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Abstract

We provide a complete classification with respect to asymptotic behaviour, stability and intersections
properties of radial smooth solutions to the equation —Agu = " on Riemannian model manifolds (M, g)
in dimension N > 2. Our assumptions include Riemannian manifolds with sectional curvatures bounded or
unbounded from below. Intersection and stability properties of radial solutions are influenced by the dimen-
sion N in the sense that two different kinds of behaviour occur when 2 < N <9 or N > 10, respectively.
The crucial role of these dimensions in classifying solutions is well-known in Euclidean space; here the
analysis highlights new properties of solutions that cannot be observed in the flat case.
© 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let N > 2 and let M be an N-dimensional Riemannian model (M, g), namely a manifold
admitting a pole o and whose metric is given, in polar or spherical coordinates around o, by

g=dr’ + (Y (r)? do?, r>0, weSVN !, (1.1)

for some function v satisfying suitable assumptions. Here dw? denotes the canonical metric
on the unit sphere S¥~! and r is by construction the distance between a point of spherical
coordinates (r, w) and the pole o.

In this article, we are concerned with radial smooth solutions of

—Agu =¢" inM, (1.2)

namely smooth solutions of (1.2) depending only on the geodesic distance from the pole. Here
A, denotes the Laplace-Beltrami operator in (M, g).

The great interest for equation (1.2) is motivated by its applications to geometry and physics
see e.g., [9,14,18]. For instance, in fluid dynamics, a variant of (1.2) appears when studying
“Stuart vortices” on a unit sphere S? in a stationary regime, i.e.

—Ag Y =cel? on S?

where  represents the stream function, c, d are real constants and the right hand side of the
equation represents a vorticity  depending exponentially on the streamfunction i, see [11].
Related semilinear equations on rotating spheres also arise in the study of stratospheric plane-
tary stationary flows, see [10] and the discussion therein. When looking for stationary stream
functions, the authors of [10] are led to consider the semilinear elliptic equation

A2 = F() —2wsinf  on S?

where now w represents the rotation speed around the polar axis, F' is a smooth function and 6
is the angle of latitude.

The behaviour of solutions to equation (1.2), when posed in the Euclidean space, has been
fully understood from different points of view: asymptotic behaviour, stability and intersections
properties. In the seminal paper [21] existence and asymptotic behaviour of radial solutions were
established by means of a dynamical system analysis based on the so-called Emden transforma-
tion of the phase plane. We refer to [25, Theorem 1.1] for the intersection properties of solutions,
while the classification of solutions with respect to stability is given in [12,15]. See also [13] and
references therein for more recent results in the case of general nonlinearities. Finally, related
results in the weighted case: —Au = k(x)e" in R" can be found in [1,7,8], extensions to the
higher order case are instead given in [3] and in [16].

As already pointed out in [21], equation (1.2) can be regarded as the limit case as p — +o0
of the Lane-Emden-Fowler equation: —A,u = |u |P~'win M (p > 1). In the last ten years, there
has been an intense study of this equation in non-euclidean frameworks including the hyperbolic
space and more general Riemannian models, see [2,4,5,17,20,23,22] and references therein. In
these papers existence, multiplicity, asymptotic and stability results were provided. The analysis
settled on general manifolds highlights deep relationships between the qualitative behaviour of
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solutions and intrinsic properties of the manifold itself and, sometimes, it reveals a number of
unexpected phenomena, if compared with the euclidean case, see e.g., the introductions of [4]
and [5]. Another reason for the interest in this kind of research is the fact that some classical
tools in the Euclidean case do not work in non-euclidean frameworks, therefore the analysis re-
quires new ideas and alternative approaches that could be useful also in other contexts. As a
matter of example, an analogue of the above-mentioned Emden transformation seems not known
in non-euclidean settings, therefore different arguments, such as the exploitation of ad hoc Lya-
punov functionals, fine asymptotic analysis and blow-up methods, must be exploited, see e.g.,
Sections 3-5 below.

Coming back to (1.2), its investigation in non-euclidean settings turns out to be the natural
subsequent step in order to complete the scenario of results for this equation; this motivates the
present paper. More precisely, we provide a complete classification with respect to asymptotic be-
haviour, stability and intersections properties of radial smooth solutions to (1.2) for manifolds M
having strictly negative sectional curvatures, possibly unbounded, see assumptions (A1)-(A3) in
Section 2. It is worth mentioning that, even if in our proofs we take advantage of some arguments
already employed in the study of the Lane-Emden-Fowler equation on Riemannian models, the
fact of dealing with an exponential nonlinearity brought a number of considerable technical dif-
ficulties related, for instance, to the different sign and decay behaviour of solutions in the two
cases. Moreover, our analysis made it possible to highlight a number of properties of solutions
that cannot be observed in the flat case, see e.g., Remarks 2.3, 2.8 and 2.10 in Section 2.

The paper is organised as follows. In Section 2 we give the precise formulation of the problem
and we state our main results about continuation and asymptotic behaviour of solutions (Proposi-
tion 2.1 and Theorem 2.2), stability properties (Theorems 2.6 and 2.7), and intersection properties
(Theorem 2.5 and Theorem 2.9); the remaining sections of the paper are devoted to the proofs.
More precisely, in Section 3 we prove Proposition 2.1 while Section 4 is devoted to the proof of
Theorem 2.2. Section 5 contains a number of technical lemmas that will be exploited to prove
Theorems 2.5, 2.6, 2.7 and 2.9. At last, for the sake of the reader, in the Appendix, we briefly
recall some well-known facts in the Euclidean case that highlight the role of the dimension N in
the stability and intersection properties analysis.

2. Statement of the problem and main results
2.1. Notations
Let ¢ be the function introduced in (1.1). We assume that i satisfies
¥ € C*([0,00)), ¥ >0in (0, +00), ¥(0)=4"(0)=0 and ¥'(0)=1; (AD)
and
¥ (r)>0 foranyr >0 . (A2)
We recall that the Riemannian model associated with the choice 1 (r) = sinhr is a well-known
representation of the hyperbolic space H”, see e.g., [19] and the references therein, while the
Euclidean space R" corresponds to v (r) =r.

The following list summarizes some notations we shall use throughout this paper.
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- For any P € M we denote by Tp M the tangent space to M at the point P.

- For any P € M and Uy, U, € TpM we denote by (U, Uz), the scalar product on 7p M
associated with the metric g.

- Forany P € M and U € Tp M we denote by |U|, :=,/(U, U), the norm of the vector U.

- dV, denotes the volume measure in (M, g).

- V, denotes the Riemannian gradient in (M, g) and in spherical coordinates it is given by

Veu(r, w) = dr L, a)) 3 (]//(’r))z Vou(r, w) for any u € C' (M), where we denoted by Vu

the Riemannian gradient in the unit sphere SV
- Ag denotes the Laplace-Beltrami operator in (M, g) and in spherical coordinates it is given

_ 22 3
by Ag“(r’ (1)) - ﬁ(l", (1)) + (N ) = (r (1))+ (w(r))2

we denoted by A,, the Laplace-Beltrami operator in the unit sphere S¥ !
- C2°(M) denotes the space of C°°(M) functions compactly supported in M.

Ay u(r, ) forany u € C2(M), where

From the above notations, we deduce that if u € CZ(M) is a radial function, then
/

v'(r) W (r) = -

Y(r) (¥ (@)

Since our aim is to study smooth radial solutions to (1.2), for any @ € R, we focus our attention
on the following initial value problem

Agu(ry=u"(r)+ (N

[ )N (7. 2.1)

—M@)(N—nw()%> !0 (r>0)

v (r) 22
u0) =« :
u'(0) =

The existence and uniqueness of a local solution u(r) to (2.2) in 0 <r < R (here R denotes
the maximal interval of existence) follows by arguing as in Proposition 1 in the Appendix of
[24]. A classical argument allows to prove that actually R = 400, thus showing that the solution
u=u(r) to (2.2) is globally defined in [0, +00):

Proposition 2.1. Let N > 2. Suppose that  satisfies assumptions (A1)-(A2). For any o € R the
local solution to (2.2) may be continued to the whole interval [0, +00). Moreover, the functions
ri>u'(r) and r — ") are bounded in [0, +00), u'(r) < O for any r > 0 and in particular u is
decreasing in [0, +00).

