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Biomedical research often features continuous responses bounded by the inter-
val [0, 1]. The well-known beta regression model addresses the constrained
nature of these data, while its augmented and mixed-effects variants can address
the presence of zeros and/or ones and longitudinal or clustered response values,
respectively. However, these models are not robust to the presence of outliers
and/or excessive number of observations near the tails. We propose a new
augmented mixed-effects regression model based on a special beta mixture dis-
tribution that is capable of handling these issues. Extensive simulation studies
show the superiority of the proposed model to the models most often used in the
literature. The proposed model is applied to two real datasets: one taken from
a long-term study of Parkinson's disease and the other taken from a study on
reading accuracy.
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1 INTRODUCTION

Bounded continuous response variables (eg, rates or proportions) are often encountered in many disciplines.1 The ques-
tion of modeling these types of constrained outcomes in biomedical trials has been investigated in an analysis of health
assessment questionnaires that measure health conditions in terms of percentages,2 studies on Alzheimer's disease3 and
periodontal disease,4 and in a microbiome study.5 In addition to being limited to a restricted interval, bounded responses
often show heterogeneity in variance and asymmetry, making standard models unsuitable.6

Among parametric approaches, the beta regression model,6-9 which is based on the assumption of a beta-distributed
response variable, has been gaining popularity. The beta distribution allows many diverse shapes (U-shaped, J-shaped,
L-shaped, unimodal symmetric, unimodal right- or left-skewed, and constant phenomena), but it fails to represent a wide
range of phenomena such as outliers10 and bimodality.11

Given that the presence of outliers often leads to heavy-tailed distributions in the case of bounded responses, a
beta-uniform mixture distribution (referred to as a beta rectangular (BR) distribution) has been designed to assign addi-
tional weight to the tails of the support.12 One proposed BR regression model has been found to be robust to the presence
of many outlier patterns.13 Moreover, a regression model for proportions based on the flexible beta (FB) distribution has
recently been introduced to achieve even greater flexibility.11 The FB distribution is defined as a special mixture of two beta
distributions. It exhibits good properties, including strong identifiability and likelihood boundedness, which make the
model tractable from computational and inferential points of view. The FB regression model has been shown to improve
the fit and predictive ability with respect to the beta and the BR regression models in many simulations and real-data
contexts.

The excessiveness of 0 and 1 outcome values and longitudinal or clustered measurements are also fundamental issues
in the literature, particularly in medical and public health data. The first issue can be addressed through a linear
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transformation of the original response variable from [0, 1] to the open interval (0, 1),14 which represents the support of all
the cited distributions. Despite its simplicity, this approach is not recommended when a nonnegligible proportion of 0's
and 1's is present.9,15 An alternative solution is to augment the probability density function (pdf) of the distribution defined
on (0, 1) by adding positive probabilities of the occurrence of the 0's/1's.15-17 This approach leads to zero-/one-augmented
models. The second issue can be addressed by adding random effects to the model, thus obtaining a mixed-effects regres-
sion model that can handle within-subject correlations. Both of these issues has been addressed in all of the beta and
BR regression models.4,15-18 However, to the best of our knowledge, no model exists that is capable of simultaneously
handling an excessive number of boundary values, longitudinal measurements, outliers/heavy tails, and bimodality.

This study generalizes the FB model, which naturally addresses outliers, heavy tails, and bimodality, by introducing an
augmented version of the FB distribution, the augmented FB (AFB) distribution, and by defining a new mixed regres-
sion model that is appropriate for responses with a hierarchical structure. We adopt a Bayesian approach to inference
that is more suitable for complex models such as mixtures, as it avoids the computational and analytical problems of
likelihood-based inference and its small-sample limitations. These extensions are motivated by two examples that have
been extensively studied in the literature. First, a reading accuracy (RA) dataset, which allows us to investigate the impact
of dyslexia and general cognitive ability on reading skills,19 led us to explore an augmented version of the FB distribution.
Second, the Parkinson's disease (PD) long-term study-1 (LS-1) study carried out by the National Institute of Neurologi-
cal Disorders and Stroke (NINDS)20,21 led us to extend our mixture model to handle within-subject correlations. For both
examples, the new AFB mixed regression model is confirmed preferable to competing models in terms of fit via several
diagnostics designed to detect discrepancies between the observed and predicted data.

The remainder of this paper is organized as follows. Section 2 describes the motivating examples, explaining how each
inspired our methodological developments. Section 3 briefly describes some useful distributions for proportions and their
related regression models, and it introduces a novel regression model with random effects based on the new AFB distri-
bution. Section 4 describes the Bayesian approach to inference as well as several model comparison criteria and model
checks based on posterior predictive distributions and cross-validated (leave-one-out) approaches. Section 5 outlines the
simulation studies used to evaluate the performance of the AFB model and to compare it with the augmented BR (ABR)
and augmented beta (AB) models. Section 6 discusses the results of and main findings from the application of our new
regression model to the motivating examples. Finally, Section 7 offers concluding remarks.

2 MOTIVATING EXAMPLES

The first motivating example, hereafter referred to as “RA,” investigates the impact of dyslexia and general cognitive abil-
ity on reading skills.19 In total, 44 children were included in the study, 19 of whom were diagnosed with dyslexia. Their
RA level was quantified through psychometric measures as a proportion in (0, 1], where 1 indicates a perfect reading
score. In addition to RA, a quantitative covariate for the children's nonverbal abilities (ie, IQ) was also measured. The
RA experiment is well known among beta regression scholars.9,14,22-24 A recent study showed the benefit of modeling the
constrained outcome, which is affected by a weak bimodality, through an FB regression model rather than through a beta
or BR model.11 It should be noted that the dataset includes a nonnegligible group of children (13 out of 44) who achieved
a perfect reading score (ie, an outcome exactly equal to 1). The simple solution of reducing the 1's by 𝜖 = 0.0111,13,14,22,23

avoids the problem but is not recommended when a high proportion of boundary observations is involved.16 Alter-
natively, a three-component finite mixture has been adopted,24 where one component follows a completely specified
distribution, namely, a uniform distribution on (0.98, 1), which is used to model the 1's. A criticism of this approach
is that it makes it impossible to model the probability of 1's as a function of covariates. A one-AB regression model
has also been applied to the problem9 with promising results, thus motivating us to propose a new augmented mixture
regression model.

The second study that inspired the extension of our mixture model concerning random effects is the PD LS-1 study
carried out by NINDS for the NINDS Exploratory Trials of PD (NET-PD) program. The study is a multicenter, double-blind,
placebo-controlled, randomized efficacy trial designed to determine the effectiveness of creatine in slowing the clinical
decline of PD patients compared to placebo. Among eligible participants who were treated for and diagnosed with PD
within five years, 1741 participants were enrolled and randomly assigned to creatine (874) or placebo (867) treatment
groups. The participants were evaluated through a questionnaire (at baseline and then annual follow-ups) for a minimum
of five years until the end of the study in 2013 for futility based on the results of a planned interim analysis.20,21 The
level of perceived health, our outcome of interest, is measured through the standardized EuroQol vertical visual analog
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DI BRISCO AND MIGLIORATI 131

scale (EQ-VAS), a well-established instrument in PD studies,21 which takes values between 0 (worst imaginable health)
and 1 (best imaginable health). The response variable has an asymmetric distribution and a considerable number of
observations (169) at the upper boundary of the support. In addition, the presence of two clusters of observations (ie, a
larger one with the trajectories lying near the upper bound of the support and a smaller one taking values near the lower
bound of the support) suggests the need for a flexible model to address constrained longitudinal data with augmentation,
such as the AFB model, properly extended to handle within-subject correlation. The proposed model is compared with
the beta and BR models applied in previous research.17

