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A R T I C L E I N F O A B S T R A C T

Editor: Stephan Stieberger In several elementary particle scenarios, self-dual fields emerge as fundamental degrees of 
freedom. Some examples are the 𝐷 = 2 chiral boson, 𝐷 = 10 Type IIB supergravity, and 𝐷 = 6
chiral tensor multiplet theory. For those models, a novel variational principle has been proposed 
in the work of Ashoke Sen. The coupling to supergravity of self-dual models in that new 
framework is rather peculiar to guarantee the decoupling of unphysical degrees of freedom. 
We generalize this technique to the self-dual super Maxwell gauge theory in 𝐷 = 4 Euclidean 
spacetime both in the component formalism and the superspace. We use the geometric tools 
of rheonomy and integral forms since they are very powerful geometrical techniques for the 
extension to supergravity. We show the equivalence between the two formulations by choosing a 
different integral form defined using a Picture Changing Operator. That leads to a meaningful 
action functional for the variational equations. In addition, we couple the model to a non-

dynamical gravitino to extend the analysis slightly beyond the free case. A full-fledged self-dual 
supergravity analysis will be presented elsewhere.

1. Introduction

In several interesting supersymmetric models, self-dual fields are essential to guarantee the matching between bosonic and 
fermionic degrees of freedom. For example, the 𝐷 = 2 chiral boson model, the 𝐷 = 6 tensor and supergravity multiplet [1], the 
𝐷 = 10 Ramond-Ramond sector of type IIB supergravity suffer from the same problems. More precisely, their equations of motion 
must be supplemented by the self-dual conditions, but both self-duality constraints and equations of motion cannot be obtained from 
an action principle. Indeed, their kinetic terms vanish once the self-duality condition is imposed. There have been several proposals to 
solve this issue, but they have either a limited range of applications or require special choices (non-covariant representations [2–5], 
infinite auxiliary fields [6–14], non-polynomial actions [15–19], one higher dimension [20,21]). To solve this problem, A. Sen, in 
seminal papers [22–24], inspired by string field theory methods, provided a suitable action in terms of a set of auxiliary fields, yield-

ing the correct equations of motion, and which do not interact with the rest of the theory. Those fields have special transformation 
properties which do not depend on supergravity fields [22,24,25]. Recently, the mechanism has also been applied to M5-brane in 
the papers [25], [26]. In [27], generalizations of Sen’s mechanism for self-dual p-form gauge fields have been provided on a general 
spacetime, three approaches explore in a more complete way the coupling with supergravity. Recently, in the work [28] the com-

petitor PST [16] method has been newly used, it would be interesting to see an integral/superspace version of that framework and 
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to compare with Sen’s mechanism. Very interesting recent works have been put forward in [29,30], and it would be interesting to 
compare them with Sen’s mechanism approach.

Tackling the problem from another side, it has been noticed [1] that from a purely geometrical perspective in the rheonomy 
formalism, the superspace equations of motion imply the dynamical equations, the parametrization of the curvatures, and the self-
duality constraints when needed [1], [31]. Nonetheless, when those equations of motion are projected to space-time, the self-duality 
constraint is lost. This happens in all known cases (for some examples, see the recent [26,32] and the considerations therein). 
Furthermore, the rheonomy superspace equations are not derived from a genuine action principle since the action depends on the 
choice of the embedding of the bosonic submanifold into a suitable supermanifold (unless the Lagrangian, seen as a differential form, 
is closed. For further details, see [33]).

It has been observed in [32], that the rheonomy Lagrangian, dressed with a special operator in the superspace, known as Picture 
Changing Operator (PCO), shares formal structural analogies with string field theory action [22–24,34] and this can be used to 
suitably modify the Lagrangian to reproduce the Sen’s mechanism in superspace. Finally, its restriction to spacetime does not lose 
the self-duality constraints. This has been explicitly verified in [32] for all possible choices of PCO at the component level and the 
superspace level.

We study another interesting case in the present work where the same phenomena appeared. This is the case of self-dual super 
Maxwell theory in Euclidean signature (here we present only the abelian case, the non-abelian will be presented elsewhere) with the 
supersymmetric spectrum made of a positive-helicity gauge boson and a positive-helicity fermion [35–41].1 In that case, the self-
duality can be imposed ab-initio, and the Lagrangian for the self-dual gauge boson is a total derivative. At the same time, the Dirac 
Lagrangian vanishes in the absence of the anti-chiral part of the gaugino. We provide a component construction for the Lagrangian 
implementing Sen’s mechanism, by introducing two auxiliary fields and modifying the Lagrangian, we obtain the correct equations 
for the self-dual part of the fields. The auxiliary fields satisfy free equations, and their fluctuations decouple. We show how all steps of 
Sen’s construction can be performed, and, for an illustrative interacting example, we consider the coupling of the self-dual multiplet 
with a non-dynamical gravitino [47]. In addition, we provide the construction in the geometric framework with suitable PCOs (only 
two of them have been considered, namely the spacetime PCO and the supersymmetric one). Finally, we can obtain the component 
and the superspace action with the correct equations. Together with [32], this model is an example of a superspace extension of 
Sen’s mechanism.

In section 2, we recall some basic facts about SYM theory. In section 3 we project the rheonomic action down to spacetime. 
Section 4 implements Sen’s mechanism at the spacetime level; section 5 provides its superspace extension. Finally, in section 6, the 
analysis with a non-dynamical gravitino is performed. For detailed calculations, see [48].

2. Some basic facts about super Yang-Mills theory  = 𝟏, 𝑫 = 𝟒

In the usual formulation of super Yang-Mills theory [49–51], the gauge field is written as a superconnection expanded in the 
supersymmetric flat basis 𝑉 𝛼𝛼̇ = d𝑥𝛼𝛼̇ − 2𝑖(d𝜃𝛼𝜃̄𝛼̇ + d𝜃̄𝛼̇𝜃𝛼), 𝜓𝛼 = d𝜃𝛼 𝜓̄ 𝛼̇ = d𝜃̄𝛼̇ :

𝒜 =𝒜𝐴𝑒
𝐴 =𝒜𝑎𝑉

𝑎 +𝒜𝛼𝜓
𝛼 +𝒜𝛼̇ 𝜓̄

𝛼̇ (2.1)

and its field strength is given by

ℱ = 1
2
ℱ𝐴𝐵𝑒

𝐴 ∧ 𝑒𝐵 =

= 1
2

(
ℱ𝑎𝑏𝑉

𝑎 ∧ 𝑉 𝑏 +ℱ𝑎𝛽𝑉
𝑎 ∧𝜓𝛽 +ℱ𝑎𝛽̇𝑉

𝑎 ∧ 𝜓̄ 𝛽̇ +ℱ𝛼𝛽𝜓
𝛼 ∧𝜓𝛽 +ℱ𝛼𝛽̇𝜓

𝛼 ∧ 𝜓̄ 𝛽̇ +ℱ𝛼̇𝛽̇ 𝜓̄
𝛼̇ ∧ 𝜓̄ 𝛽̇

)
.