2.2. Asymptotic behaviour

In order to study the asymptotic behaviour of global solutions to (2.2) we require the additional
condition:

A
m

A =:A € (0, c0]. (A3)

Clearly, the hyperbolic space satisfies condition (A3) and Riemannian models which are
asymptotically hyperbolic satisfy it as well. Furthermore, such a condition allows for unbounded
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negative sectional curvatures: a typical example in which this can hold corresponds to the choice
Yr)=c¢€" “ for a given a > 1 and r large, a case for which (see [4, Section 1.1]) sectional cur-
vatures in the radial direction diverge like —a?r?@~1 as r — +o0o. In addition, we remark that
under assumptions (A1)-(A3), the L? spectrum of —A, is bounded away from zero whereas if

lim;— 40 % = 0 then there is no gap in the L? spectrum of —Ag, see e.g., [4, Lemma 4.1].

Moreover, it can be proved that if the radial sectional curvature goes to zero as » — +oo then
necessarily lim,, 400 % =0, see again [4, Lemma 4.1], therefore no spectral gap is present
and the expected picture is of Euclidean type.

In the following statement we show that the asymptotic behaviour of solutions of (2.2) is
related to the behaviour at infinity of the ratio % and hence, for what remarked above, to the
curvatures of the manifold:

Theorem 2.2. Let N > 2. Suppose that \r satisfies assumptions (A1)-(A3). Finally, in the case
A = +o00 we also assume that

[log <%>:| =0(l) asr— +oo. (A4)

Let u be a solution to (2.2). Then two cases may occur:

(i) zf% € L1(0, 00), then

Iim u(r) e (—oo,a);
r——+00

(@ii) zf% ¢ L1(0, 00), then u goes to —oo with the following rate:

lim MO
r—>+00 | f” W(S)d B ’
og (o V) s)

in particular, when A € (0, +00) we have

. ou(r)
lim =-1
r—+oo logr

Remark 2.3. As a prototype of function ¥ satisfying the assumptions of Theorem 2.2 when
A = 400 consider the function ¥ (r) = re’” with y > % If % <y <1 case (ii) occurs while
if ¥ > 1 assumption (i) holds. Clearly, if M = H" we have that A = 1 and case (ii) occurs.
From [21] we recall that in the flat case solutions diverge to —oo being asymptotically equivalent
to —2logr, therefore the effect of curvatures, in general, results in a slower decay of solutions,
indeed they may even remain bounded if case (i) occurs.

2.3. Stability results and intersection properties of solutions
Let us start with the definition of stability.
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Definition 2.4. A solution u € C*(M) to (1.2) is stable if

/|vgv|§dvg —/e” V2 dV, >0 VYveCX(M). (2.3)
M M

If u does not satisfy (2.3), we say that it is unstable.

It is well known that stability plays an important role in the classification of solutions of
elliptic partial differential equations and the analysis of qualitative properties of solutions, see
e.g., the seminal paper [6]. In this section, we provide a complete classification of smooth radial
solutions of (1.2) with respect to stability and we show that the same conditions determine ei-
ther the stability or the intersection properties. The relationship between stability properties and
intersection properties is clarified by the following result.

Theorem 2.5. Let N > 2 and let  satisfy (A1)-(A3). Then the following statements hold:

(i) let o and B be two distinct real numbers and let uq and ug be the corresponding solutions
of 2.2), i.e. ug(0) =a and ug(0) = B. If uy and ug are stable then they do not intersect;
(ii) if uq is a unstable solution of (2.2) for some a € R, then for any p > o we have that ug
intersects uy at least once.

We observe that in the proof Theorem 2.5 -(ii), we actually show the validity of a more general
result involving also non-radial smooth solutions of (1.2). Indeed, in Lemma 6.2 we prove that if
u is a smooth unstable solution of (1.2) then (1.2) does not admit any smooth solution v satisfying
v>uin M.

We now state the two main results about the stability of radial smooth solutions of (1.2)
characterized by dimensions 2 < N <9 and N > 10, respectively.

Theorem 2.6. Let 2 < N <9 and let  satisfy (A1)-(A3). For any o € R denote by uy the unique
solution to (2.2). Then there exist n € R such that

(i) ifa € (—o0, n] then uy is stable;
(ii) if o > n then u,, is unstable.

Furthermore, we have that n > log(A1(M)) with the strict inequality if % ¢ L0, +00) where
A1 (M) denotes the bottom of the spectrum of —Ag in M.

Theorem 2.7. Let N > 10 and let  satisfy (A1)-(A3) and the additional condition

¥ e C3([0, +00)), [log(W' (X)) >0 forr=>0. (AS)
Then all solutions to (2.2) are stable.
Remark 2.8. The fact that N = 10 is a critical threshold for stability is well-known in the Eu-
clidean case, see [15] and the Appendix. Here a new critical value 7 arises which has no analogue

in the flat case where solutions are always unstable if 2 < N <9 and Theorem 2.6-(i) never
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occurs. In other words, we can say that, by the effect of assumption (A3), the critical dimension
does not exist if @ < 7 since solutions are stable for all N > 2.
About assumption (A5), it is technical but it includes the most interesting examples. Indeed, it
holds in the relevant case of the hyperbolic space, since [log(y/'(r))]” = (coshr) 2. Models with
unbounded curvatures satisfying (A5) can be built as well, e.g., by taking ¥ (r) = ¢"* witha > 1
for r > 1, indeed [log(y’'(r))]” = “r;zl(ar” —1)>0forr>1.

At last, concerning intersection properties, we have:

Theorem 2.9. Let N > 2, let  satisfy (A1)-(A3) and let n be as in the statement of Theorem 2.6.
We have that:

(i) if2<N <9 anduy, ug are two solutions of (2.2) with a, B € (—00, n] then uy and ug do
not intersect;
(@i) if2< N <9 and uy, ug are two solutions of (2.2) with o, B > n then uy and ug intersect
at least once;
(iii) if N > 10 and the additional condition (A5) holds true, then for any o, B € R the corre-
sponding solutions uy and ug of (2.2) do not intersect.

Remark 2.10. In RY it is known, see e. g., [25, Theorem 1.1], that every two smooth radial solu-
tions intersect each other once if N = 2 and infinitely many times if 3 < N <9 while for N > 10
smooth radial solutions do not intersect. Therefore, the behaviour stated in Theorem 2.9-(i) (with
its counterpart Theorem 2.6-(7)) is, as a matter of fact, an effect of non-vanishing curvatures.

3. Proof of Proposition 2.1

Let (0, R) be the maximum interval where the local solution u of (2.2) is defined and consider
the Lyapunov functional

F@r):= %(u’(r))2 + ¢ forany r € (0, R). (3.1)
It is readily seen that
/ o ” u(r)y / 21///(")
Firy=uu )+’ ]1=—(N—Du'(r) W <0 foranyre (0,R).