3 DISTRIBUTIONS AND REGRESSION MODELS

The pdf of a beta-distributed random variable (rv) Y ∼ Beta(𝛼̄, 𝜙) can be written as

𝑓B(𝑦; 𝛼̄, 𝜙) =
𝑦𝛼̄𝜙−1(1 − 𝑦)(1−𝛼̄)𝜙−1

B(𝛼̄𝜙, (1 − 𝛼̄)𝜙)
, 0 < 𝑦 < 1, (1)

where B(·, ·) is the beta function, 0 < 𝛼̄ < 1 and 𝜙 > 0. This is known as mean-precision parameterization since 𝛼̄

coincides with the mean 𝔼(Y ), and the variance Var(Y ) = 𝛼̄(1−𝛼̄)
𝜙+1

is a decreasing function of the precision parameter 𝜙 for
given 𝛼̄. This parameterization is preferred in a regression context because it makes it easier to link the mean (as well as
the precision parameter) to the covariates.

A robust alternative to the beta distribution is to specify a mixture of a uniform and a beta distribution (ie, the BR
distribution12), which can accommodate outliers by making the tails of the resulting marginal distribution heavy. The pdf
of the BR distributed rv Y ∼ BR(𝛼̄, 𝜙, p) is equal to

𝑓BR(𝑦; 𝛼̄, 𝜙, p) = p + (1 − p)𝑓B(𝑦; 𝛼̄, 𝜙), 0 < 𝑦 < 1, (2)

with 0 ≤ p ≤ 1, 0 < 𝛼̄ < 1, and 𝜙 > 0. An alternative parameterization of the BR distribution has been devised for
regression purposes13 and depends on the mean of the response, 𝛾 = 𝔼(Y ) = p

2
+ (1− p)𝛼̄, on a parameter 𝜃 = p

1−(1−p)|2𝛼̄−1|
that measures the thickness of the tails, and on a precision parameter 𝜙 > 0.

The FB distribution11 is a special mixture of two beta distributions that has been proposed as a way to handle bimodality,
heavy tails, and potentially a large amount of asymmetry. The pdf of Y ∼ FB(𝜆1, 𝜆2, 𝜙, p) is equal to

𝑓FB(𝑦; 𝜆1, 𝜆2, 𝜙, p) = p𝑓B(𝑦; 𝜆1, 𝜙) + (1 − p)𝑓B(𝑦; 𝜆2, 𝜙), 0 < 𝑦 < 1, (3)

where 0 < 𝜆2 < 𝜆1 < 1, 0 ≤ p ≤ 1, and 𝜙 > 0. The parameters 𝜆1 and 𝜆2 represent the means of the first and
second mixture components, respectively, 𝜙 is the precision parameter, whereas p is the usual mixing proportion. A repa-
rameterization of the FB distribution, which is useful for regression purposes, includes the overall mean of the mixture
distribution as follows:

𝜇 = 𝔼(Y ) = p𝜆1 + (1 − p)𝜆2. (4)

Thus, this new parameterization can be completed with w = (𝜆1 − 𝜆2)∕min
{

𝜇

p
, 1−𝜇

1−p

}
, which is a standardized mea-

sure of the distance between the two mixture components, p and 𝜙. The parametric space of fFB( y;𝜇, 𝜙,w, p) is variation
independent since 0 < 𝜇 < 1, 0 < w < 1, 0 ≤ p ≤ 1, and 𝜙 > 0.

We now briefly compare the beta, BR, and FB distributions. The former is a special case of the latter two distributions.
The BR and FB distributions display increasing complexity: three and four parameters respectively instead of two. This
complexity has immediate consequences for the possible shapes. As is well known, the beta distribution allows many
diverse shapes. The BR distribution can have heavier tails for increasing values of 𝜃.17,18 The FB distribution can accom-
modate more shapes than the BR distribution, mainly in terms of bimodality, asymmetry, and tails. In particular, the FB
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132 DI BRISCO AND MIGLIORATI

distribution can have either heavy (and asymmetric) tails or only one heavy tail, unlike the BR distribution whose heavy
tails are completely symmetric. Interestingly, despite being the most complex in terms of number of parameters, the FB
distribution has good inferential properties such as strong identifiability and a.s. likelihood boundedness from above.11

These properties facilitate the computation of estimates and, in a Bayesian context, solve the label switching problem.
Note that the BR distribution, despite being less complex than the FB distribution, is not identifiable.

Let Yi ∈ (0, 1) be the response for subject i (i = 1, … ,n) and x′
i be the corresponding covariate vector. Then, for all

three distributions (ie, the beta, BR, and FB distributions), a regression model can be defined by linking the mean and
the covariates of interest within a generalized linear model (GLM) framework25

g(𝜈i) = x′
i𝜷, (5)

where 𝜈i = 𝔼(Yi) is the mean of the response, g(·) is an appropriate link function (typically the logit function logit(𝜈i) =
log(𝜈i∕(1 − 𝜈i)) for interpretability), and 𝜷 is a vector of regression coefficients. If Yi ∼ Beta(𝛼̄i, 𝜙), then (5) is a beta
regression model7 with 𝜈i = 𝛼̄i; if Yi ∼ BR(𝛾 i, 𝜙, 𝜃) then a BR regression model13 is obtained with 𝜈i = 𝛾 i; finally, when
Yi ∼ FB(𝜇i, 𝜙,w, p), we obtain an FB regression model11 where 𝜈i = 𝜇i. In each model the precision parameter 𝜙 can
either be assumed constant or regressed onto the covariates after a log-transformation.11,13-15

3.1 Augmented FB distribution and mixed regression model
The above-described regression models fail to take into account responses lying in the closed interval [0, 1] and responses
that are measured longitudinally or are clustered. Both issues with the beta9,15,16,26 and the BR models4,17,18 have been
addressed in the literature. The purpose of this paper is to propose a mixed-effects model based on a novel augmented FB
distribution as a way to handle values at the boundaries and within-subject correlation.

The AFB distribution is a three-part mixture distribution that assigns positive probabilities to 0 and 1 and a (continuous)
FB density to the interval (0, 1). Therefore, its pdf is equal to

𝑓AFB(𝑦; q0, q1, 𝜇, 𝜙,w, p) =
⎧⎪⎨⎪⎩

q0 if 𝑦 = 0
q1 if 𝑦 = 1
q2 𝑓FB(𝑦;𝜇, 𝜙,w, p) if 0 < 𝑦 < 1,

(6)

where the vector (q0, q1, q2) belongs to the simplex; thus, 0 < q0 < 1, 0 < q1 < 1, 0 < q2 < 1, and q0 + q1 + q2 = 1.
For ease of notation, q2 = 1 − q0 − q1. A rv Y following an AFB distribution is denoted by Y ∼ AFB(q0, q1, 𝜇, 𝜙,w, p).
Whenever there are neither 0's nor 1's observed in the response variable, it is possible to simplify (6) by setting one or both
probabilities q0 and q1 to zero. The marginal mean of the AFB is 𝔼(Y ) = q1 +q2𝜇 and its variance is Var(Y) = q2Var(Y|0 <

Y < 1)+q1+q2𝜇
2−[q1+q2𝜇]2, where 𝜇 = 𝔼(Y |0 < Y < 1) is given by Equation (4) and Var(Y |0 < Y < 1) = 𝜇(1−𝜇)+w2𝜙p(1−p)

𝜙+1
is the variance of an FB distributed rv.