Defining ℱ as usual ℱ ≡ d𝒜 +𝒜 ∧𝒜 it satisfies the Bianchi identity 𝒟ℱ = 0, where 𝒟 is the covariant derivative. The constraints 
eliminate the superfluous degrees of freedom:

ℱ𝛼𝛽 = 0, ℱ𝛼𝛽̇ = 0, ℱ𝛼̇𝛽̇ = 0. (2.2)

That leads to

ℱ = 1
2

(
ℱ+

𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 +ℱ−

𝛼̇𝛽̇
(𝑉 2

− )
𝛼̇𝛽̇ + 𝑖𝑊 𝛼̇(𝑉 𝜓)𝛼̇ + 𝑖𝑊𝛼(𝑉 𝜓̄)𝛼

)
(2.3)

with the following conditions on the gauge and the gaugino field-strengths ℱ±, 𝑊 and 𝑊

ℱ+
𝛼𝛽

= −1
4
𝒟(𝛼𝑊𝛽), ℱ−

𝛼̇𝛽̇
= −1

4
𝒟(𝛼̇𝑊 𝛽̇) (2.4)

𝒟𝛽̇𝑊𝛼 = 0, 𝒟𝛽𝑊 𝛼̇ = 0, 𝒟𝛼̇𝑊
𝛼̇
=𝒟𝛼𝑊𝛼. (2.5)

1 In the case of 𝐷 = (2, 2) spacetime, there exist an extended literature on self-dual models, see for example [42–46]. Those models might serve as a starting point 
for future investigation of the framework presented here. In those papers, in particular in [42] the authors implement the self-duality constraints by Lagrangian 
multipliers adding more degrees of freedom. It would be interesting to see whether a Sen’s mechanism could be implemented such that those additional degrees of 
2

freedom are decoupled from the rest. In particular, it would be very interesting to develop a superspace version of Sen’s mechanism also in 𝐷= (2, 2) superspace.
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Moreover, if the group is an abelian one, the covariant derivatives are replaced by 𝒟𝑎 → 𝜕𝑎, 𝒟𝛼 →𝐷𝛼 , 𝒟𝛼̇ →𝐷𝛼̇ and the following 
relations hold

𝐷𝜌ℱ
−
𝛼̇𝛽̇

= − 𝑖

2
𝜕𝜌(𝛼̇𝑊 𝛽̇), 𝐷𝜌̇ℱ

−
𝛼̇𝛽̇

= 𝑖

2
𝜖𝜌̇(𝛼̇𝜕𝛽̇)𝜌𝑊

𝜌 (2.6)

𝐷𝜌̇ℱ
+
𝛼𝛽

= − 𝑖

2
𝜕𝜌̇(𝛼𝑊𝛽), 𝐷𝜌ℱ

+
𝛼𝛽

= 𝑖

2
𝜖𝜌(𝛼𝜕𝛽)𝜌̇𝑊

𝜌̇
. (2.7)

In Euclidean or Split signature, one can define the anti-self-dual version of SYM theory [35,36]:

∗ℱ𝑎𝑏

!
= −𝑖ℱ𝑎𝑏, ∗ℱ𝑎𝑏 ≡ 1

2
𝜖𝑎𝑏𝑐𝑑ℱ

𝑐𝑑 (2.8)

which implies, in the chiral notation, the conditions

ℱ−
𝛼̇𝛽̇

= 0, 𝑊 𝛼̇ = 0. (2.9)

3. Rheonomic action for anti-self-dual super-Maxwell

In the Abelian case, eqs. (2.3), (2.4) and (2.5) become

ℱ = 1
2

(
ℱ+

𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 + 𝑖𝑊𝛼(𝑉 𝜓̄)𝛼

)
(3.1)

with

ℱ+
𝛼𝛽

= −1
4
𝐷(𝛼𝑊𝛽), 𝐷𝛽̇𝑊𝛼 = 0, 𝐷𝛼𝑊𝛼 = 0 (3.2)

and eqs. (2.6), (2.7) become

0 = 𝑖

2
𝜖𝜌̇(𝛼̇𝜕𝛽̇)𝜌𝑊

𝜌, 𝐷𝜌̇ℱ
+
𝛼𝛽

= − 𝑖

2
𝜕𝜌̇(𝛼𝑊𝛽), 𝐷𝜌ℱ

+
𝛼𝛽

= 0. (3.3)

Applying 𝐷
𝛼̇

on eq. (3.2) we have

0 =𝐷
𝛼̇
𝐷𝛼𝑊𝛼

(3.2)
= {𝐷

𝛼̇
,𝐷𝛼}𝑊𝛼 = 2𝑖𝜕𝛼̇𝛼𝑊𝛼 ⟹ 𝜕𝛼̇𝛼𝑊𝛼 = 0 (3.4)

which is photino’s Dirac equation. Similarly, one can obtain the Maxwell equations

𝜕𝛼̇𝛼ℱ+
𝛼𝛽

= 0. (3.5)

Since 𝐷𝜌ℱ
+
𝛼𝛽

= 0 we have that ℱ+
𝛼𝛽

is an antichiral superfield. Its first component is

ℱ+
𝛼𝛽

=ℬ+
𝛼𝛽

+(𝜃, 𝜃̄). (3.6)

Similarly, 𝐷𝛽̇𝑊𝛼 = 0 means that 𝑊𝛼 is chiral and therefore:

𝑊𝛼 = −𝑖𝜆𝛼 + 𝜃𝛼𝐷 + (𝜎𝑎𝑏𝜃)𝛼𝐹𝑎𝑏 + (𝜃𝜃)𝜕𝛼𝛽̇ 𝜆̄𝛽̇ , (3.7)

where 𝐹𝑎𝑏 is the usual gauge field strength. Taking into account the fact that Dirac and Maxwell’s equations hold, the auxiliary 
field is zero 𝐷 = 0; moreover, being this an anti-self-dual theory, we have 𝑊

𝛼̇
= 0 and therefore also its first component is zero 

𝜆̄𝛼̇ = 0. Finally, if we define 𝐻+
𝛼𝛽

≡ (𝜎𝑎𝑏) 𝛾
𝛼 𝐹𝑎𝑏𝜖𝛾𝛽 we obtain 𝑊𝛼 = −𝑖𝜆𝛼 +𝐻+

𝛼𝛽
𝜃𝛽 . Note that 𝐻+

𝛼𝛽
is symmetric in its indices. Using 

𝐷𝛼 = 𝜕𝛼 + 𝑖𝜃̄𝛽̇ 𝜕𝛼𝛽̇ we find that the first component of ℱ+
𝛼𝛽

is given by

ℱ+
𝛼𝛽

= −1
4
𝐷(𝛼𝑊𝛽) =ℬ+

𝛼𝛽
+(𝜃, 𝜃̄) = −1

4
𝐻+

𝛼𝛽
+(𝜃, 𝜃̄) (3.8)

which establishes a relation between the first component of ℱ+
𝛼𝛽

and the second component of 𝑊𝛼 .

Given this hypothesis, we can build the rheonomic Lagrangian for anti-self-dual super Maxwell theory

(4|0) = +
𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 ∧ℱ − 1

12
+
𝛼𝛽
𝛼𝛽
+ 𝑉 4+

+ 𝑥(𝛼𝜖
𝛽𝛼𝛽 )(𝜓̄𝑉 ∧ 𝑉 𝜓̄) + 𝑦+

𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 ∧𝜎(𝑉 𝜓̄)𝜎 + 𝑧ℱ ∧𝛼(𝑉 𝜓̄)𝛼

(3.9)

which can be obtained following the standard procedure [1]. In eq. (3.9) 𝑥, 𝑦, 𝑧 are three constants to be fixed. It is crucial to highlight 
the difference between two types of (2|0)-superfields:

ℱ = d𝒜,  = 1
(
+ (𝑉 2)𝛼𝛽 + 𝑖𝛼(𝑉 𝜓̄)𝛼

)
. (3.10)
3

2 𝛼𝛽 +
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The field strength  , containing +
𝛼𝛽

and 𝛼 , is an auxiliary anti-self-dual 2-form; whereas ℱ is the field strength of the physical

gauge potential 𝒜, that is ℱ = d𝒜, and it contains the physical degrees of freedom. The relation between the auxiliary  and the 
physical ℱ is given by the EL equations in superspace: writing those for the auxiliary superfields +

𝛼𝛽
, 𝛼 one obtains algebraic 

equations through which one can express them in terms of the physical ones; whereas writing the EL superspace equations for the 
physical 𝒜 one obtains the dynamical equations of motion. These are respectively given by:

(𝑉 2
+ )

𝛼𝛽 ∧
(
ℱ + 𝑦𝜎(𝑉 𝜓̄)𝜎

)
− 1

6
𝛼𝛽
+ 𝑉 4 = 0 (3.11)

2𝑥𝛼(𝜓̄𝑉 ∧ 𝑉 𝜓̄) − 𝑦+
𝛾𝛽
(𝑉 2

+ )
𝛾𝛽 ∧ (𝑉 𝜓̄)𝛼 − 𝑧ℱ ∧ (𝑉 𝜓̄)𝛼 = 0 (3.12)

d
(+

𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 + 𝑧𝛼(𝑉 𝜓̄)𝛼

)
= 0 . (3.13)