This proves that F is decreasing and 0 < F(r) < e for any r € (0, R), therefore both u’(r) and
") are bounded in (0, R). On the other hand, integrating (2.1) from 0 to r we deduce

WOV ) = - /(w(s))N—l @ ds <0 foranyr e (0,R).
0

Therefore, u’ is a negative function in (0, R) and hence u is decreasing in (0, R) as claimed.
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Finally, we show that R = 4+00. Assume by contradiction that R is finite and let

[:= lim u(r)e[—o00,a).
r—R~
If | = —oo we immediately get a contradiction since

-
ur)=o + / u'(s) ds for any r € (0, R)
0

and taking the limit as » — R~ we have that the left hand side goes to —oo while the right hand
side remains bounded since u’(r) is bounded. Being [ finite, from local existence for solutions
of ordinary differential equations with initial value conditions, the solution # may be extended
in a right neighbourhood of R thus contradicting the maximality of R. This shows that R = +o00
thus completing the proof of the proposition. O

4. Proof of Theorem 2.2

Throughout this section, we will always assume the validity of conditions (A1)-(A3) and
when A = 400 in (A3) we also assume the validity of the additional condition (A4). We start by
showing that #’ admits a limit at infinity and this limit is zero:

Lemma 4.1. Let u be the unique solution of (2.2). Then

. ren
r_l)lrlloou (r)y=0.

Proof. From Proposition 2.1 we know that u is decreasing in [0, +00) and hence it admits a
limit as r — 4+00. We put

| = liToou(r) el[—o0,x), “.1)

where a = u(0). Let F be the function defined in (3.1). Since F is non-increasing, then 0 <
F(r) < F(0) = e for any r > 0. Hence, there exists ¢ € [0, +00) such that ¢ = lim,—, 400 F(r).
By (4.1) we deduce that [ :=lim,_, ; o, ¢“"”) € [0, 4-00) so that by (3.1) we obtain

lim /()= lim —V2F(r) — e = —/2c — =y e (—00,0]. 4.2)
r—-+0o00 r——+00

It remains to prove that y = (. Suppose by contradiction that y < 0. This implies
r

lim u(r):r_l)irfOo oz—i—/u/(s)ds =—00. 4.3)

r—400

0

Letting A € (0, +o00] be as in (A3), by (2.2), (4.2) and (4.3) we obtain
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v/ (r)
v(r)

In turn, by (4.4) and (2.2), we infer that

lim u”(r)= lim [ (N—-1)
r— 400

r——+00

u'(r) — e““)} —(N —=1DAy € (0,+00]. (44)

r

lim u'(r) = _l)irfm/u”(s)ds=+oo,
r

r—+0o00

0

in contradiction with (4.2). This completes the proof of the lemma. O
By exploiting Lemma 4.1 we prove:

Lemma 4.2. Let u be the unique solution of (2.2). Then the following limit exists

u"(r) Y (r)

im .
r—too u'(r) ¥'(r)

Proof. We divide the proof into two parts depending on whether A is finite or not.
The case A € (0, +00). From (2.2), we have that

u” et
/(”) (N — )W (r) .
u'(r) Y@  u(r)

4.5)

The above identity suggests that if x (r) := admits a limit as r — +o00, then the same does

’(V)
the function = 7 g)) . This means that the proof of Lemma 4.2 follows once we prove that x admits
a limit as » — +-o00.
We proceed by contradiction assuming that y does not admit a limit as r — 4-00. By direct
computation, we see that

O (r))? —u" (r)]
(W' (r))?

We may assume that x admits infinitely many local maxima and minima at some points r,,,
with r,, — +00 as m — 400, and x (r,,) does not admit a limit as m — +o0.

In particular by (4.6) we have (u'(rn))*> — u” (r,) = 0 for any m. Hence, evaluating (4.5) at
I'm, We obtain

x'(r) = for any r > 0. (4.6)

—u' (rm) — (N — 1)2’;((:)) xX(rm),

for any m. Now, by (A3) and Lemma 4.1, we find that x (r;;,) > —(N — 1)A as m — 400, a

contradiction. This completes the proof of the lemma in the case A € (0, +00).
The case A = +o00. We proceed similarly to the previous case by writing (2.2) in the form

_O YO gy e Y (r)
w'(r) ' (r) u'(r) ¥'(r)

“.7)
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e,((r)) 5((?) in such a way that if x admits a limit as r — 400

then the same conclusion occurs for 'Z,((rr )) 1}/#,((?) and we complete the proof of the lemma also
in this case. By contradiction, assume that x does not admit a limit as r — +o00. A simple

computation gives

£ = x () {u - //((:)) |:10g (:pb’((:)))} } for any r > 0. (4.8)

and by defining this time x (r) :=

We may assume that y admits infinitely many local maxima and minima at some points r,, with
rm — 400 as m — 400, and x (r,,) does not admit a limit as m — +o0. In particular, by (4.8),
we have that

, u (rm) Y (rm)
u' (ry) — ) — |:10 (Vf("m) >i| =0. “4.9)

Hence, evaluating (4.7) at r,, and using (4.9), we obtain

1//(Vm)“/(rm) Y (rm) 1p/(”m) '
—(N—-1)— 1 = m) s
O ["g ( V() ﬂ X

for any m.
Finally, by Lemma 4.1, (A3) and (A4), we find that x (r,,) > —(N — 1) for m — +o00, a
contradiction. The proof of the lemma is complete also in this case. O

Our next purpose is to show that the limit in Lemma 4.2 must be 0 under the additional
assumption:

lim u(r)=—o0. (4.10)

r——+00
In Lemma 4.6 below we discuss the occurrence of (4.10) and we provide a sufficient condition
for (4.10) in terms of the integrability properties of the ratio v /vy’.

Before proving in Lemma 4.4 that the limit in Lemma 4.2 is zero when (4.10) holds, we state
the following result which deals with the behaviour of ¥ at infinity.

Lemma 4.3. Let A be as in (A3), the following statements hold true:

(i) forany A € (0, +00] we have that

lim ¥ (r) = +oo 4.11)

r——+00

and moreover for any M > 0 and 0 <§ < N — 1 we have that

Y~ W=D+ e (M, 00); (4.12)
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(i) if A € (0, 400) then there exist C > 0 and M > 0 such that
w(r)>Ce%r foranyr > M. (4.13)

Proof. Let us start with the proof of (i). First of all, we observe that (A3) also reads
lim,, 400 [log(¥ ()] = A > 0 and (4.11) follows by writing

r

10g(w(r))=/[10g(w(8))]/ ds +1log(¥ (R))

R

for some R > 0 and letting r — +-00.
Let us proceed with the proof of (4.12) when A = +o00o. By (A3) it follows that there exists
R > 0 such that ¥/ (r) > M+ (r) for any r > R, for some positive constant M > 0. This implies

+oo | “+o00 |
/ Wy = / P TP
R ¥(R)
+00 +00
1 / ! ds= - / LIRS
M) Sy GTen U T M |
Y(R) ¥ (R)

This proves (4.12) and completes the proof of (i) when A = +o00. The validity of (4.12) when
A < 400 is an easy consequence of statement (ii).

Let us proceed with the proof of (ii). By (A3) we have that for any ¢ > 0 there exists r, > 0
such that

A—e<[logy ()] <A+e forany r > r, .
After integration we get
,(//(rg)e(A—s)(r—rg) <yY(r) < T/I(rg)e(A+8)(r_r5) for any r > re.

The proof of (4.13) now follows choosing ¢ = % and C = w(rg)e’%“ in the left inequality
above. O

Lemma 4.4. Let u be the unique solution of (2.2) and suppose that u satisfies (4.10). Then we
have

W' Ve

m =
o0 /(1) Y(r)

Proof. If u” vanishes infinitely many times at infinity, then by Lemma 4.2 we are done. If
this does not occur, using again Lemma 4.2 and, recalling Proposition 2.1 and assumptions
(A1)-(A2), we infer that the following limit exists
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WV

Ay e el

The proof of the lemma now follows if we prove that |L| = +o0.
We divide the remaining part of the proof into two steps.