Whenever responses show a hierarchical structure (ie, are measured longitudinally or are clustered), one strategy is to
include random effects in the regression model.27 To define an AFB regression model with random effects, let yij ∈ [0, 1]
be the observed response from subject i (i = 1, … ,n) at visit/cluster j ( j = 1, … ,ni, where ni is the number of visits
or cluster size), and let yi = (𝑦i1, … , 𝑦i𝑗 , … , 𝑦ini)

′ be the observed response vector for subject i, and y = (y1, … , yn)
′ be

the observed response vector for all the subjects. The covariates can be regressed onto suitable transformations of the
conditional mean 𝜇ij and of the probabilities q0i j and q1i j as follows:

g1(𝜇i𝑗) = x′
1i𝑗𝜷1 + u1𝑗 , g2(q1i𝑗) = x′

2i𝑗𝜷2 + u2𝑗 , g3(q0i𝑗) = x′
3i𝑗𝜷3 + u3𝑗 , (7)

where x1i j, x2i j, and x3i j (i = 1, … ,n and j = 1, … ,ni) are vectors of possibly overlapping covariates, which include the
covariates of interest as well as potential confounding variables. Moreover, 𝜷1,𝜷2, and 𝜷3 are the vectors for fixed effects
associated with the covariates, and g1, g2, and g3 are the (strictly monotone) link functions from (0, 1) to ℝ. A common
choice for g1 is the logit function because of its inherently simple interpretation of the regression coefficients in terms of
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DI BRISCO AND MIGLIORATI 133

odds ratios. However, for probabilities q1i j and q0i j, we focus on a bivariate logit link: g2(q1i𝑗) = log(q1i𝑗∕(1 − q0i𝑗 − q1i𝑗))
and g3(q0i𝑗) = log(q0i𝑗∕(1 − q0i𝑗 − q1i𝑗)). Note that this choice still takes advantage of the ease of interpretation of the logit
link: the parameters represent log odds ratios with respect to the baseline category. Moreover, it allows us to handle the
constraint between the probabilities 0 < q0i j + q1i j < 1, unlike the conventional univariate (separate) logits used in many
augmented regression models.4,15,17,18

Random effects uhj are typically assumed to be independent and normally distributed with a mean of zero and a vari-
ance equal to 𝜎2

h, h = 1, 2, 3. Clearly, the model can be easily generalized by assuming that the random effects are not
independent and follow a multivariate normal distribution with a nondiagonal covariance matrix

Σ = diag(𝜎1, 𝜎2, 𝜎3)Rdiag(𝜎1, 𝜎2, 𝜎3), (8)

where diag (𝜎1, 𝜎2, 𝜎3) is the diagonal matrix of the standard deviations (SDs) of the random effects, and R is the
corresponding correlation matrix. Random slopes can also be easily included in the model.

In model (7), the dispersion parameter 𝜙, the mixing proportion p, and the distance between the mixture components
w are chosen as constants. However, they can be regressed onto the covariates as follows:

g4(𝜙i𝑗) = x′
4i𝑗𝜷4 + u4𝑗 , g5(wi𝑗) = x′

5i𝑗𝜷5 + u5𝑗 , g6(pi𝑗) = x′
6i𝑗𝜷6 + u6𝑗 , (9)

where g5 and g6 are strictly monotone link functions from (0, 1) to ℝ (eg, logit, probit, or complementary log-log), while
g4 is a strictly monotone link function from ℝ+ to ℝ, the log function being an appropriate choice for this link function.

Model (7), eventually complemented with (9), can be reduced to accommodate various data features. For example, apart
from the mean 𝜇ij, some or even all of the remaining parameters can be considered constant or can be free of random
effects, which may be necessary both for easy interpretation and to avoid overparameterization. Moreover, if interest lies
in directly evaluating the effect of covariates on the marginal mean of the response, an approximate marginal model can
be derived.28 This effect will be illustrated in the analysis of the RA data set (see Section 6.1).

4 BAYESIAN INFERENCE: MODEL IMPLEMENTATION
AND COMPARISON CRITERIA

Let us assume that, conditional on the random effects, the responses Yij (i = 1, … ,n and j = 1, … ,ni) are independent
and have an AFB pdf given by (6), with 𝜇, q0, and q1 replaced by 𝜇ij, q0ij, and q1ij, as specified by (7). Moreover, let
𝜼 = {𝜷1, 𝜷2, 𝜷3, 𝜙,w, p}′ be the parameter vector and u = (u1,u2,u3)

′ the random effects vector. Then, the likelihood
function, conditional on u, is equal to

L(𝜼|u, y) = n∏
i=1

ni∏
𝑗=1

q𝕀(𝑦i𝑗=0)
0i𝑗 q𝕀(𝑦i𝑗=1)

1i𝑗

[
(1 − q0i𝑗 − q1i𝑗)𝑓FB(𝑦i𝑗 , |𝜇i𝑗 , 𝜙,w, p)

]𝕀(0<𝑦i𝑗<1)
, (10)

where 𝕀(·) is the indicator function

q1i𝑗 =
exp

(
x′

2i𝑗𝜷2 + u2𝑗

)
1 + exp

(
x′

2i𝑗𝜷2 + u2𝑗

)
+ exp

(
x′

3i𝑗𝜷3 + u3𝑗

) , q0i𝑗 =
exp

(
x′

3i𝑗𝜷3 + u3𝑗

)
1 + exp

(
x′

2i𝑗𝜷2 + u2𝑗

)
+ exp

(
x′

3i𝑗𝜷3 + u3𝑗

) ,
and

𝜇i𝑗 =
exp

(
x′

1i𝑗𝜷1 + u1𝑗

)
1 + exp

(
x′

1i𝑗𝜷1 + u1𝑗

) .
In the current context, likelihood-based inference can be computationally intensive and analytically challenging since it
involves both numerical integration and optimization. Indeed, to calculate the maximum likelihood estimates (MLEs)
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134 DI BRISCO AND MIGLIORATI

of 𝜼 in the presence of random effects uh for any of the link functions in (7) (h = 1, 2, 3), one has to integrate out uh,
thus obtaining the marginal distribution of y, and then maximize the likelihood based upon it. However, neither integra-
tion nor optimization allows a closed-form solution. Moreover, MLEs are affected by several well-known small-sample
problems.

Therefore, we focus on Bayesian inference, in which unobservable random effects are drawn together with the unknown
parameters in posterior sampling. Indeed, the AFB distribution is a finite mixture and can thus always be expressed as
an incomplete data model where the allocation of each observation to one of the mixture components is unknown.29 A
Bayesian approach to inference based on Markov chain Monte Carlo (MCMC) methods, producing (simulated) poste-
rior distributions for the parameter vector, is particularly suitable for handling incomplete data (and, generally, complex
models with many parameters). A recently proposed solution is the Hamiltonian Monte Carlo (HMC)30,31 algorithm, a
generalization of the Metropolis-Hastings algorithm that combines MCMC and deterministic simulation methods. In
addition to being more efficient than standard MCMC algorithms, the HMC is easy to use because of the easily accessible
Stan modeling language,32,33 which requires specifying only the likelihood function (as in (10)) and prior distributions
for the unknown parameters.

