with the localisation computations.
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Similarly one can expand in the strong-coupling regime, where the first two orders in the
topological expansion (B.2) read:21

𝒞(0)
𝒟 (λ) ∼ 2− 4π2

3λ −
∞∑

n=1

16nζ(2n+1)Γ
(
n− 1

2

)2
Γ
(
n+ 1

2

)
λn+ 1

2 π3/2 Γ(n)
, (B.5)

𝒞(1)
𝒟 (λ) ∼ −2γ − 2− log

(
λ

16π2

)
+

∞∑
n=1

8nζ(2n+1)Γ
(
n− 1

2

)
Γ
(
n+ 1

2

)2

λn+ 1
2 π3/2Γ(n)

, (B.6)

where γ is the Euler-Mascheroni constant. Remarkably, despite the very different set up,
the integrated giant-graviton correlator in the strong-coupling expansion is governed by
the same asymptotic series as integrated correlators in the D-theory discussed in the main
text, as commented around (6.19) and (6.30), as well as around (7.10) after considering
the SL(2,ℤ) completion.

C The functions Υb(x), Hv(x; b) and Hh(x; b, m)

Here we collect some properties of the functions Hv(x; b) and Hh(x; b,m) defined in (3.5) in
terms of the function Υb(x) introduced in [65, 68]. In particular, we provide the expansions
of their logarithms around the point (m = 0, b = 1).

The basic ingredient is the following integral representation of the logarithm of the
Υb function [84]

logΥb(x) =
∫ ∞

0

dω

ω

e−2ω
(
Q

2 − x

)2
−

sinh2
(
ω
(

Q
2 − x

))
sinh(b ω) sinh(ω/b)

 . (C.1)

The integrand can be easily expanded in powers of x and (b−1), and the corresponding integrals
over ω can be explicitly evaluated. Proceeding in this way and using the definitions (3.5),
one finds

logHv(x; b) = −(b− 1)2
{
2(1 + γ)−

∞∑
n=0

(−1)n 4x2n+2

3
[
n ζ(2n+ 1) + (2n+ 3) ζ(2n+ 3)

]}
+ (b− 1)3

{
2(1 + γ)−

∞∑
n=0

(−1)n 4x2n+2

3
[
n ζ(2n+ 1) + (2n+ 3) ζ(2n+ 3)

]}
+ (b− 1)4

{
ζ(3)− 5γ

2 − 19
6 +

∞∑
n=0

(−1)n x
2n+2

45
[
3n(4n2 + 4n+ 17) ζ(2n+ 1)

+ 5(2n+ 3)(8n2 + 24n+ 31)ζ(2n+ 3)

− 4(2n+ 5)(2n+ 4)(2n+ 3) ζ(2n+ 5)
]}

+O
(
(b− 1)5

)
. (C.2)

21At genus-0 order in the expansion (B.2), the result has recently been extended to giant gravitons with
general dimension αN (sub-determinant operators with 0 < α < 1) and the AdS giant gravitons with dimension
βN (symmetric Schur polynomial operators with β > 0) [33]. In this reference, it was discovered that the
integrated (AdS) giant-graviton correlators in the planar limit enjoy the same strong coupling universality
as discussed in this paper. In particular, it was found that all these integrated correlators share the same
universal asymptotic series at strong coupling as given in (B.5); the dimension dependence (i.e. α or β) only
appears in the leading coupling-independent factor (namely the supergravity regime in the strong-coupling
expansion).
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Similarly, one gets

logHh(x; b,m) = m2
[
(1 + γ) +

∞∑
n=1

(−1)n x2n (2n+ 1) ζ(2n+ 1)
]

+ (b− 1)2
∞∑

n=0
(−1)n x

2n+2

3
[
2n ζ(2n+ 1)− (2n+ 3) ζ(2n+ 3)

]
− (b− 1)3

∞∑
n=0

(−1)n x
2n+2

3
[
2n ζ(2n+ 1)− (2n+ 3) ζ(2n+ 3)

]
−m4

∞∑
n=0

(−1)n x
2n

12 (2n+ 3)(2n+ 2)(2n+ 1) ζ(2n+ 3)

+m2(b− 1)2
∞∑

n=0
(−1)n x

2n

6
[
(4n2 + 4n)(2n+ 1) ζ(2n+ 1)

− (2n+ 3)(2n+ 2)(2n+ 1) ζ(2n+ 3)
]

+ (b− 1)4
∞∑

n=0
(−1)n x

2n+2

180
[
6n(4n2 + 4n+ 17) ζ(2n+ 1)

− 5(2n+ 3)(8n2 + 24n+ 31) ζ(2n+ 3)

+ 7(2n+ 5)(2n+ 4)(2n+ 3) ζ(2n+ 5)
]
+O

(
(b− 1)5,m6

)
. (C.3)

These expansions are somehow related to those appearing in appendix B of [70].

Using the integral representation (C.1), it is possible to derive the following results

∂2
m logΥb

(
Q

2 + im
)∣∣∣∣

m=0
b=1

= 2(1 + γ) , (C.4a)

∂4
m logΥb

(
Q

2 + im
)∣∣∣∣

m=0
b=1

= −12 ζ(3) , (C.4b)

∂2
b logΥb

(
Q

2 + im
)∣∣∣∣

m=0
b=1

= ∂4
b logΥb

(
Q

2 + im
)∣∣∣∣

m=0
b=1

= 0 , (C.4c)

∂2
m∂

2
b logΥb

(
Q

2 + im
)∣∣∣∣

m=0
b=1

= 4
3 − 4 ζ(3) . (C.4d)

and [13]

∂2
b logΥ′

b(0)
∣∣∣∣
b=1

= −2(1 + γ) , ∂4
b logΥ′

b(0)
∣∣∣∣
b=1

= 12 ζ(3)− 30 γ − 38 . (C.5)
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D The term 𝓑D
4

Here we give the explicit expression of ℬD
4 appearing as the coefficient of (b − 1)4 in the

expansion of the effective action of the matrix model of the D∗-theory, see (3.15). This is

ℬD
4 = 1

24∂
4
bS

D∗ ∣∣
D

=−N
2−1
2

(
ζ(3)−5

2γ−
19
6

)
+ 1
12

∞∑
n=1

n∑
k=0

(−1)n (2n)!
(2k)!(2n−2k)!