Inserting the general expression of ℱ in eq. (3.11) we obtain 𝑊 𝛼̇ = 0, ℱ𝛼𝛽 = 0, ℱ𝛼𝛽̇ = 0, ℱ𝛼̇𝛽̇ = 0 and 𝛼𝛽
+ = 6ℱ𝛼𝛽

+ , 𝛼 = − 𝑖

2𝑦𝑊𝛼

(rheonomic parametrization). Notice that this equation does not give any information about ℱ−
𝛼̇𝛽̇

since (𝑉 2
+ )

𝛼𝛽 ∧ (𝑉 2
− )

𝜎̇𝜏̇ = 0. Choosing 

𝑧 = 2𝑖, eq. (3.12) fixes all coefficients 𝑦 = − 𝑖

6 , 𝑥 = 1
6 and it gives the anti-self-duality condition2 ℱ−

𝛼̇𝛽̇
= 0. Finally, eq. (3.13) sets the 

theory on shell. Summarizing, eqs. (3.11) (3.12) (3.13) are intended on the entire superspace; they imply the on-shell conditions 
(3.4), (3.5) and the anti-self-duality condition. Nonetheless, they are not derived from an action principle.

Using the rheonomic parametrizations, we get

(4|0) = 1
12

+
𝛼𝛽
𝛼𝛽
+ (𝑉 4) + 𝑖

6
+
𝜎𝜏
(𝑉 2

+ )
𝜎𝜏 ∧𝛼(𝑉 𝜓̄)𝛼 + 1

3
𝛾 𝜖

𝛿𝛾𝛿𝜖𝜎𝛼(𝑉 𝜓̄)𝜎 ∧ (𝑉 𝜓̄)𝛼. (3.14)

One can easily show that the condition ℱ−
𝛼̇𝛽̇

= 0 implies the Maxwell equation 𝜕𝛼̇𝛼ℱ+
𝛼𝛽

= 0. As a consequence, the term +
𝛼𝛽
𝛼𝛽
+ is a 

total derivative3 and the corresponding action is null. Projecting the Lagrangian down to spacetime, we get

(4|0)
Spacetime = 3ℬ+

𝛼𝛽
ℬ𝛼𝛽

+ 𝑉 4 (3.15)

which is a total derivative, as mentioned. Therefore, we have two different problems. From one side, we cannot write the Lagrangian 
for the fermion nor its equation of motion. From the other side, the bosonic action is null unless there are some non-trivial boundary 
terms. Notice that also the interactions disappear due to the abelian nature of the present model, and a chiral spinor 𝛼 is not 
sufficient to build a vector current.

4. Sen’s mechanism in components

Sen’s mechanism was applied to 𝐷 = (4𝑛 + 2)-dimensional theories [22–24] where the kinetic terms for self-dual field strength 
vanish. Here we adapt it to the cases 𝐷 = (4𝑛 + 4) where the fermionic kinetic term is absent complementarily. To do so, let’s 
introduce an auxiliary field 𝜒̄ in the spacetime Lagrangian (3.15) with its kinetic term and an interaction term with the gaugino 𝜆. 
If, following Sen’s notation, ′

s.t.(𝜆, Φ) is the Lagrangian of 𝜆𝛼 and any other field Φ of the theory, then we have

Sen =
1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜖

𝛼𝛽𝜕
𝛽̇

𝛽
𝜒̄𝛽̇ + 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆𝛼 +′

s.t.(𝜆,Φ). (4.1)

The first two terms correspond to the d𝑃 (4)∧ ∗ d𝑃 (4) − d𝑃 (4) ∧𝑄(5) of Sen’s Lagrangian [22]. The role of the self-dual field 𝑄(5) is 
replaced here by the chiral gaugino 𝜆𝛼 , and the role of the auxiliary field 𝑃 (4) is played by 𝜒̄𝛼̇ .

The equations of motion are

𝜕 𝛼̇
𝛼
𝜕𝛼𝛽̇ 𝜒̄𝛽̇ + 𝜕𝛼𝛼̇𝜆𝛼 = 0, −𝜕𝛼𝛼̇𝜒̄𝛼̇ +

𝜕

𝜕𝜆𝛼
′
s.t.(𝜆,Φ) = 0. (4.2)

Applying 𝜕 𝛽̇
𝛼 on the second equation and using the first one, we obtain

𝜕𝛼𝛽̇𝜆𝛼 − 𝜕𝛼𝛽̇
𝜕′

s.t.
𝜕𝜆𝛼

= 0 (4.3)

which is the Dirac equation. The last equation involves only the self-dual field 𝜆𝛼 , and for any solution, we can use eq. (4.2) to 
compute 𝜒̄𝛼̇ . The crucial point is that, as well as for the Sen’s mechanism in Type IIB supergravity, the dof’s of this extra field4 must 
decouple from the interacting sector, and therefore it will not have physical relevance. This decoupling can be seen at the level of 

2 As a consequence, projecting eq. (3.12) down to spacetime, we lost the anti-self-duality condition.
3 This happens only in the abelian case. The non-abelian case is not a total derivative since the curvature has non-linear terms.
4 Of course, at the level of spacetime action, in principle, one could introduce not only the 𝜒̄𝛼̇ but also its supersymmetric partner, let’s call it 𝑘−

𝛼̇𝛽̇
(the first 

component of the auxiliary superfield −
𝛼̇𝛽̇

). However, this should be introduced without coupling it to the theory so that the Lagrangian would be trivially modified 
4

by an influent term 𝑘𝛼̇𝛽̇− 𝑘−
𝛼̇𝛽̇

. The upshot is that, in principle, the entire supermultiplet’s fluctuations decouple from the theory.



Nuclear Physics, Section B 1001 (2024) 116512G. Barbagallo and P.A. Grassi

equations of motion but not at the level of the action. For a given 𝜆𝛼 , two different solutions 𝜒̄𝛼̇ and 𝜒̄ ′
𝛼̇
= 𝜒̄𝛼̇ +Δ𝜒̄𝛼̇ will differ by a 

free field Δ𝜒̄𝛼̇ which satisfy the free second-order equation of motion

𝜕 𝛼̇
𝛼
𝜕𝛼𝛽̇Δ𝜒̄𝛽̇ = 0. (4.4)

It should be noted that this also matches the result of Sen: indeed, the kinetic term for 𝑃4 in his Lagrangian has the wrong sign, 
leading to potential instabilities in the path integral. Nevertheless, since the field Δ𝑃4 decouples from the theory, this amounts only 
to an overall regularization of the path integral. Conversely, for fermions, a second-order differential equation might lead to problems 
(unphysical modes which carry negative probabilities) for Δ𝜒𝛼̇ , but again they decouple from the theory.

The gaugino acquires an R-symmetry index 𝜆𝐴𝛼 and for extended supersymmetry and eq. (4.1) should be modified accordingly

Sen =
1
2
𝑔𝐴𝐵𝜕 𝛼̇

𝛼
𝜒̄𝐴𝛼̇𝜖

𝛼𝛽𝜕
𝛽̇

𝛽
𝜒̄𝐵𝛽̇ + 𝜕𝛼𝛼̇𝜒̄𝐴𝛼̇𝜆

𝐴
𝛼
+′

s.t.(𝜆,Φ). (4.5)

The symmetric matrix 𝑔𝐴𝐵 is a metric in the R-symmetry space. In 𝑁 = 4 case, the 𝑆𝑈 (4) R-symmetry is broken to 𝑆𝑂(4). In 𝑁 = 2, 
the 𝑈 (2) R-symmetry is broken to 𝑆𝑂(2) × 𝑆𝑂(2) as required for self-dual super Maxwell multiplet. The symmetry of 𝑔𝐴𝐵 is due to 
the fermionic nature of 𝜒 ’s and the contraction of the spinorial indices with 𝜖-tensors.