For the choice of priors, we adopt noninformative or weakly informative priors to have a minimal impact on the
posteriors,34 and we assume prior independence, which is reasonable because of the variation-independent parametric
space of the FB distribution. In particular, the prior for regression parameters 𝜷h (h = 1, 2, 3) is a diffuse multivariate
normal prior with a zero mean vector and a diagonal covariance matrix with “large” values for the variances to induce
flatness (ie, non-informativeness). If the remaining parameters of the continuous part of the model (ie, 𝜙, w, and p) are
defined as functions of the covariates (see model (9)), the same choice holds for additional regression parameters; other-
wise a uniform distribution on (0, 1) is selected for w and p, while a gamma(g, g) distribution is chosen for the precision
parameter 𝜙. Finally, to assign a noninformative prior to the matrix of variances of the random effects, Σ, the latter dis-
tribution is decomposed into a vector of SDs and a correlation matrix as in (8). The inverse variances have been given the
same vague prior as that for 𝜙, while the Lewandowski, Kurowicka, and Joe (LKJ) prior35 with a shape parameter equal
to 1 has been set for the correlation matrix, which is equivalent to giving a uniform prior over all the elements of the
correlation matrix.33

We diagnose the convergence of the Markov chains to the equilibrium distribution through graphical investigations
(trace plots and density plots) and several diagnostics that ascertain stationarity (Geweke and Heidel diagnostics) and
mixing (potential scale reduction and effective sample size) of the chains. Initial values for the algorithm are set at random
and, to diminish the influence of starting values, the first half of the chains are usually discarded. Moreover, we monitor
the level of autocorrelation with the Raftery diagnostic36 and we set a thinning interval L, where appropriate, such that
only the first generated values in every batch of L iterations were kept. A numerical investigation concerning robustness,
understood as having a limited impact on inferential conclusions, with respect to different choices of the hyperparameters
of the multivariate normal and the gamma priors can be found in Section 1 of the Supporting Information (SI).

We now focus on the model comparison criteria, which typically penalize a model's goodness of fit score for complexity.
The latter is a function of the number of parameters, which is less obvious in hierarchical (ie, longitudinal) models. The
widely applicable information criterion (WAIC)33,37,38 is a fully Bayesian criterion and is also well defined for nonregular
models such as mixtures. It is based on the log pointwise predictive density (LPPD), which evaluates the model's goodness
of fit and, having simulated S draws 𝜼s (s = 1, … , S) from the posterior distribution, can be estimated as follows:

L̂PPD =
n∑

i=1

ni∑
𝑗=1

log

(
1
S

S∑
s=1

𝑓 (𝑦i𝑗|𝜼s)

)
,

where 𝑓 (𝑦i𝑗|𝜼s) is the density function for subject i at visit/cluster j. Since the LPPD of the observed data overestimates
the corresponding value of future data, the quantity needs to be corrected by an estimate of the effective number of
parameters38 to avoid overfitting, ie,

p̂WAIC = 2
n∑

i=1

ni∑
𝑗=1

{
log

(
1
S

S∑
s=1

𝑓 (𝑦i𝑗|𝜼s)

)
− 1

S

S∑
s=1

log(𝑓 (𝑦i𝑗|𝜼s))

}
. (11)

The difference between the L̂PPD and the correction in (11) gives rise to the WAIC once it is multiplied by −2 to convert
it to a deviance scale. As a general rule, the smaller the values of the comparison criteria are, the better the model.
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DI BRISCO AND MIGLIORATI 135

In addition to identifying the best model, we also assess the adequacy of the fit and search for discrepancies between
the observed and expected data under the regression model. Posterior predictive checks enable us to identify a bad fit
by comparing the replicated data from the posterior predictive distribution with the observed data.39 The graphical rep-
resentation of the posterior predictive intervals for each marginal prediction 𝑓 (𝑦̃i𝑗|y) is persuasive and easy to interpret.
An alternative approach to marginal model checks is based on a cross-validation (leave-one-out) approach.40 The con-
ditional predictive ordinate (CPO) is a widely used diagnostic based on a cross-validation predictive distribution defined
as CPOi𝑗 = 𝑓 (𝑦i𝑗|y(i𝑗)) = ∫ 𝑓 (𝑦i𝑗|𝜼, y(i𝑗))𝜋(𝜼|y(i𝑗))d𝜼, where y(ij) indicates the full data after deleting the observation from
subject i at visit/cluster j. To avoid needing to refit the model

∑n
i=1 ni times, which would be very computationally inten-

sive, an approximate cross-validation is provided under the assumption that 𝜋(𝜼|y(ij)) ≈ 𝜋(𝜼|y). Then, the estimate of

CPO is given by ĈPOi𝑗 = S
(∑S

s=1
1

𝑓 (𝑦i𝑗 |𝜼s)

)−1
based only on the draws 𝜼s (s = 1, … , S) from the posterior distributions.41

Finally, another well-established measure for detecting outlying observations is the leave-one-out Kullback-Leibler diver-
gence among posteriors, KL

(
𝜋(𝜼|y), 𝜋(𝜼|y(i𝑗))

)
. As a rule of thumb, low values of CPO estimates and high values of KL

estimates suggest possible influential observations and outliers.

5 SIMULATION STUDIES

Some simulation studies have been designed to evaluate the performance of the AFB regression model and to compare
it to alternative models. The performance of both nonmixed and mixed augmented models has been evaluated in the
presence of outliers.

Below, we describe the rationale behind each study, the samples' simulation schemes, and the main inferential results.
For each simulated dataset, the vector of parameters in the AFB model, 𝜼 = {𝜷1, 𝜷2, 𝜙,w, p}′, was estimated through
the HMC algorithm as described in Section 4. In addition, the ABR and AB models have been estimated for comparison
purposes.

5.1 Augmented nonmixed models in the presence of outliers
This simulation study evaluates the performance of the AFB model in the presence of outliers under many different
scenarios. In total, B = 100 datasets, with n = 200 observations each, are randomly generated following the AB regression
rationale outlined below. Given n i.i.d. observations from a quantitative covariate, xi, uniformly distributed on (−1.5, 1.5),
the continuous component of the model is assumed to be beta-distributed, Yi ∼ Beta(𝛼̄i, 𝜙), where the mean is a function
of the simulated covariate such that logit(𝛼̄i) = 𝛽1,0 + 𝛽1,1xi for i = 1, … ,n. The regression parameters have been set
to 𝛽1,0 = 0.5, 𝛽1,1 = 1.5, while 𝜙 = 50. In addition, augmentation in both 1 only and in 0 and 1 is taken into account
regarding the discrete part of the model. Specifically, for augmentation in 0 and 1, parameters q1i and q0i are regressed
onto the quantitative covariate xi for i = 1, … ,n as follows:

log
(

q1i

(1 − q0i − q1i)

)
= 𝛽2,0 + 𝛽2,1xi, log

(
q0i

(1 − q0i − q1i)

)
= 𝛽3,0 + 𝛽3,1xi, (12)

where 𝛽2,0 = −3, 𝛽2,1 = 2, 𝛽3,0 = −3, and 𝛽3,1 = −2. For augmentation in only 1, the discrete part of the model is simplified
by setting logit(q1i) = 𝛽2,0 + 𝛽2,1xi and q0i = 0 for i = 1, … ,n.

For each replication, the vector ( y1, … , yn)
′ simulated from the AB model constitutes the baseline scenario, which

is further contaminated by inducing r = 6 outliers following three patterns of perturbation: upward, downward, and
half-upward/half-downward perturbations. The outliers are generated by adding (or subtracting) a value Δ to (from) their
baseline values. Ultimately, for each of the three scenarios, four levels of perturbation are set up (baseline, mild, moderate,
and extreme perturbation) with increasing (decreasing) values of Δ.