[
(2n+1)(8n2+8n+15)ζ(2n+1)

−(2n+3)(2n+2)(2n+1)ζ(2n+3)
](

λ

8π2N

)n

tra2n−2k tra2k

+ 1
180

∞∑
n=0

n−1∑
k=1

(−1)n (2n+2)!
(2k+1)!(2n−2k+1)!

[12n
15 (4n2+4n+17)ζ(2n+1)

+5(2n+3)(8n2+24n+31)ζ(2n+3)

−(2n+5)(2n+4)(2n+3)ζ(2n+5)
](

λ

8π2N

)n+1
tra2n−2k+1 tra2k+1

− 1
180

∞∑
n=0

(−1)n
[
6n(4n2+4n+17)ζ(2n+1)−5(2n+3)(8n2+24n+31)ζ(2n+3)

+7(2n+5)(2n+4)(2n+3)ζ(2n+5)
]( λ

2π2N

)n+1
tra2n+2

+ 1
45

∞∑
n=0

(−1)n
[
6n(4n2+4n+17)ζ(2n+1)−5(2n+3)(8n2+24n+31)ζ(2n+3)

+7(2n+5)(2n+4)(2n+3)ζ(2n+5)
]( λ

8π2N

)n+1
tra2n+2 . (D.1)

E Weak-coupling results

In this appendix we provide the first few terms in the weak-coupling expansion of the quantities
ℱD

0 , ℱD
1 , ∆D

0 and ∆D
1 defined, respectively, in (5.17a), (5.17b), (5.39a) and (5.39b). By compar-

ing them with their respective strong-coupling counterparts, reported in (6.18), (6.28), (6.32)
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and (6.33), we can clearly realize how much more involved these weak-coupling expressions
are. We get

ℱD
0 ∼

λ→0

9ζ(3)2

4π4 λ2−105ζ(3)ζ(5)
32π6 λ3+105

(
5ζ(5)2+12ζ(3)ζ(7)

)
512π8 λ4

−21(65ζ(5)ζ(7)+99ζ(3)ζ(9))
1024π10 λ5+O(λ6), (E.1a)

ℱD
1 ∼

λ→0
−9ζ(3)2

2π4 λ2+75ζ(3)ζ(5)
8π6 λ3−9

(
72ζ(3)3+595ζ(7)ζ(3)+200ζ(5)2)

512π8 λ4

+45
(
90ζ(5)ζ(3)2+273ζ(9)ζ(3)+140ζ(5)ζ(7)

)
1024π10 λ5+O(λ6), (E.1b)

∆D
0 ∼

λ→0

16(3ζ(3)−1)
3 −2(5ζ(5)−2ζ(3))

π2 λ+5(7ζ(7)−4ζ(5))
8π4 λ2−35(3ζ(9)−2ζ(7))

64π6 λ3

+ 105(11ζ(11)−8ζ(9))
2048π8 λ4−231(13ζ(13)−10ζ(11))

16384π10 λ5+O(λ6), (E.1c)

∆D
1 ∼

λ→0

9ζ(3)2

2π4 λ2−3
(
4ζ(3)2+15ζ(5)ζ(3)

)
8π6 λ3+15

(
40ζ(5)2+128ζ(3)ζ(5)+189ζ(3)ζ(7)

)
512π8 λ4

−9
(
400ζ(5)2+385ζ(7)ζ(5)+882ζ(3)ζ(7)+1596ζ(3)ζ(9)

)
2048π10 λ5+O(λ6) . (E.1d)

Although the higher-order terms can be obtained straightforwardly, they become increasingly
more complicated. The most striking feature of these weak-coupling results, in contrast to
their strong-coupling counterparts, is the appearance of products of many Riemann ζ-values.

F Details on the strong-coupling expansion

In this appendix we provide the technical details underlying the strong-coupling expansions
presented in section 6.

F.1 Strong-coupling behavior of 𝓕D
1

Our analysis focuses on the three contributions A1, A2 and A3 defined in (6.20) and (6.21),
and we systematically derive their behavior in the limit λ → ∞.

• A1. From its definition in (6.21a), the quantity A1 factorizes into three independent
components. The first factor, denoted by Y, was analyzed in [39], where its strong-coupling
limit was obtained as

Y ∼
λ→∞

− log(2)
2π2 λ+ 1

4 . (F.1)

The second factor is given by
∞∑

k=1
(−1)k (2k) Z(2)

2k , (F.2)

and can be simplified using eq. (3.25) of [39]. Its strong-coupling expansion can then be read
directly from the first term in eq. (A.6) of that reference:

∞∑
k=1

(−1)k (2k) Z(2)
2k ∼

λ→∞
−1
2 . (F.3)
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Finally, employing (5.6), performing the sum over ℓ, and introducing the Mellin-Barnes
representation of the Bessel functions, the third factor of A1 can be rewritten as

∞∑
ℓ=1

(−1)ℓ (2ℓ) M(1)
1,2ℓ = −

√
λ

4π

∫ i∞

−i∞

ds

2πi
Γ(−s)Γ(2s+ 3)Γ(2s+ 4)ζ(2s+ 3)

Γ2(s+ 2)Γ(s+ 3)

(√
λ

4π

)2s+2
. (F.4)

For λ → ∞, the contour can be closed counter-clockwise, picking up residues at the poles
along the negative real axis of s. This yields

∞∑
ℓ=1

(−1)ℓ (2ℓ) M(1)
1,2ℓ ∼

λ→∞
−
√
λ

8π + 1
4π −

∞∑
n=1

(n− 1
2) Γ(n− 1

2)
2 Γ(n+ 3

2) ζ(2n+ 1)
2π5/2 Γ(n)λn

. (F.5)

Combining (F.1), (F.3), and (F.5), one finds the strong-coupling expansion of A1 as quoted
in (6.22).