A similar strategy can be applied for the bosonic sector by introducing two auxiliary fields: 𝛼𝛽̇ and 𝑄𝛼𝛽
+ . Notice the difference 

between ℬ𝛼𝛽
+ and 𝑄𝛼𝛽

+ : the Maxwell equation for the former follows from the Bianchi identity; the latter instead is the analog of 
𝑄(5) in Sen’s paper, i.e. it is not a field strength (hence the Bianchi identity is not ensured) and it is a self-dual field. The resulting 
Lagrangian is

Sen,Q = 1
2
𝜕 𝛼̇
𝛼
𝛽𝛼̇ 𝜖𝛽𝜌 𝜕𝛼𝛾̇𝜌𝛾̇ + 𝜕 𝛼̇

𝛼
𝛽𝛼̇𝑄𝛼𝛽

+ +′(𝑄,Φ). (4.6)

The equations of motion are

𝜕
𝛽̇

𝛽
𝜕𝛽𝛼̇𝛼

𝛼̇
+ 𝜕

𝛽̇

𝛽
𝑄

𝛽𝛼
+ = 0, 𝜕𝛼𝜌̇𝛽

𝜌̇
+ 𝜕′

𝜕𝑄+
𝛼𝛽

= 0 (4.7)

and applying 𝜕 𝛾̇
𝛼 to the second equation and using the first one, we obtain the Maxwell equation:

𝜕 𝛽̇
𝛼
𝑄

𝛼𝛽
+ − 𝜕 𝛽̇

𝛼

𝜕′

𝜕𝑄+
𝛼𝛽

= 0. (4.8)

Note that, for a given 𝑄𝛼𝛽
+ , two solutions 𝛽𝛼̇ and ′

𝛽𝛼̇
= 𝛽𝛼̇ +Δ𝛽𝛼̇ differ by a field Δ𝛽𝛼̇ which satisfies 𝜕 𝛽̇

𝛽
𝜕𝛽𝛼̇Δ𝛼

𝛼̇
= 0, in analogy 

to the fermionic case.

5. The Sen’s rheonomic action

A meaningful action principle on a supermanifold (4|4) is defined as an integral form Lagrangian (4|4). This is built in terms 
of the rheonomic (4|0), see eq. (3.14), and in terms of an integral form 𝕐 (0|4) (PCO) as follows

(4|4) = (4|0) ∧ 𝕐 (0|4). (5.1)

𝕐 (0|4) is the Poincaré dual of the embedding of the spacetime (4) into the supermanifold (4|4) [52,53]. In the following, we 
consider two possible PCOs which differ by d-exact terms:

𝕐 (0|4)
Standard = (𝜃𝜃)(𝜃̄𝜃̄)𝛿4(𝜓) , (5.2)

𝕐 (0|4)
Susy =

(
− 4(𝜃𝑉 𝜄)(𝜃̄𝑉 𝜄) − (𝜃𝜃)(𝜄 𝑉 ∧ 𝑉 𝜄) + (𝜃̄𝜃̄)(𝜄 𝑉 ∧ 𝑉 𝜄)

)
𝛿4(𝜓). (5.3)

The operators 𝜄, 𝜄 read

𝜄𝛼 ≡ 𝜄𝐷𝛼
= 𝜄𝜕𝛼 + 𝑖𝜃̄𝛼̇ 𝜄𝛼𝛼̇ , 𝜄𝛼̇ ≡ 𝜄𝐷̄𝛼̇

= 𝜄𝜕𝛼̇ + 𝑖𝜃𝛼𝜄𝛼𝛼̇ (5.4)

where 𝜄𝛼𝛼̇ ≡ 2𝜕𝛼𝛼̇ , 𝜄𝜕𝛼 and 𝜄𝜕𝛼̇ are the contraction operators along the coordinate vector fields. The contraction operator 𝜄𝛼𝛼̇ is an odd 
differential operator dual to 𝑉 𝛼𝛼̇ , while 𝜄𝛼 and 𝜄𝛼̇ are even and dual to 𝜓𝛼 and 𝜓̄ 𝛼̇ .

Using eq. (5.4) and the standard PCO, eq. (5.1) becomes

(4|4)
Standard =(4|0) ∧ 𝕐 (0|4)

Standard = 3ℬ+
𝛼𝛽
ℬ𝛼𝛽

+ (𝜃𝜃)(𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓) (5.5)

where the last two terms in (3.14) are canceled out due to the presence of the deltas. Using the supersymmetric PCO, we get

(4|4)
Susy = (4|0) ∧ 𝕐 (0|4)

Susy = 16𝛾𝛾 (𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓) (5.6)
5

where the antisymmetry of 𝑉 ’s and the integration by parts have been exploited.
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5.1. Fermionic sector

For Sen’s mechanism, we introduce the following auxiliary field-strength

≡ 1
2

(
+

𝛼𝛽
(𝑉 2

+ )
𝛼𝛽 +−

𝛼̇𝛽̇
(𝑉 2

− )
𝛼̇𝛽̇ + 𝑖𝛼̇(𝑉 𝜓)𝛼̇ + 𝑖𝛼(𝑉 𝜓̄)𝛼

)
(5.7)

with the usual conditions derived from the Bianchi identities:

+
𝛼𝛽

= −1
4
𝐷(𝛼𝛽) −

𝛼̇𝛽̇
= −1

4
𝐷(𝛼̇𝛽̇), 𝐷𝛽̇𝛼 = 0, 𝐷𝛽𝛼̇ = 0, 𝐷𝛼̇𝛼̇

=𝐷𝛼𝛼 (5.8)

where the superfield  is defined in such a way its first component is the auxiliary field 𝜒 and similarly for  and 𝜒̄ . Solving 
eqs. (5.8) we have that 𝛼 is a chiral superfield:

𝛼 = −𝑖𝜒𝛼 + 𝜃𝛼 + (𝜎𝑎𝑏𝜃)𝛼𝐾𝑎𝑏 + 𝜕𝛼𝛼̇𝜒̄
𝛼̇(𝜃𝜃). (5.9)

Without imposing any anti-self-duality condition, we do not get the equations of motion. This means that 𝜒 is not null, and the 
same holds for the auxiliary field  , which is not zero off-shell. Defining +

𝛼𝛽
≡ (𝜎𝑎𝑏) 𝛾

𝛼 𝐾𝑎𝑏𝜖𝛾𝛽 , we can rewrite this equation in the 
following way

𝛼 = −𝑖𝜒𝛼 + (𝜖𝛼𝛽 ++
𝛼𝛽
)𝜃𝛽 + 𝜕𝛼𝛼̇𝜒̄

𝛼̇(𝜃𝜃). (5.10)

Similarly, defining −
𝛼̇𝛽̇

≡ 𝜖𝛼̇𝛾̇ (𝜎̄𝑎𝑏)
𝛾̇

𝛽̇
𝐾𝑎𝑏, we have  is an antichiral superfield and therefore

𝛼̇ = 𝑖𝜒̄𝛼̇ + (𝜖𝛼̇𝛽̇ −−
𝛼̇𝛽̇
)𝜃̄𝛽̇ − 𝜖𝛼̇𝛽̇𝜕

𝛽̇𝛼𝜒𝛼(𝜃̄𝜃̄). (5.11)

Let’s consider the following Rheonomic action

𝕊𝐹 ≡ ∫ (4|4)
(
(4|0) +ℒ(4|0)

𝐹

)
∧ 𝕐 (0|4) (5.12)

𝐹 = ∫
(4|4)

ℒ(4|0)
𝐹

∧ 𝕐 (0|4) =

= 1
3 ∫
(4|4)

(
𝑖

24
𝛼(𝑉 𝜓̄)𝛼 ∧𝛽 (𝑉 𝜓̄)𝛽 + d𝛼̇ ∧ (𝑉 3)𝛼𝛼̇𝛼

)
∧ 𝕐 (0|4)+

+ ∫
(4|4)

(
d𝛼ℵ𝛽̇ ∧ (𝑉 3)𝛼𝛽̇ + 1

2
ℵ𝛼̇ℵ𝛽̇𝜖

𝛼̇𝛽̇𝑉 4
)
∧ 𝕐 (0|4)+

+ ∫
(4|4)

(
d𝛼̇ℵ𝛽 ∧ (𝑉 3)𝛽𝛼̇ + 1

2
ℵ𝛼ℵ𝛽𝜖

𝛼𝛽𝑉 4
)
∧ 𝕐 (0|4)+

− 𝑖

24 ∫
(4|4)

(
d𝛼̇ ∧𝛼𝜓̄

𝛼̇ ∧ 𝑉 𝛼𝛽̇ ∧ 𝜓̄ 𝛿̇𝜖𝛿̇𝛽̇ + d𝛼 ∧𝛼̇𝜓
𝛼 ∧ 𝑉 𝛽𝛼̇ ∧𝜓𝛿𝜖𝛿𝛽

)
∧ 𝕐 (0|4).