Only the results for the case of augmentation in 0 and 1 under the three perturbation scenarios are reported given that
similar conclusions can be inferred for the case of augmentation in 1 only. A detailed description of all the simulations is
presented in Section 2.2 of the SI.

For the case of only upward or only downward perturbation, the analysis of the WAIC values (see the left-hand and
center panels of Figure 1) reveals an average fit of the AFB that is better than that of the ABR and AB models, regard-
less of the intensity of the perturbation factor Δ. For perturbations in both directions, the fit of the AFB model, despite
being much better than that of the AB model, is comparable to the fit of the ABR model under mild perturbation but
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FIGURE 1 Average widely applicable information criterion (WAIC) of the fitted regression models (the augmented flexible beta (AFB)
model is the dashed line, the augmented beta rectangular (ABR) model is the dotted line, and the augmented beta (AB) model is the solid
line) for upward perturbation (left-hand panel), downward perturbation (center panel) and half-upward/half-downward perturbation
(right-hand panel)

worse under moderate or extreme perturbation (see the right-hand panel of Figure 1). This result occurs because the
AFB model fits only one of the two clusters of outliers. In the baseline scenario (ie, no perturbation), the AFB model
performs better than the ABR model in almost all replications, but it does not outperform the AB model. This finding
is a foregone conclusion, as the AB model is the model from which the data have been simulated. In contrast, when
perturbation is present, the AFB model is better than the AB model in almost all replications regardless the type of per-
turbation, while it clearly outperforms the ABR model only if perturbation occurs in only one direction (either upward
or downward).

Finally, KL divergences are computed to assess the ability of each model to identify outliers in the case of extreme per-
turbations and the results are reported in Section 2.1 of the SI along with some useful remarks. Overall, we can say that
the AB model clearly identifies the outliers, but it has low goodness-of-fit criteria values. The ABR model experiences
some difficulties in detecting outlier observations, but it improves the criteria with respect to the AB model, thus show-
ing greater robustness than the AB model. The AFB model succeeds in both identifying outliers and predicting future
observations, and it fits the data better than the other models. This finding is true especially when outliers exist in a single
direction.

5.2 Augmented mixed-effects models (for longitudinal data) in the presence of outliers
This second simulation framework evaluates the effect of perturbation in the case of longitudinal data. Special attention is
paid to analyzing the robustness of the posterior estimates. To this end, B = 100 datasets are randomly generated from an
AB regression model for longitudinal data with augmentation in 1. Each data set consists of n = 200 subjects observed at
four visits. Given a Bernoulli distributed covariate, xi (i = 1, … , 200), assuming a value of 1 with probability 0.6, and given
the time-dependent covariate, tj ( j = 1, … , 4), the response variable 0 < yi j ≤ 1 is simulated from an AB distribution
according to the following regression scheme which includes a regression equation for the precision 𝜙:

logit(𝛼̄i𝑗) = 𝛽1,0+𝛽1,1xi+𝛽1,2t𝑗+𝛽1,3xit𝑗+u1i, logit(q1i𝑗) = 𝛽2,0+𝛽2,1xi+u2i, log(𝜙i𝑗) = 𝛽4,0+𝛽4,1xi+𝛽4,2t𝑗+𝛽4,3xit𝑗 . (13)

Here ui = (u1i,u2i)
′ is the random effect vector following a bivariate normal distribution N

(
0,Σ =

[
𝜎2

1 𝜌12𝜎1𝜎2
𝜎2

2

])
.

The parameters are set as follows: 𝜷1 = (−0.1, 1.5,−0.3, 0.1)′ , 𝜷2 = (−2, 0.5)′ , 𝜷4 = (2.3, 0.5, 0.8,−0.1)′ , 𝜎1 = 0.3,
𝜎2 = 0.6, 𝜌12 = 0.65. Furthermore, 10% of the observations are randomly selected from each baseline visit from the
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DI BRISCO AND MIGLIORATI 137

replicated dataset; these observations are decreased by subtracting Δ to generate outliers. In addition to the baseline sce-
nario, three scenarios with different perturbation intensities are established making Δ equal to 0.1 (mild), 0.2 (moderate),
or 0.3 (extreme). The perturbation effect emphasizes bimodality, inducing outliers in both covariate categories.

The average WAIC values reported in Figure 2 (the left-hand panel) show that the AFB model outperforms the com-
peting models under all the perturbation patterns. At baseline, although this scenario obviously favors the AB model, as
the data are simulated from it, our new model outperforms the AB model in 43% of the replications and outperforms the
ABR model in 90% of the replications. In the remaining scenarios, the AFB model has a better fit than the AB models in
all replications and a better fit than the ABR model in 95% to 99% of replications.

For the extreme perturbation scenario, we analyze the CPO estimates relative to the perturbed observations, recalling
that the lower the CPO is, the lower the likelihood of observing the response given the model. The right-hand panel of
Figure 2 reveals that most of the strongly influential outliers (ie, those with CPO estimates less than 0.5) are more likely
in the AFB model, which devotes its second mixture component to them, than in the other models. To identify outliers,
the AB model shifts its mean downward, thus worsening the overall fit but also better describing the less-influential
perturbed values, namely, those with CPO estimates greater than 0.5. Conversely, the ABR model, due to its well-known
robustness, is less affected by outliers than the AB (the green triangles are always above the black ones when the CPO
estimates are less than 0.5), but it barely fits the data (the green triangles are always below the red ones, ie, the AFB
model estimates, when the CPO estimates are less than 0.5) because of the lack of flexibility induced by the uniform
mixture component.

Finally, Table 1 reports the posterior estimates and the coverage (ie, the percentage of times the 95% posterior credible
interval contains the true value of the parameter) for each model and each level of perturbation. First, it is worth noting
that neither the regression parameters for the discrete part of the model, 𝜷2, nor the covariance parameters of the random
effects are affected by the perturbation or the chosen model, thus leading to similar estimates and a stable coverage per-
centage for increasing levels of perturbation for all models. In contrast, the perturbation affects the regression parameter
vectors 𝜷1 (the model for the mean) and 𝜷4 (the model for the precision). Concerning 𝜷1, the estimates of the intercept 𝛽1,0
and the interaction coefficient 𝛽1,3 decrease as the perturbation becomes more extreme, and this trend is compensated by
an increase in the estimate of the single covariate coefficients 𝛽1,1 and 𝛽1,2 in all the models. Nevertheless, the AB model
shows low coverages, especially for moderate to extreme perturbations, thus confirming its inability to handle outliers.
Regarding the AFB and ABR models, the effect of perturbation manifests in different ways. While the estimate of the
intercept 𝛽1,0 is slightly less affected by extreme perturbation under the ABR model, the AFB model provides more robust
estimates for all three regression coefficients 𝛽1,1, 𝛽1,2, and 𝛽1,3, with higher coverage for moderate to extreme perturba-
tion. The same applies to 𝜷4, for which the AFB model displays the best coverage for moderate to extreme perturbation,
while the AB shows the worst coverage (ie, the coverage collapses toward 0).
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FIGURE 2 Left-hand panel: widely applicable information criterion (WAIC) of the fitted regression models (the augmented flexible beta
(AFB) model is the dashed line, the augmented beta rectangular (ABR) model is the dotted line, and the augmented beta (AB) model is the
solid line). Right-hand panel: conditional predictive ordinate (CPO) estimates of the perturbed observations in case of extreme perturbation
for the AFB (red triangles), ABR (green triangles), and AB (black triangles) models [Colour figure can be viewed at wileyonlinelibrary.com]
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DI BRISCO AND MIGLIORATI 139

6 MOTIVATING EXAMPLES: DATA ANALYSES AND FINDINGS

6.1 Reading accuracy data
The sample consists of a group of 44 children, 19 of whom have been diagnosed with dyslexia.19 The response variable,
y, quantifies the RA performance as a proportion in (0, 1] while a quantitative covariate, x, measures the standardized
nonverbal IQ of the children. In the group of nondyslexic readers, 13 children achieved a perfect score on the RA test
( y = 1). Research11 has shown the superiority of the FB regression model without augmentation with respect to the beta
and BR models when the response variable is transformed from (0, 1] to (0, 1).