• A2. The expression for A2, given in (6.21b), is structurally similar to the third quantity
analyzed in appendix A of [39]. Following the same procedure as in that work, we obtain

A2 = −4
∫∫ +i∞

−i∞

ds ds′

(2πi)2

(√
λ

2π

)2s+2s′+4
2−2s ζ(2s+ 3) ζ(2s′ + 3)

× Γ(−s) Γ(−s′) Γ(2s+ 4)Γ(2s′ + 4)
(s+ s′ + 2)Γ(s+ 2)Γ(s′ + 2) . (F.6)

Closing both contours counter-clockwise yields two types of contributions: (i) residues at
(s = −1, s′ = −1), giving

−4 log
(
λ

π2

)
− 8γ + 8 log(2)− 8 , (F.7)

and (ii) residues at (s = −s′ − 2, s′ = −n) with n = 1, 2, . . ., producing

8 log(2)− 8
∞∑

n=1

Γ(2n+ 2)
4nΓ(2n− 1)ζ(1− 2n)ζ(1 + 2n) . (F.8)

The infinity sum in (F.8) is divergent but can be regularized using the functional equation

ζ(1− 2n) = 2(−1)nΓ(2n)
(2π)2n

ζ(2n) , (F.9)

together with the integral representation

ζ(n) = 1
Γ(n)

∫ ∞

0
dx

xn−1

ex − 1 . (F.10)

Carrying out the computation yields

8 log(2)− 8
∞∑

n=1

Γ(2n+ 2)
4nΓ(2n− 1) ζ(1− 2n) ζ(1 + 2n)

= 8 log(2) + 1
4π3

∫ ∞

0
dx

x2

ex − 1

∫ ∞

0
dy

y

ey − 1

(
12π cos

(
xy

4π

)
− xy sin

(
xy

4π

))
= −20

3 + 11 ζ(3) . (F.11)
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Combining (F.7) and (F.11), the strong-coupling behavior of A2 is

A2 ∼
λ→∞

−4 log
(
λ

π2

)
+ 8 log(2)− 8γ + 11 ζ(3)− 44

3 , (F.12)

as reported in (6.23).

• A3. The derivation of the strong-coupling behavior of A3 given in (6.21c) is consider-
ably more involved. Substituting the definitions (5.6), (5.10), and (5.14) into (6.21c), and
employing the Mellin-Barnes representations of Bessel functions together with the integral
form of the Riemann ζ-function, one obtains

A3 = 64
∫∫∫ +i∞

−i∞

ds ds′ ds′′

(2πi)3

∞∑
k,n=1

(2k) (2n)
(√

λ

4π

)2s+2s′+2s′′+4k+4n

×

× Γ(−s) Γ(2s+ 2k + 2) ζ(2s+ 2k + 1)
Γ(s+ 2k + 1) ×

× Γ(−s′) Γ(2s′ + 2n+ 2k + 1)Γ(2s′ + 2n+ 2k + 2) ζ(2s′ + 2n+ 2k + 1)
Γ(s′ + 2n+ 1)Γ(s′ + 2k + 1)Γ(s′ + 2n+ 2k + 1) ×

×
(
4− 4s′′+n) Γ(−s′′) Γ(2s′′ + 2n) ζ(2s′′ + 2n− 1)

Γ(s′′ + 2n+ 1) . (F.13)

After shifting the integration variables as s→ s−k+1, s′ → s′−k−n+1, and s′′ → s′′−n+2,
the sum over n can be performed. This yields

∞∑
n=1

(2n) Γ(−s′ + k + n− 1) Γ(−s′′ + n− 2)
Γ(s′ + n− k + 2)Γ(s′ + k − n+ 2)Γ(s′ + n+ k + 2)Γ(s′′ + n+ 3)

= 2Γ(−s′ + k) Γ(−s′′ − 1)
Γ(s′ − k + 3)Γ(s′ + k + 1)Γ(s′ + k + 3)Γ(s′′ + 4) ×

× 4F3(2,−s′ − k,−s′ + k,−s′′ − 1; s′ − k + 3, s′ + k + 3, s′′ + 4;−1)

= Γ(−s′ + k) Γ(−s′′ − 1)
Γ(s′ + k + 1)Γ(2s′ + 3)Γ(s′′ + 4) 3F2(−s′ − k,−s′ + k, s′′ + 3; 2, s′′ + 4; 1) , (F.14)

where the last step follows from the identity (6.5). Consequently, we can write

A3 =
∫∫∫ +i∞

−i∞

ds ds′ ds′′

(2πi)3 𝒜(s, s′, s′′) , (F.15)

where

𝒜(s, s′, s′′) = 256
(√

λ

4π

)2s+2s′+2s′′+8(
1− 4s′′+1) × (F.16)

× Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4) ζ(2s′ + 3)Γ(2s′′ + 4) ζ(2s′′ + 3)Γ(−s′′ − 1)
Γ(s′′ + 4) ×

×
∞∑

k=1
(2k) Γ(−s+ k − 1) Γ(−s′ + k)

Γ(s+ k + 2)Γ(s′ + k + 1) 3F2(−s′ − k,−s′ + k, s′′ + 3; 2, s′′ + 4; 1) .