Step 1. We show that L # 0. By contradiction, assume L = 0. Notice that by Lemma 4.1,
(4.10), de I’Hopital’s rule and (A3)

e e ) O ) e Y0
lim = lim —— =
r—>+oou/(r) r—+oo u’(r) r=~o0 u" (r)yr(r) ¥ (r)

by which, from (A3), we readily get

u(r)
im VO _ g (4.14)
oo W ()Y (r)
Recalling (4.7), by (4.14) we deduce that

W) Y

1m =
r=oo u'(r) /(1)

—(N = 1).

W' ) _ 1

This yields lim;_ 4 5 T = T N=T* 2 contradiction.

This completes the proof of Step 1.

Step 2. We now prove that L cannot be finite. Thanks to Step 1, we may assume by contradic-
tion that L € R \ {0}. Arguing as in Step 1 we get that (4.14) also holds in this case and, in turn,

we obtain that L = —ﬁ. Therefore, for any € > 0 there exists r, > such that for any r > r,
4
—V-n—e= 2OV oy )y,
w )y’ (r)
whence

[=(N = 1) —elllog( (N1 < Hog(—u'(r)]" < [=(N = 1) + el [log(y (M)]'.

Integrating from r, to r, with r > r¢, we deduce that

() v
tog <—u/<rg>) <= =D+ ellog (vf(rg))

and, in turn, that
—u'(r) < Ae(Yr(r)) "NV DFE

where A, = —u'(re)

= G-V is a positive constant. By a further integration, for any » > r,, we
€

obtain
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—mm+wvasAs/wmwrW*m*w. @.15)

By (4.12) we deduce that in both cases A =400 and A € (0, 4+-00), the function

W)~ NP e L (re, +00)
provided that ¢ < N — 1. This means that the right-hand side of (4.15) admits a finite limit
as r — +oo and this is absurd since the left-hand side of (4.15) blows up to +o00 in view of

(4.10). O

Finally, we determine the exact asymptotic behaviour at infinity for solutions of (2.2) satisfy-
ing (4.10).

Lemma 4.5. Let u be the unique solution of (2.2) and suppose that u satisfies (4.10). Then

fim : 4.16
r—lr-il-loo VW(S)dS_N_l' (4.16)

0 ¥'(s)

Consequently, the following decay estimate holds
lim %:—1. 4.17)

=t log (fo iy ds)
In particular if A € (0, 400) then

ulr) _ (4.18)

1m =
r—+oo logr

Proof. By (2.2), Lemma 4.2 and Lemma 4.4, we get

DY) _

im — =N-1.
roo u (NY(r)

Therefore, for any & > 0 there exists r, > 0 such that

( ! —8) v < (e_”(r))/ << ! +8> v .
N -1 W' (r) N-—-1 ¥'(r)

Integrating from r; to r, for any r > r, we get

r

- 1 ¥ (s) - - ! R0
u(re) u(r) u(re)
¢ (N—l 8) V' (s) dime e <N—1 8) v/ (s) &

(4.19)
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Now, if % is integrable in a neighbourhood of infinity, we reach a contradiction with (4.10),

therefore % has to be not integrable in a neighbourhood of infinity and we obtain

e |
lim — O S N =T
L -
T ey 9

Then, (4.16) readily follows from the above limit by recalling (A 1). The limit (4.17) follows from
(4.19) with a similar argument.
It remains to prove (4.18) when A € (0, +00). We proceed by considering the limit:

ry(s)
L le(ERE) oy 1
fire T / FYE 3. A r— rY(s)
r—+00 logr r—+o0 Y/ (r) fo 5 ds A r—>+o fo o) ds

1 ! 1
LI AU
A r—+oc0 Yr(r) A
where we used twice de I’Hdpital rule.
This proves that log (for i) ds) ~ logr as r — 400 and the proof of (4.18) follows from

V()
4.17). o

At last, we provide a sufficient condition for (4.10) in terms of integrability properties of the

ratio ¥ /v’.
Lemma 4.6. Let u be the unique solution of (2.2). Then the two alternatives hold:
i) zf% € L1(0, 00) then

Iim u(r) e (—oo,a);
r——+400

(ii) zf% ¢ L1(0, 00) then

Iim u(r)=—o0.
r—40o0

Proof. The existence of the limit of u as r — 400 is known from Proposition 2.1 as well as the
fact that this limit is less than «. It remains to prove that the limit is finite in case (i) and —oo in
case (ii).

Let us start with the proof of (i). Suppose by contradiction that the limit is —oo so that (4.10)
holds true. Then we can apply Lemma 4.4 and proceed as in the proof of Lemma 4.5 to obtain
(4.19). The integrability of /v’ shows that u remains bounded as r — 400, a contradiction.

Let us proceed with the proof of (ii). Set /1 :=lim,_, 1 u(r). Suppose by contradiction that
[ is finite. We claim that

im ﬂ =—0. (4.20)
oo !/ ()Y (r)
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&1 ()
u'(r) ¥'(r)
hence, since e #") — ¢~/ € (0, +00) as r — 400, the limit in (4.20) exists and it belongs to
[—o0, 0], thanks to (A1), (A2) and Proposition 2.1.

Let us denote by I, < 0 the limit in (4.20) and suppose by contradiction that it is finite.

Then for any ¢ > 0 there exists r; > 0 such that

From the proof of Lemma 4.2 we know that the function admits a limit as r — 400,

v (r)

h—e<———<lh+e for any r > r;

w(r)y’(r)

and from the left inequality, it follows that

v(r)
y'(r)

0<

forany r > rg .

Integrating the inequality above we obtain

0< I//( ) ds < (b —&)[u@) —u(re)] foranyr > r,.

Kﬁ()

Passing to the limit as » — +o00 and recalling that /; is finite we infer that v/’ is integrable at
infinity, in contradiction with the assumption in (ii). This completes the proof of (4.20).
Combining (4.20) and (4.7) with the fact that /; is finite we deduce that

u et ()
OV v

1m
=00 uW'(r) () r—oo u!'(r) Y'(r)

This implies that for any M > 0 there exists rj; > 0 such that

u"(r) Y (r) -
u'(r) ¥'(r)

forany r > ry .

Multiplying both sides of the above inequality by ¥'(r) /v (r) and integrating we obtain

u’ (r)] Y (r)
Og(|M/(”M)|) >M10g<1//(rM)> forany r > ry

from which it follows that

u’ (ra)|
WM

WrnM forany r > ry .

lu'(r)] >

Passing to the limit as » — 400 and recalling (4.11), we conclude that |u/(r)| — +00 as r —
400 in contradiction with Lemma 4.1. This completes the proof of (ii). O
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End of the proof of Theorem 2.2. The proof of (i) in the case % € L'(0, 00) is an immediate

consequence of Lemma 4.6 -(7).

Let us proceed with the proof of (ii). First of all by Lemma 4.6-(ii) we have that u diverges
to —oo as r — 4o00. In this way (4.10) is satisfied, hence Lemma 4.5 completes the proof of
Theorem 2.2. O

5. Preliminary results about stability and intersection properties
We start by stating an equivalent characterization of stability in the case of radial solutions of
(1.2). Since the proof can be obtained by following the proof of [4, Lemma 5.1] with obvious

changes we omit it.

Lemma 5.1. Let ¢ satisfy (A1)-(A3) and let u be a radial solution of (1.2). Then u is stable if
and only if

“+00 “+o00
/ XN NN dr - / O x N wenNtdr >0, (5.1)
0 0

for every radial function x € C2°(M).

We now give the statement of a series of lemmas that will be exploited in the proofs of the
main results about stability and intersection properties.