Our initial analysis aims to evaluate the clustering ability of the AFB regression model in presence of latent groups,
namely, by assuming ignorance about whether a child belongs to the group of dyslexic readers. We fix augmented regres-
sion models for the conditional mean, logit(𝜈i) = 𝛽1,0 + 𝛽1,1xi, and the probability of values at the upper boundary,
logit(q1i) = 𝛽2,0 + 𝛽2,1xi. For comparison purposes, we estimate the AFB regression model (𝜈i = 𝜇i) as well as the ABR
(𝜈i = 𝛾i) and AB (𝜈i = 𝛼̄i) regression models. For each model, we simulate MCMCs of length 10 000 and we assess the
convergence to the equilibrium distribution using the analytical and graphical tools described in Section 4. It is worth
noting that the estimates of the parameters belonging to the discrete part of the model are nearly identical and highly sig-
nificant across the three competing models (see Table 2). In particular, the probability of achieving a perfect score (y = 1)
given x = 0 (ie, the mean of the standardized nonverbal IQ covariate) is equal to exp(𝛽2,0)∕(1 + exp(𝛽2,0)) ≈ 0.23, mean-
ing that a perfect score in reading is exp(𝛽2,0) ≈ 0.3 times more likely to occur than a nonperfect score (ie, 0 < y < 1)
conditional on x = 0. The standardized nonverbal IQ covariate has a significant augmenting effect for positive values (ie,
above-average IQ values) and decreasing for negative values (ie, below-average IQ values). Specifically, we may observe
that the estimated odds ratio is approximately exp(𝛽2,1) ≈ 3.97 for all models, meaning that an increase of 1 in the x score
increases the odds that the RA score is 1 by 3.97. Instead, there are differences among the estimates concerning the con-
tinuous part of the models. First, it should be noted that the slope parameter 𝛽1,1 is statistically significant in only the AB
model and results in an increase in the odds of the target outcome (ie, the expected reading score 𝜈i) of exp(𝛽1,1) ≈ 1.5
times for each unit increase in the x score. Conversely, the CIs for 𝛽1,1 in the AFB and ABR models cross 0, implying a
nonsignificant effect on the odds 𝜈i∕(1 − 𝜈i) due to a unit increase in the covariate. The intercept of the regression func-
tion for 𝜈i is significant in all models but different inferential conclusions can be drawn. Given x = 0, the target outcome
𝜈i is exp(𝛽1,0) ≈ 2.6 times more likely to occur than the nontarget outcome (ie, the difference from a perfect reading score
1 − 𝜈i) in the AB model and approximately 2.2 and 2.3 more likely in the ABR and AFB models, respectively. Figure 3
shows that the regression curve for the AFB model is the least inclined, suggesting a lower impact of the covariate on the
mean of the response variable. The mixture structure of the AFB model enables it to correctly identify the presence of
two clusters as highlighted by the right-hand panel of Figure 3. Despite also being a mixture model, the ABR model does
not provide the same (good) evidence due to its uniform component, the mean of which is constant and equal to 1/2, a
value far from the central body of observations. The AFB model, which has the lowest WAIC value, is also the preferable
choice in terms of fit.

A second analysis of the RA data set has the very different aim of investigating the fit of the AFB model by assuming
a functional relationship between intelligence (quantified through the standardized IQ), dyslexic status (a dichotomous

TABLE 2 Reading accuracy data: posterior means, standard deviations (SDs), and credible intervals (CIs) for the parameters of
the augmented flexible beta (AFB), augmented beta rectangular (ABR), and augmented beta (AB) regression models together with
the widely applicable information criterion (WAIC) values (models with one covariate)

Parameters AB ABR AFB
Mean SD 95% CI Mean SD 95% CI Mean SD 95% CI

𝛽1,0 (intercept) 0.939 0.128 ( 0.685; 1.190 ) 0.783 0.226 (0.328; 1.138) 0.839 0.125 (0.614; 1.107)
𝛽1,1 (IQ) 0.411 0.129 (0.157; 0.663) 0.302 0.197 (−0.078; 0.635) 0.131 0.152 (−0.092; 0.522)
𝛽2,0 (intercept) −1.219 0.427 (−2.107; −0.429) −1.230 0.422 (−2.101; −0.459) −1.232 0.433 (−2.140; −0.447)
𝛽2,1 (IQ) 1.381 0.479 (0.517; 2.409) 1.378 0.477 (0.517; 2.389) 1.392 0.484 (0.521; 2.446)
𝜙 10.783 2.662 (6.303; 16.626) 17.153 13.961 (6.389; 57.914) 28.471 11.737 (8.699; 52.163)
p 0.216 0.173 (0.051; 0.890)
w 0.656 0.200 (0.069; 0.862)
𝜃 0.143 0.127 (0.004; 0.450)
WAIC 12.8 21.0 8.8
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FIGURE 3 Left-hand panel: regression curves for the augmented flexible beta (AFB) (solid line), augmented beta rectangular (ABR)
(dotted line), and augmented beta (AB) (dashed line) models. Right-hand panel: regression curves for the two component means of the AFB
model (𝜆1i and 𝜆2i in the solid lines) and the ABR model (1/2 and 𝛼̄i in the dotted lines)

covariate z reflecting being dyslexic (0) or not (1)) and RA. For this purpose, we define the following regression model
that includes regression functions for the conditional mean, the probability of 1's, and the precision parameter:

logit(𝜈i) = 𝛽1,0 + 𝛽1,1zi, logit(q1i) = 𝛽2,0 + 𝛽2,1xi + 𝛽2,2zi, log(𝜙i) = 𝛽4,0 + 𝛽4,1xi + 𝛽4,2zi + 𝛽4,3xizi. (14)

For comparison purposes, we estimate the AFB (𝜈i = 𝜇i), ABR (𝜈i = 𝛾i) and AB (𝜈i = 𝛼̄i) regression models. The effects
of the quantitative covariate x and of the interaction are removed from the regression model for the conditional mean and
the probability of 1's, respectively, due to lack of statistical significance in all competing models. It is noteworthy that,
by including the covariate z in the regression function for q1i, a data separation problem arises given that all children
with perfect RA score belong to the group of nondyslexic readers. In a Bayesian framework, one possible solution to data
separation is adopting weakly informative prior distributions for the regression parameters. We choose a Cauchy prior
distribution with a center of 0 and a scale of 2.542 for the regression parameter 𝜷2. The fit of all models improves greatly,
and the AFB model remains the preferable choice, providing the lowest WAIC value (see Table 3).