The strong-coupling expansion of A3 can now be obtained by closing the integration contours
counter-clockwise in the half-planes ℜ𝔢(s) < 0, ℜ𝔢(s′) < 0, ℜ𝔢(s′′) < 0, and summing over

– 46 –



J
H
E
P
0
2
(
2
0
2
6
)
0
1
9

the residues. Owing to the structure of the integrand, it is convenient to first consider
the s′′-integration, since s′′ does not mix with the summation index k. At strong coupling
we may thus write

A3 ∼
λ→∞

∞∑
n=1

A
(n)
3 with A

(n)
3 = Res 𝒜(s, s′, s′′)

∣∣∣∣
s′′=−n

. (F.17)

Residue at s′′ = −1. The contribution from s′′ = −1 reads

A
(1)
3 = 256 log(2)

∫∫ +i∞

−i∞

ds ds′

(2πi)2

(√
λ

4π

)2s+2s′+6
Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4) ζ(2s′ + 3)×

× Γ(2s′ + 3)
∞∑

k=1
(2k) Γ(−s+ k − 1) Γ(−s′ + k)

Γ(s+ k + 2)Γ(s′ + k + 1)Γ(s′ − k + 3)Γ(s′ + k + 3) . (F.18)

Applying the same method described in section 6 for ℱD
0 , we obtain

A
(1)
3 ∼

λ→∞

4 log(2)λ
π2 − 8 log(2)λ1/2

π2 − 8 log(2)

−
∞∑

n=1

16 log(2) (n+ 1
2) Γ(n− 1

2)
2 Γ(n+ 3

2) ζ(2n+ 1)
π7/2 Γ(n)λn−1/2 , (F.19)

with intermediate steps reported in the ancillary Mathematica file.

Residue at s′′ = −2. The next contribution arises from s′′ = −2 and is

A
(2)
3 = 16

∫∫ +i∞

−i∞

ds ds′

(2πi)2

(√
λ

4π

)2s+2s′+4
Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4) ζ(2s′ + 3)×

× Γ(−s) Γ(−s′) Γ(2s′ + 3)
Γ(s+ s′ + 3)Γ(s′ + 1)Γ(s′ + 3) 3F2(−s,−s′, s′ + 2; 2, s′ + 3; 1)

− 16
∫∫ +i∞

−i∞

ds ds′

(2πi)2

(√
λ

4π

)2s+2s′+4
Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4) ζ(2s′ + 3)×

× Γ(−s) Γ(−s′)
(s+ s′ + 2)Γ(s+ 2)Γ(s′ + 2) . (F.20)

The first two integrals are evaluated using the same method as for ℱD
0 , while for the last two

integrals we follow the strategy described before for A2. Altogether, one finds

A
(2)
3 ∼

λ→∞
−2 log

(
λ

π2

)
−4(1+γ)+8 log 2− 10

3 +4 ζ(3)+
∞∑

n=1

8 (n− 1) Γ(n− 1
2)

3 ζ(2n− 1)
π3/2 Γ(n)λn−1/2 .

(F.21)
Again the details can be found in the ancillary Mathematica file.

Residues at s′′ = −3,−4, . . .. All such residues can be written as

A
(3+ℓ)
3 = 128 (1− 2−2ℓ−4) ζ(−2ℓ− 3)

(2ℓ+ 2)!

∫∫ +i∞

−i∞

ds ds′

(2πi)2

(√
λ

4π

)2s+2s′+2−2ℓ

×

× Γ(2s+ 4) ζ(2s+ 3)Γ(2s′ + 4) ζ(2s′ + 3)Γ(−s) Γ(−s′ + 1 + ℓ)
(s+ s′ + 1− ℓ) Γ(s+ 2)Γ(s′ + 1− ℓ) (F.22)
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for ℓ ≥ 0. Only the poles at (s = −s′ − 1 + ℓ, s′ = −m) with m = 1, 2, . . . contribute
yielding constant terms:

A
(3+ℓ)
3 ∼

λ→∞
cℓ . (F.23)

The sum over all such constants is
∞∑

ℓ=0
cℓ =

∞∑
ℓ=0

∞∑
m=1

(64− 41−ℓ) (2m− 3) (2ℓ+ 3)Γ(2ℓ+2m+2) ζ(2ℓ+2m+1)
(2m− 2)! (2ℓ+ 4)! B2ℓ+4B2m−2 ,

(F.24)
where Bn are Bernoulli numbers. Using the integral representation of the Riemann ζ-function,
both sums can be performed independently, yielding

∞∑
ℓ=0

cℓ =
∫ ∞

0

w3 dw

sinh2(w)
sech4

(
w

2

)
= −1

5 + 8 log(2)− 39 ζ(3)
10 . (F.25)

Collecting (F.19), (F.21), and (F.25), we arrive at the strong-coupling expansion

A3 ∼
λ→∞

4 log(2)
π2 λ− 8 log(2)

π2

√
λ− 2 log

(
λ

π2

)
+ k + 4√

λ
(F.26)

+
∞∑

n=1

8Γ(n+ 1
2)

3 ζ(2n+ 1)
π3/2 Γ(n)λn+1/2 − log(2)

∞∑
n=1

16(n+ 1
2) Γ(n− 1

2)
2 Γ(n+ 3

2) ζ(2n+ 1)
π7/2 Γ(n)λn−1/2 ,

where

k = −53
15 − 4(1 + γ) + 8 log(2) + ζ(3)

10 , (F.27)

in agreement with (6.24) and (6.25).

F.2 Strong-coupling behavior of ∆D
1

We now consider the quantity ∆D
1 , defined in (5.39b), and write it as the sum of three terms:

∆D
1 = B1 +B2 +B3 , (F.28)

with

B1 = 32
3

∞∑
k=1

(2k)3 Z(2)
2k

(
Ẑ(0)

2k − 4Z(0)
2k

)
, (F.29a)

B2 = 32
√
λ

3π

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(1)

2k+1 − 2Z(1)
2k+1

)
− 16

√
λ

3π

∞∑
k=1

(2k)Z(3)
2k+1

(
Ẑ(0)

2k − 4Z(0)
2k

)
, (F.29b)

B3 = 32
3

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(2)

2k + 2Z(2)
2k

)
− 16λ

3π2

∞∑
k=1

(2k)Z(2)
2k

(
Ẑ(2)

2k − Z(2)
2k

)
− 16

3

(
1 + λ

4π2

) ∞∑
k=1

(2k)Z(4)
2k

(
Ẑ(0)

2k − 4Z(0)
2k

)
. (F.29c)