In the sequel, we denote by u, the unique solution of (2.2) with & = u,(0) and we consider
the set

S:={a e R:uy is stable} . 5.2)

Before proceeding, we recall the variational characterization of the bottom of the L? spectrum
of —A,in M:

fM |Vg‘/’|§dvg

MM) = in
peC2MN\0) [, 9*dV,

(5.3)

It is well known that under assumptions (A1)-(A3) we have that A{(M) > 0, see e.g., [4,
Lemma 4.1]. The bottom of the spectrum is involved in the stability of solutions u, of (2.2) for
sufficiently small values of «. Indeed, we prove:

Lemma 5.2. Let  satisfy (A1)-(A3) and let uy be a solution of (2.2) with « <log(A1(M)). Then
uy is stable and in particular, the set S is not empty.

Proof. Using (5.3) and Proposition 2.1 we infer

rM(M MM
/lvgv@ dv, > le(a )/eo‘vdeg > %/‘e”“(’)vzdvg for any v e C2°(M)
M M M

which gives the stability of u, if @ <log(A1(M)). O
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The next step is to prove that the set S is an interval. First, we state three preliminary lemmas;
the fact that S is an interval will be proved in the fourth one (Lemma 5.6 below).

Lemma 5.3. Let  satisfy (A1)-(A3) and let a, b, R € R be such that b > a. If uq(r) is the
solution of (2.2) with o € [a, b], then for any r € [0, R], the map o +— u(o, r) :=uqy(r) is differ-
entiable in [a, b] and for any oy € [a, b]

9
lim  sup —( )= o r)| =0. (5.4)
Jo

@70 ref0,R]

Moreover for any a € [a, b] and r € [0, R], the function v, (r) := g—(’;(ot, r) is the solution of the
following problem

) = (= DL ) = )

V() 55
v(0) =1 :
V' (0) =

Proof. The proof can be obtained by proceeding along the lines of [4, Lemma 5.6] with suit-
able changes concerning essentially the fact that the power nonlinearity is replaced here by the
exponential nonlinearity. For the sake of completeness, we recall the main steps here below.

For any r € [0, R] and « € [a, b], let us define

_ Ua(r) _uao(r)

— Vg, (r) and z(r) = w'(r)
o —

where vy, is the solution of problem (5.5) with o = .
Then

"(r) ug(r) _ LUag(r) o
z<r>+(N—1)IfZ(’) 2(r) = —(ﬁ—e "0()va0(r)>. (5.6)

Forany 6 > 0, @ € (ap — 6, 09 + ) N [a, b] and r € [0, R], we have

et — et e — "0y (r) — gy (r)

o —ap o — Qg

— Mg (r)vao r| < etao (") 4 e““O(’)w(r)

o — Qo

M| £(r)

euao(")| +e”°‘0(r)|w(r)|
e — ol

where, by Lagrange Theorem, min{uy (r), uq, (r)} < &(r) < max{uy (r), uq,(r)} any r € [0, R].
Recalling that for any « the functions u, are decreasing and using again Lagrange Theorem, we
obtain
a o 2
eta(r) _ pllag (1) B euao(r)va | < iR [t (r) — tgy ()]
o —ag R loe — g

< W) {e™F Jug (r) — ey ()] + €%} + €7 Jugy (1) |t (1) — ey ()]

+ e lw(r)]
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Now, by continuous dependence, for any € > 0 we may choose § small enough in such a way
that sup, o gy [4e (r) — ey (r)| < & and we obtain for r € [0, R],

elta(r) _ e (1)

— "0 ye (M| < (1+8)e™ P lw(r)| + Ce

o —ag

where we put C = e td Sup,.¢(0,g] [Vao (). Furthermore, observing that w(0) = 0, we infer

eua r) _ e”ao r)
My (")Uao (r)

o —ap

-
<(1 +8)e°‘°+8/ |z(s)|ds + Ce. (5.7)
0
Combining (5.6) and (5.7) and observing that z(0) = 0, we obtain
r
l2(r)| < K(1 4 g)e®0™td / |z(s)|ds + K Ce,
0

Jo @ (sHN~1ds

for any r € [0, R] and « € (ag — 8, g + &) N [a, b], where we put K := SUpP,.¢[0.R] W)

Finally, exploiting standard Gronwall-type estimates we obtain

lim sup |z(r)|]=0 = lim sup |w(r)|=0.
X00 1[0, R] X0 1[0, R]

This proves the differentiability with respect to o of the map « — u(«, ) and shows that the
derivative with respect to « is a solution of (5.5). The proof of (5.4) is a consequence of a
standard continuous dependence result for the Cauchy problem (5.5). O

Lemma 5.4. Let  satisfy (A1)-(A3) and let a1 > o > a3 > ag. Then the first intersection
between uy, and uy, cannot take place after the first intersection between uq, and ugy,.

Proof. We follow closely the proof of [5, Lemma 7.3]. We divide the proof into two steps.

Step 1. We first prove the lemma when only three functions ug,, Ug,, Ue; With a1 > a3 > a3,
are involved. In other words, we prove that the first intersection between u, and uy, cannot take
place after the first intersection between 1y, and ugy, .

Let wy = ug, — Uy, and wy = Uy, — Ug,. Then w;(0) > 0 and wlf(O) =0fori=1,2. Let
r1 > 0 be such that w; has no zero in [0, 7{]. Then for i = 1, 2, the functions w; satisfy

v’ (r)
v(r)

where the functions b; are positive in [0, r1] and they satisfy

w!(r)+ (N —1)

w;(r) + bi (rw;(r) =0,

Ug, (r) <log(b1(r)) <ue,(r) and ug,(r) <log(ba(r)) < ue,(r) for any r € [0, 1],

thanks to Lagrange Theorem. In particular this gives b1(r) > b>(r) in [0, r1]. Putting z = w1 /w>
we have that
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v'(r)
v(r)

wa (12" (r) + [2w’2(r) +((N -1 wz(r)] Z(r) = —z(r)(b1(r) = ba(r)wa(r) <0

for any r € [0, r1] and moreover z(0) > 0 and z'(0) = 0. If we set a(r) := 2538 +(N—-1) :”/j/((:)),
the above inequality can be written as z”(r) + a(r)z’ (r) < 0 in [0, r1], being wy > 0 in [0, r{].

Then, for ¢ > 0, multiplying both sides by el a0 dt ypq integrating in [, r], we get
Z(r) <Z(e)e 9D forall r e (e, r1].

By (Al) and the fact that w»(0) > 0 and w/Z(O) = 0 we deduce that a(r) ~ NT’I as r — 0T,
Then, letting £ — 07 in the above inequality and recalling that z'(¢) — z/(0) = 0, we conclude
that z/ <0 in (0, r1] so that z is non increasing in the same interval and in particular z(r) < z(0)
for any r € (0, r1]. This completes the proof of Step 1. Indeed, if ¢; is the first zero of w;,i = 1,2
and if we assume by contradiction that {; > ¢» then we may apply the previous estimate for any
0 < r1 < & and obtain

w1 (r) <z(O0)wy(r) forany r € (0, &2) .

Then, letting » — ¢, we conclude that w;(¢2) < 0 in contradiction with {1 > .

Step 2. We complete here the proof of the lemma. We denote by ¢;; the first intersection
between uy,; and uq; with i < j. We have to prove that {1 < ¢34. We apply Step 1 twice, first
to prove that ¢12 < {23 and then to prove that 3 < {34. The combination of the two inequalities
readily completes the proof of Step 2. O

Lemma 5.5. [4, Lemma 5.8] Let v satisfy (A1)-(A3). Then lim,_, g+ A1(B;) = +00.
By combining the above lemmas one gets:

Lemma 5.6. Let  satisfy (A1)-(A3) and assume o > B. If ug is unstable then uy is also the
unstable solution. In particular, the set S defined in (5.2) is an interval.

Proof. Suppose that u, and ug have no intersections. Then uy (r) > ug(r) for any r > 0 and
e« > (") for any r > 0. Suppose by contradiction that u, is stable, then (5.1) implies

+00 “+o00
/ XN NN dr > / O (M) ()N dr
0 0

+oo

> f 50 (0 (M) (Y ()N dr,

0

for every radial function x € C2°(M). This implies the stability of ug, a contradiction.