(5.13)

ℵ𝛼̇ and ℵ𝛼 are two auxiliary superfields which will be fixed in terms of 𝛼 and 𝛼̇ by the equations of motion. We want to test this 
action against the two PCOs introduced above.

PCO standard Inserting Eq. (5.2) in (5.13) we are left with

𝐹 = 1
3 ∫
(4|4)

(
d𝛼̇ ∧ (𝑉 3)𝛼𝛼̇𝛼

)
∧ (𝜃𝜃)(𝜃̄𝜃̄)𝛿4(𝜓)+

+ ∫
(4|4)

(
d𝛼ℵ𝛽̇ ∧ (𝑉 3)𝛼𝛽̇ + 1

2
ℵ𝛼̇ℵ𝛽̇𝜖

𝛼̇𝛽̇𝑉 4
)
∧ (𝜃𝜃)(𝜃̄𝜃̄)𝛿4(𝜓)+

+ ∫
(4|4)

(
d𝛼̇ℵ𝛽 ∧ (𝑉 3)𝛽𝛼̇ + 1

2
ℵ𝛼ℵ𝛽𝜖

𝛼𝛽𝑉 4
)
∧ (𝜃𝜃)(𝜃̄𝜃̄)𝛿4(𝜓).

(5.14)

Using 𝐷𝛼̇𝛽 = 0 we have
6

d𝛾 = 𝜕𝛼𝛼̇𝛾𝑉
𝛼𝛼̇ +𝐷𝛽𝛾𝜓

𝛽 . (5.15)
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Considering only the 𝑉 -part of d𝛼̇ and d𝛼 we obtain

𝐹 = 1
3 ∫
(4|4)

(
𝜕𝛼𝛼̇𝛼̇𝛼

)
(𝜃𝜃)(𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓)

+ ∫
(4|4)

(
𝜕𝛼

𝛾̇
𝛼ℵ

𝛾̇
+ 1

2
ℵ𝛼̇ℵ𝛽̇𝜖

𝛼̇𝛽̇ + 𝜕 𝛼̇
𝛾
𝛼̇ℵ

𝛾 + 1
2
ℵ𝛼ℵ𝛽𝜖

𝛼𝛽
)
(𝜃𝜃)(𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓). (5.16)

Writing the EL equations for ℵ𝛼̇ , ℵ𝛼 , 𝛼 and 𝛼̇ we obtain respectively

ℵ
𝛼̇
= −𝜕𝛼𝛼̇𝛼, ℵ𝛼 = −𝜕𝛼𝛼̇𝛼̇ , 𝜕𝛼𝛼̇ℵ𝛼̇ = 0, 𝜕𝛼𝛼̇ℵ𝛼 = 0. (5.17)

Substituting these relations into the action (5.16), then extracting the lowest component of the superfields (due to the presence of 
(𝜃𝜃)(𝜃̄𝜃̄)) and finally adding the result to (5.5), we obtain

𝕊𝐹 ≡ ∫
(4|4)

(
(4|0) +ℒ(4|0)

𝐹

)
∧ 𝕐 (0|4)

Standard =

= ∫
(4)

red

(Total Derivative) + ∫
(4)

red

(1
2
𝜕 𝛼̇
𝛼
𝜒𝛼̇𝜕

𝛼𝛽̇𝜒𝛽̇ + 𝜕𝛼𝛼̇𝜒𝛼̇𝜆𝛼 +
1
2
𝜕𝛼
𝛾̇
𝜒𝛼𝜕

𝛽𝛾̇𝜒𝛽

)
𝑉 4

(5.18)

which is exactly the spacetime Lagrangian (4.1) reproducing Sen’s mechanism (here we have an extra term 12𝜕
𝛼
𝛾̇
𝜒𝛼𝜕

𝛽𝛾̇𝜒𝛽 for the 
chiral part, but it is inessential because it is free, there is not an interaction term between 𝜒 and 𝜆).

PCO supersymmetric Let’s consider the supersymmetric PCO (5.3). From the first line of eq. (5.13), it survives the first term:

𝑖

72 ∫
(4|4)

𝛼(𝑉 𝜓̄)𝛼 ∧𝛽 (𝑉 𝜓̄)𝛽 (𝜃̄𝜃̄)(𝜄𝑉 ∧ 𝑉 𝜄) ∧ 𝛿4(𝜓) = 𝑖

3 ∫
(4|4)

𝛼𝛼(𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓)

and the Berezin integral gives

𝑖

3 ∫
(4|4)

𝛼𝛼(𝜃̄𝜃̄)𝑉 4 ∧ 𝛿4(𝜓) = ∫
(4)

red

(
− 𝑖

2
+

𝛼𝛽
𝐻

𝛼𝛽
+ + 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆𝛼

)
𝑉 4. (5.19)

The second and third lines of eq. (5.13) vanish, while the first term in the fourth line gives

− 𝑖

24 ∫
(4|4)

(
d𝛼̇ ∧𝛼𝜓̄

𝛼̇ ∧ 𝑉 𝛼𝛽̇ ∧ 𝜓̄ 𝛿̇𝜖𝛿̇𝛽̇

)
∧ 𝕐 (0|4)

Susy = + 𝑖

2 ∫
(4|4)

𝜕 𝛼̇
𝛼
𝛼̇𝛼𝑉 4 ∧ (𝜃̄𝜃̄)𝛿4(𝜓) (5.20)

whose Berezin integral reads

+ 𝑖

2 ∫
(4|4)

𝜕 𝛼̇
𝛼
𝛼̇𝛼𝑉 4 ∧ (𝜃̄𝜃̄)𝛿4(𝜓) = ∫

(4)
red

(
1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇

)
𝑉 4. (5.21)

The second term in the fourth line gives

− 𝑖

2 ∫
(4|4)

𝜕 𝛼̇
𝛼
𝛼𝛼̇𝑉

4 ∧ (𝜃𝜃)𝛿4(𝜓) = ∫
(4)

red

(
1
2
𝜕𝛼

𝛼̇
𝜒𝛼𝜕

𝛽𝛼̇𝜒𝛽

)
𝑉 4 (5.22)

after we extracted the (𝜃̄𝜃̄) term in the last step.