We now derive the strong-coupling behavior of each of these terms.
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• B1. Using the Mellin-Barnes representation of the Bessel functions and the integral
representation of the Riemann ζ-function, we can rewrite B1 as

B1 = 256
3

∞∑
k=1

k3
∫∫ i∞

−i∞

ds ds′

(2πi)2
Γ(−s+ k − 1)Γ(−s′ + k − 2)
Γ(s+ k + 2)Γ(s′ + k + 3) Γ(2s+ 4)ζ(2s+ 3)×

× Γ(2s′ + 4)ζ(2s′ + 3)
(√

λ

4π

)2s′+2s+6 (
4s′+2 − 4

)
. (F.30)

To proceed we adopt the same strategy as before: we first perform the sum and then close the
integration contours counter-clockwise in the half-planes ℜ𝔢(s) < 0 and ℜ𝔢(s′) < 0. Summing
up the residues and adopting the same regularization procedure discussed above, we obtain

B1 ∼
λ→∞

−2ζ(3)
π2 λ+ 52 ζ(3)

15 + 8
45 . (F.31)

The details on the intermediate steps can be found in the ancillary Mathematica file.

• B2. To find the strong-coupling expansion of B2, it is convenient to express (F.29b) as

B2 =
∫∫ i∞

−i∞

ds ds′

(2πi)2

[
B2,a(s, s′) +B2,b(s, s′)

]
, (F.32)

where ∫∫ i∞

−i∞

ds ds′

(2πi)2 B2,a(s, s′) =
64
√
λ

3π

∞∑
k=1

k Z(2)
2k

(
Ẑ(1)

2k+1 − 2Z(1)
2k+1

)
, (F.33a)

∫∫ i∞

−i∞

ds ds′

(2πi)2 B2,b(s, s′) = −32
√
λ

3π

∞∑
k=1

k Z(3)
2k+1

(
Ẑ(0)

2k − 4Z(0)
2k

)
. (F.33b)

The explicit expressions of B2,a and B2,b can be found by first inserting the definitions (5.10)
and (5.7) in the right-hand side of (F.33), and then using the Mellin-Barnes representation of
the Bessel function and the integral representation of the Riemann ζ-function. This leads to

B2,a(s, s′) =
128

√
λ

3π

∞∑
k=1

k
Γ(k − s− 1)Γ(k − s′ − 1)
Γ(s+ k + 2)Γ(s′ + k + 3)×

× Γ(2s+ 4)Γ(2s′ + 4)ζ(2s+ 3)ζ(2s′ + 3)
(√

λ

4π

)2s+2s′+5(
4s′+1 − 1

)
, (F.34a)

B2,b(s, s′) = −32
√
λ

3π

∞∑
k=1

k
Γ(k − s)Γ(k − s′ − 2)

Γ(s+ k + 2)Γ(s′ + k + 3) ×

× Γ(2s+ 4)Γ(2s′ + 4)ζ(2s+ 3)ζ(2s′ + 3)
(√

λ

4π

)2s+2s′+5(
4s′+2 − 4

)
. (F.34b)

After performing the sums over k as shown in the ancillary Mathematica file, a drastic
simplification occurs in the sum B2,a + B2,b, which becomes

B2,a(s, s′)+B2,b(s, s′) = (F.35)

= 1
3
(4s′+1−1)(s−s′−1)ζ(2s+3)Γ(−s)Γ(s+ 5

2)ζ(2s
′+3)Γ(−s′−1)Γ(2s′+4)

22s+4s′+1π2s+2s′+ 13
2 (s+s′+3)Γ(s′+3)

λs+s′+3 .

– 49 –



J
H
E
P
0
2
(
2
0
2
6
)
0
1
9

Closing as always the integration contours counter-clockwise and summing the residues at
the poles in the half-planes ℜ𝔢(s) < 0 and ℜ𝔢(s′) < 0, we find

B2 ∼
λ→∞

8 log(2)
3π2 λ+ 8

9 − 14ζ(3)
3 . (F.36)

Again the details on the intermediate steps are given in the ancillary Mathematica file.

• B3. The strong-coupling behavior of B3 can be readily obtained from the following
strong-coupling expansions derived in [39], namely

∞∑
k=1

2k
(
Z(2)

2k

)2 ∼
λ→∞

1
4 log λ+ 1

2γ − 1
2 log(4π)− 1

2ζ(3) +
11
12 , (F.37)

−4
∞∑

k=1
k Z(4)

2k

(
Ẑ(0)

2k − 4Z(0)
2k

)
∼

λ→∞

3
2 ζ(3) , (F.38)

together with the strong-coupling expansion of
∞∑

k=1
2k Z(2)

2k Ẑ(2)
2k which we already computed

for A2 and given in (F.12). Combining these results we get

B3 ∼
λ→∞

2λ
π2

(
ζ(3)− 4 log(2)

3

)
+ 8 log

(
λ

π2

)
− 14ζ(3) + 88

3 + 16γ − 80 log(2)
3 . (F.39)

Adding up (F.31), (F.36) and (F.39) we obtain the strong-coupling behavior of ∆D
1 given

in (6.33).

G Details on topological recursion method

In this appendix, we provide more details on the topological recursion method that is used
in the main text. The quantities of interest for us are the matrix-model correlators of f(zi)
defined in (5.21), which admit a topological expansion of the form

〈 n∏
i=1

f(zi)
〉c

0 =
∑
g≥0

N2−2g−nWn
g (z1, · · · , zn) . (G.1)

In the 𝔲(N) Gaussian matrix model, the expansion coefficients Wn
g can be explicitly de-

termined using the topological recursion relation [74, 75], starting with the first case W 1
0 .

The first few terms can be found for example in the ancillary file of [7]. However, we are
interested in the 𝔰𝔲(N) Gaussian matrix model.22 In the following we provide a systematic
procedure to convert 𝔲(N) correlators into 𝔰𝔲(N) correlators.