Focusing on the estimated parameters for the regression function for 𝜈i, it emerges that exp(𝛽1,1), which can be inter-
preted as the difference in the odds of the target outcome 𝜈i for the group of nondyslexic readers compared to the group
of dyslexic readers, is approximately equal to 2.2 in the AFB model, whereas it is equal to 2.1 in the ABR model and 2.4
in the AB model. It is noteworthy that the estimates of the second and third equations in (14) (the models for q1 and

TABLE 3 Reading accuracy data: posterior means, standard deviations (SDs), and credible intervals (CIs) for the parameters of the
augmented flexible beta (AFB), augmented beta rectangular (ABR), and augmented beta (AB) regression models together with the
widely applicable information criterion (WAIC) values (models with two covariates)

Parameters AB ABR AFB
Mean SD 95% CI Mean SD 95% CI Mean SD 95% CI

𝛽1,0 (intercept) 0.405 0.066 (0.274; 0.531) 0.382 0.067 (0.253; 0.515) 0.433 0.085 (0.290; 0.650)
𝛽1,1 (dyslexic) 0.872 0.215 (0.446; 1.320) 0.754 0.241 (0.339; 1.214) 0.794 0.240 (0.378; 1.290)
𝛽2,0 (intercept) −4.399 3.537 (−13.735; −1.330) −4.241 2.611 (−11.270; −1.477) −4.994 4.929 (−22.705; −1.467)
𝛽2,1 (IQ) 0.832 0.533 (−0.152; 1.926) 0.844 0.535 (−0.189; 1.912) 0.807 0.524 (−0.134; 1.835)
𝛽2,2 (dyslexic) 3.990 3.605 (0.735; 13.682) 3.846 2.672 (0.883; 10.960) 4.623 4.967 (0.676; 22.309)
𝛽4,0 (intercept) 4.299 0.495 (3.244; 5.183) 4.311 0.496 (3.282; 5.191) 4.425 0.581 (3.239; 5.592)
𝛽4,1 (IQ) 0.436 0.535 (−0.569; 1.550) 0.409 0.534 (−0.596; 1.474) 0.396 0.607 (−0.819; 1.499)
𝛽4,2 (dyslexic) −1.753 0.680 (−3.052; −0.312) −1.374 0.928 (−2.974; 0.600) −1.437 0.993 (−3.113; 0.742)
𝛽4,3 (dyslexic×IQ) −1.570 0.768 (−3.024; −0.046) −2.102 1.166 (−4.802; −0.251) −2.011 1.080 (−4.376; 0.002)
p 0.369 0.318 (0.011; 0.976)
w 0.267 0.224 (0.016; 0.746)
𝜃 0.080 0.071 (0.003; 0.271)
WAIC −25.6 −19.5 −25.7
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DI BRISCO AND MIGLIORATI 141

𝜙, respectively) give different values for the parameters of the x covariate under the three models (ie, a lower impact
under the AFB model with a sort of offset in the intercept estimate). From an interpretative viewpoint, the probability
of achieving a perfect score ( y = 1) is governed by belonging to either the dyslexic or nondyslexic group: the odds of
a perfect score is more than 50 times greater for the control group than for the dyslexic group, given x = 0. Moreover,
focusing on the regression model for the precision parameter 𝜙, the interaction between the quantitative covariate x and
the dichotomous covariate z appears to be significant in all the models. In particular, given x = 0, the logarithm of the
precision is approximately equal to 4.3 for the dyslexic group in all the models and decreases down to 3 for the group
of nondyslexic readers in the AFB and ABR models and down to 2.546 for the AB model. All models estimate a nega-
tive linear effect of the covariate x on the logarithm of the precision for the group of nondyslexic readers and a positive
linear effect for the dyslexic group. These results indicate behavioral differences between the dyslexic and nondyslexic
groups in terms of the location and scale effects. Interestingly, the same regression model for 𝜈i and 𝜙i but without aug-
mentation can lead to misleading results. The results concerning the nonaugmented models are provided in Section 3
of the SI.

Finally, note that if interest lies in modeling the marginal mean of the response, an approximate marginal model28 can
be estimated. In particular, combining the marginal mean 𝔼(Y ) = q1 +(1−q1)𝜇 with model (14), the marginal regression
function logit(𝔼(Yi)) = 𝜔0 + 𝜔1xi + 𝜔2zi is obtained. Although its parameters (𝜔0, 𝜔1, 𝜔2) are nonlinear functions of
the estimated parameters of (14), a first-order Taylor expansion leads to the following approximate posterior estimates
(0.670, 0.276, 1.355). It is worth noting that exp(𝜔2), which is the difference in the odds of the marginal mean for the group
of nondyslexic readers compared to the dyslexic group, is approximately equal to 3.88 (for further discussion on this, see
Section 3 of the SI).

6.2 PD data
The sample consists of n = 1741 subjects measured at up to ni = 7 visits. The response variable 0 < yi j ≤ 1 quantifies
the level of perceived health, where a value of 1 indicates the best imaginable health status. Missing values are caused
by dropouts and missed visits; these missing values are treated as missing at random for the purpose of this study. The
regression functions for the mean and the probability of augmentation in 1 are defined as follows:

logit(𝜈i𝑗) = 𝛽1,0 + 𝛽1,1x1i𝑗 + 𝛽1,2x2i𝑗 + 𝛽1,3x1i𝑗x2i𝑗 + u1i, logit(q1i𝑗) = 𝛽2,0 + 𝛽2,1x1i𝑗 + u2i, (15)

where x1ij indicates the randomly assigned treatment, which is equal to 1 if the treatment is creatine and 0 if the treatment
is placebo, and x2ij refers to the time of the visit. The mean of the continuous part of the model is a function of the
treatment, the time of the visit, and their interaction, and the probability q1 is a function of only the treatment. Given the
longitudinal structure of the data, random intercepts are added. In particular, ui = (u1i,u2i)

′ follows a bivariate normal

distribution N
(

0,Σ =
[
𝜎2

1 𝜌12𝜎1𝜎2
𝜎2

2

])
. To compare the AFB (𝜈i𝑗 = 𝜇i𝑗) regression model with the ABR (𝜈i𝑗 = 𝛾i𝑗) and

AB (𝜈i𝑗 = 𝛼̄i𝑗) models, we simulate MCMCs following the Bayesian approach to inference described in Section 4, and we
check their convergence to the equilibrium distribution.

We first note that the fitting ability of the AFB model (WAIC = −18325) is superior to that of the competing models (the
WAIC is equal to −17 397 for the AB model and−17 369 for the ABR model). Table 4 reports the posterior means, SDs, and
95% CIs for the estimated parameters. Although the estimates differ somewhat across the three models, the same param-
eters are identified as being significant. In particular, all parameters referring to creatine (𝛽1,1 and 𝛽1,3 in the mean model
and 𝛽2,1 for the probability of perfect health) show a CI crossing 0, implying a nonsignificant effect. This finding reflects
the fact that the LS-1 study was terminated due to the futility of creatine as a disease-modifying agent in PD. The estimates
of the parameters relative to the probability of a response equal to 1 (perfect health) are very similar across the three mod-
els and suggest a lower probability for creatine treatment than for the placebo (𝛽2,1 is negative). The intensity of the effect,
which is conditional on other covariates and random effects, is exp