Taking into account the results (5.6), (5.19), (5.21) and (5.22) we obtain the following superspace action

𝕊𝐹 = ∫ (4|4)
(
(4|0) +ℒ(4|0)

𝐹

)
∧ 𝕐 (0|4)

Susy =

= ∫ (4|4)
(
+ 16𝛾𝛾 (𝜃̄𝜃̄) +

𝑖

3
𝛼𝛼(𝜃̄𝜃̄) + 𝑖

2
𝜕 𝛼̇
𝛼
𝛼̇𝛼(𝜃̄𝜃̄) − 𝑖

2
𝜕 𝛼̇
𝛼
𝛼𝛼̇(𝜃𝜃)

)
𝑉 4 ∧ 𝛿4(𝜓)

(5.23)

and taking the Berezin integral

𝕊𝐹 = ∫
(
1152ℬ+

𝛼𝛽
ℬ𝛼𝛽

+ − 𝑖

2
+

𝛼𝛽
𝐻

𝛼𝛽
+ + 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆𝛼 +

1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇ +
1
2
𝜕𝛼

𝛼̇
𝜒𝛼𝜕

𝛽𝛼̇𝜒𝛽

)
𝑉 4. (5.24)
7

(4)
red
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Using 𝐻𝛼𝛽
+ = −4ℬ𝛼𝛽

+ and demanding the auxiliary field-strength to satisfy 𝛼𝛽
+ ∝ℬ𝛼𝛽

+ one obtains

𝕊𝐹 = ∫
(4)

red

(Total Derivative) + ∫
(4)

red

(
𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆𝛼 +

1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇ +
1
2
𝜕𝛼

𝛼̇
𝜒𝛼𝜕

𝛽𝛼̇𝜒𝛽

)
𝑉 4. (5.25)

5.2. Bosonic sector

A similar idea can be implemented in the bosonic sector through the following auxiliary superfield

𝛼𝛽̇ =𝛼𝛽̇ +Σ𝛼𝛽̇𝛾𝜃
𝛾 + Γ𝛼𝛽̇𝛾̇ 𝜃̄𝛾̇ +𝑀𝛼𝛽̇ (𝜃𝜃) +𝑁𝛼𝛽̇ (𝜃̄𝜃̄) + 𝛼𝛽̇𝜌𝜌̇𝜃𝜌𝜃̄𝜌̇ + 𝜙̄𝛼𝛽̇𝛾̇ 𝜃̄

𝛾̇ (𝜃𝜃) +𝜓𝛼𝛽̇𝛾𝜃
𝛾 (𝜃̄𝜃̄) + Φ𝛼𝛽̇ (𝜃𝜃)(𝜃̄𝜃̄).

By requiring the condition 𝐷𝛽𝛼𝛽̇ = 0 we obtain several constraints on the superfield’s components. In particular, we have Σ 𝛽

𝛼𝛽̇
=

0, 𝑀𝛼𝛽̇ = 0,  𝜂̇

𝛼 𝜎𝜂̇
= +𝑖𝜕 𝛽̇

𝜎 𝛼𝛽̇ and  becomes:

𝛼𝛽̇ =𝛼𝛽̇ + Γ𝛼𝛽̇𝛾̇ 𝜃̄𝛾̇ +𝑁𝛼𝛽̇ (𝜃̄𝜃̄) + 𝛼𝛽̇𝜌𝜌̇𝜃𝜌𝜃̄𝜌̇ + 𝜙̄𝛼𝛽̇𝛾̇ 𝜃̄
𝛾̇ (𝜃𝜃) +𝜓𝛼𝛽̇𝛾𝜃

𝛾 (𝜃̄𝜃̄) + Φ𝛼𝛽̇ (𝜃𝜃)(𝜃̄𝜃̄). (5.26)

Similarly, by introducing 𝛼𝛽̇ and requiring 𝐷
𝛼̇𝛼𝛽̇ = 0 we obtain Σ

𝛼̇

𝛼𝛽̇
= 0, 𝑀∗

𝛼𝛽̇
= 0,  𝜂̇

𝛼 𝜎𝜂̇
= −𝑖𝜕 𝛽̇

𝜎 𝛼𝛽̇ and the superfield

𝛼𝛽̇ =𝛼𝛽̇ + Γ𝛼𝛽̇𝛾𝜃𝛾 +𝑁∗
𝛼𝛽̇
(𝜃𝜃) + 𝛼𝛽̇𝜌𝜌̇𝜃𝜌𝜃̄𝜌̇ +𝜙𝛼𝛽̇𝛾𝜃

𝛾 (𝜃̄𝜃̄) + 𝜓̄𝛼𝛽̇𝛾̇ 𝜃̄
𝛾̇ (𝜃𝜃) + Φ∗

𝛼𝛽̇
(𝜃𝜃)(𝜃̄𝜃̄). (5.27)

Finally, by imposing the constraint 𝐷𝜎𝐷
𝜎̇𝛼𝛽̇ = −𝐷

𝜎̇
𝐷𝜎𝛼𝛽̇ we obtain  𝜂̇

𝛼 𝜎𝜂̇
= 𝑖𝜕

𝛽̇
𝜎 𝛼𝛽̇ , that is ⇒ 𝛼𝛽̇ = −𝛼𝛽̇ + 𝑐𝛼𝛽̇ . We can now 

write the following rheonomic action for the bosonic sector

𝐵 = ∫
(4|4)

ℒ(4|0)
𝐵

∧ 𝕐 (0|4) =

= ∫
(4|4)

(
𝑖

12
𝛼𝛽̇ (𝑉 𝜓̄)𝛾 ∧Ω𝛼

+𝛾 (𝑉 𝜓)𝛽̇ + d𝛼𝛽̇ 𝜖
𝛽𝛼 ∧ (𝑉 3)𝛾𝛽̇Ω+

𝛽𝛾

)
∧ 𝕐 (0|4)

+ ∫
(4|4)

(
d𝛼𝛽̇ℵ𝛾𝛽 ∧ (𝑉 3)𝛾𝛽̇ 𝜖𝛽𝛼 + 1

2
ℵ𝜌𝛾ℵ𝜎𝜏𝜖

𝜎𝜌𝜖𝛾𝜏𝑉 4
)
∧ 𝕐 (0|4)

+ ∫
(4|4)

(
𝑖

96
(d𝛼𝛼̇𝛼𝛼̇

−𝛼𝛼̇d𝛼𝛼̇
) ∧ (𝜓̄𝑉 𝜓)

)
∧ 𝕐 (0|4).

(5.28)

By using similar calculations, one can show that 𝐵 gives the bosonic spacetime action (4.6) for both the standard and the super-
symmetric5 PCO.

6. Coupling to gravitino

The rheonomic approach is a powerful framework for describing rigid supersymmetric field theories and supergravities. Indeed, 
by writing the rheonomic Lagrangian in terms of the vielbein 𝑉 𝑎 and the gravitino 𝜓𝐴 superforms, we can straightforwardly consider 
the coupling with supergravity. However, verifying Sen’s mechanism for the anti-self-dual Super Maxwell model even in the presence 
of supergravity is a highly non-trivial goal that goes beyond the aim of this paper. Instead, as an intermediate step, we are going to 
analyze Sen’s mechanism by taking into account the interactions with a non-dynamical gravitino. A dictionary between the fields 
appearing in Type IIB supergravity and those appearing in our model will be established, thus providing a parallelism between the 
two theories. This analysis extends the results obtained in the previous sections slightly beyond the rigid case and provides the first 
step toward a full coupling with supergravity.

The gravitino 1-superforms are given by

𝜓𝛼 = 𝜓𝛼

𝛽𝛽̇
𝑉 𝛽𝛽̇ +𝜓𝛼

𝛽
d𝜃𝛽 +𝜓𝛼

𝛽̇
d𝜃̄𝛽̇

𝜓̄ 𝛼̇ = 𝜓̄ 𝛼̇

𝛽𝛽̇
𝑉 𝛽𝛽̇ + 𝜓̄ 𝛼̇

𝛽
d𝜃𝛽 + 𝜓̄ 𝛼̇

𝛽̇
d𝜃̄𝛽̇

(6.1)

where 𝜓𝛼

𝛽𝛽̇
, 𝜓̄ 𝛼̇

𝛽𝛽̇
are the so-called left-right gravitino wavefunctions, namely the physical degrees of freedom. 𝜓𝛼

𝛽
, 𝜓̄ 𝛼̇

𝛽
and 𝜓𝛼

𝛽̇
, 𝜓̄ 𝛼̇

𝛽̇
are 

the geometrical data of superspace.