The 𝔰𝔲(N) vacuum expectation value of products of f(zi)’s is defined as

〈 n∏
i=1

f(zi)
〉

0 = 1
𝒵𝔰𝔲(N)

∫ N∏
u=1

dau ∆(a) e− tr a2
δ

( N∑
u=1

au

) n∏
i=1

tr exp
(√

λ

8π2N
azi

)
(G.2)

22It is worth mentioning that for the leading and sub-leading orders in the large-N expansion we consider
here, the distinction between 𝔲(N) and 𝔰𝔲(N) turns out to be non relevant.
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where 𝒵𝔰𝔲(N) stands for 𝔰𝔲(N) Gaussian matrix model partition function and ∆(a) is the
Vandermonde determinant. We now use the Fourier representation of the δ-function

δ

( N∑
u=1

au

)
=
∫ ∞

−∞

dp

2π exp
(
i p

N∑
u=1

au

)
(G.3)

and then shift au → au + ip/2 to eliminate the linear term in au. In this way we produce an
overall factor which is independent of au. After integrating over p, we obtain

〈 n∏
i=1

f(zi)
〉

0 = e
− λ

32π2N2

( N∑
i=1

zi

)2 [
1

𝒵𝔲(N)

∫ N∏
u=1

dau ∆(a) e− tr a2
n∏

i=1
f(zi)

]
. (G.4)

Notice that the quantity within square brackets in the right-hand side is precisely the correlator
in the 𝔲(N) Gaussian matrix model. By decomposing both sides into connected components
and expanding at large N , we can recursively determine all Wn

g ’s for the 𝔰𝔲(N) Gaussian
matrix model using the known 𝔲(N) results. We now quote all the terms needed for this paper:

W 1
0 (z1) = − 4π i

z1
√
λ
J1(x1) ,

W 2
0 (z1, z2) =

i z1z2
√
λ

4π(z1 + z2)
[
J1 (x1) J2 (x2) + J2 (x1) J1 (x2)

]
,

W 3
0 (z1, z2, z3) =

i z1
√
λ

64π2 J1 (x1)
[
8πJ1 (x2) J1 (x3)− 4 i z2

√
λJ0 (x2) J1 (x3)

− λ

2π z2z3J0 (x2) J0 (x3) +
λ

6π z2z3J1 (x2) J1 (x3)
]
+ P (z1, z2, z3) ,

(G.5)

where xi = i
√

λ
2π zi and P (z1, z2, z3) denotes the terms obtained by permuting {z1, z2, z3}

in all possible ways.
To apply the topological recursion, we need to express the derivatives of the partition

function in terms of the connected correlators (G.1). Doing this for the µ/m mixed derivative,
we find

∂2
µ∂

2
m log𝒵D∗ ∣∣

D
=4
[〈
ℳD

2,FℳD
2,A
〉
−
〈
ℳD

2,F
〉〈
ℳD

2,A
〉]

(G.6)

=
∫∫ ∞

0

4ωνdωdν
sinh2ω sinh2ν

{[〈
e−SD

f(2iν)2f(2iω)
〉c

0−
〈
e−SD

f(4iν)f(2iω)
〉c

0

+2
〈
e−SD

f(2iν)
〉c

0
〈
e−SD

f(2iν)f(2iω)
〉c

0+(ω→−ω)
]
+(ν→−ν)

}
. (G.7)

Expanding the exponential factors e−SD to the relevant order in the large-N limit and
using (G.1), we obtain the expression reported in (5.27).

Similar considerations can be applied to the µ/b mixed derivative

∂2
µ∂

2
b log𝒵D∗ ∣∣

D
= −4

[〈
𝒞D

F
〉
−
〈
ℳD

2,F ℬD
2
〉
+
〈
ℳD

2,F
〉 〈
ℬD

2
〉]
. (G.8)
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Each term in this expression can again be written using connected correlators of f -functions.
In particular, we have

−4
〈
𝒞D

F
〉
= 16N

(
ζ(3)− 1

3

)
+
∫ ∞

0

4ω2 dω

sinh4 ω

(
sinh(2ω)−2ω

)[〈
e−SD

f(2iω)
〉c

0 − N+(ω → −ω)
]
,

(G.9)
and

4
〈
ℳD

2,FℬD
2
〉
−4
〈
ℳD

2,F
〉〈
ℬD

2
〉

=
∫∫ ∞

0

4ν
[
ω+cothω(ωcothω−1)

]
dωdν

sinh2ω sinh2ν

{[〈
e−SD

f(2iν)f(2iω)
〉c

0
〈
e−SD

f(−2iω)
〉c

0

+1
2
〈
e−SD

f(2iν)f(−2iω)f(2iω)
〉c

0+(ω→−ω)
]
+(ν→−ν)

}
(G.10)

−
∫∫ ∞

0

ν
(
2ω−sinh2ω

)
dωdν

sinh4ω sinh2ν

{[〈
e−SD

f(2iν)f(2iω)2〉c
0−
〈
e−SD

f(2iν)f(4iω)
〉c

0

+4
〈
e−SD

f(2iν)f(2iω)
〉c

0+2
〈
e−SD

f(2iν)f(2iω)
〉c

0
〈
e−SD

f(2iω)
〉c

0+(ω→−ω)
]
+(ν→−ν)

}
.

After expanding the exponential factors e−SD and using (G.1), we obtain the expressions
given in (5.43) and (5.42).

H The Sp(N) theory

In this appendix we analyze an 𝒩 = 2 SCFT with Sp(N) gauge group and a matter content
consisting of four fundamental hypermultiplets and one antisymmetric hypermultiplet with an
SU(2)L×SO(8) flavour symmetry. This theory, previously studied in [36, 42, 54, 57, 58], can be
engineered in Type IIB string theory with N D3-branes probing a D4-singularity in F-theory.