We may suppose now that u, and ug have at least one intersection. Exploiting Lemma 5.3,
Lemma 5.4 and Lemma 5.5, we may follow the part of the proof of [4, Lemma 5.9] in which u,
and ug have at least one intersection, and prove the instability of u,. O
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5.1. Low dimensions

In the next lemma we prove thatif 2 < N <9, the set S is bounded above. To this aim we first
set

n:=supS. 5.8)

Lemma 5.7. Let Y satisfy (A1)-(A3) and let 2 < N < 9. Then there exists ag > 0 such that for
any o > o, the solution uy of (2.2) is unstable. In particular, the number n defined in (5.8) is
finite.

Proof. We adapt to our framework the blow-up arguments of [4, Lemmas 4.9 and 5.5] and
[5, Lemma 7.1]. Since we know from Lemma 5.6 that the set S is an interval, we proceed by
contradiction assuming that u,, is stable for any o € R.

Let us define u;, as the solution of (2.2) with initial condition o = log(%) and define

v (s) = up(As) + 2log(nr).
Now, one can check that v, (0) = 1 and it satisfies

N —1v/(rs)

vy (s) + — 00 Asv)(s) + e =0. (5.9)

Furthermore, using the assumptions on ¥, we can find that for any fixed S > 0,

¥’ (As)

As — 1 as A — 0, uniformly in (0, S]. (5.10)
¥ (hs) Y

If we define F) (r) = %(u;(r))2 + ¢+ then we know from the proof of Proposition 2.1 that Fj,
is decreasing and hence

)P =2[ Fur) = e ] <2[en @ — 0] <2650 [, 0) = i)

from which we obtain

- 1/2

2

) ()] < Te / (1) dt for any r > 0
0
where we recall that ¢+ = A%
By Gronwall-type estimates we obtain
, e
|uk(r)|§pr forany r >0

and from the definition of v, we finally obtain
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vy (s)| <es forany s > 0. (5.11)

Combining (5.9), (5.10), (5.11) we deduce that for any fixed S > O there exists A(S) > 0 such
that

[/ (s)| <2(N — De 4@ = 2N — 1)e forany s € [0, S]and 0 < A < A(S).

Hence, using Ascoli-Arzeld Theorem on [0, S], we deduce that there exists v € C 1 ([0, ST such
that vy — v in C'([0, S]) as A — 0% and ¥ satisfies

N -1
s

v(s) + 7' (s) + " =0 and 9(0) = 1.

Since u, is a stable radial solution, using (5.1) we have that

+00 +00
/ N W)V dr - / O e (rNE W )N dr >0,
0 0

for every radial function x € CZ°(M). In terms of v, the above inequality reads

+00 +00

1 r
/ KON dr - / PO () W)Y dr 20,
0 0

for every radial function x € C2°(M). Now, choosing 0, (r) := n(%) as test function for some
radial function n € C2°(M) and then using the change of variable s = £ we infer

A
“+00 +oo
/ ' AW AN ds — / e () (W sV ds >0,
0 0

for every radial function n € C2°(M). Now fix S > 0 and then choose 7 in such a way that
supp(n) C Bs where Bg denotes the geodesic ball of radius S centered at the pole 0. By Lagrange

Theorem for any s € [0, S], there exist0 < ¢ < siand 0 < |f| < Lzml(sk) such that for A — 0T
W NN =N + g nnY,
where g(¢,1) = (N — (1 +1)N2 w This gives, after cancelling A¥ !, that
+o00 +o00o
/ (' ())*sN " ds + / ' (5))” s g (¢, )1 ds

0 0
+00 +00

—~ f e (n(s))?sV 1 ds — f " (n(s))* sV g (¢, )2 ds = 0.
0 0
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Therefore taking the limit as A — 0T, we finally obtain

+00 +00
[ororsitas— [ @Oaepstaszo,
0 0

for every radial function n € C2°(M). Therefore v is a stable solution of the equation —Au = e"
on R¥ for 2 < N <9. This contradicts the results of [15] and concludes the proof. O

We complete the stability picture for 2 < N < 9 by showing that S is a closed interval.
Lemma 5.8. Let i satisfy (A1)-(A3) and let2 < N <9, then § = (—00, n].
Proof. Suppose 1 ¢ S and so u,; is unstable solution. Then for each n € N there exist n, € S

such that 1, — n for n — +o00. The definition of 7, gives that each u,, is a stable solution.
Hence for each radial function x € CZ°(M) there holds

+00 +00
/ GNP W)Y dr — / ¢ (0 (M2 ()Y dr = 0,
0 0

Now, for any function x € C2°(M), we have that supp(x) is a compact set and continuous
dependence on initial data gives u,, — u, uniformly. This implies

+00 +o0
/ NN dr - f DN NN dr >0
0 0

contradicting the fact that u, is an unstable solution. O

By Lemma 5.2 we know that n > log(A1(M)); the next two lemmas allow us to improve these
bounds when v/ /v’ is not integrable.

Lemma 5.9. Let ¢ satisfy (A1)-(A3). Then for any «,

_ |V v|2dV,
AM,a):=  inf f’”gijg
veH (MN\(0) [y eev?dV,

admits a minimizer.

Proof. The proof is a straightforward adaptation of [4, Lemma 5.11] to this setting, therefore we
omitit. O

Lemma 5.10. Let v satisfy (A1)-(A3) and assume that % ¢ L1(0, +00). Then n > log(A1(M)).
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Proof. Set « := log(A1(M)) and let A(M,«) be as in the statement of Lemma 5.9, then
A(M, &) > 1. Indeed, if w € H'(M) is the minimizer of A(M, &), then

fM|vgw|§dvg fM|vgw|§dvg

A M’ o) = > — >
(M, ) [y e awZdV, — e [, w2dV, —

Therefore, if A(M,a) =1, w solves
—Agw=A(M)w in M and — Ayw=¢"Yw in M.

This implies that ug is constant, which is a contradiction. Hence, A(M, &) > 1.

Next we consider a decreasing sequence {ox} such that oy — « as k — +o00. We will show
that A(M, o) > 1 definitively, hence n > log(A1(M)) which is the thesis.

By contradiction, assume that there exists K > 0 such that A(M, o) < 1 fork > K. For any k
let wy be a minimizer of A (M, ) satisfying [, e w?dV, = 1. The sequence {wy} is bounded
in H(M) hence, up to a subsequence, wy — w in HY (M) as k — 400 and wy, — w strongly in
L%(Bg) for any R > 0, where we recall that Bg denotes the geodesic ball of radius R centered
at the pole o.