5 Notice that, when considering 𝕐Susy , one has to deal also with the higher components of the bosonic auxiliary superfield Ω+
𝛼𝛽

associated with 𝑄+
𝛼𝛽

. By requiring 
𝐷𝜌Ω+

𝛼𝛽
= 0, it can be written as Ω+

𝛼𝛽
=𝑄+

𝛼𝛽
+𝒫𝛼𝛽𝛾̇ 𝜃̄

𝛾̇ +𝒩𝛼𝛽 (𝜃̄𝜃̄) +𝑄+
𝛼𝛽𝜌𝜌̇

𝜃𝜌𝜃̄𝜌̇ +(𝜃3, ̄𝜃3) where 𝑄+ 𝜂

𝛼 𝜂𝜌̇
= +𝑖𝜕𝛽

𝜌̇
𝑄+

𝛼𝛽
. When extracting the 𝜃𝜃̄-terms from the first term and 
8

the last line of 𝐵 , we respectively obtain a 𝒫Γ-term and a ΓΓ-term which decouples entirely from the theory, in analogy to the 𝜕𝜒𝜕𝜒 -term in the fermionic sector.
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From the rheonomic Lagrangian (3.14), projecting on spacetime with the gravitino wavefunction 𝜓̄ 𝛼̇ = 𝜓̄ 𝛼̇

𝛽𝛽̇
𝑉 𝛽𝛽̇ we get

𝑖

6
+
𝛼𝛽
𝛾 (𝑉 2

+ )
𝛼𝛽 ∧ (𝑉 𝜓̄)𝛾

||||𝑠.𝑡. = −6ℬ+𝛾𝜁 𝜆𝛾 𝜓̄
𝛿̇

𝜁 𝛿̇
𝑉 4

and

1
3
𝜂𝜖

𝛿𝜂𝛿𝜖𝛽𝛼(𝑉 𝜓̄)𝛽 ∧ (𝑉 𝜓̄)𝛼
||||𝑠.𝑡. = −6𝜆𝛿𝜆𝛿𝜓̄ 𝜆̇

𝛾𝛾̇
𝜖𝛾𝜁 𝜓̄ 𝜅̇

𝜁 𝜁̇
[𝛿𝛾̇

𝜅̇
𝛿
𝜁̇

𝜆̇
+ 𝛿

𝜁̇

𝜅̇
𝛿
𝛾̇

𝜆̇
]𝑉 4.

If, for simplicity, we set

(ℬ+𝜓̄)𝛼 ≡ℬ+𝛼𝜁 𝜓̄ 𝛿̇

𝜁 𝛿̇
, (𝜓̄𝜓̄) ≡ 𝜓̄ 𝜆̇

𝛾𝛾̇
𝜖𝛾𝜁 𝜓̄ 𝜅̇

𝜁 𝜁̇
[𝛿𝛾̇

𝜅̇
𝛿
𝜁̇

𝜆̇
+ 𝛿

𝜁̇

𝜅̇
𝛿
𝛾̇

𝜆̇
] (6.2)

the spacetime action 𝐴 =𝐴1 +𝐴2 is

𝐴1 = ∫
(4)

red

(
𝑖𝜆𝛼𝜕𝛼𝛽̇ 𝜆̄

𝛽̇ + 𝑖𝜆̄𝛼̇𝜕
𝛼̇𝛽𝜆𝛽 − 6𝜆𝛼(ℬ+𝜓̄)𝛼 − 6𝜆𝛿𝜆𝛿(𝜓̄𝜓̄)

)
𝑉 4

(6.3)

𝐴2 = ∫
(4)

red

(
3ℬ+

𝛼𝛽
ℬ𝛼𝛽

+

)
𝑉 4 = ∫

(4)
red

(Total Derivative). (6.4)

Note that the Dirac term, which vanishes for the anti-self-dual model, has been added to ease the comparison with Sen’s work [22]. 
Indeed we can establish a dictionary as in the following table.

TYPE IIB SUGRA ANTI-SELF-DUAL SYM

𝐹 (5) = 𝐹 (5) +𝐵(2) ∧ 𝐹 (3) 𝜆𝛼

(𝐵(2), 𝐹 (3)) ≡𝑀 (ℬ+
𝛼𝛽
, 𝜓̄ 𝛿̇

𝛼𝛽̇
) ≡Φ

We firstly notice that as 𝑆2 in [22] depends on all the fields except 𝐶 (4), in our case 𝐴2 depends on all the fields except 𝜆𝛼 . The 
comparison with [22] reads

−1
2 ∫ 𝐹 (5)∧ ∗ 𝐹 (5) ⟷ ∫

(
𝑖𝜆𝛼𝜕𝛼𝛽̇ 𝜆̄

𝛽̇ + 𝑖𝜆̄𝛼̇𝜕
𝛼̇𝛽𝜆𝛽

)

∫ 𝐹 (5) ∧𝐵(2) ∧ 𝐹 (3) ⟷ ∫
(
− 6𝜆𝛼(ℬ+𝜓̄)𝛼 − 6𝜆𝛿𝜆𝛿(𝜓̄𝜓̄)

)

𝑆2 ⟷ ∫ (Total Derivative).

In Type IIB, imposing the self-duality condition ∗ 𝐹 (5) = 𝐹 (5), the kinetic term of 𝐹 (5) vanishes identically. In our case, 𝜆̄𝛼̇ = 0 implies 
the vanishing of the Dirac Lagrangian. The equations of motion for 𝜆̄𝛼̇ and 𝜆𝛼 are respectively given by

𝜕𝛼̇𝛼𝜆𝛼 = 0, 2𝑖𝜕𝛼̇𝛼𝜆̄𝛼̇ − 6(ℬ+𝜓̄)𝛼 + 12𝜆𝛼(𝜓̄𝜓̄) = 0. (6.5)

The second equation parallels

d(∗ 𝐹 (5) −𝐵(2) ∧ 𝐹 (3)) = 0 (6.6)

of Type IIB supergravity. The equations of motion concerning the rest of the fields are

0 = 𝛿Φ𝐴 = 𝛿Φ𝐴1 + 𝛿Φ𝐴2 (6.7)

where 𝛿Φ denotes the variation concerning all other fields collectively denoted by Φ at fixed 𝜆.
We use the correspondence listed in the following table for Sen’s mechanism.

Superstring Field Theory TYPE IIB SUGRA ANTI-SELF-DUAL SM

𝜓̃ 𝑃 (4) 𝜒̄𝛼̇

𝜓
𝑄(5) 𝜆′

𝛼

(𝐵(2) , 𝐹 (3)) ≡𝑀 (ℬ+
𝛼𝛽
, 𝜓̄ 𝛿̇

𝛼𝛽̇
) ≡Φ

We can write the following action
9

𝐴′ =𝐴′
1 +𝐴2 (6.8)
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where

𝐴′
1 = ∫

(4)
red

(
1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇ + 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆
′
𝛼
+′

s.t.(𝜆
′,Φ)

)
𝑉 4 (6.9)

and 𝐴2 is the same in eq. (6.4). ′
s.t.(𝜆

′, Φ) has to be determined by demanding that the equations of motion derived from this action 
agrees with those derived in the previous sections. The comparison between the action (6.9) and [22] is now evident:

1
2 ∫ d𝑃 (4)∧ ∗ d𝑃 (4) ⟷ 1

2 ∫ 𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇

−∫ d𝑃 (4) ∧𝑄(5) ⟷ ∫ 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆
′
𝛼

−∫ 𝐵(2) ∧ 𝐹 (3) ∧𝑄(5) + 1
2 ∫ ∗ (𝐵(2) ∧ 𝐹 (3)) ∧ (𝐵(2) ∧ 𝐹 (3)) ⟷ 𝐴̂′

1 ≡ ∫ ′
s.t.(𝜆

′,Φ)

and similarly for the equations of motion

d(∗ d𝑃 (4) −𝑄(5)) = 0 ⟷ 𝜕 𝛼̇
𝛼
𝜕𝛼𝛽̇ 𝜒̄𝛽̇ + 𝜕𝛼𝛼̇𝜆′

𝛼
= 0

d𝑃 (4) +𝐵(2) ∧ 𝐹 (3)− ∗ (d𝑃 (4) +𝐵(2) ∧ 𝐹 (3)) = 0 ⟷ −𝜕𝛼𝛼̇𝜒̄𝛼̇ +
𝜕′

s.t.
𝜕𝜆′

𝛼

= 0

d𝑄(5) − d(𝐵(2) ∧ 𝐹 (3)) + d ∗ (𝐵(2) ∧ 𝐹 (3)) = 0 ⟷ 𝜕𝛼𝛼̇𝜆′
𝛼
− 𝜕𝛼𝛼̇

𝜕′
s.t.