We again consider mass and squashing deformations, adopting the same notation for the
deformation parameters as in the D-theory. Specifically, we focus on the following quantities:

∂2
µ ∂

2
m log 𝒵̃∗

∣∣∣m,µ=0
b=1

, ∂2
µ∂

2
b log 𝒵̃∗

∣∣∣m,µ=0
b=1

, (H.1)

where 𝒵̃∗ is the partition function of the deformed Sp(N) theory. The first quantity was
computed in [42] using topological recursion; for completeness, we rederive their result using
our full Lie-algebraic approach.

By exploiting supersymmetric localisation, the partition function 𝒵̃∗ can be expressed as
an integral over the eigenvalues ãu of a matrix ã in the Lie Algebra 𝔰𝔭(N):

𝒵̃∗ =
∫ N∏

u=1
dãu e

− 8π2
g2

YM
tr ã2 ∣∣Z1−loop Zinst

∣∣2 , (H.2)

with

|Z1−loop|2=∆(ã)e−S̃ Υ′(0)N∏N
i<j=1Hv(ãi+ãj ;b)Hv(ãij ;b)∏N

i<j=1Hh(ãi+ãj ,b,m)Hh(ãi+ãj ,b,−m)Hh(ãij ,b,m)Hh(ãij ,b,−m)

×
∏N

i=1Hv(2ãi)∏4
F =1

∏N
i=1Hh(ãi,b,µF)Hh(ãi,b,−µF)

. (H.3)
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Here Hv and Hh are the functions introduced in (3.5), ∆(ã) is the Vandermonde determinant
and S̃ is the matrix-model action of the massless Sp(N) theory on the sphere [39, 54]. In (H.3),
µF (F = 1, . . . , 4) are the masses of the four fundamental hypermultiplets, while m is the
mass of the anti-symmetric hypermultiplet. For simplicity, we take µF = µ for any F .

Following the same procedure as in section 3.1, we rewrite the partition function as23

𝒵̃∗ =
∫
dã e−trã2−S̃∗

, (H.4)

where

S̃∗ = S̃ −N logΥ′
b(0)−

N∑
i<j=1

[
logHv

(√
λ

8π2N
(ãi + ãj); b

)
+ logHv

(√
λ

8π2N
ãij ; b

)]

−
N∑

i=1
logHv

(√
λ

2π2N
ãi; b

)
+ 8

N∑
i=1

logHh

(√
λ

8π2N
ãi; b, µ

)
(H.5)

+ 2
[ N∑

i<j=1
logHh

(√
λ

8π2N
(ãi + ãj); b,m

)
+

N∑
i<j=1

logHh

(√
λ

8π2N
ãij ; b,m

) ]
,

with

S̃ = 4
∞∑

k=1
(−1)k+1

(
λ

8π2N

)k+1
(22k − 1)ζ(2k+1)

k + 1 trã2k+2 . (H.6)

This leads to the following expansion around m,µ = 0 and b = 1:

S̃∗ = S̃ +m2 ℳ̃2,A + µ2 ℳ̃2,F +
[
(b− 1)2 − (b− 1)3

]
ℬ̃2 +m4 ℳ̃4,A + µ4 ℳ̃4,F

+m2(b− 1)2 𝒞̃A + µ2(b− 1)2 𝒞̃F + (b− 1)4 ℬ̃4 + . . . . (H.7)

Here we report only the coefficients of the above expansion that are necessary for evaluating
the integrated correlators of interest:

ℳ̃2,A= 1
2ℳ̃

D
2,A+N(N−1)(1+γ), (H.8a)

ℳ̃2,F=ℳ̃D
2,F+4N(1+γ), (H.8b)

ℬ̃2=N(2N+1)(1+γ)−1
6

∞∑
n=0

(−1)n[4nζ(2n+1)+(2n+3)ζ(2n+3)]
(

λ

2π2N

)n+1
trã2n+2

+4
3

∞∑
n=0

(−1)n(2nζ(2n+1)−(2n+3)ζ(2n+3))
(

λ

8π2N

)n+1
trã2n+2

+1
2

∞∑
n=1

n∑
k=0

(−1)n (2n+1)!ζ(2n+1)
(2k)!(2n−2k)!

(
λ

8π2N

)n

trã2n−2ktrã2k , (H.8c)

𝒞̃F = 1
4 𝒞̃

D
F +N

(1
3−ζ(3)

)
, (H.8d)

23Decomposing ã = ãbTb with b = 1, . . . , N(2N +1), where Tb are the generators of Sp(N) in the fundamental
representation normalized by tr(TbTc) = 1

2 δbc, the integration measure is

dã =
N(2N+1)∏

b=1

dãb

√
2π

so that
∫

dã e− tr ã2
= 1 .
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where ℳ̃D
2,A, ℳ̃D

2,F and 𝒞̃ D
F denote the same quantities as in (4.21), (5.3), and (5.30), respec-

tively, but expressed in terms of the Sp(N) matrix ã.

Results for ∂2
µ ∂2

m log𝓩∗. At first we evaluate the mixed derivative

∂2
µ ∂

2
m log 𝒵̃∗

∣∣∣m,µ=0
b=1

= 4
[〈
ℳ̃2,F ℳ̃2,A

〉
Sp −

〈
ℳ̃2,F

〉
Sp
〈
ℳ̃2,A

〉
Sp

]
, (H.9)

where we have defined

⟨f(ã)⟩Sp = ⟨ e−S̃ f(ã)⟩0,Sp

⟨ e−S̃⟩0,Sp
, (H.10)

with ⟨ · ⟩0,Sp denoting the vacuum expectation value in the Sp(N) 𝒩 = 4 SYM theory. In
analogy with what done in section 4, we introduce the 𝒫̃ operators defined through

tr ãk =
(
N

2

) k
2

[ k−1
2 ]∑

l=0

√
2(k − 2l)

(
k

l

)
𝒫̃k−2l + ⟨tr ãk⟩0,Sp . (H.11)

This definition ensures that the 𝒫̃ operators are orthonormal in the Gaussian model at
large N , namely

⟨𝒫̃2k1𝒫̃2k2⟩0,Sp = δk1,k2 +O
(
1/N

)
. (H.12)