(
𝛽2,1

)
≈ 0.66 for all the models. This can be interpreted

as an odds ratio, namely, the odds of yij = 1 (perfect health) in the creatine group over the odds of perfect health in the
placebo group. With respect to the regression parameters for the mean, conditional on time and on the random effects, the
odds ratio between the patients receiving creatine or a placebo is equal to exp(𝛽1,1) ≈ 0.96 in the AFB model. Moreover,
conditional on the treatment and on the random effects, for a one-unit year increase in time, the expected decrease in the
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142 DI BRISCO AND MIGLIORATI

TABLE 4 Parkinson's disease data: posterior means, standard deviations (SDs), and credible intervals (CIs) for the parameters of the
augmented flexible beta (AFB), augmented beta rectangular (ABR), and augmented beta (AB) regression models

Parameters AB ABR AFB
Mean SD 95% CI Mean SD 95% CI Mean SD 95% CI

𝛽1,0 (intercept) 1.6038 0.0298 (1.5458; 1.6625) 1.6224 0.0287 (1.5673; 1.6417) 1.6296 0.0282 (1.5748; 1.6847)
𝛽1,1 (treatment) −0.0395 0.0417 (−0.1218; 0.0420) −0.0501 0.0394 (−0.1271; 0.0275) −0.0425 0.0384 (−0.1191; 0.0322)
𝛽1,2 (time) −0.0741 0.0058 (−0.0856; −0.0629) −0.0752 0.0050 (−0.0849; −0.0656) −0.0775 0.0051 (−0.0874; −0.0676)
𝛽1,3 (treatment×time) −0.0010 0.0082 (−0.0171; 0.0151) 0.0008 0.0071 (−0.0131; 0.0146 ) 0.0019 0.0073 (−0.0125; 0.0160)
𝛽2,0 (intercept) −6.5400 0.3520 (−7.2796; −5.8928 ) −6.5011 0.3411 ( -7.2111; −5.8860 ) −6.5090 0.3438 (−7.2272; −5.8779)
𝛽2,1 (treatment) −0.4135 0.2637 (−0.9338; 0.0973) −0.4174 0.2603 (−0.9366; 0.0895) −0.4178 0.2581 (−}0.9236; 0.0941)
𝜙 14.3422 0.2503 (13.8575; 14.8358) 25.0421 0.6287 (23.8384; 26.2901 ) 19.4845 0.3662 (18.7769; 20.2123)
𝜎1 0.5981 0.0133 (0.5718; 0.6241) 0.6172 0.0134 (0.5915; 0.6443) 0.5916 0.0131 ( 0.5661; 0.6174)
𝜎2 2.4836 0.2119 ( 2.1028; 2.9339) 2.4310 0.2054 ( 2.0580; 2.8634) 2.4518 0.2092 (2.0703; 2.8838)
𝜌12 0.8024 0.0556 (0.6916; 0.9083) 0.7480 0.0538 (0.6401; 0.8498) 0.7672 0.0539 ( 0.6556; 0.8686)
𝜃 0.1194 0.0095 (0.1012; 0.1383)
p 0.9898 0.0013 (0.9869; 0.9923 )
w 0.7546 0.0181 (0.7188; 0.7904)

odds (ie, the ratio between the expected EQ-VAS𝜇i j and the difference from perfect health 1−𝜇i j) is equal to (1−exp(𝛽1,2)) ∗
100 = 7, 5% for the patients in the placebo group and (1 − exp(𝛽1,2 + 𝛽1,3)) ∗ 100 = 7, 3% for the patients in the
creatine group.

We can better understand the added value of the AFB model by analyzing the remaining parameter estimates, namely,
the mixing proportion p and the normalized distance between the mixture components w. The estimate of p is equal to
0.99, suggesting the presence of two clusters: one cluster including most (99%) of the observations and another cluster
containing the other 1% (over 150) of the observations. Moreover, as the estimate of the normalized distance between the
two clusters is large (0.75), it follows that the observations in the second cluster can be identified as potential outliers.
Interestingly, all the models estimate a positive correlation among the random effects, which implies that the higher the
observed individual EQ-VAS score, the higher the probability that the subject will have perfect health. Further insight
into the behavior of the three competing models is provided by the graphical representation of the regression curves in
Figure 4. Recall that the AB model identifies a single curve, whereas the two mixture models identify both the general
curve relative to the overall mean, and two curves concerning each mixture component (𝜆1ij and 𝜆2ij for the AFB model
and 𝛼̄i𝑗 and 1/2 for the ABR model).
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FIGURE 4 Longitudinal profiles of the EQ-VAS scores of 50 randomly selected subjects treated with a placebo (left-hand panel) or creatine
(right-hand panel) plus the regression lines of the augmented flexible beta (red lines), augmented beta rectangular (blue lines), and
augmented beta (green line) models [Colour figure can be viewed at wileyonlinelibrary.com]
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DI BRISCO AND MIGLIORATI 143

To ensure a thorough analysis, two separate graphs are plotted for the creatine and placebo groups, even though they
show no relevant differences. First, it is worth noting that the regression curve of the AB model is lowered because of the
presence of a small group of outliers near 0. The curves associated with the cluster mean 𝜆1i j of the AFB model and 𝛼̄i𝑗
of the ABR model almost overlap regardless of the absence (left-hand panel) or presence (right-hand panel) of treatment.
The evident difference between these two competing models concerns the cluster means of the other component. The
second cluster mean 𝜆2i j of the AFB model adapts suitably to the group of observations far from the central body, whereas
the other cluster mean of the ABR model is forced to be identically equal to 1/2, resulting in a poor fit to the observed
data. The analyses of the posterior predictive distributions and the posterior predictive bounds (see Section 4 of the SI)
further illustrate the models' behavior and the superior performance of the AFB model.

7 DISCUSSION

Motivated by two empirical applications extensively studied in the biomedical literature, we proposed a new regression
model for bounded responses based on the AFB distribution, together with its extension to handle longitudinal data by
means of random effects. Our model allows the mean response, as well as the probabilities of 0's and 1's, to be modeled as
functions of covariates, thus enabling the identification of covariates that explain the 0 (eg, disease-free), progressing, and
1 (eg, completely diseased) response values. Moreover, the new model can be easily extended by allowing the covariates to
be regressed onto the precision parameter, as well as the two remaining parameters of the AFB distribution, which deserve
a clear and full interpretation (ie, the distance between the mixture components and the mixing proportion). Although
the AFB regression model is not designed as a robust model for proportions, its mixture structure enables one of the two
components to be dedicated to outlier or excessive number of tail-area observations, thus producing a very good, some-
times outstanding, performance. The estimation issues have been addressed using a Bayesian approach. It must be noted
that the time needed to achieve convergence might be long for large data sets with missing values and highly complex
hierarchical structures such as the PD dataset. The runtimes of the AFB and ABR models are broadly similar, whereas
those of the AB model are the shortest due to fewer parameters and the absence of a latent mixture structure. The ABR
model sometimes exhibited poor convergence, and it required longer chains to achieve the equilibrium distribution, prob-
ably because of the inherent complexity of its mixture structure and the lack of several important theoretical properties.
The presence of these properties, particularly strong identifiability and likelihood boundedness, makes the AFB model
remarkably tractable from a computational point of view, despite being the most complex (ie, the model with more param-
eters) among the three models. The proposed AFB mixed-effects regression model, illustrated for response variables with
values in the interval [0, 1], can be easily extended to address variables that take values in a generic bounded interval.
This extension is achieved through simple ad hoc rescaling (ie, a linear transformation) of the response, which does not
affect the properties or interpretation of the model. Further interesting extensions include a more complex treatment of
missing values (treated here as missing at random) and random effects misspecification issues. These extensions are left
for future research.
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