For any o € R consider the Lyapunov functional (3.1): F, (r) = %(ufx (r)? + e« for r > 0.
From the proof of Theorem 2.2, the stated assumptions imply that lim,_, uy (r) = —00 and
lim,_, 4o u,, (r) = 0. Therefore, for every &> O there exists R, > 0 such that Fy (Rg) < ¢g. Since
forany r > 0, ug, (r) = ug(r) and ul, (r) — u- 5(r) as k — 400, then there exists K= K(e) >0
such that Fy (R;) < & for k > K. Slnce the functions Fy, are nonincreasing, it follows that
Fy, (r) < ¢ and e" (") < ¢ for any r > R, and k > K . Therefore,

‘/e”‘"k w,%dVg —/e“&w2dvg
M M

< /e”akwldeg—/e“&w,%dVg —}—'/e wde —/e“&wdeg
Bg, Bg, Bg, Bg,

+‘ / e”“kw,%dvg— / e”&wzdvg
M\Bg, M\ Bg,

<sup et — e"é| / wdeg I/e wdeg /e”5w2dVg
Br,

Bg,

+e / widV, +e / w?dV,
M\Bg, M\Br,

<suplets — et [ u
B, 5
&

2 - 2
% </ |ngk|ngg+ll<1Ln££/ |ngk|ngg>
M M

2¢e
A1(M)

<Ce+

& L
oD (A(M’“k)JFL‘El;‘;fA(M!“k)) +o(1) <
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In the above estimate we used the following facts: wy — w in L*(B Rr,) strongly, e"* — ¢"@ uni-
formly, the lower semicontinuity of the H'(M)-norm and the inequality A (M, ay) < 1. Letting
k — 400, since ¢ was chosen arbitrarily, we conclude that

lim e'er w,% dv, = | e*aw?dv,.
k—+o00 g &
M M

Using again the lower semicontinuity of the H'!(M)-norm, we finally have

) Vow|2dV, |Vowy |2 dV, o
o) < fM,g—ig < fMug—gzg =liminf A(M, ay),
[y w2 dVy = k—too [y, ek [wi2dVy  k—-too

1 <AM,
a contradiction. This ensures that A (M, o) > 1 definitively and concludes the proof. O
5.2. High dimensions
We are going to state the key ingredients in the proofs of Theorem 2.7 and Theorem 2.9-(iii).

Inspired by [20] and [21] (see the Appendix), given a radial regular solution u of (2.2), we define
the function

v(r) = u(r) + 2log(y (r)) — log[2(N — 2]. (5.12)

Then v solves the equation

. v o (‘W)y 2" (1)
N—-1)——- 2(N -2 — — =0 5.13
v Dy oA )[(w(r))2 V() v () e

The linearized equation at a function v = v(r) becomes

VO iy 4 2 =2 o 0.

4 N _ 1 o =7
O =DUs W )2

In particular, linearizing at v(r) = 2log(vy'(r)), we obtain the equation

p V') v\
N—-1)——= 2(N =2 =0. 5.14
@)+ (N = D () +2( )(wm) o(r) (5.14)

Next we define the operator £ as the left hand sight of (5.14), i.e.

o V() V')
Lo(r)=¢"(r)+ (N —1) 7 o (r)+2(N—-2) ( W(r)) @(r) (5.15)
and we consider the polynomial:
PO =22+ (N —=2)r+2(N—2). (5.16)

440



E. Berchio, A. Ferrero, D. Ganguly et al. Journal of Differential Equations 361 (2023) 417-448

It is readily seen that P admits the negative root:

_ —(N-2)— /IN=2)(N —10)
o 2

A (N > 10). (5.17)

Adapting in a non trivial way the proof of [20, Lemma 3.1] to our setting, we prove the following
property of the operator L:

Lemma 5.11. Suppose that i satisfies (A1), (A2) and (AS). Let N > 10 and let 0 < R < 400,
then there exists no function 7z € C 2((0, R)) such that

(i) Lz>0in (0, R);

(ii) z>0in (0, R) and z(R) =0;
(i) ¥("NZ'(r)=0(1) and z(r) = o (Y (r))~N2) as r — 0T,
with A1 as in (5.17).

Proof. Suppose by contradiction that there exists z € C 2((0, R]) satisfying (i)-(iii). Let us de-
fine

Z(r): = (r) foranyr >0
with A1 as in (5.17). Differentiating we have that

ZO) =@V @), 2 =m0 = D@ EM AW ) @ )T ()

and hence

LZ) =2 @) ") + )M 2@ (7)) P(h) (5.18)
=nWE)M T Y (r) <0

since Aj is a negative root of the polynomial P and by (A1), (A2), (A5) we have

v (r) (l/f”(r)

2
0 > 1/”(")) , Yv'(r)>0 forany r > 0. (5.19)

Indeed, the first inequality in (5.19) is equivalent to (A5) and from it we also have that v > 0
which implies ¥ increasing and, in turn, by (A1) we finally obtain ¥” > 0 in (0, +00).
Now, combining (i), (ii) and (5.18), we obtain for any r € (0, R)

0<(Lz(r)Z(r) — (LZ(r))z(r)

v'(r) J
v(r)

(r)) Z(r) — (Z”<r) I Z’(r>) ()

- (ZN(” FN=D )

which is equivalent to
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[we* 2 mzm)] - [we 1200 ] >o.
In particular, we have the function
re e OZ0) - Z/()20)]
is increasing in (0, R) and this implies
WRNNTIRZR) > Tim (p ()" [Z(0Z0) = Z'()2()]
= tim [@ D" Oy ) - @)Yz )| =0

thanks to (i), (iii), (A1) and the fact that N — 2 + 1| > 0.
We may conclude that z'(R) > 0 in contradiction with (ii). O

Thanks to Lemma 5.11, we now prove a uniform estimate for functions defined in (5.12).

Lemma 5.12. Suppose that  satisfies (A1), (A2) and (AS) and let N > 10. Then any function v
defined by (5.12) satisfies

v(r) <2log(y/'(r)) foranyr >0.

Proof. Let us define

V(r) =2log(y¥'(r)) forany r > 0. (5.20)

If we define W(r) = V (r) — v(r), the statement of the lemma is equivalent to say that W(r) > 0
for any r > 0.

We first observe that by (5.12), (5.20), (A1) and the fact that u is a radial smooth function in
M, we have

W(r) =2log(y'(r)) — u(r) — 21log(y (r)) +10g[2(N — 2)] ~ —2log(¥ (r)) — +00
(5.21)

asr — 07,
Then, recalling the definition of A given in (5.17), by (5.21) and de I’Hopital’s rule, we infer

lim ()Y W) = tim 2O

N (N—24a) s — N—2+)\| —
A% oy vz = M v 2, YO =0

being ¥ (0) =0 and ¢ € ([0, +00)) by (Al) and N — 2 + 11 > 0 as already observed in the
proof of Lemma 5.11. In particular, we have that

W) =o ((w(r))“’v‘m“) asr — 01, (5.22)
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Moreover, differentiating in (5.21), using (A1) and exploiting the fact that u’(0) = 0, we also
obtain

W' (r) = ') u'(r) — wo 2 asr — 0"
v'(r) R LG
so that in particular
YW ) =01)  asr— 0", (5.23)

By (5.21) we know that W(r) > 0O for any » small enough. We have to prove that actually W
is positive in (0, +00) and hence we may proceed by contradiction assuming that there exists
R > 0 such that

W) >0 for any € (0, R) and W(R)=0. (5.24)

We claim that LW > 0 in (0, R) with £ as in (5.15). First of all we observe that by (5.19), V
satisfies

p () eV <r>>2 29" (r)
v N — 5.25
)+ v [(W N W) voy O
" 4 2
| ¥ (r)_(l/f (r)> _p ¥ >0  foranyr>0.
W' (r) v (r) Y (r)

Subtracting (5.13) to (5.25), applying Lagrange Theorem to the exponential function and exploit-
ing (5.24), we infer

. V') 2= vy o)
0< W)+ N =D W)+ s [e e ] (5.26)
y ') 2(N-2) V)
w N w Vir)—
<W'(r)+( 0 )+ —— T2 [V(r) —v(r)]
_ v VOV o
=W'(r)+ (N ) r — <W(”)> Wr)=LW(r)

for any r € (0, R), thus completing the proof of the claim.

By (5.22), (5.23), (5.24), (5.26), we see that W satisfies conditions (i), (ii), (iii) of
Lemma 5.11 and the same lemma states that this is impossible.

We reached a contradiction and this means that W > 0 in (0, +00). The proof of the lemma
now follows immediately from the definition of V and W. 0O

The estimate stated in Lemma 5.12 allows us to prove that for N > 10 solutions of (2.4) are
ordered in the following sense:
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Lemma 5.13. Suppose that ¥ satisfies (A1), (A2) and (AS) and let N > 10. Let « > § and let
ug and ug two solutions of (2.2) satisfying uy(0) = o and ug(0) = B. Then uy(r) > ug(r) for
anyr > 0.