Writing ℳ̃2,A and ℳ̃2,F in the 𝒫̃-basis, substituting the resulting expressions into (H.9)
and recalling that [11]

〈
𝒫̃2k 𝒫̃2ℓ

〉c
Sp = δk,ℓ +

√
k ℓ

2N (1 + 4Y) +O(1/N2) , (H.13a)〈
𝒫̃2k 𝒫̃2ℓ 𝒫̃2m

〉
Sp −

〈
𝒫̃2k

〉
Sp
〈
𝒫̃2ℓ 𝒫̃2m

〉
Sp =

√
2 (δk,ℓ Y2m + δk,m Y2ℓ) +O(1/N) , (H.13b)

we obtain the following large-N expansion

∂2
µ ∂

2
m log 𝒵̃∗

∣∣∣m,µ=0
b=1

=
∞∑

g=0
N1−g ℱSp

g . (H.14)

After some algebra, one can show that

ℱSp
0 = 2ℱD

0 (H.15a)

ℱSp
1 = 2ℱD

1 +Σ1 (H.15b)

where ℱD
0 ,ℱD

1 are the coefficients of large-N expansion integrated correlator in the D-
theory, and

Σ1 = 64π√
λ

∞∑
k=1

(−1)k (2k) Z(2)
2k

∞∑
ℓ=1

(−1)ℓ (2ℓ)M(1)
1,2ℓ + 16

∞∑
k=1

(2k)Z(2)
2k M(2)

0,2k

− 16
∞∑

k=1
(2k) Z(2)

2k

(
Z(2)

2k − Ẑ(2)
2k

)
. (H.16)
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The quantities M(p)
m,n are defined in (5.6), while Z(p)

m and Ẑ(2)
2k are given in (5.10) and (5.7),

respectively. Combining (5.18) and (H.15a), we conclude that ℱSp
0 = F1, in agreement with

what is reported in eq. (B.11) of [42]. Substituting the integral definitions in terms of Bessel
functions, it is also straightforward to prove that ℱSp

1 = F2, where F2 is written in the
ancillary Mathematica file attached to [42].

The strong-coupling expansion of ℱSp
0 trivially follows from that of ℱD

0 given in (6.28).
The one of ℱSp

1 can be obtained from the strong-coupling expansion of ℱD
1 in (6.29), and

that of Σ1, which is

Σ1 ∼
λ→∞

4 + 8 log(2)− 3ζ(3) +
∞∑

n=1

32nΓ
(
n− 1

2

)
Γ
(
n+ 1

2

)2
ζ(2n+ 1)

π3/2 Γ(n) λn+ 1
2

. (H.17)

This can be derived following the same methods described in appendix F. Putting everything
together, we have

ℱSp
1 ∼

λ→∞
−12 log

(
λ

π2

)
+ kℱSp

1
− log(2)

∞∑
n=1

64nΓ(n− 1
2)

2 Γ(n+ 3
2) ζ(2n+ 1)

π7/2 Γ(n)λn−1/2

+
∞∑

n=1

64nΓ(n− 1
2) Γ(n+ 1

2)
2 ζ(2n+ 1)

π3/2 Γ(n)λn+1/2 , (H.18)

with

kℱSp
1

= 96ζ(3)
5 − 182

5 − 24γ + 40 log(2) . (H.19)

This result is not only in complete agreement with [42], but also analytically fixes the constant
kℱSp

1
which in that reference was only estimated numerically.

Results for ∂2
µ∂2

b log𝓩∗. Following the same procedure, we can also obtain the large-N
expansion of

∂2
µ∂

2
b log 𝒵̃∗

∣∣∣m,µ=0
b=1

= −4
[〈
𝒞̃F
〉

Sp −
〈
ℳ̃2,F ℬ̃2

〉
Sp +

〈
ℳ̃D

2,F
〉

Sp
〈
ℬ̃D

2
〉

Sp

]
, (H.20)

which takes the form

∂2
µ ∂

2
b log 𝒵̃∗

∣∣∣m,µ=0
b=1

=
∞∑

g=0
N1−g ℱ̃Sp

g . (H.21)

The first two coefficients are

ℱ̃Sp
0 = 2ℱ̃D

0 ,

ℱ̃Sp
1 = 2ℱ̃D

1 +Σ1 + Σ̃1 , (H.22a)

where the new quantity Σ̃1 is

Σ̃1 = 1
3

(
λ

π2 + 4
)

Z(4)
0 + 4λ1/2

3π Z(3)
1 − 16 ζ(3) . (H.23)
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The strong-coupling expansion of ℱ̃Sp
0 readily follows from that of ℱ̃D

0 given in (6.31),
while the strong-coupling expansion of ℱ̃Sp

1 is obtained by adding those of ℱ̃D
1 , given in (6.31),

and of Σ1, given in (H.17), and the strong-coupling expansion of Σ̃1 which is

Σ̃1 ∼
λ→∞

8
3 − 16ζ(3) . (H.24)

Remarkably, at strong-coupling, Σ̃1 simply behaves only as a constant. The final result is

ℱ̃Sp
1 ∼

λ→∞
4 log

(
λ

π2

)
+ kℱ̃Sp

1
− log(2)

∞∑
n=1

64nΓ(n− 1
2)

2 Γ(n+ 3
2) ζ(2n+ 1)

π7/2 Γ(n)λn−1/2

+
∞∑

n=1

64nΓ(n− 1
2) Γ(n+ 1

2)
2 ζ(2n+ 1)

π3/2 Γ(n)λn+1/2 , (H.25)

where

kℱ̃Sp
1

= −136ζ(3)
5 + 406

15 + 8γ − 40 log(2)
3 . (H.26)

Finally, we can also consider the large-N expansion with fixed YM coupling. Using
the strong-coupling expressions we derived in this appendix and exploiting the SL(2,ℤ)-
completion in terms of non-holomorphic Eisenstein series as proposed in section 7, we obtain
the modular invariant expression given in (7.11) of the main text.
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