𝜕𝜆′𝛼
= 0.

(6.10)

At the level of the action, the equivalence between 𝐴′ =𝐴′
1 +𝐴2 and 𝐴 =𝐴1 +𝐴2 can be achieved by a suitable identification of 

the field 𝜆′
𝛼

with a combination of 𝜆𝛼 and ℬ+
𝛼𝛽
, 𝜓̄ 𝛿̇

𝛼𝛽̇
. It follows

1. 𝜆𝛼 , written in terms of 𝜆′
𝛼
, should satisfy the equation of motion (6.5) as a consequence of the third equation of (6.10).

2. We must have 𝛿Φ𝐴′
1 = 𝛿Φ𝐴1.

3. By the above identification, a given solution to the equations of motion of the action 𝐴 = 𝐴1 +𝐴2 must give a set of solutions 
to those derived by 𝐴′ = 𝐴′

1 + 𝐴2 which differ from each other by plane waves. The latter are free non-interacting degrees of 
freedom.

Let’s start analyzing the three points.

1. We consider the following equation

0 = −𝜕 𝛼̇
𝛼
𝜆′𝛼 + 𝜕 𝛼̇

𝛼

𝜕′
s.t.

𝜕𝜆′
𝛼

≡ 𝜕 𝛼̇
𝛼
(−𝜆′𝛼 +𝑅𝛼) (6.11)

where 𝑅𝛼 is the analog of 𝑅(5) [22]. In other words 𝑅𝛼 is defined by

𝛿𝐴̂′
1 = 𝛿 ∫

(4)
red

′
s.t.(𝜆

′,Φ) = ∫
(4)

red

𝜕′
s.t.

𝜕𝜆′
𝛼

𝛿𝜆′
𝛼
+ 𝛿Φ𝐴̂

′
1 ≡ ∫

(4)
red

𝑅𝛼𝛿𝜆′
𝛼
+ 𝛿Φ𝐴̂

′
1. (6.12)

Following the procedure described by Sen, we should compare eq. (6.11) and the second one of (6.5) with 𝜆̄𝛼̇ = 0. In this way, 
we would obtain the above identification. However, this is not so straightforward. Indeed, in Type IIB supergravity, Sen uses a 
crucial numerical factor 1∕2 to ensure the matching. In our model, this can also be achieved using a non-trivial (𝜓̄𝜓̄) term, as 
in the following equation:

(
1 + 12(𝜓̄𝜓̄)

)
(−𝜆′𝛼 +𝑅𝛼) = −6(ℬ+𝜓̄)𝛼 + 12𝜆𝛼(𝜓̄𝜓̄) (6.13)

which gives two equations

−𝜆′𝛼 +𝑅𝛼 = 𝜆𝛼, −𝜆′𝛼 +𝑅𝛼 = −6(ℬ+𝜓̄)𝛼 (6.14)

that is
10

𝜆𝛼 = −6(ℬ+𝜓̄)𝛼 ⇒ 𝑅𝛼 = −6(ℬ+𝜓̄)𝛼 + 𝜆′𝛼. (6.15)
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Notice that, in eq. (6.13) we are ignoring the dimensional mismatching. Indeed, recalling that the mass dimensions are [𝜓̄] =
+3∕2 and [𝜆] = +3∕2, eq. (6.13) should be modified, rescaling the gravitino terms by a suitable power of the Planck mass 
𝑚𝑝𝑙 = 1∕

√
𝐺𝑁 .6

2. Let’s find 𝐴̂′
1. From eq. (6.12) we have

𝛿𝐴̂′
1(𝜆

′,Φ) = ∫
(4)

red

𝜆′𝛼𝛿𝜆′
𝛼
− ∫
(4)

red

6(ℬ+𝜓̄)𝛼𝛿𝜆′
𝛼
+ 𝛿Φ𝐴̂

′
1(𝜆

′,Φ). (6.16)

Using 
𝜕(𝜆′𝜌𝜆′𝜌)

𝜕𝜆′𝛼
= −2𝜆′𝛼 , we have

𝐴̂′
1(𝜆

′,Φ) = ∫
(4)

red

−1
2
𝜆′𝛼𝜆′

𝛼
+ ∫
(4)

red

6(ℬ+𝜓̄)𝛼𝜆′
𝛼
+ 𝐴̃′

1(𝜆
′,Φ). (6.17)

Now in order to find 𝐴̃′
1(𝜆

′, Φ) we have to impose 𝛿Φ𝐴′
1(𝜆

′, Φ) = 𝛿Φ𝐴1(𝜆, Φ), where

𝛿Φ𝐴
′
1 = 𝛿Φ𝐴̂

′
1 = ∫

(4)
red

6𝛿Φ(ℬ+𝜓̄)𝛼𝜆′
𝛼
+ 𝛿Φ𝐴̃

′
1(𝜆

′,Φ)
(6.18)

and

𝛿Φ𝐴1 = ∫
(4)

red

(
6𝛿Φ(ℬ+𝜓̄)𝛼𝜆𝛼 − 6𝜆𝛼𝜆𝛼𝛿Φ(𝜓̄𝜓̄)

)
. (6.19)

Notice that the variation 𝛿Φ is performed only concerning the gauge field since we consider a non-dynamical gravitino. Therefore 
𝛿Φ(𝜓̄𝜓̄) = 0. Using this fact and the first equation of (6.15), we have

𝛿Φ𝐴̃
′
1(𝜆

′,Φ) = − ∫
(4)

red

6𝛿Φ(ℬ+𝜓̄)𝛼𝜆′
𝛼
− ∫
(4)

red

36𝛿Φ(ℬ+𝜓̄)𝛼(ℬ+𝜓̄)𝛼 (6.20)

from which

𝐴̃′
1(𝜆

′,Φ) = −18(ℬ+𝜓̄)𝛼(ℬ+𝜓̄)𝛼 − 6(ℬ+𝜓̄)𝛼𝜆′
𝛼
. (6.21)

Therefore, eq. (6.17) becomes

𝐴̂′
1(𝜆

′,Φ) = ∫
(4)

red

{
− 1

2
𝜆′𝛼𝜆′

𝛼
− 18(ℬ+𝜓̄)𝛼(ℬ+𝜓̄)𝛼

}
. (6.22)

Finally, we can substitute this equation in (6.9), obtaining

𝐴′
1 = ∫

(4)
red

{
1
2
𝜕 𝛼̇
𝛼
𝜒̄𝛼̇𝜕

𝛼𝛽̇ 𝜒̄𝛽̇ + 𝜕𝛼𝛼̇𝜒̄𝛼̇𝜆
′
𝛼
− 1

2
𝜆′𝛼𝜆′

𝛼
− 18(ℬ+𝜓̄)𝛼(ℬ+𝜓̄)𝛼

}
𝑉 4.

3. The third point follows as explained in §4 (see eq. (4.4)).

The action 𝐴′
1 correctly depends on the auxiliary fields 𝜒, 𝜆′ and on all the other fields of the theory, namely the gauge and gravitino 

fields. Moreover, the result obtained matches the result of Sen [22]: a mass term for the chiral gaugino appears for consistency, and 
it parallels the term 1

16 ∫ 𝑄(5)𝑇𝑄(5) in Sen’s action, while the squared term (ℬ+𝜓̄)𝛼(ℬ+𝜓̄)𝛼 parallels 14 ∫ 𝑌 𝑇𝑌 . However, the 
four-fermions term is missing, and we do not have a parallel for the term 12 ∫ 𝑄(5)𝑇 [ 12𝑌 − (𝜁 − 𝜖)𝑌 ] − 1

2 ∫ 𝑌 𝑇 𝜁𝑌 . This is probably 
due to the non-dynamical character of the gravitino considered here. Therefore, this point needs further clarification, which will 
undoubtedly be pursued in future works involving a complete coupling with supergravity.

6 Another possibility that mimics Sen’s conventions is to assign dimension +1 to 𝜒̄ and +2 to 𝜆. This way, we cannot introduce a dimensionful mass parameter in 
11

the present equations.
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