Proof. Since o > B we have that uy () > ug(r) for any r > 0 small enough. We proceed by
contradiction assuming that there exists R > 0 such that

ug(r) >ug(r) foranyr e[0,R) and uu(R)=ug(R). (5.27)

Recalling (5.12) we may define two functions v, and vg corresponding to u and ug respectively.
By (5.27) we obtain

Ve(r) >vg(r) foranyr e[0,R) and vy(R)=vg(R). (5.28)
By Lemma 5.12 we know that

Ve (r) <2log(y'(r)) and wvg(r) <2log(y/'(r)) for any r > 0. (5.29)

Let us define w(r) = vy (r) — vg(r) = uq(r) — ug(r) for any r > 0. Since both v, and vg
solve (5.13), by (5.29) and Lagrange Theorem we have that

— YO 2N =D 1)
0=w'(r)+(N =D eow'0) + 5 [e e ] (5.30)
, Yo o 2AN=D)
<)+ (N = Dm0+ e ) [ug (r) — vp(r)]
/ ’ 2
<w’(r)+ (N — 1)% w'(r)+2(N —2) (lf;((:))) w(r) = Lw(r)

for any r € (0, R).
We observe that, by (A1), w trivially satisfies the following two conditions

YW ) =0y, wr)=o ((w(r))*N*Ml)) asr — 0, (5.31)

being w = uy — ug € C*([0, +00)).

By (5.28), (5.30) and (5.31), we see that w satisfies conditions (i), (ii) and (iii) of
Lemma 5.11 and the lemma itself says that this is impossible. We proved that w > 0 in [0, +00)
and now the proof of the lemma follows from the definition of w. O

6. Proofs of Theorems 2.5, 2.6, 2.7 and 2.9
6.1. Proof of Theorem 2.5

The proof of statements (i) and (ii) follow, respectively, from Lemma 6.1 and Lemma 6.2
below.
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Lemma 6.1. Let N > 2 and let  satisfy (A1)-(A2). Let a and B be two distinct real numbers
and let uy and ug be the corresponding solutions of (2.2), i.e. uy(0) = a and ug(0) = B. If uy
and ug are stable then they do not intersect.

Proof. Without loss of generality we may assume o > 8; we establish that uy (r) > ug(r) for any
r > 0. If this is not true then there exists o > 0 such that u, (r9) < ug(ro). Now using Lagrange
Theorem and Lemma 5.3 we deduce that for some o € (8, a) we have

ug (ro) —ug(ro) -
oa—pf -

and v, (0) = 1. Hence there exists R € (0, rg] such that v, (R) = 0. Then v, satisfies

ou
V5 (ro) = @(0, rg) = 0

—Agvs =€"" v, in By with v, =0 on 9 Bg.
Multiplying this equation by v, and integrating by parts we obtain
/ |nga|§ dv, — / e'rv? dv, =0.
Br Bpr
Let w, be the trivial extension of v, to the whole M in such a way that w, € H 1 (M) and

/|vgw(,|§dvg —/e"vwg dv, =0.
M M

Since u, is a stable solution and o < &, by Lemma 5.6 we deduce that u, is a stable solution
too. This implies that

1 Ju IVgvl3 dVy
veH (MN\(0) [y €7 [v|>dVy —

3

and w, attains the infimum. In particular, w, satisfies the following equation
—Agws =€"’wy in M.
Now by standard regularity theory w, € C?(M) and satisfies the following equation

v’ (r)
v(r)

—w,(r)— (N —1) wl (r) = oMy, (r) for any r > 0.

Moreover, by construction w, () = 0 for r > R and so, by unique continuation, we conclude
that w, =0 in M. This is a contradiction. O

Lemma 6.2. Let N > 2 and let  satisfy (A1)-(A3). If u € C2(M) is an unstable solution of
(2.2), then there exists no solution v e C*(M) of (2.2) such that v > u in M.

445



E. Berchio, A. Ferrero, D. Ganguly et al. Journal of Differential Equations 361 (2023) 417-448

Proof. Suppose that there exists a solution v € C 2(M) of (2.2) such that v > u. Let w = v — u,
so w > 0in M. Using the Lagrange Theorem we have

—Agw=e"—e">e"win M.

Now taking ¢ € C2°(M) and multiplying in the above inequality by ‘f’—;, integrating by parts and
using Cauchy Schwarz and Young inequalities, we infer

2
/e"<p2dvg < —/<vgw,vg <¢—)> dv,
W/ e
M M

2
¢ ¢
=2/(vgw,5vg<p> dvg—fﬁwgw@dvg5[|vg<p|§dvg.
M ¢ M M

This implies that u is a stable solution and gives a contradiction. O
6.2. Proofs of Theorems 2.6 and 2.7

The proofs of Theorem 2.6 - (i) and (ii) follow by Lemma 5.7 and Lemma 5.8 which give
that S = (—o0, n]. By Lemma 5.2 we know that n > log(x;(M)) while Lemma 5.10 allows
improving this bound when v/’ is not integrable.

The proof of Theorem 2.7 follows arguing by contradiction. Indeed, suppose that there exists
a radial solution u € C2(M) of (2.2) with N > 10 which is unstable. Let v € C2(M) be a radial
solution of (2.2) such that v(0) > u(0). Then, by Lemma 5.13 we have that v > u on M, in
contradiction with Lemma 6.2.

6.3. Proof of Theorem 2.9

The proofs of Theorem 2.9 - (i) and (iii) follow by combining Theorem 2.6-(i) and Theo-
rem 2.7 with Lemma 6.1. Instead, the proof of Theorem 2.9-(ii) follows by combining Theo-
rem 2.6-(ii) with Lemma 6.2.
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Appendix A. Some (well) known facts in the Euclidean case
Consider the equation
—Au=ée" RN 6.1)
and let u be a radial regular solution of (6.1). Letting & = u(0), then u solves (2.2) with ¢ (r) =r.
Following [21], we consider the function v(r) = u(r) + 2logr — log[2(N —2)] (i.e., (5.12) with

¥ (r) = r) which satisfies the equation

, N-1, 2(N —2)
() = —— V()=

" =11 (r>0).
r r

Now, let w(z) = v(e') so that w solves the autonomous equation

w’(t) + (N = 2w (1) +2(N = 2)[e” —1]=0 (teR). (6.2)
Following [21] one can reduce equation (6.2) into an autonomous system in the plane (y, z)

admitting the unique stationary point (0, 0) where we put z(r) = w(¢) and y(¢) = w’(r). Clearly,
the system is given by

y'(t) = —(N —2)y(t) —2(N —2)[e*?) — 1],

@) =y().

(6.3)

The behaviour and, in turn, the stability of radial solutions to (6.1) depend on the nature of the
stationary point (0, 0) of (6.3) and, in particular, after linearization at (0, 0), on the nature of the
eigenvalues of the matrix

(*ﬁ_m —%%—D)_ (6.4)

We observe that the characteristic polynomial of the matrix (6.4) is exactly the polynomial P
given in (5.16). For 3 < N <9 it admits two complex conjugate eigenvalues while for N > 10 it
admits two negative eigenvalues which are coinciding if N = 10 and distinct if N > 11:

_-(N-2) - VN DN - 10) Mz—w—m+dw—mw—w)

A ,
! 2 2

(N > 10).
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The above computations highlight a change in the nature of solutions when passing from low
(N <9) to high dimensions (N > 10). Starting from this observation, see e.g., [25, Theorem
1.1], it can be proved that radial smooth solutions intersect themselves infinitely many times if
3 < N <9 and do not intersect if N > 10. Furthermore, for N <9 all regular solutions of (6.1)
are unstable while for N > 10 radial regular solutions are stable, see [15] and reference therein.
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